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Abstract. The Plancherel Theorem asserts the equality of the L2-norms
(with respect to Haar measure) of a function f on a locally compact abelian
group G and of its Fourier transform f The Hausdorff-Young inequality
gives conditions on p and ¢ under which || f [lg = |l fllp. We consider a dif-
ferent variant: we place a measure g on é, a measure w on G, and examine

Sa Fedus 1frdw .

Our main results show that it is enough to consider the case in which w is
equivalent to Haar measure, and we give a condition on w which is necess-
ary and sufficient for the inequality to hold for every z = 0 with || ¢]| = 1.

Let G be a locally compact abelian group and let G be its dual group.
We denote the Fourier transform of a function f on G by f. In this note
we shall consider the inequality

(1) |, Frde = 17w

which we require to hold for all functions f in the space .9#°(G) of con-
tinuous functions of compact support on G, for some positive measures
on G and w on G.

Inequalities of this kind have a long history (see, for example [2]).
They have appeared more recently because of their importance in the
solution of multiplier problems for weighted L*-spaces ([5], in particular
a remark on page 50, and [6], especially Lemmas 2.1 and 2.2). These
authors usually consider cases in which one of the groups G and G is the
cirele group and the other the integers, though in his Theorem 3b in [5],
Hirschman quotes a result for B*. Work on general groups has usually
yielded only abstract characterizations of multipliers [1], and we hope
that a study of the inequality (1) might be a first step to some more
concrete representations.

Our principal results are as follows. First, if the inequality (1) holds
for some non-zero measure #, then the Haar measure m of G must be
absolutely continuous with respect to w. Moreover, the inequality remains
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valid if we replace w by its absolutely continuous part: the singular part
of w can be omitted. We may therefore write dw(x) = v(x) dm(x) for
some measurable function ». Then the inequality (1) holds for every
positive bounded g with ||¢#|| <1 if and only if 1/v e LY(G), and in this
case G must be o-compact. We write

P={(wrpz 0,020, and | 170)Fdue) = | 1701 duo)
for all fe 2 (G)},
oP = {w: (#, w)e P} and P, = {p: (¢, w) e P},

and we obtain some elementary properties of these sets.

All the facts from harmonic analysis we use can be found in Hewitt
and Ross [3].

We denote by m (resp. ) the Haar measure on G (resp. G). If wis

a measure on G, w, denotes the translate of w by ze @G, SG ) dw.(y) =

| fw - ) dutw).
The value of the character determined by the element v of G at the
element x of G will be denoted by <{(x,v>. Then the Fourier transform

7 of fe.97(G) is given by F(7) = SG F@)<, —v>dm().

ProrosiTiON 1.1. (i) (A, m)e P.

(ii) If (g, w)eP, 0 < 1t and w < W, then (¢, w)eP.
(i) If (¢, wye P, veG and xeG, then (1, w,) e P.

(iv) For each tt and each w, ,P and P, are convesx.

(v) P is a weak*-closed subset of the dual M(G) of 2¢°(G).

PROOF. Part (i) is immediate from the Plancherel Theorem, and (ii)
is obvious. For (iii) we have, when (¢, w)e P and fe 2(G)

[, 1 7@ (@ = |, 176 = M P du@ < | 17w, 7 dw)
=, 1@ 1w,

usingA the facts that the Fourier transform of f(-) (-, 7) is the mapping

&§— f(6 —7) and that the modulus of a character is 1. Thus, from

(¢, w)e P follows (g, w)ye P. A similar argument now proves that

(#,, w,) € P. The convexity of ,P and P, is easy to see, which deals with

(iv). Finally, for fe 2°(G), the map w—»S | f(x) Pdw(x) is a weak* con-
G

tinuous linear functional on M(G) for each fe . 227°(G);
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P = 0w | 1) r ) = 1@ P dwe)

fex (@)

is therefore an intersection of weak*-closed half-spaces, and so is closed
(and convex).

REMARK 1.2. The functions f for fe 2#°(G) do not in general lie in
2#°(G), and the result of part (v) therefore will not hold for P,. How-
ever, the argument does show that P, is weak*-closed when it is regarded
as a subset of the dual of any space containing all functions f for
fe 2 (G).

We shall now improve part (iii) of Proposition 1.1. We denote the
convolution product of two measures g and v by p+v. A convolution
product is always defined if one of the measures has compact support or
if both measures are bounded.

