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1. Introduction. The Nevanlinna theory for meromorphic functions
in \z\ < + co was extended by Hallstrbm [2] and Tsuji [3] to meromor-
phic functions defined in C — E, where E is a bounded closed set of
capacity zero in the complex plane C and C denotes the extended complex
plane. This was done by using the level curves of the so called Evans'
function.

In this paper, we treat special cases that E is a finite set or a
countable set, and prove relations between the order and the deficiencies
of a meromorphic function in C — E. These relations are closely related
with a theorem due to Edrei-Fuchs [1], However, our result (Theorem
1) can not be obtained from properties of the function in a neighbour-
hood of an isolated singularity.

Let E be a bounded closed set of capacity zero on C, u(z) be an
Evans' function with respect to E, and let v(z) be its conjugate harmonic
function. The level curve Cr: u(z) = log r consists of a finite number of
analytic Jordan curves clustering to E as r —> + oo. Let Δr be the
unbounded domain surrounded by Cr. It is well known that I dv = 2π.

^Jcr

For a single-valued meromorphic function w — f(z) in C — E with
an essential singularity at every point of E, we put

m(r, w) = - M log —-i -dv(z) ̂  0 ,
2π )cr [f(z), w]

where [w19 w2] denotes the spherical distance between w1 and w2. For a
fixed r0 > 0, we write

N(r, w) = I n(t, w)— - m(r0, w) + ko(w) log ( — ) ,

where n(t, w) denotes the number of zero points of f(z) — w in Δ\ΔrQ

and kQ(w) = (l/2ττ)ί d arg (f(z) - w) .

We now write

T(r, /) = m(r, w) + N(r, w)
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which is independent of w, and we call Γ(r, /) the characteristic func-
tion of f{z). We note that T(r, f) depends on the choice of an Evans'
function u{z).

The order λM and the lower order μu of f(z) with respect to u(z)
are defined as

. v log Γ(r, /) j T n log T(r, f)
χu = n m sup — ΐ L - L and. μu = lim m i — — .

r->oo Jog γ r—oo log T

Again the order λ and the lower order μ of f(z) are defined as

λ = inf λw and μ = inf μu .
it M

We put

1
m*{

2ττ f(z) - w
dv(z)

and

i\T*(r, w) = \ w(ί,

Then we see m(r, w) — m*(r, w) — 0(1) and iSΓ(r, w) — N*(r, w) — O(log r).
Denoting by n°(r) the number of components of Cr9 we write

F(r) = Γ
J» 0

^ f = lim sup

and

Hallstrom [2] proved a defect relation:

DEFECT RELATION. Suppose that f(z) is a meromorphic function

in C — E with an essential singularity at every point of E. Then, for

any q distinct complex numbers w19 , wq9

Σ « ( % / ) ^ 2 + {.

REMARK. If E is a finite set, then ξ is always zero. However, if
E consists of an infinite number of points, ξ need not be finite.

2. Edrei and Fuchs [1] showed that every meromorphic function
defined in C having more than one deficient value is of positive lower
order. Here we shall prove that this property still holds for holomor-
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phic functions defined in C — E, when E is a finite set, and that this
property need not be true for meromorphic functions in C — E, when E
consists of more than one point. Further, we can prove that if E con-
sists of an infinite number of points, then the above property need not
be true for holomorphic function in C — E.

3. First we prove the following lemma.

LEMMA. Let f(z) be a single valued holomorphic function in
C — {zlf •••, zn}. If f(z) has no zero point, then f(z) can be expressed
as follows:

f(z) = cfl(z- zsy* exp
3 = 1

where ψj(z) is holomorphic in C — {zό} (j = 1, •••, n), c is a constant

and Vj is some integer.

