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1. Introduction. There is a well known theorem of Chevalley [1]
describing the ring of polynomial invariants of the Weyl group W of a
complex simple Lie algebra g. Briefly the situation is this: Let the
rank of g be ! and let 4 be the root system of g with respect to some
Cartan subalgebra. Then 4 spans an ! dimensional real vector space R4
on which W acts as a finite linear group. By extension of the transpose
action, W acts on the symmetric algebra .&° of the dual space R4*.
Chevalley’s theorem says that the ring of W-invariant elements of .&¥
is generated by [ algebraically independent homogeneous polynomials.
The unique one of degree 2 is the quadratic form « on R4 which is
due to the Killing form on g.

Initially we began to consider how the situation would change when
4 was an infinite root system defined by a non-singular symmetrizable
Cartan matrix of non-finite type. The set-up is much the same, with
an indefinite quadratic form and W an infinite group acting in R4. The
conclusions, however, are quite different, being of the form that - by
itself generates the entire ring of invariants. Moreover it became clear
that this type of result held in a considerably more general situation.
If we recall that the integral span Z4 of 4 is a lattice in R4, then W is
a subgroup of the group O(Z4) of all isometries of Z4 with respect to .

Suppose now that L is a lattice in a rational vector space V equipped
with a non-degenerate indefinite quadratic form . The type of result
we obtain is that for all suitable subgroups G of the isometry group
O(L) of L, the ring of G-invariant polynomials on V is precisely Q[+].
For example, this is true if dim V' = 3 and G is any subgroup of finite
index in O(L) (Theorem 4.1). It is also true for a wide class of Weyl
groups of infinite root systems, including all the hyperbolic root systems
(Theorems 5.1 and 5.2) and we conjecture that it is in fact true for all
Weyl groups arising from non-singular Cartan matrices of non-finite

type.
At the center of the argument lies the celebrated theorem of Thue
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that if f(x, y) is an irreducible integral binary form of degree =3 then
for any m € Z the Diophantine equation f(x, ¥) = m has at most a finite
number of solutions [4]. This explains why the results are statements
about rational invariants, though it is clear this is not a restriction:
that is, if K is any extension of Q and Vy = K ®, V then any subgroup
G of O(L) is canonically a subgroup of isometries on V, with respect to
the canonical extension of 4 to Vi, and if the rational invariants of G
on V are Q[y] then the ring of G-invariant polynomials on V is K[+].

The main theorem from which everything else follows is Theorem
3.1. Its statement is full of the inductive hypotheses necessary to
increase the dimension beyond 2 which is the domain of Thue’s theorem.
The essential content of sections 4 and 5, which are devoted to applying
Theorem 3.1 to orthogonal and Weyl groups, is the establishment of
suitable chains of subspaces satisfying these inductive hypotheses.

As usual it is my pleasure to thank Professor Stephen Berman for
the valuable and pleasant conversations which contributed to this work.

2. Background and Notation. Let V be a finite-dimensional vector
space over the rational numbers @. By a lattice in V we shall mean a
free abelian subgroup L of (V, +) whose rank is the dimension of V.
If X is a subset of V,[X] denotes its rational span. If v:V —>@Q is a
quadratic form on V we shall also denote by + the corresponding
bilinear form (so that (v, w) = (Y(v + w) — Y(v) — ¥(w))/2) and all the
restrictions of + to various subsets of V. We say that the signature

of + is (p, q, m) if there is an orthogonal basis v, --:, v, of R®,V
such that p + ¢ +n =1 and @) =1 if 1 < p, v(w,) = —-1if p<i £
p+qand (w,) =0if ¢ > p + q.  is indefinite if pg#0. If ¢, .-+, ¢

is a base for L over Z then the discriminant of L is dise L = det (yr(e;, €;)).
For a subset X of V, O(X) denotes the group of isometries g of V with
respect to 4 for which Xg = X. Thus O(V) is the entire orthogonal
group. If L is a lattice in V then O(L)={geO(V)|Lg = L} =
{geO(V)|Lg < L} since det g = *1.

