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1. Introduction. In this paper we resume the discussion in [2] on
the comparison of approximation processes on a fixed Banach space X,
a problem going back to Favard [5]. We assume that any fe X is in
some sense representable via an orthogonal expansion and that the
approximation processes are multiplier operators. The idea of the
following is to combine global multiplier methods employed in Butzer,
Nessel and Trebels [2] with direct estimates as used by Zamansky [12]
in the case of (C, 1)-bounded expansions (cf. [10]). The common root of
both techniques is to be seen in the principle of subordination [1; Ch. 4].
A family of bounded linear operators {T(¢)},,, on X, i.e., {T(t)} c[X], is
called an approximation process if

Im [[TOf — fll =0 (feX).

If {A(¢)} is a further approximation process, Favard’s comparison problem
asks for estimates between the two quantities | T(¢)f — f]| and || A@t)f — £
with fe Yc X. To describe the global comparison theorem in [2;I] let
us repeat the notation of [2; III]. Let H be a Hilbert space, {P,)i-, a
sequence of mutually orthogonal projections which are continuous and
complete on H, i.e., P,P; = 0;P;, j, ke Ny; P,C[H], ke N,; f = e PS>
fe H. Further we assume that P (H)c X, ke N, and that the set of
polynomials IT = {3, fi: fr€ P,(H), ne N,} is dense in X. Any (complex
valued) sequence A = (\;)s-, then generates an operator L of factor type
on II defined via

Lf =S nBf (felD).

We call » a (bounded) multiplier on X, notation e M(X), if Le[X] and
define its multiplier norm via the operator norm of L
(L1 Inle = inf{C: || Lfl| = C, fell, || fI = 1} .
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For approximation processes of multiplier type, i.e.,

TOf = Xn@®Pf, AQOf=2Za®Pf (fell),
the following result is proved in [2;I]
(1.2) | TOV — Fll = [[(ze®) — V() — D)elln | AR — f1I -

Giving bounds on the multiplier norm (1.1) in the actual problem in the
applications. Sufficient multiplier criteria can be derived from summa-
bility properties of the orthogonal expansion; it the case of Cesaro-
boundedness see e.g. [2;1,1I] or of Abel-boundedness [2; III]. For the
following we assume Abel-boundedness, i.e., that

(1.3) X e Pufll S Cullfll (felD

holds uniformly in ¢ > 0, which is quite a weak property of the ex-
pansion. Examples of Abel-bounded orthogonal expansions are the Hermite
series in weighted L*-spaces

Le®) = {71 £l = (| 1@ Pedi) * < o}

which are only Abel-bounded and not Cesaro-bounded of any order as
well as Laguerre series in appropriate weighted L*-spaces; for details
see e.g. [2; III]. There it is also shown that, if (1.3) holds then

(1.4) Xl = Cllm sy »

where )\ is the restriction to the nonnegative integers of a function

m € CBV; here the set of functions of completely bounded variation is
defined by

CBV = {m € L*(0, o): lim m(z) = 0
(1.5) and for some ge BV[0, «), m(x) = re'"dg(s)} R

mlloay = | 1dg1 -

REMARK 1. We mention two equivalent characterizations of CBYV.
The first one (see [11; p. 306)),

1 “ k—1 (k
(L.6) Tk)’x o m® () | de < M

for some M >0 and all ke N, shows nicely the connection with the
BYV,-classes in [2; II], which play an important role in multiplier theory
for Cesaro bounded expansions. The second is often more practicable;
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m € CBV if and only if m is the difference of two completely monotone
functions on [0, o). Here n(x) is completely monotone on [0, o) if
neC[0, «) and (—1)*2®(x) = 0 for all 0 < 2 < o, k€ N,.

2. By a result of Schoenberg m(x) e CBV implies m(z*) e CBV, 0 <
£ <1 (see [2; III]).

3. If a family of sequences {A(f)},>, is of Fejér’s type, i.e., A (¢) =
m(tk) for all ¢t>0, kecN, and if meCBYV, then it is obvious that
IA@) ||l < C||m||csy holds uniformly in ¢ > 0.

There are two disadvantages in the approach via bounded multipliers.
(i) The verification of (1.4) is mostly quite hard, (ii) the method gives
only comparison theorems on the whole Banach space X. In some situa-
tions we can avoid these difficulties by making use of the principle of
subordination, i.e., in those situations where the multiplier operator L
is subordinated to the Abel means:

w=|Temame),  Lf={ A@fine  (femp@),
for a suitable function m of locally bounded variation on (0, ).