PROOF. Clearly we see f'(z)/f(z) = Σ?=i Φλz)> where φό{z) is holomor-
phic in C — {Zj} (j = l, ,ri), since ff{z)jf(z) is holomorphic in
C — {zlf -,zn}. We expand φό(z) in the Laurent series of power of

z — Zj, that is

where

Put

, _

for a fixed zQ Φ z3- (j = 1, , n). Then

= Σ {Ψo(z) + α-i (log (z — 3y) + 2mόπi)} ,

where ψ3 (z) is holomorphic in C — {z3}. We note that aU is an integer.
In fact, we have for a sufficiently small r,
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2πi hζ-zj\=r 2πi h:-zj\=r\ /(ζ)

and therefore aU is equal to an integer v5. Thus we have

n

Hz) — Σ ψj(z) + Vj 1°& (z — ZJ) + 2m5πi, (vjf ra, e Z)

It is easy to see that f(z) — c exp/ι(z) for some constant c. Therefore
we obtain f(z) = c Πi=i(^ — ZJYS e ^P {Σ?=i ̂ iOO}> where ψ, («) is holomor-
phic in C — {̂ y} (i — 1, , w), and j;, is an integer.

Now we can prove the following.

THEOREM 1. Let E be a finite set, E = {zlf , zn}, u(z) be an
Evans1 function with respect to E and let w = f(z) be a meromorphic
function in C — E with an essential singularity at every point of E.
Suppose that there exist two values a and β (cc Φ β) such that d(a, f) +

> /) > 1 for some u(z). Then the lower order μ of f(z) is positive.

PROOF. We may assume that a = oo and /3 = 0. Let {α;}Γ=i be the
zeros and {6̂ }Γ=i the poles of f(z) in the component Dj0 of D r o containing
z = «y (i = If f ̂ )> where D r o = {z; log r0 < u(z) < + oo for a fixed
r0 > 0 such that Dro consists of n components}, and let {cjf=1 be the
zeros and {d,,}2Li the poles of f(z) in {z; u{z) < log r0}.

het π°j(z) and τr̂ (z) be the canonical products formed by the zeros
{αί}Γ=i and the poles {bt}~=1, respectively.

Let JB(2) = Π^=i (z — Cv)ITl?=i (z — dv) be a rational function formed
by zeros {cJJU and poles {dJiLi. Then βf(z) = fiz)^]^ πJ(z)IR(z)Ύ[η

 ==1π°j(z)
is holomorphic and not zero in C — {zl9 , zn}. By Lemma, we can
express g(z) as follows:

gyz) = c \\ (z — Zj)J exp

where ψά(z) is holomorphic in C — {zά} and c is a constant, so we can
write

n

( i ) /(*) = ΠΛ(«),

where /^(z) is meromorphic in C — {z5} (i = 1, , ri).
We next show that for any σ > 1, the inequality
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Γ(r, /) ^ ^-zr-Tiifr, f) + N(σ'r, 0, /) + N(<fr, - , /) + O(logr)
σ — 1

holds for all sufficiently large values of r, where σ' = Lσ for some
constant L.

From (1), we have

T{r, f) = -±-\ log+ I f(z) I <ta(z) + Γ n{t>™>f)dt + O(log r)

= Σ -^-ί . log+ 1/(2)1 dv(z) + Σ Γ ni{t>ca'f)dt + O(log r)

= Σ
i

X«) I dv(z) + Σ Γ w i ( t > Γ ' / } ^ + OOoβ r) .
j = i J r 0 C

Here C} is a component of Cr surrounding z = zά and nj(t, oof / ) denotes
the number of poles of f(z) in J9j0 n Δτ = Δ{.

We write

Tj(r, f) = -±-\ . log+ |/(«)| dφ) + Γ nJ{t'™'f)dt
ΔTZ JC3

r J r 0 ί

and

Hr, f) =
2ττ Jo

Note that for a finite set E = {z19 ••-,£„}, its Evans' function can be
written in the form

n 1

Φ) — ΈΛVS log i : J

i=i I z - z 3 I

where 0 < p3• <* 1 and Σ?=i Pi = l W e s e e cί c fa VAr <Ξ.\z — zά\
pi ^

B/r}, (j = 1, •••, w) for all sufficiently large values of r, where A and
B are constants depending only on \zs — zk\9 (j Φ k) and ps (j = 1, , ̂ ) .
Hence we have

Tί((—\ P\ fλ — O(log r) ^ — Tj(r, f3) ^ Γj((iir)1/P^', f3)0\\B/ I p i

+ O(log r) .