PROPOSITION 1.3. Let (¢, w)ye P. If p is bounded, let v be a bounded
measure and if (s not bounded, let v have compact support, and in both
cases, let v be positive with ||v|| < 1. Let u be a positive measure of
compact support with |ju|| = 1. Then (vxf, uxw) e P.

PrROOF. If 4, is the unit point mass at v, then g, = 6_,x¢. By (iii)
and (iv) of Proposition 1.1, if 7 is any convex combination of d,’s and 0
(for it is obvious that (0, w) € P, where 0 is the zero measure) then 7wx¢ e
P,. Given y as in the statement of the proposition, we can find a net
(z,) with support 7, < support v for every a, and with n,—y in any
weak* topology of the kind mentioned in Remark 1.2. Since 7+t — vxte
in the same weak* topology under either of the given conditions, it fol-
lows from the fact that P, is closed that (vxg, w)e P. The rest of this
proposition is proved in a similar way.

We next prove a technical lemma which helps to simplify many
arguments.

LEMMA 1.4. If (1) holds for all fe 22°(G) then it also holds when
fel? (711 + w), when either f or (if we allow the possibility of inﬁmite
values) f is the characteristic function of a compact set, and when f € 22°(G).

Proor. Inequality (1) and the Plancherel Theorem give S |F A+ )<
G

S |fEd(m + w) for fe 27 (G). Let ge L*(m+ w). Then ge L*(m), so § is
G

well-defined as an element of L*(\). Let (g,) be a sequence in .227(G) with
9. — ¢ in L*(m + w). Then (g,) is Cauchy in L*(m + w) and the inequality
above shows that (g,) is Cauchy in L*(» + #). Thus (§,) converges
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in L\ + f¢) to a limit which may obviously be identified with §. We
may therefore take limits in the inequality for g, to get \ |§[°d(\» + &)
< Salglzd(m + w), from which the inequality (1) for ¢ follows by the
Plancherel Theorem. The case in WhiChAf is the characteristic function
of a compact set is included in this. If f is the characteristic function
of a compact set or if fe.9%(G), then either S |fFdw = ~ and (1) is
trivial or fe L (m + w) (note that fe L*)\) so fe GLz(m)) and (1) for f has
already been established.

Our next result gives some special properties of Haar measure in this
context.

ProrosiTION 1.5. (i) Let (A, m) be a normalized pair of Haar meas-
ures. Then if (¢, m)e P, ¢t < \.

(ii) Suppose that for some measure y on G, L=y for all peP,.
Then there is a Haar measure A on G such that L=\ for e P,. Moreo-
ver, if P, is a lattice (for the usual ordering in the space of measures),
N\ can be chosen so that P, = {¢#:0 < ¢t < \}. Dual results hold when the
roles of G and G are interchanged.

PPOOF. (i) Suppose ¢ <\ is false. Then we can find a compact set
K < G with (K) > \MK). By Lemma 1.4 we may take f so that f is
the characteristic function of K. Then

[,17rdn = p&) > 0g) = [ 1 Fpan = | P am

(by the Plancherel Theorem) so that (z, m)¢ P.

(ii) Since P, is bounded above, by v, it has a supremum ([3] Vol. 1
B. 35) which we can again denote by v, so that y = sup {¢: € P,}. For
ve G the map p— . is a bijection of P, on to itself, for it maps P,
into itself by Proposition 1.1 (iii) and has an inverse p¢£— p_,. Therefore

v, = sup {¢;: e P} = sup{p: re P} = v.
Thus, v is translation invariant and so is a Haar measure. If now P, is
a lattice we can find an increasing net (%,) in P, with ¢, —y. It follows
that
[;17rdy =Lim |, 17pdp < | 17rdw,
G @ G G
i.e. that ye P,. The proof of (ii) is now complete.

The hypothesis that P, should be a lattice in the last part of (ii) is
necessary. For consider the case in which G (and so also G) is finite.
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Then as we shall see later (Proposition 2.6 (ii)), P, is always bounded,
but if pte P, the measure sup {g,: veG} is represented by the function

whose constant value is sup {re(8): EeG}, and this may not be in P,
(Proposition 2.8).

2. The main theorem. We now prove the first of the theorems
mentioned in the introduction.

THEOREM 2.1. If we . P for some pt > 0, then the Haar measure m
is absolutely continuous with respect to w.