2. Comparison theorems. To illustrate this idea let us consider
for 0 < £ £ 1 the Abel-Cartwright means

(2.1) Af=Xe™Pf  (fell
and the generalized Picard means
(2.2) POf =321+ tk)'Pf (fell).

By Remarks 2 and 3 and the hypothesis (1.8) it is clear that A.(t) is a
family of uniformly bounded linear transformations on X; the same is
true for P.(t) since

1 ._.Soc -8 ,—8
T oe eds .

Motivated by results for one- and more- dimensional Fourier series one
can expect that the approximation behavior of A.(t) and P.(t) is the
same. With the following generalization of Shapiro’s [8; p. 219] o-
modulus of continuity

(2.3) ITO)f = fII* = sup [| TG)f = £l »

where {T(t)};>, is an approximation process on X, we have:

THEOREM 1. There exist constants C, K such that for all feX,
t>0
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@) C=A®f—FfIIPOf—fI"=K 0<k=1);
d) A®S — fII* = Cl A — fII* = K| AeNSf — fII*
0<7v<E<]).

PrOOF. (a) To establish the right hand inequality, set ¢ = z*. Then,
by Remarks 2, 8 and (1.2) it is sufficient to show that m(x) =
(e=* — 1)/(1/(1 + %) — 1) e CBV which is obvious since

m@x) = (1 —e™®) + S:e‘“ds .
Conversely, we have for all fell
POf = f= k| S (@ — DPfesds
= k| (Autsf = plesids
and therefore, by a standard argument,
|P.0F = FI* < 6| CLL+ 89 AOf = fI7e s ds
= CHAf — fII* -
(b) By an application of (1.2) and Remark 2 it follows that

2.4) | P(t)f — fIl < C|| Ps(t))f — S| 0<p<a=sl,
since with t* =7
_ 1 1 1) 1= ghe 1
’Mm—1“<1+x 1V<L+ym 1) l=Tis ~ 13587

(cf. [2; III]). A combination of (2.4) with (a) gives the assertion. Observe
that showing (b) and the left inequality of (a) directly via (1.2) would
have led us to quite complicated verifications, e.g. that ((e"*—1)/(e"*"** —1))
is a uniformly bounded multiplier family. Theorem 1, (b) gives us in
particular:

COROLLARY 2. If fe X is such that
lA.®BSf — fII* =00¢), t—-0+, 0<7=1, 0<k<1,
then
Il A@f = fII* =0¢7), ¢t—0+.

Obviously, the converse of Corollary 2 cannot be deduced via bounded
multiplier techniques. Nevertheless we can show:

THEOREM 3. If fe X is such that
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|A@QfF - FII*=0¢), t—0+, 0<v=1

then, for 0 < £ < 1, we have
| A — FII* = 0@re(®), t—0+,
where @r (&) =7 or tInl/t or t if Y<K or Y=k or Y > K, resp.

The proof easily follows in the case £ = 1/2, since (cf. [9; p. 61])

—Vz 1 __e—x/4ads x ; 0

¢ =l/7rswl/s

implies

| 40f = £l = [ A= |7 S e — DPfE—ds)
selvm

whose evaluation readily gives the assertion in the case £ = 1/2. The
general case is based upon the following representation (see [6])

AL~

(2.5) gt = S” e L dotu t;a), O<a<2,
0 Vu

where o(u, t; @) is a bounded nondecreasing function of %, 0 < u < oo.
Hence

A0F = £ = | S = DR —do(u, t; 20)
and therefore, by the hypothesis and (1.3),
ladof = £ = | a(55)f = £ =dotu, & 26

< CS min {1, ™7} l/_cla(u t; 2k)

from which the assertion follows by:
LEMMA 4. With o as in (2.5) and @, as in Theorem 3 there holds

Sm w™ " min {1, u"}do(u, t; 2£) < Cpr (L) .
0
ProorF. First introduce the Fourier transformation F' on L'(R) by

FO=FIAO =" foewis, eeR, feLiR)

and denote by F~* the inverse Fourier transformation. We note that



398 W. TREBELS

F[f@o)l@) = tfx/t) and (cf. [6])
(2.6) 0= F7[e () = O((1 + |2["*)™), «ecR.
Then it follows from (2.6) that for 0 < ¢ < 1 there holds

Sw min {7, 1}F e |(w)dw
0
< v || @y e de
+ C Sm (1 + (t—llxx)1+x)—1t—1/xdx

1 elE
< o[ Pl iway + oo | gy + o)
= 0(") + 0(@r,.(®) + 0(t) -

Hence an interchange of integration and a substitution lead to

® . ® 4u 1 .
Copa(t) = S min {o7, 1) SO s oy, 1 2)da
0

=K S u‘T““S“ ——E———dyda(u t; 2k) + Swu“‘/z Sm —d-y——dcr(u t; 2k)
o 1+ 92 ! 0 w 1l 4 y° !

