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1. Let G be a discrete countable group of (*-)automorphisms of a
von Neumann algebra Jzf. In [2], we called G a shift or a central shift
if G satisfies the conditions in Definition 1 in the below. Denote by JzfG

the set of fixed points of J^ under every g in G and call it the fixed
algebra of S/ under G. If G is a central shift of J&", then the crossed
product G (x) Sxf of s^ by G is isomorphic to the tensor product

of the fixed algebra J^G of Sf under G and the algebra
of all bounded linear operators on l\G), ([2: Theorem 2]).

Therefore, in order to study properties of the crossed product G (x) Jzf
of a von Neumann algebra Szf by a central shift G, we shall need only
to do the fixed algebra S/G of Szf under G.

In this paper, we shall examine the fixed algebra StfG of a von
Neumann algebra Szf under a central shift G. For a general discrete
group of automorphisms of a von Neumann algebra, we shall show that
the algebra is decomposed into the direct sum of the part on which the
group is a central shift and the part on which the group is not a central
shift at all (Theorem 2). If G is a central shift of a von Neumann
algebra Sf, then there exists an automorphism a of S>/ which has the
same fixed algebra with G (Theorem 3). For a general discrete countable
group G of automorphisms of a von Neumann algebra Sf, as an appli-
cation of Theorem 3 we shall obtain that JzfG (x) /, the tensor product
of the fixed algebra J*fG of s*f under G and the scalar multiples of
the identity on l\G), is the intersection of Jzf (x) I and the fixed algebra
(J^(x) l°°(G))σ of J^(x) l°°(G) under some automorphism σ (Theorem 5).
Furthermore, it is obtained that the fixed algebra S*fG of Ssf under G
is the intersection of two von Neumann algebras which are isomorphic
to J*f (Theorem 6).

The author would like to express her hearty gratitude to Prof.
M. Takesaki for instructive discussions and valuable comments. Also
she is greately indebted to Prof. J. Tomiyama for his encouragement,
who has taken the pains of instructive discussions.

2. Let G be a discrete countable group of (*-)automorphisms of a
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von Neumann algebra

DEFINITION 1 ([2]). If there exists a projection E of Stf such that
{g(E):geG} is an orthogonal family and ^geGg(E) = 1, then G is called
a shift and E is called a shift projection of G in Ĵ C Especially, if a
shift projection E is contained in the center of Ssf, then G is called a
central shift.

A finite freely acting automorphism group is a shift in general,
[5, Theorem 3]. Therefore, if G is a finite abelian group of freely
acting automorphisms of a von Neumann algebra Szf, then there exists
a unitary representation Uγ of the dual group G of G into Jzf such
that

9{ Ur) = {g, 7) Ur , for every g e G and 7 e G ,

where (g, 7) is the value of 7 at g, [1, Theorem 2]. That is, if G is a
finite abelian group of freely acting automorphisms of Sf, then every
g eG has an eigen unitary operator Ur with the eigen value 7 for every
7 in G, in the sense of Stormer [8].

THEOREM. Let G be a discrete countable group of automorphisms
of a von Neumann algebra J^, then there exists a central projection E
of Szf with the following properties^

(1) E is a fixed point under every g in G,
(2) G is a central shift of a reduced von Neumann algebra J&Έ,

and
(3) G is not a central shift of SsfF for any central projection F

Of J^J-tf.

PROOF. Put

^ " = {central projection P in J ^ ; g(P)P = 0, for each #(^1) in G} ,

then J^~ is a partially ordered set with the ordinary order of projections.
Let ^ be a totally ordered subset of ^ 7 Put Q = sup {P; P e ^ } ,
then we have g(Q) = sup {g(P); PeJ^}, for each # in G. Let P and R
be elements in ^ ^ . For each #(^1) in G, we have g(P)B = 0 because
g(P) (resp. #(.#)) is orthogonal to P (resp. i?) and P ^ J2 or R ^ P. It
implies that £(Q)Q = 0 for each g(φl) in G, that is, Q belongs to
Therefore, by Zorn's lemma, there exists a maximal element P of
Put J57 = *Σigeσ9(P)f then E is a feentral projection of J ^ fixed under G,
and G is an automorphism group of J&Έ. It is clear that G is a central
shift of J^ζ with a shift projection P. By the maximality of P in ^
there does not exist a nonzero central projection J? in J^i_E such that
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g(R)R = 0 for each g{φl) in G. Hence E satisfies the property (3).