Since, by Edrei and Fuchs [1, p. 310-311],

»l/% Λ) + iV^Ar)1/^', 0, fi)
cr — 1



448 S. MORI

for any fixed σ > 1, we have

T'(r, fj) ^ — L - Γ ' ^ r , fj) + N'Wr, 0, fά) + N^σ], - , ty) + O(log r) ,
(7 — 1

where JVj(r, 0, /,) = Γ (wj(ί, 0, f3 )/t)dt, ni(t, 0, /,•) denotes the number of

zeros of fs in 1/r < | z — z5 | < l/r0, and σ, = σp*AB. Therefore we have

σ - 1
T{σ'r, f) + N(σ'r, 0, /) + N{σ'r, oo,/) + O(log r) ,

where & = max^y^ <7y. Since 5(0, /) + δ(°°, /) > 1, by a similar argu-
ment to that of Edrei and Fuchs [1, p. 316-317] we have μu(f) > 0.

We note that if u(z) is another Evans' function with respect to E
and if Cr is the level curve with respect to u(z), then Tu(r, f) 5g
maxy (pj/p^TziKr8, / ) , for all sufficiently large values of r, where K is
a constant independent of r and s = maxy (Pj/Pj). In fact, ί£(z) has the
form

#(s) = Σ Pi log - — , 0 < pj ^ 1 and Σ Py = 1

Further we see that there exist four constants A, A, B and B such that

lo ^- -Bj ^ I * * / l i ^ — I and Cr c j z ; ^ ^ ^ - zrf
Ar r ) ί Ar

Thus, for any i, we have Γi(r, /) ^ (ps/Pj)Ti(B(Aryt/p>'9 f) and so
^(^^ /) ^ maxy (pj/pj)Tu(B(Ar)% f) for all sufficiently large values of r.
Therefore we obtain

i n f A U * ^ » ^ f y J ; = 8jMa- ,

so that

P-n ^ —fiu — m m \Pj/p3 )μu ^ min (pj)βu > 0 .

4. REMARK. Let i^(ζ) be a meromorphic function defined on C — {0, 1}
and having an essential singularity at each point of {0, 1}. We can
establish the (local) Nevanlinna theory in DQ: 0 < | ζ | < 1/2 or Dx: 0 <
I ζ — 11 < 1/2. Denote by δj(a, F) the deficiency appearing in the (local)
Nevanlinna theory in Dά(j = 0, 1). By giving an example, we can see
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that there exists an F(ζ) with the following property: F(ζ) has only
one (local) deficient value 0 in DQ and only one (local) deficient value oo
in A such that <5°(0, F) = 1 and ^(oo, F) = 1 and F(ζ) has two deficient
values such that δ(0, F) = <?(°°, F) = 1 with respect to an Evans' func-
tion u{ζ). Hence the fact that δ(a, F) + δ(β, F) > 1 implies μ^ > $ , does
not follow from a local argument.

EXAMPLE. We determine the sequences of positive numbers {sn},
{tn}, {&»}, {Vn\ and positive integers [ηn}9 {vn}, {λn}, {μn} such that

yn < e«wm <tn< Un <xn< β ( l o g ^ ) 3 / 2 < sn+1 < 4sn+1 < yn+1

and such that

Γβ(r, /o) ̂  r (8.+ 1 ̂  r ^ a?Λ+1) ,

βdogr)2 ^ y ^ ^ ^ e(l o g r )3 (y β + 1 ^ r ^ gdogl/.)^) ̂

Γo(r, Λ) ^ r {tn ̂  r ^ yn+1) ,

T0{r, gQ) ^ β ( l o g ί )5 (48. ̂  r ^ 4ί.) ,

Γβ(r, ffo) ̂  ^ α o g r ) 3 / 2 (x*£r£ sn+1) ,

Γβ(r, flrj ^ e ( l o g ί )5 (4t. ̂  r ^ 4s.+ 1)

and

Γβ(r, Λ ) ̂  β( lo«^8/1 ( » . + 1 ̂  r ^ t . + 1 )

for functions /<,(«), /i(^), ^o(^) and ^^2;) defined as follows:

/o(z) = fl (1 - (-M") - ΛW = π (1 - μ-

ffo(«) = exp ft (l + ( - ^ P ) and Λ(«) - exp ft (l + (γ-) V ")

These functions have an essential singularity at infinity and Γ0(r, *)
denotes the usual Nevanlinna characteristic function.