Let L be a lattice in V and set .&7(V) and .&#(L) to be the symmetric
algebras of V and L over Q and Z respectively. Then .SAV)=Q R, .AL).
fe?(L) is primitive if for all me Z with m > 1, femS?(L). If fe
(L) permits a factorization over .&7(V') then it permits one over .7 (L),
and if f = gh with g, h € (L) then f is primitive if and only if ¢ and
h are primitive.

With V and L as above, let V* and L* be the rational and Z dual
spaces of V and L respectively. Then L* is a latticein V*. Let & =
L (V*) and & = .&(L*) which we may view as Q and Z valued funec-
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tions on V and L respectively. .o is the ring of rational polynomial
Sunctions on V. If gegl(V) is any endomorphism of V, then its
transpose on V* permits an extension to an algebra homomorphism of
S We use the symbol g throughout, though we will use right action
on V and left action on &% If g stabilizes L then g will stabilize .&.
If G is a subgroup of GL(V) then fe.o” is a G-invariant if for all
9€@G, g-f = f. Let 4 be a quadratic form on V. Then + is an O(V)-
invariant in .&2 We say that a subgroup F of a group G is cofinite in
G if the index [G: F'] of F in G is finite.

For background on infinite root systems and their Weyl groups one
may refer to [2]. In order to establish the notation and context we will
provide the barest outlines here.

Let (A;;) be an [ x | indecomposable symmetrizable Cartain matrix
with symmetrizing matrix diag{e, ---, ¢}, where the ¢, N. The root
system 4 (which is said to have rank ) corresponding to (A4;;) lies in a
free abelian group Z4 of rank [ generated by ! fundamental roots
@, -+, . The Weyl group W is the subgroup of GL(ZA4) generated
by the involutions »; j =1, ---, | defined through a;r; = a;, — A;;&; i =
1, ---,1. W acts as a group of isometries with respect to the bilinear
form « defined by («;, @;) = A,;;e;. W and + naturally extend to actions
on the rational space Q K, Z4.

(4,;) is of finite type if (A,;;) is the Cartan matrix of a finite dimen-
sional semi-simple Lie algebra g over C. (4,;) is Euclidean if it is
singular and for all non-empty proper subsets S of {1, .--,1} the sub-
matrix Ag = (4;):;.s 18 of finite type. (A4,;) is hyperbolic if it is non-
singular and all the submatrices Ag are of finite or Euclidean type.

3. The Main Theorem. Let Y be a rational vector space of finite
dimension m and let 4 be a quadratic form on Y. Let K be a lattice in
Y and H a subgroup of the lattice-preserving elements of the orthogonal
group of Y. The quadruple (Y, K, +, H) satisfies the hypotheses (H) if

(a) + is non-degenerate and indefinite;

(b) H is infinite and acts irreducibly on Y.

THEOREM 1. Let (V, L, ¥, G) be a quadruple as above with dim V =
1 =2. Suppose that there is a chain of quadruples (V,, L, 4, G;) © =1,
1 -1, ---,2 such that

(i) V,=V2V,,,D---DV, dimV, =1,

(ii) Y, =+ and ¥, =y, Ly =L and L;,SL;., NV, G, =G and
G, s a subgroup of {g€ G |Lig & L} for v <1

(iii) each quadruple (V,, Ly, 4, G,) satisfies the hypotheses (H).



528 R. V. MOODY

Then for every subgroup F of finite index in G the complete ring
of F-invariant polynomials on V is the ring Q] generated by .

We will precede the proof of this result with two partial results
which do not involve the inductive hypotheses of the statement of the
theorem. The second of these results is in fact the crux of the whole
matter.

With the notation of the theorem, what we have to prove is that
if fe% and f is F-invariant, then f €Q[+]. Now it is clear that we
only have to deal with homogeneous f and we may scale f to be primi-
tive in .&4. Write f as a product of irreducible factors each of which
is primitive in .&4 — say f =p, --- p,. Then F must permute the set
{£p, -+, £p,} and so the stabilizer of each p, is a subgroup F; which
is cofinite in F, hence G. This shows that it is enough to establish that
for F' a cofinite subgroup of G and f an irreducible primitive homogene-
ous F-invariant polynomial of &4, f e Q[v].