Let G be a countable group, then we number the elements in G such
that g0 is 1 (the unit of G). So, we can regard a countable discrete
central shift of a von Neumann algebra as a group generated by a single
automorphism of the von Neumann algebra in the sense of the following

[theorem.

THEOREM 3. Let Stf be a von Neumann algebra and G an infinite
countable discrete group of automorphisms of J&l If G is a central
shift of Jzf, then there exists an automorphism a of Ssf which has the
same fixed algebra with G.

PROOF. Let E be a shift projection of G in the center of Ĵ C Since
the family {gi(E); iel} is orthogonal and Σ i e i ^ ί ^ ) = 1, for every A in
J*f> there exists an element in Szf of the form Σ i e 2 gi+1(gτ\A)E), where /
is the set of all integers. Define a mapping a of Ssf to J^ by

<<A) = Σ gi+1(9T1(A)E) , (A e

then, for every j e I, we have that

( * ) a(gj(AE)) = gi+ι(AE) , (

In fact, by the definition of a, we have that

a(gj(AE)) =

= Σ 9i+ί{9T1gAA)gτιgAE)E}
iel

= gi+ι(AE) ,

for every j el and A in
Since E is a central projection, it follows that a is a *-homomorphism

of Stf to Ĵ C Let A be an element in Jzf such that

then we have that gi^ι{gτ\A)E) = 0 for every i 6 J, which implies that
Ag^E) = 0 for every iel. It follows that A = 0, so that a is an
isomorphism of Suf to J^f. For A e J%f, put

then by the equality (*) we have that

a(B)gj(E) = a(BgUE)) = a(gUg

= Ags{E)
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for every j e /, which implies that a(B) = A.
Hence a is an automorphism of S*f.
Note that A belongs to the fixed algebra S/G of Szf under G if

and only if A is an element in *s*f of the form

A = Σ 9UE) .
i

Take A in j& such that #*(A) = A for every i e /, then we have
that

<*(A) = Σ gi+1(9TKA)E) = Σ QiΛAE) = A .
iel iel

Conversely take A in Szf such that an{A) = A for every nel, then
we have, by the equality (*), that

Agi+n(E) = gi+n(g71(A)E)

for every iel and n e I, so that

AE = gτ\A)E ,

for every iel. It follows that

A = Σ Λ(Atf) ,
iel

or A belongs to J^G.
Therefore, the fixed algebra <s/G of Jzf under G equals the fixed

algebra S/a of Szf under a.
For a central shift G of a von Neumann algebra J ^ let G{ά) be

the group generated by the automorphism a of Ssf in Theorem 3. By
the definition of α, G(α) is a central shift of S*f and the shift projection
E of G is a shift projection of G(α), too. The crossed product G(x) j y
of J ^ by G is isomorphic to the crossed product G{a) (g) Jzf of J ^ by
G(a).

3. In this section, we shall show a few results as applications of a
central shift.

Let J ^ be a von Neumann algebra and G a discrete countable group
of automorphisms of s/ (not necessary a shift).

Denote by Ϊ°°(G) the maximal abelian von Neumann algebra on l\G)
generated by multiplication operators by bounded complex-valued functions
on G. Let {εg; g e G) be an orthonormal basis in l\G) such that

g ^h

For every ffeG, let P, be the projection in Z°°(G) defined by es. Let
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W
g
 be the representation of G such that

W,ξ(h) = &g-
ι
h) (ξel\G),g,heG).

We then regard G as a group of automorphism of l°°(G) by

g(A) = WgAW* , (geG,Ae l°°(G)) .

It is clear that g(Ph) — Pgh for every g and h in G, and G is a shift of
l°°(G) with a shift projection P19 where 1 is the unit of G. For g e G,
let # (x) # be an automorphism of the tensor product j y ® l°°(G) of
and Γ{G) such that

(fir ® 9)(A ® £) = g(A) ® </(£) , ( i

Denote by G the automorphism group of j y ® i°°(G) generated by
g,{gz G).

THEOREM 4. Lei j y be a von Neumann algebra and G a discrete
group of automorphisms of Szf, then the crossed product G (x) S/(x) V°(G)
of the tensor product J^(x) l°°(G) of Szf and l°°(G) by G is isomorphic to
the tensor product J ^ ® Jίf(l\G)). If Szf is properly infinite and G is
countable, then G (x) J^(x) l°°(G) is isomorphic to Jzf.