Proor. Suppose that the conclusion is false. Then we can find a
measurable set E such that w(E) = 0 but m(E) > 0, and hence a compact
set K & E such that w(K) =0 but m(K) > 0. Take f to be the char-
acteristic function of K (see Lemma 1.4). Since f is in L'(m), 7 is con-
tinuous and as m(K) =0, f # 0. As #t # 0, we can therefore find ve@

such that S |FFdy, > 0. However, S |fPdw = 0, and therefore (y,, w)¢ P.
G G
Proposition 1.1 (iii) shows that this is contrary to hypothesis.
Since the support of m is the whole of G we have the following
corollary.
COROLLARY 2.2. If we , P, the support of w is G.

Theorem 2.1 in conjunction with the next result shows that it is
enough to consider measures w equivalent to Haar measure.

THEOREM 2.3. Let (¢, wye P. Write w = u + s where u is absolutely
continuous with respect to Haar measure m, and s is singular with
respect to m. Then (Y, u)e€ P.

ProoF. Let E be a Borel set with s(E) =0, m(G\E) =0. If X,
is the characteristic function of F and fe.22°(G) then both fX; and
f@ - XE) belong to L*(m + w), and so we may apply Lemma 1.4. More-
over, f — (f¥Xz)" = (f(L — Xz))" = 0. Hence

|1 7rae =, 10 ran < | 172 rdw = | 17720
= | Irrau.

The theorem is proved.

We next show that a proof given by Hirschman ([4]) works in a more
general context with only minor modifications. We shall use the same
symbol for a non-negative measurable function v on G (which we allow
to take the value + ) and the measure v(x)dm(x) associated with it.
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We shall also write
P={w, u: | |70 Faw) < [ 170) Fdpe) for Feor @)

THEOREI\/’\I 2.4. Let v (resp. P) be a non-negative measurable function
on G(resp. G). If (@,1/v)e P, then (v, 1)) e P.

Proor. If @ is identically zero, the result is trivial. Otherwise, by
Theorem 2.1, 1/» vanishes only on a set of Haar measure zero, and so we
may assume v(x) < oo for all . Using Lemma 1.4, we may suppose that
the inequality represented by the statement (@, 1/v)e P holds for fe
L*m + v) and not merely for fe . 92°(G).

Let K & G be compact and such that v» is essentially bounded on K.
Let fe. % (G). Then X fve L*(m + v™) (where X; is the characteristic
function of K) because K is compact and X.v is essentially bounded. Put
Fy = (Xcfv)". Since (®, 1/v) e P, we have

Sé'FKIZ¢d)\' < S 'XKfUIZ‘—l—‘dm = S Xzl f2vdm .
¢ v ¢

Hence, using the Parseval identity,

SGXKIvadm = Saxvafdm _ S;;Fljd)v
= ([, ieron)" (], 1702 a)"

. 1/2 S 20, 1 ) 12
= (| xalsroam)” ({171 Zdn)"
Since the left-hand integral is finite we conclude that
29 1
2 < 2.__. .
|, 2el 7 vam < |, 17 =

Since fe L*(m + v) its support is o-compact. Since v(x) < « for all z, we
can find a sequence (K,) of compact sets such that K, | (support f) and
v is essentially bounded on each K,. Replacing K by K, and taking the
limit we see that (v, 1/®) e P.

Our next theorem was also promised in the introduction.

THEOREM 2.5. Let w be an absolutely continuous measure given by
dw(z) = v(x) dm(x). Then the following are equivalent.

(i) There is an element v of G and a neighbourhood V of ¥ such
that, for all P € L'(\) with support =V, =0, and ||P|| £ 1, (P, w) e P.

(ii) o,€P,.
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(iii) Every ;=0 with ||| £ 1 belongs to P,.
(iv) 1/ve LY(m), and ||1/v]], < 1.
If any of these assertions holds, then G is o-compact.

Proor. The standard construction of an approximate identity in L'()\)
shows how to find a net (®,) in L*\) with support in V and |||/ <1
which has the property that ¢, — 6, in the weak* topology. From Remark
1.2 we conclude that (i) implies that 4, € P,, and then Proposition 1.1 (iii)
shows that 6,e P,. Proposition 1.8 gives (ii) implies (iii), and it is trivial
that (iii) is stronger than (i). We shall prove that (ii) is equivalent to
@iv).