THEOREM 2. Let (V, L, 4, G) be a quadruple satisfying (H). Then
for F a cofinite subgroup of G there are mo F-invariant homogeneous
polynomials of degree 1 on V.

PrOOF. Let fe.94 be an F-invariant homogeneous polynomial of
degree 1. The hyperplane X = {ve V|f(v) = 0} is F-invariant and hence
so is the line X*. Since [G: F] < o, (X*)G is a finite set of lines
X, -+, X, and it generates a G-invariant subspace of V, and hence V
itself. Let F, be the subgroup of F' fixing each of these lines
([F: F] < <o), and let the notation be chosen sothat V=X, H --- P X,.
Let X, = [x,] and let f(x,) =a,€Q. Fix an ¢ for which a; # 0. The
equation f(x,9) = f(x;) together with X,g = X, for all g € F, implies =z, is
fixed by F,. Then z,G is a finite G-stable set spanning V, and so G is
finite, contrary to hypothesis.

THEOREM 3. Let (V, L, 4, G) be a quadruple satisfying (H) and
suppose dim V = 2. Then for F any cofinite subgroup of G the ring
of F-invariant polynomials on V is Q[+].

PrROOF. Let f be an irreducible F-invariant polynomial of degree 2
in & and let v, v, be a basis of V. Then for z = x,v, + 2,v,, f(x) =
Az} + Bxx, + Cxiand 4(x) = ax? + bra, + cx?. The coefficient a is not 0
for otherwise +» would be reducible and its linear factors would contradict
Theorem 2. However f — (A/a)y is F-invariant and reducible and so by
Theorem 2 is 0. Thus f € Q[v].

If f is irreducible of degree 8 or higher, then let ve L, v % 0, and
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let f(w) =meZ. The set vG is infinite and hence so is vF. But for all
geF flvg) = (gf)(w) = f(v) = m, contradicting Thue’s theorem.

Proor OF THEOREM 1. We may assume that dim V =1>=38. Let f
be an irreducible homogeneous F-invariant polynomial of degree N. We
use induction on ! and N.

Using the subspace V,_, of the hypotheses of the theorem, V =
Vi, L [v]. Lete,---,¢_, be a basis for V,_, and let the general point
xeVbe Sicixe, + 2v. Then flx) = >, fi(X)2z"~* where f,(X) is a poly-
nomial of degree 4 in x,---,x,_,. Let F,_,=FNG,_,. Then
[Gi-;: F,_,] < = and stabilizes V,_, and hence [v]. Since (v, v) # 0,
vg = *+v for all ge F,_,, and so the stabilizer of v in F,_, is F|_, of
index at most 2 in F,_,. For geF,_,, g-f(x) = >, gf(X)z""*, implying
ofi = f; and so f,€Q[+y,_,] and is of even degree. Thus f(X, z) =
SNE i (X)2¥ %, a;€Q. If N is odd or agy,., =0, z is a factor and
f is reducible. Thus N = 2M and a, +# 0.

Now "nb‘((X9 2) = “Pz—l(X)-l'(’U, v)2". Consequently, f(X, z)_aM“l"((Xr F)M
is F-invariant and has a factor of z* throughout. It then lies in Q[+]
and this proves the theorem.

4. Orthogonal Groups of Lattices.

THEOREM 1. Let V be a finite dimensional vector space over Q, L
a lattice in V, and + a non-degemerate indefinite quadratic form on
V. If dimV =38 or dim V =2 and |disc L| is nmot a rational square,
then for all cofinite subgroups F of O(L) the ring of F-invariant
rational polynomial functions on V is precisely Q[+r].

To prove this it is sufficient to find a descending chain of quadruples
as in Theorem 8.1 with (V, L, 4, O(L)) at the top. We achieve this
through the sequence of lemmas below. The essential feature is to show
that O(L) is rich enough, and it is the two dimensional case once again
which lies at the bottom of the argument. Throughout, V is a finite
dimensional rational space, L is a lattice in V, and +r is a non-degenerate
quadratic form on V.