PROOF. The group G is a central shift of J^(x) 1°°{G) with a shift
projection 1 (x) Px. Hence by [2: Theorem 2] we have that

G (x)

On the other hand, in the proof of [2: Theorem 2], we have that

Therefore, we have that

G (x) j^(g)

For a discrete group of automorphisms of a von Neumann algebra,
an analogous result to Theorem 3 is obtained.

We owe the following theorem to Professor M. Takesaki.

THEOREM 5. Let Szf be a von Neumann algebra and G a discrete
countable group of automorphisms of J ^ then we have that

where a (resp. σ) is an automorphism of l°°(G) (resp. j y ® l°°(G)).

PROOF. By the definition of G, it is clear that

y n
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Take T in J^(x) l°°(G)f then we have that

T = Σ T(/<g) P9) = Σ Λ ® ^ , (Λ
fireί? flfeG

Define an automorphism σ of J^(x) Ϊ°°(G) by

σ(Σ A, (X) P,) = Σ Q-\A9) (g) Pg ,
geG geG

then we have that g®g = σ~\l (g) g)σ for every ^ e G.
In fact,

(9 (x) flr)(Σ Λ ® PA) = Σ ff(AA) (x) P,Λ

Σ ® Ph), (Λ
heG

On the other hand, since G is a shift of l°°(G), it follows by Theorem 3
that there exists an automorphism a of l°°(G) such that l°°(G)σ =

Therefore, for those automorphisms a and σ, we have that

jzf° <g> i = ( J ^ ® r(G))σ~1(1®α)σ n (jy<g> / ) .

As another application of Theorem 3, we have the following;

THEOREM 6. Let *s/ be a von Neumann algebra and G a discrete
countable group of automorphisms of J ^ then the fixed algebra of Jάf
under G is isomorphic to the intersection of two von Neumann algebras
which are isomorphic to Ssf.

PROOF. Take T in J^(x) l°°(G), then we have that

T = Σ A, (x) Pg , (Ag
geG

If T belongs to (J^(x) l°°(G)f, then we have that

Σ h(Ag) <g) Phg = (Λ ® AXΓ) = Γ = Σ
geG geG

for every h e G, which implies that ^(AJ = Â  for every g in G.
Therefore, an operator T belongs to (J^(x) l°°(G)f if and only if Γ

has the form of

geG

for some A e
Define a mapping Φ of Ssf onto (J^(x) l°°(G)y by
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geG

then Φ is an isomorphism of S/ onto ( j y ® l°°(G))G

On the other hand, we have that

f Π
Therefore, the fixed algebra s/° is isomorphic to the intersection

of two von Neumann algebras which are isomorphic to Ĵ C
Let Ssf be a von Neumann algebra and & a von Neumann sub-

algebra of J^Γ A positive linear mapping ψ of Szf onto & is called an
expectation of J ^ onto ̂  if ψ satisfies that ψ(I) = I and τ/r(AJ5) = Aψ(B)
for all A in & and ΰ in Ĵ C An expectation ψ of J ^ onto ̂  is called
normal if Aα f A implies ^(Aα) f ψ(A) for Aα and A in Ĵ Γ

REMARK 7. By an analogous definition of the above isomorphism Φ,
we have an example of a normal expectation which is a homomorphism.
In fact let G be a discrete countable group of automorphisms of a von
Neumann algebra J^f. Define a mapping ψ of j y ® Ϊ°°(G) onto

δ by

= Σ 9(T)(I0 P.), (T e
G

Σ ( ) ( 0 .)
geG

then f is a norm 1 projection of J^(x) ί°°(G) onto (J^(x) l°°(Gyf. So 'f is
an expectation of j ^ ® ί°°(G) onto ( j ^ ® ^(G))3 (cf. [10]). It is clear
that f is a normal homomorphism. Similarly, if G is a central shift
of JK then there exists a normal expectation of J^ onto J*fG which is
a homomorphism.

As an application of Theorem 6, we have the following known result:

COROLLARY 8. Every von Neumann algebra acting on a separable
Hilbert space is isomorphic to the intersection of two type I factors.

PROOF. Let Szf be a von Neumann algebra acting on a separable
Hilbert space § and G be a countable discrete subgroup of unitaries in
the commutant S/' of Ssf which generates Jxf'. Regard G as a group
of inner automorphisms {g, h, } of =S^(£) such that

g(T)= UgTU* , (Γe^(φ), U.eG),

then J ^ is the fixed algebra of J*?(!Q) under G. Therefore, by Theorem 6,
this corollary is proved.
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