We write G°(z) = (fQ(z)'g0(z))-1 and G1^) = f&ygfc). For any K> 0,
there exists an n0 such that the inequality

9o(z)

holds for z e {z; 2xn ^ | z \ ̂  (l/2)e ( l o g ί C- ) 3 / 2, w ̂  ^ 0 } . Hence we have
l/o(«) ffo(«)l > β ^ 1 , for z e { z ; 2α;% ^ |^ | ̂  (l/2)e ( l o g** ) 3 / 2, Λ ̂  ^ 0 }. Similarly,
there exists an nx such t h a t \fι{z)-gι(z)\> eκ~ι

f for 2 e {z; 2yn ̂  | ^ | ̂
(l/2)e ( l o g** ) 3 / 2, n ̂  Λ J .
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We now consider

Obviously F(ζ) is meromorphic in C — {0, 1} and has essential singularities
at two points ζ = 0 and ζ = 1.

From the above, we can easily see that <5°(0, F) = 1, δ°(r, F) =
0 (r =£ 0), ^(oo, F) = 1 and ^(τ, F) = 0 (τ ^ oo). On the other hand, if
we use the level curve of an Evans' function u(ζ) = (1/2) log (1/| ζ(ζ — 1)|),
then we can easily see that

max (N(r, 0, F) , N(r, - , F)) = o(T(r, F)) ,

a s r__^ co# Hence we have δ(0, ί7) = δ(co, F) — l, where iNΓ(r), T(r) and
δ denote the counting function, the characteristic function and the
deficiency with respect to the Evans' function u(ζ), respectively. There-
fore we obtain a desired example.

5. By giving an example, we next show that the assertion of
Theorem 1 is not true for meromorphic function having no deficient
values a and β with δ(a, f) + δ{β, /) > 1 and being defined on C — E,
where E consists of two points.

Let E be the set {z19 z2}, z, = 0, z2 = 1/2. Put

and denote by Cr the level curve u(z) = log r. Then we see easily Cr c
{(1/r2 ^ I z I ̂  3/r2) U (1/r2 ^ | β - 1/21 ^ 3/r2)} for all sufficiently large
values of r.

Consider the function

(«-1/2)2*

say. Then we have

T(r, f(z)) = -^t Olog+ |/(«)|dφ) + i ( ι/2log+ \f(z)\dφ)

t

where C°r and C]!2 denote components of Cr surrounding z = 0 and z = l/2,
respectively. We write n(t, 0) for the number of zeros of f(z) in Δt.
Then (I/log 2) log log (t/l/8) + 1 < n(t, 0) < (I/log 2) log log t + 2. Hence
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we have
v '—!—dt = (I/log 2) log r log log

r0 t

Next, we estimate \f(z)\ on C°r. Now, we see

logΠ

^ (2/log 2) log r log log r + O(log r) .

On the other hand, we have

1
logΠ 1 -

^ (2/log 2) log r log log r + O(log r)

for z e C°r Π (Re z < 0).
We note again that |logΠΓ=i| 1 - l/(z - 1/2) 22Ί| = 0(1) for zeC°r,

(r > 5). Thus we have

log+ 1 f(z)I ^ (2/log 2) log r-log log r + O(log r) ,

on Ĉ  and

log+ I /(«) I ̂  (2/log 2) log r log log r - O(log r) ,

on C> Π (Re z < 0). Hence we have

(1/2 log 2) log r log log r - O(Iog r) ^-±-[ Q log+ | /(») | dv
2TΓ JCr

^ (1/log 2) log r log log r + O(log r)

for all sufficiently large values of r. We note that I ... log+ I f(z) \ dv is
J c

not so large. Therefore we obtain

log r log log r + O(log r)
1-limsup

I log r log log r + O(log r) ]• + j log r log log r + O(log r)
Uog 2 J (2 log 2

Similarly we obtain δ(oo9 f) }> 1/3. Moreover, we can easily see that the
order of f(z) with respect to u(z) is zero.
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6. Here we show an example for which the assertion of Theorem

1 does not hold for an infinite set E, even if f(z) is holomorphic in C — E.
Let E be the set {zk}ΐ=Q, where z0 = 0, zk = l/22fc (k = 1, 2, •) and put

00 1 1 1
M(S) = Σ Pfc log - , where pQ = — and pfc =| f c | 2 " 2 k + 1

( fc-1,2, . . . ) •

Clearly w(2) is an Evans' function with respect to E. Let Cr be
the level curve u(z) = log r. Then Cr = \Jfir