LEMMA 1. Let L° denote {x€ V|for all ye L, v(x,y)eZ}. Then L°
1s a lattice in V and (L°)° = L. If (L, L) S Z then L* 2 L and [L": L]
18 fimite.

Proor. If {x,, ---,x,} is a base for L then the dual {xf, ---, x}}
defined by (x}, x;) = d,; is a base for L°.

LEMMA 2. Let L', L be lattices in V with L' = L and (L, L) S Z.
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Then L2 L2 L', O(L') = O(L"), and the stabilizer of L in O(L') is
cofinite in O(L').

Proor. For ¢geO(L'), for yeL’”, and for all xeL’, we have
oz, yg) = (xg~, y)eZ, so ygeL”. Thus O(L') < O(L"). Similarly
O(L"™) =< O(L’). 1t is clear that L'"2 L 2 L'. Since O(L') stabilizes L"
and L’ it must permute the finite number of subgroups lying between
them, and so the stabilizer of L in O(L’) is cofinite.

LEMMA 3. Let L =Zx + Zy be a lattice in V =QrP Qy and
suppose that y(x, x) = A, ¥y, ¥) = —B, ¥(x,y) =0, where A, Be N and
AB is not a square. Then O(L) is infinite and contains a cyclic group
(o) such that for all ke Z, k # 0, xo* = ¢,x + d,y, yo* = c;.x + d.y, where
ey, i, Cry A€ Z amd ¢, d, + 0, cd; # 0.

ProoF. The set (B/A)Q** N N has a least element D. Let D = Bk*/Al?
where k,leN, (k,1) =1. Let K=Z+ZV'D and let L, = Zlx + Zky < L.
K is a quadratic lattice in QD) with respect to the norm N of this
field, and the mapping @: K — L, defined by 1l 1lx, VD —ky is an
isometry from (K, N) onto (L, (Al®) ™). It is well known that the
group of units of the ring I of integers of Q(1/D) possesses an infinite
cyclic subgroup and this is a group of isometries of the ring of integers
treated as a quadratic lattice with respect to N. Since 2Ic K c I, the
stabilizer of K in this cyclic group is cofinite and so again is infinite
cyclic. From this we see that in turn (K, N), (L, (AI*)™), (L, 4) and
(L, ¥) (last lemma) have isometries of infinite order.

The last statement is obvious since an isometry of V cannot stabilize
[x] or [y] without being of finite order.

LEMMA 4. Let a, b, c€ Z with abc = 0. Then there are arbitrarily
large d € N such that d’a + b and c lie in different square classes in Z.

PrROOF. Suppose the lemma is false and that for all large d, d%a +
b = (p(d)/q(d))’c where p(d), g(d)e N and (p(d), ¢(d)) =1. Then q(d)|ec.
Let P be the product of all the positive divisors of ¢. Then Pd*a/c +
P?/c = p(d)*P*/q(d)*. Let o' = P*ajc, b’ = P?/c, and s(d) = p(d)P/q(d), all
of which are integers. We have d’a’ + b’ = s(d)* for all large d. Choose
an odd prime p so that p}td' and o' is a quadratic residue modulo p [3,
p. 55]. Then as d runs through Z, d?a’ + pZ runs through the squares
of Z/pZ, as does (d*a’ + b') + pZ. Thus the squares of Z/pZ are closed
by addition of b + pZ, which is impossible since p f b'.

LEMMA 5. Let U be a subspace of V such that + is mon-degenerate
on U. Let y(L,L) < Z and let L, be a lattice of U lying in L O U.
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Let Gy be a subgroup of O(Ly). Then there is a cofinite subgroup G
of Gy which consists of restrictions of elements of O(L) to L.

Proor. Write L' = L, | (L} NL). L' is a lattice in V and L' <
L<Z L". For 0eGy, let & =0 L 1 be its extension an element of O(L’)
according to the orthogonal splitting above. We know that [O(L'): O(L') N
O(L)] is finite and so the preimage S of O(L') N O(L) in G, under ~ is
a cofinite subgroup of G,. This is the group we want.

