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1. Introduction. Let (Ω, F, P) be a complete probability space with
a non-decreasing right continuous family (Ft)0^t<oo of sub σ-fields of F
such that Fo contains all null sets and F = V ^ o ^ Let N = (Nt) be a
stochastic point process on (Ω, F, P), that is, an FΓadapted process with
right continuous paths taking values in Z+ — {0,1, 2, } such that
No = 0 and ΔNt = Nt — Nt_ = 0 or 1 for all t. We assume here that
Ft is the σ-field generated by (Ns, s ^ t). If there exists a positive
predictable process λ = (Xt) such that the process N defined by

ft = Nt-\ Xsc
Jo

is a local martingale, then (N, P) is said to be a stochastic point process
with the intensity λ. Now, let Po be a Poisson measure; that is, (Nt)
is a Poisson process with respect to Po. J. H. Van Schuppen and E.
Wong proved in [6] that if P is equivalent to Po, then (N, P) is a stochastic
point process with some intensity. Our interest lies in giving a necessary
and sufficient condition for the equivalence P~ Po under some assumptions.

Our aim is to prove the following theorems.

THEOREM 1. Let (N, P) be a stochastic point process with the intensity
λ and assume that

- 1| + |λslogλs|)cίs

Then, P is equivalent to Po if and only if

( 1 ) #[( Π λ

The sample paths of the process N have only a finite number of
discontinuities in [0,1], and so we get:

THEOREM 2. Let (N, P) be a stochastic point process with the intensity
λ. Then, P is equivalent to Po on Fλ if and only if
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(2) #[( Π λ

2. Preliminary lemmas. The reader is assumed to be familiar with
the martingale theory given in [3].

Let M be a local martingale and L be the unique solution of the
stochastic integral equation:

Lt = 1 +

Obviously, L is a local martingale.
Our proofs are based on the following lemma obtained by J. H. Van

Schuppen and E. Wong [6],

LEMMA 1. Let X be a local martingale such that the process <X, M)
exists. If L is a uniformly integrable positive martingale^ then dP' =
L^dP defines a probability measure and the process (Xt — (X, M)t) is a
P'-local martingale.

For the proof, see [6]. We note that if (LfΛ1) is a positive martingale,
then dP" = L^dP defines also a probability measure and XtA1 — {X, M)tA1

is a P"-local martingale. As is proved in [3], if μ is a predictable

process withp(\ \μs\X8ds < °o ) = 1 for every t, then the Stieltjes integral

S t ^ \Jo /

μsdNs is a local martingale. The following lemma gives a sufficient
0

condition for its integral to be a uniformly integrable martingale.
LEMMA 2. If μ = (μt) is a predictable process such that E\\ \μ8\X8ds <

G t ^ \ LJo J

μ8dN8) is a uniformly integrable martingale.
PROOF. It is sufficient to show that (I μ8dNs) is uniformly integrable.

\JO / / CtΛTn ^ \

Let Tn t °° be stopping times such that for each n, I \ \μ8\dN8 J is a

martingale. Then for every n

and so, letting w->oo, we find that E\ I \μs\dN8 = £ \μ8\\ds . There-

fore,

#[sup IJ V.d#. I ] ̂  ^ [ [ Ί μ. I I dN31] ̂  2E [ J J μ, \ λβds] .

From the assumption it follows that (\μtdNA is uniformly integrable.
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LEMMA 3. Let μ = (μt) be a predictable process with P(\ \μs\X8ds
\ \jo
) = 1. Then for any a, b > 0,

59

<

(sup(sup α) ^ (26/α) δ) .

PROOF. Let Γ = inf jί; \ \μ8\X8ds > b\ and μ\ = μ%lκ%w Then the
I Jo J rr«> η

process μ' is a predictable process such that E\ I \μ's\X8ds ^ 6, and so

G t ^ \ LJo J

μ8dNs) is a uniformly integrable martingale. Therefore,
from the definition of T and Doob's maximal inequality it follows that

pfsup \*μ.dNa > α ) ^ pfsup I Ϋμ.dN.
\ t Jo / \ t I Jo

^ P(SUP I Γj".'^.

α, T=

By the definition of ^', the first term on the right hand side is smaller
than 2δ/α. Thus the lemma is proved.