= K’{Sm udo(u, t; 2k) + S w2 dg(u, t; 2/:)}

0

oo
1/4

> K" S“’ w2 min {1, w}do(u, t; 2K)
0

for some constant K" > 0, i.e., the assertion.

REMARK 4. If one replaces s by s%, 0 < 8< 1, in (2.5) and proceeds
as above then one obviously obtains analogous results for the comparison
of || A.@)f — fI|* and || A,(t)f — f||*. Furthermore, by the same procedure,
more general orders of approximation can be treated, e.g. ¢"|log t|.

5. In [7] approximation processes in a Banach space are constructed

via approximate identities in L:. and related results (direct theorems)
are derived.

3. Bernstein- and Zamansky-type inequalities. Here we indicate
how the same method works in the case of Bernstein- and Zamansky-
type inequalities. To this end we need the analog of a derivative. In
[2; III] it is already shown that the factor type operator

Def =3 kPf  (fell,a>0)

can be extended to a closed linear operator with domain D(D®) c X; e.g.
in the case of Hermite series in weighted L?*-spaces D! has the represen-
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tation D' = (1/2) (d/dx)* — xz(d/dx).
Now observe that, by [3; p. 246 (9)],

3.1) oV F = re""2"‘7z'"’zs“”’1’ze“”’Dz,(l/l/gs—)ds

0

holds for » > 0. Here the parabolic cylinder function D,(2) is an entire
function (see [4; p. 117]) which for |z| —», —37/4 < arg z < 37/4 behaves
like [4; p. 122(1)]

D,(z) = 2¥e~ {1 + 0(|2|™)} .
Hence, for v > 1/2, we have for all s >0
(8.2) D,(1)v2s) = 0(1)
and therefore, for 0 < £k <1 and a > 0,

3 (th)*ce~ P, f
=C " (S e WP )5t D, (1 B

which implies, by (1.8), Remarks 2, 3 and (3.2), that

| D= Asn(EAf || = CE= || £ -
We have thus proved part (a) of:

THEOREM 5. Let « >0 and 0 < k£ = 1/2.
(a) A.(@t)X) s in the domain of D* for each t > 0 and

I DADf| = Ct~| fIl (feX).

(b) For a > 1/2 we even have
| DA &)f || < Ct=*|| A)f — FII* -

Proor. (b) From (3.1) we see

0=C S:’s—v—me—lfﬂ'pz,(m/ﬁg)ds ®>1/2);
hence,
S /g, f = cr S (¥ — 1P, fs~*te=™D,,., (1) 25)ds
and therefore, by Theorem 1, (b), the assertion
33 1D Amf] = Gt |14t/ 5)f — fllseeds

< Gt~ ”A,‘(t)f —_ f”* S: a1+ I/'é_)s—a—ze—-z/ends ,
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since the latter integral converges for a > 1/2.
In the case that A.(t)f converges to f with a certain order, say
|4@®f — fIl=0¢) (¢—0+,0<7=1),
the restriction a > 1/2 in Theorem 5, (b) can be dropped. For, by (3.3),

| DA @)f]| = Ct~* S:o min {5, 1}s~*le~ds

(8.4) SO Py 00(1)

where @;,, has the same meaning as in Theorem 3.
In the case @ = &, a certain converse of (3.4) can easily be derived;
for, by Theorem 1, (a), there holds

| A f — fII* = C|| P.)f — I
— Ct \|S°° S ke~ P, fe"‘ds“*

éCtS [

D4, (st)f | eds < Cprautt)

The above results give an impression how one can use the principle of
subordination to derive, with simple means, a series of approximation
theorems. We emphasize that no use is made of the Plancherel-L*-theory
(as a main source of multiplier criteria), that in concrete situations it
may be more convenient to avoid multiplier techniques, and that they
alone do not seem to be appropriate for the type of results obtained.
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