LEMMA 6. Let U,cU,c---CcU, =7V be a chain of non-degenerate
+ subspaces of V and suppose L,C L,C -+ C L, are lattices in these
spaces. Suppose (L, L,) & Z. Let v € O(L,) have infinite order. Then
there 1s an m e N such that for all 1 =1,2, ---, k, t™ 1s the restriction
to L, of an element of O(L,).

PrROOF. Use Lemma 5 k& — 1 times.

LEMMA 7. Let dimV =1> 2 and let L be a lattice in V. Let
be a mon-degenerate indefinite quadratic form on V such that
(L, L) S Z. Then there is a subspace U of V with dimU =1—1
such that 4 on U is non-degenerate and indefinite; and a lattice L, of
U such that Lo, S LNU and if | — 1 = 2, |dise L,| is not a square.

Proor. Let {v, ---, v;} be an orthogonal basis of V with v,e L for
each 1. Let +(v;) = a;€Z and choose the indexing so that a; > 0 if
1 <m and a;, <0 if 1> m. By assumption 1 < m <. Either m >1 or
Il—m>1. We may assume without loss of generality that m > 1.
Then there is a ¢€ N such that c’a, + a, is not in the square class of
la;] and c%a, + a, > 0. The quadratic space ([ev, + v, v,], ¥) is indefinite
and contains L, = Z(cv, + v,) + Zv, C L whose discriminant has absolute
value (c’a, + a,)|a;/, which is not a square. Set L, = Z(ev, + v,) +
Zv, + ++ + Zv,.

LEMMA 8. Let (U, +) be a non-degenerate indefinite quadratic space
and L a lattice in U. Suppose that if dim U = 2 then |dise L| is not a
square. Let X be any subspace of U such that X (0), U. Then there
is an element of infinite order in O(L) mone of whose positive powers
leave X-invariant.

Proor. If dim U = 2 then U has no non-zero isotropic vectors. No
isometry can stabilize a non-isotropic line in a plane without being of
finite order. By Lemma 3 there is an isometry of U which has infinite
order, and this will do.

If dim U > 2 we consider two cases.
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X is non-singular. Replacing X by X* if necessary, we may have
dim X =m = 2. Let {u, ---, u,} be an orthogonal basis of X in XN L
and let {w,., -+, u;} be an orthogonal basis for X* in X* N L. Let
J(u;) = a;. There is an 1 <m and a j > m for which a;a; <0, say
a,a; < 0. Choose ce N so that c’a, + a, has the same sign as a, and
l(ca, + a,)a,| is not a square. Then with L, = Z(c’a, + a,) + Za,, O(L,)
has an element o of infinite order. Then after Lemma 5, for some
ke N, o* is the restriction to L, of some element = of O(L). None of
the powers of = can leave L, N X = Z(c*a, + a,) invariant.

X 1s singular. X N X' is non-trivial and evidently is invariant by
any isometry leaving X invariant. Thus it suffices to assume that X is
totally isotropic. Let we€ X N L and choose ve€ L so that +(v) =0 and
[u, v] is a hyperbolic plane. Let +(u, v) = a, which we can assume to
be in N. Let w be chosen in [u, v]* N L with 4(w) =b+# 0. Let x =
u + v, y=u—v and choose ¢€ N so that 2ac® + b is positive and in a
different square class than 2a. Let L, = Z(cx + w) + Zy and U, = [L,].
o is non-degenerate on U, and |dise L,| = (2ac* + b)|—2a| which is not a
square. Thus O(L,) contains an element 7 of infinite order. Let L, =
Zex + Zw + Zy and U, = [L,]. + is non-degenerate on U, and U, N
X = [u] since dim U, = 3 and X is totally isotropic. By Lemma 6, for
suitable m e N, 7™ is the restriction to U, of isometries in O(L,) and
O(L).