0

} Cί, where CJ is a compo-
nent of Cr surrounding z = 0 and C; is a component of Cr not surround-
ing « = 0, (j = 1, , N(r)). Consider the function

where

M>=a ί1 - - ^ - y a n d

for k = 1, 2,
We show that /(z) is of order zero with respect to u(z) and δ(0, /) =

δ ( - , / ) = 1.
( i ) We note that

ή (\z - zk\ > —) n Cr = 0 and (j (l« - «*l < (—Y^) nCr= 0 ,

so that Cra(\z\ < 1) for all sufficiently large values of r. We note
again that (Rez<0)Γ\C r a{z; 1/r2 < \z\ < 2/r2}.

(i i) We next show that the order of f(z) with respect to u(z) is
zero. If zeCr, then \z — »0| = \z\ > 1/r2, so

^ Σ yiog(r2/22 V)+ Σ y(227r2)

= Ji + J2 + J 3 , say.

Now, we denote by no(t) the number of zeros of fo(z) in \z\> 1/ί.
Then the integer v such that 22l/ ^ ί < 22"+1 belongs to the interval

log log t - log log 2 i < ^ log log ^ - lo
log 2 = log 2
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so that no(t) < 1/2 (log log t/log 2 + 2)2.
Hence we have

= O(log r(log log r)2) .

Next, the integer v satisfying 22V < r2 fulfils v < log log r/log 2 + 2, so
that

/ , = Σ y(227r2) ^ O(log log r) .
2*v<r2

Further, if vQ = [log log r/log 2] + 2, then

= Σ v(r2/22V) - Σ ^ 2/2 2*) - O(log log r) .Σ
Therefore we have

log \flz) I - O(log r(log log r)2) , (2 e Cr) .

Next, we estimate ΠS=ilΛ(^)l on Cr. Let k = k0 be the largest
integer satisfying zke{\z\ > 1/r2). Then &0 < [log log r/log 2] + 2. If
A: > k0 + 1, then

and hence log \fk(z)\ < (222""2)-1, so log Uk>ko+1 \fk(z)\ < 1. If k ^ kQ + 1,
then 12; - zk\ > (l/r)1 / p* for z e C r . Thus we have

log \fk(z)\ ^ Σ log{l + (12 - sfcl ff1"*)-1}
l

0(1)
log 2

= O(log r log log r) ,

where wfc(£) denotes the number of zeros of fk(z) in | z — zk \ > t, since
k < k0 + 1 < log log r/log 2 + 3. Hence we have

ko+l

log Π \fk(z)I ^ O(k0log r-log logr) = O(logr(log logr)2) .

Therefore we have

log I f(z) I - log Π \fk(z) I - O(log r(log log r)2)

for zeCr. Thus we obtain
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T{r, f) = - U log+ I f(z) I dv(z) + O(log r) = O(log r(log log r)2) ,
2ττ jcr

where v(z) is a conjugate harmonic function of u{z), and we also see

μ ^ λ ^ λ.(/) - l i m β u p l o g 2 1 ( r > / ) - 0 .
r-*oo log r

Therefore f(z) is of order zero with respect to u(z).
(iii) If z 6 C r Π (Re z < 0), then \z\ < 2/r2 and

-f)•+(^y
and hence we have

o
^ — log r(log log r) 2 .

3

We also see \z - zk\ ^ V\zk

 2 + (1/r2)2 ^ max(|z t | , 1/r2) for 2€C rΠ
(Rez<0), so that | z - zk \ 22" "* > 4. Thus we deduce that for fk(z)
(fc=l,2, •••).

log

whence

log

Π \Mz)
= Σ

< (2224"1)"1 ,

± < V /922fc~S-i

I/*(«)!

Therefore we obtain

Γ(r, /) = m(r, f) = -i-\ log+ 0(1)

C rΠ(Rez<0)

= K log r(log log r)2

for some constant JBΓ(> 0) independent from r.
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(iv) Finally we estimate the number of zeros of f(z) in Δr. We
note that Cr c( |z\ > 1/r2) n (U*U (\z- zk\> (1/r)1"*)) and that the number
Nr of zke(\z\ > 1/r2) satisfies Nr < Ioglogr/log2 + 2. For each fc, the
number of zeros of fk(z) in Ar is less than pkΛoglogr + 1. Thus we
see that the number n(r, 0) of zeros of f(z) = ΠϊUΛ(s) satisfies

w(r, 0) < Σ (Pk log log r + 1) < 2 log log r .