Now (ii) represents the inequality
70 F s | 17w Fdu) (Fe7(@) -

or, replacing the Fourier transform, and recognizing that {(z, 0) =1 for
all «,

I Saf (x)dm(”)‘ = (L | f(@) [ dW(w)>m (fex (@) .

Obviously this inequality holds for all f if and only if it holds when f is
positive and so if and only if

Al = 1S 1w (feZ (),

where the expression on the right denotes the norm of f as an element
of L*(w).

Now assume that this norm inequality holds. Then each continuous
linear functional on L'(m) is also continuous on L*(w), or in other words,
for each g e L”(m) there is Wge L(w) such that

[, 6@/@in@) = | Wa@f@iuE  (Fe7(©).

Since dw = vdm, this gives vWg = g almost everywhere, so that g/v =
Wg e L (w). In particular, we may take g =1 to find

[, o dm@) = | L o@)dm() = | WLl < o .
¢ v(x) ¢ v(x)
Moreover, since [|f|l. < [|fllew, W, being the adjoint of a contraction, is
a contraction too, and so || W1|,, < 1.

Finally, assume (iv). Define Wg for ge L*(m) by Wg = g/v. Then

g 1
1 Wl = | Lvdm = g -dm<igL..
GV @ v
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So for fe 2(G),
[, ardm| = {{ (Wa)rvdm| < 1| Wallu 11f e < 191101 e

Taking suprema over ||g|l. < 1 gives

Al < 11 1w

which we have seen is equivalent to (ii).

Finally, as 1/ve L'(m), support 1/v = Closure of {x:v(x) < oo} is
o-compact. But as w is a measure (in the dual of 2¥7(G)) v is finite
almost everywhere, so G is o-compact.

The inequalities represented by Theorem 2.4 are by no means the best
possible. For if G is the circle group and G the integers, the pair (2, w)
with g(n) = (|n| + 1)~ for ne G and dw(z) = 2~*dm(x) for ¢ G, belongs
to Pif 0 < @ < 1 (see [6]) and in this case ¢ ¢ L'(\) and so certainly does
not satisfy |[¢#|| < 1. If we interchange the roles of G and G, the pair
(¢, w') with d¢/(x) = 2= dm(x) and w'(n) = (|n| + 1)* belongs to P for 0 <
a < 1 (see [3] again, or use Theorem 2.4). This shows that in the nota-
tion of Theorem 2.4, if we know only that (®, w)e P for one ¥ € L'(m),
then we cannot conclude that 1/v € L'(m).

In the case in which G is discrete, we can say more.

PROPOSITION 2.6. Let G be compact, and let dw(x) = v(x) dm(x).
(i) If (¢, w)e P and (= 0 then 1jve L'(m).
(ii) For each veG, |p(V) ] £ w(G).

Proor. (i) Since G is discrete and p¢ = 0, for some constant k& > 0
and some YeG, kd, < pr. Hence (kd,, w)e P. Since P, is translation in-
variant, (kd,, w)e P. It is easy to see that (d, l/k-w)e P, and so from
Theorem 2.4, 1/kv e L'(m), whence 1/v € L'(m).

(ii) In the inequality

|, 17 rde =] 1rdw,

we simply take f to be the character <{z, 7).
If we interchange the roles of G and G, the same proof as for part
(ii) gives the following.

PROPOSITION 2.7. Let G be discrete. Then if (¢, w)e P, p(@) <
| w(x) [ for each xeG.

We saw in Proposition 1.1 that if (A, m) is a normalized pair of Haar
measures, # < A and m < w, then (¢, w)e P. We would like to observe
that this does not cover all cases.
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PROPOSITION 2.8. Suppose that G is g-compact. Then there exists
(¢, w) € P such that for mo normalized pair (N, m) of Haar measures is it
true that £ <N, m < w.

Proor. If G is not compact, all we need do is take an atomic measure
for ¢ in using Theorem 2.5. If z¢ is a measure with || #]|] £ 1 on discrete
dual G of a compact group G, then the smallest Haar measure A which
dominates g is defined by A\ (7Y) = sup {¢(§): £ e G} for eachveG. Putk =
M7) for any v. The dual Haar measure m assigns mass 1/k to the whole
group G. According to Theorem 2.5, (¢, w) will belong to P if w is given
by dw(x) = v(x)dm(x) and |[1/v ||, < 1. Thus to prove our proposition, we
need only find v such that S 1/v-dm < 1 and yet v(x) = 1/k a.e. is false.

G
This is clearly always possible.
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