Now write w = u, + u, where w, € U, and w,€ U, U+. Then if X
were invariant by some power ¢ of z™, ¢ would leave invariant the lines
[u] and [u,] (=U,NU:) and so [u,]. This is impossible by the same
argument that began the proof of the lemma.

PROOF OF THEOREM 4.1. Using Lemma 7 we can construct a descend-
ing chain of subspaces V,=V>oOV, _,D:--2V, with dim V, =7 and
lattices L,DL,_,D+-- DL, in the V, with L, = mL for some meN,
such that (L, L;,) & Z for each 4, + is non-degenerate and indefinite
on each L; and |disc L,| is not a square. Let G, = O(L,) = O(L) and set

Gi={9eG.l(Lyg s L} for v=1—-1,1-2,---,2.

Then using Lemmas 8 and 6 we see that for each 7, G, is infinite and
acts irreducibly on V,. The hypotheses of Theorem 3.1 now apply to
the chain (V;, L;, v, G;) thus proving our theorem.

REMARKS. The conclusions of this theorem are not true if 4 is de-
finite or if dim V =2 and |disc L| is a square, even if we restrict our-
selves to O(L)-invariants. For example if L is the lattice generated by
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a root system of type B, ( =2) then O(L) is the corresponding Weyl
group and Chevalley’s theorem shows that there are [ algebraically in-
dependent invariants. If dim V =2 and |disc L| is a square then L has
two isotropic lines and O(L) in an elementary 2-group of order 4. The
ring of O(L)-invariants may be identified with the ring of symmetric
polynomials whose homogeneous components have even degree, which is
a polynomial ring in two variables.

5. Applications to Weyl Groups. The notation in this section is
the same as that in [2]. All the basic results to which we refer are
also to be found there.

THEOREM 1. Let (A;;) be an indecomposable symmetrizable | X |
Cartan matrie whose associated quadratic form + is of signature
(1 —1,1,0). Let 4 be the associated root system with a base a,, ---, @,
spanning the rational space Q4. Let W be the associated Weyl group
with its natural action on Q4. Let F be a subgroup of finite index in
W. Then the ring of F-invariant polynomial functions on Q4 is Q[+].

The whole thing depends on the construction of a suitable chain of
the sort hypothesized in Theorem 3.1. We carry this out by constructing
symmetrizable indefinite root systems of decreasing rank.

Let 4 be a root system of rank I, with Weyl group W, and associated
quadratic form +r. Suppose that v, ---, v, € 4, with ¥(7,;, 7;) < 0 for all
i # j. Then the k x k matrix B defined by B,; = 2y:(7,, 7;)/¥(V;, 7;) is a
Cartan matrix. If B is non-singular then the root system 4, defined by
B is actually embedded in 4 with v, ---, 7, playing the role of a base.
Furthermore the embedding is isometric in the sense that the form on
the rational span Q4, of 4, is precisely that induced on it from QA by
restriction. The subgroup of W generated by {r, [i=1,---, k} is
isomorphic in the obvious way to the Weyl group W, of 4,.

Now suppose that &k =1 — 1 and B is non-degenerate and indefinite.
Let Z4, = Zv, + -+- + Zv, and let 4, be the quadratic form for 4,.
Then the quadruple (Q4z, Z4,, s, W5) satisfies the hypotheses (H) (see
Lemma 1 below). In addition Z4, & Z4 N Q4y, s = |24y and W, S
{(we W|(Zdg)w < Z4}, which is the requirement of Theorem 3.1. The
Lemmas 2 and 38 show that if [ = 8 it is always possible to construct
such a set {v,, ---, 7i_.}-

LEMMA 1. Let (A;;) be any indecomposable symmetrizable Cartan
matriz and let the motation be as im Theorem 5.1. Then W acts
irreducibly on Q4.

ProOF. Suppose (0)CcUcC Q4 were a W-invariant subspace of Q4.
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Then for all weU and Dbase elements «, we have wur, =u —
2(yr(u, a)/y(a;, a;))e; e U and so either (u, &) = 0 or ;€ U. Thus each
root «; lies in U or in U* and since neither is Q4, neither contains the
entire base. This contradicts the indecomposability of (4,;) and proves
the lemma.