Hence we obtain

•Mr, 0, /) <; 4 log r-log log r

for all sufficiently large values of r. Therefore we have

1 ^ δ(0, /) = 1 - limsup ^ ^ V P - 1 ,

so 5(0, /) = 1. Clearly, we see <5(co, /) = l.

7. Remark. For the set E and the Evans' function u(z) in the
above example, we see that the number n*(r) of components of Cr satis-
fies n*(r) < log log r/log 2 + 2, since Cr Π (I z \ < l/r2) = 0 . Hence we
have

F(r) = Γ
Jr0

= O(logr loglogr) .
r0 t

Thus for the holomorphic function f(z) in the above example,

since Γ(r, /) > iΠog r(log log rf for a constant iΓ (>0). Hence
Σf=i δ(αy, /) ^ 2 for any distinct complex numbers aj9 On the other
hand, since <5(0, /) = δ(°o, /) = 1 in this example, we see that d(a, / ) = 0
for all α ^ 0, ©o.

8. What can we say about the order (or the lower order) of f(z)
under more stronger condition than Theorem 1 ? We obtain the follow-
ing result about this problem.

THEOREM 2. Suppose that f(z) is a meromorphic function in C—E
with an essential singularity at each point of the set E= {z19 •••, zn}
and that f{z) satisfies

( 2 ) max (\,(N(r, 0, /)) , Xu(N(r, oo, /))) < λ a ( / ) < <*,

for every Evans9 function u(z) with respect to E. Then the order of
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f(z) is a positive integer and X = μ, where X and μ are the order and
lower order of f(z), respectively.

PROOF. Let two canonical products π\)(z), πj(z) (j — 1, •••, n) and a
rational function R(z) be as in the proof of Theorem 1. Then

9() ( ) f l 7 ( ) / ( y [ % )
5 = 1 j=l

is holomorphic and not zero in C — E. Thus, by Lemma,

g(z) = c- fl (z - zϊfi exp

where ceC, vs is an integer and ψ3{z) is a holomorphic function in C —
{Zj}. Since f(z) is finite order, we see ψ3(z) is a polynomial of l/(z — zά)
of degree kά (0 ^ kά < oo). Hence there exist non-negative constants ad

and βs (j = 1, , n) such that

)1/!>ί, flf) + O(log r) ^ {a^Aryfi) + O(log r)

for all sufficiently large values of r. Hence we have

Σ PίW-i")''"} ^ ^(r, /) ̂  Σ PA"i(AΦ"ή + O(logr) ,
J = l I \JD / i 5=1

so that

lim sup lQg T ^ g> = lim inf !°JLΏZ%J[λ = m a x ( A . ) .
r-»oo log r r _»oo l o g T l£j£» \ Py /

lim inf
log r r_»oo log

Again, by / ( ^ ) = sr(2;)-B(2;)πo(̂ )/7Γoo(2;), where πo(z) = Πi=i < ( ^ ) and 7Γoo(z) =
Πi=iπ"(^), we see

T(r, g) - T(r, π0) - Γ(r, TΓ.) - O(log r) ^ Γ(r, /)

^ Γ(r, flr) + T(r, π0) + T(r, TΓ.) + O(log r) .

From (2), we see max (Xu(N(r, 0, /)), K(N(r, <*>, f)))<\u(g) = μ%(g),

whence

, ff) ^ Γ(r, /) ^

Thus we obtain Xu(f) — μu(f) =
Therefore we have

Λ, = μ = inf μ t t(/) = inf max (-^-) .



DEFICIENCIES OF MEROMORPHIC FUNCTIONS 457

This infimum is attained by taking (kjjpj) = = (kjq/pjq)9 (kja Φ 0).
By noting 0 < pό ^ 1, ΣjU PJ = 1 and by taking Σ?=*+i Pst —• °> w e s e e

that μ = Σy=i &i is an integer.

REMARK. In Theorem 2, if we replace the condition "for every
Evans' function u(z) w.r.t. E" by "for some Evans' function u(z) w.r.t.
E", then the order λ ( = the lower order μ) of /(#) need not be an
integer.
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