3. Proof of Theorem 1. Sufficiency: Let Mt = I (X71 ~ l)dN8, which
Jo rt

is a local martingale. Then the solution L of Lt = 1 + I Ls_dMs is given

by

Lt = ( Π λ,"1) exp

which can be rewritten as expί— \ log\dN8 — I (1 — λ8 + λs logXs)ds\

Let L^ = (IL λΓ^expί \ (λ, — l)ds). By Lemma 3,
N8ΦNS_ \Jθ /

|logXs\X8ds > b)

and letting α —> 00 and then 6 —> co we find that Pi I log X8dNs < 00 j = 1.

Thus Le converges to L^ > 0 a.s. By the assumption (1), E[L^ = 1, and
so L is a uniformly integrable positive martingale. Let dPf = LjdP.
As L^ > 0, P ' is equivalent to P. From Lemma 1, it follows that Nt —
(N, M)t = Nt-t is a P'-local martingale, that is, Pf = Po on F .

Necessity: The process L defined by Lt = ^[dPo/dPIFJ is a uniformly
integrable positive martingale with Lo = 1. Let us consider the local
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L~ldL8. Then, L is a solution of Lt =

S o r t ^

L8-dMs, and the process M has a representation Mt — \ v8dN8 for
o Jo

a predictable and integrable process v ([1], p. 1018). Therefore, setting
μ = v + 1, we have

£* = ( Π μ.) exp ( -

μsxsds is a P0-local martingale, and
0

so we have μ = λ"1 because ^ - ί is a P0-local martingale. Then, L* is
rewritten as follows:

Lt = ( Π K1) exp

Consequently, letting ί —• oo, the theorem is established.

4. Proof of Theorem 2. Sufficiency: Let Λft = [^(K1 - ϊ)dNa,
Jo ct

which is a local martingale. The solution L of Lt = 1 + \ Ls_dMs is
Jo

given by
* = ( Π λ,"1) exp (TΛ 1(λ s -

\ sStΛl / \Jθ

Since the sample paths of N have only a finite number of discontinuities
in [0,1], L is a positive super martingale. Furthermore, by the assumption
(2), E[Lά = 1, and so L is a martingale. Let dP" = .MP. Then P" is
equivalent to P on i^, and by Lemma 1, NtA1 — (N, M)tA1 = ΛΓίΛ1 — ί Λ 1
is a P"-local martingale. This implies that P " = Po on JFΊ.

Necessity: Let D be the Radon-Nikodym derivative of Po with respect
to P on JF\. Then the process L defined by Lt = ^ [ D l ^ ] is a uniformly
integrable positive martingale such that LQ = 1 and Lt = LtA1 for all t.
The same argument as in the proof of the necessity of Theorem 1 gives

Lt = ( Π X

Thus, the theorem is established.

5. Sufficient conditions. We first give a sufficient condition for P
and Po to be equivalent.

PROPOSITION 1. Suppose that for some constant K,
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λ. log λ β | d β < oo

Then λ satisfies (1).

PROOF. Recall that

Lt = ( Π K1) exp

is a positive local martingale. Thus to prove (1), it suffices to show that
L is uniformly integrable. For that purpose, define the local martingale
M by

Ml = J W - l)I{ιa<ι)dfϊ. .

Then the solution V of the equation L't = 1 + \ L's_dM's is given by
Jo

14 = ( Π (1 + (V1 - l)Iu.<1})) exp ([(λ s - l)I{λs<1}ds)

= exp ^ - ^(log Xs)I{λs<1}dNs - ^(1 - λs + λs log λ.)IUβ<1}

By Lemma 3 it is easy to see that P(\\ (logX8)I{λs<1}dN8 < ©oj = l .
Thus L't converges to LL a.s. Furthermore, we have EIL^] ^ 1, because
U is a positive super martingale. By a simple calculation,

sup Lt = sup exp ( — I log λsdJVs + I (λ, — l)ds)
ί ί \ JO JO /

^ e x p ( - Jo°°(logλ8)

^ LLexp^2 Γ|λβ -

so that we have JS ŝup* Lt] < oo. Consequently, L is uniformly integrable.

Similarly, we can give a sufficient condition for P and Po to be
equivalent on F^

PROPOSITION 2. Suppose that for some constant K,

λ satisfies (2).

The proof is the same as that of Proposition 1 with t replaced by
ί Λ 1.
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