REMARK. Let V be a real quadratic space with signature (I — 1, 1, 0).
Then any subspace of V is of signature (k¥ —1,1,0), (k 0,0) or
k—1,0,1).

LEMMA 2. Let (A;;) be an indecomposable symmetrizable Cartan
matriz of signature (I —1,1,0). Then either there is an indecomposable
subset of fundamental roots which is of type (I — 2,1,0) or (4;;) s
hyperbolic.

PROOF. Suppose (4,;) is not hyperbolic. Then there is a subset of
1 — 1 base roots, at least one of whose indecomposable components is
neither finite nor Euclidean. Let such a component be «,, ---, @,. Then
by the remark above, it spans a space of signature (k¥ — 1,1, 0). Build
a, ---,a, up step by step to an indecomposable system of rank [ — 1.
At each step it remains indefinite and so the final result has signature
(I —2,1,0). This proves the lemma.

LEMMA 3. Let (A,;) be hyperbolic of rank | > 2. Then there is a
subroot system of rank | — 1 and signature (I — 2,1, 0).

PRrROOF. Suppose we can find a root Se€4f and an 1€{l, ---, I} such
that

(1) (B 8) <0,

(2) the a;root string 8 — kay, -+-, 8, -+, B + ma,; terminates in
real roots.

Then let N = 8 — ka; and let S be a subset of | — 2 elements of {1, ---, [}
such that 7€ 8 and {a;|j €S} is indecomposable. Let W be the Weyl
group {r;|j€S). Wy is finite because (4,;) is hyperbolic, and so AW
has an element @, of least height with respect to «,, ---, @,.. Then
(@, @;) <0 for all jeS and {a) U {a;|jeS} forms a base for a sub-
system of roots of rank I — 1. Indeed the system of roots so generated
includes the elements of a, W and so A\, M, and hence B. This shows
that it is indecomposable and indefinite.

We need to show that we can always find such a 8. First suppose
there is a Euclidean subset, say «a,, ---, @,_,, of the fundamental roots
(it is necessarily of rank [ — 1). Let & be the canonical null root. It
involves all of a,, -+, @;,_, and so (¢, @,) < 0. Then for some real root
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A of the form «, + n&, meN, 1 <l, we have d = 2y(\, a))/¥ (e, @) <
— (21 + 2). The a;-string through \ is then of the form », M + @, -+, M —
de,, and since there are at most 2 roots of any given length in a root
string and at most [ lengths for real roots, there must be a root 8 in
the string which satisfies 4«8, 8) < 0. This is what we need. Now
suppose there is no Euclidean subset of fundamental roots. Then choose
B € 4 of minimal height. There is an 1€{l, ---, [} such that 8 — a;, € 43.
The minimality assumption guarantees that (8 — a,)r, = 8 + ka; with
k> 0. In particular B is in the a;-string through the real root 8 — a,.
Finally (8, 8) < 0 for otherwise B is null and so writing 8 = >, ¢;a;,
{a;]c; + 0} forms a Euclidean subset contrary to assumption. This com-
pletes the lemma.

This sequence of lemmas proves Theorem 5.1.

THEOREM 2. Let (A;;) be an indecomposable symmetrizable | X 1
Cartan matrix. Suppose (A;;) 1s mon-singular and not of finite type.
For each mon-empty subset S of {1, ---, 1} let Ay = (A;ij)ijes. Suppose
there 1s a chain of subsets S, = {1, -+, 1} DS,_,D+-- DS, such that

(1) [Sl=9 1=k ---, 1

(ii) each Ag, is indecomposable and non-singular;

(ili) Ag, has associated quadratic form of signature (k — 1,1, 0).
Then in the notation of Theorem 3.1, the ring of F-invariant polynomial
functions on Q4 is Q[+].

In particular such a chain exists if for each nom-empty subset S
of {1, ---, 1} for which As is indecomposable, either Ag is Euclidean or
non-stngular.
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