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Introduction. A non-constant rational function / on a smooth alge-
braic surface X defines a holomorphic mapping of X\If onto the Riemann
sphere P, where If denotes the set of all points of indetermination of /.
The set Lc = {peX\If\f(p) = c] is called the level curve of /with value
ceP. Following Nishino, we call an irreducible component of Le a prime
curve of / (with value c). If a smooth prime curve S is analytically
isomorphic to the punctured Gaussian plane C*, we say that S is of C*-
type. If all the prime curves of /, except for a finite number of them,
are of C*-type, we say that / is of C*-type. The terms "C-type" and
"P-type" for prime curves, and for rational functions, are defined similarly,
where C is the Gaussian plane. If a rational function / is of C-type, or
if / is of C*-type, we say that / is of special type. In the previous
paper [3], we have shown the following fact.

THEOREM 0. Let C be an algebraic curve in the complex projective
plane P2. If the complement P2\C has an analytic transcendental auto-
morphism, then C is a smooth cubic curve or there exists a rational func-
tion f of special type on P2 whose restriction to P2\C is still of special
type. In the latter case, C contains at least one prime curve of f.



124 T. KIZUKA

This theorem poses the problem to determine all the rational functions
of special type on P2. If a rational function / on P2 is of special type,
then, for each non-constant rational function ψ on P and for each analytic
automorphism S of P2, φ o/o S is of special type. So the problem is
reduced to that of determining a canonical form of a rational function
of special type. If a rational function/of special type on P2 has a prime
curve S of degree one (a complex line), we say that / belongs to the
family ^\. In this case, regarding the closure S of S as the line at
infinity, we may regard / as a rational function of special type on
C2 = P2\S. The rational functions of C-type on C2 were determined by
Jung [1] and the rational functions of C*-type on C2 were determined
by Kashiwara (nee Saito). If a rational function / of special type on P2

has no prime curve of degree one, we say that / belongs to the family
^ ί i . The rational functions belonging to j ^ \ are simpler than those
belonging to ^\τ. Recently, Kashiwara [2] has determined all the rational
functions of C-type belonging to jβ?\τ by her systematic study. In this
paper, we resolve the remaining problem of determining all the rational
functions of C*-type belonging to ^\γ.

The author would like to express his gratitude to Professor T. Kuroda,
Dr. M. Suzuki and Dr. T. Ueda for their constant encouragement and
important advice. This work was completed while he was a research
fellow at the Research Institute for Mathematical Sciences, Kyoto Uni-
versity. Thanks are also due to Professor S. Nakano for his hospitality.

Chapter 0. Summary.

§ 1. Reciprocity.

1. A prime curve S of a rational function / with value c (Φ ©o) is
said to be of order v if the function / — c takes the value zero of order
v on S, A prime curve S with value <*> is said to be of order v if the
function 1// takes the value zero of order v on S. If the order v of S
is greater than one, we say that S is multiple. If each level curve of
/ is irreducible except for a finite number of level curves, / is called
primitive. Proposition 1 in Chapter I implies that we have only to
determine all the primitive rational functions of C*-type on P2.

Let / be a rational function of special type on P2. Denote by

M Ti/r σ™ Ti/r σm-ί &2 T.JT O\ -urn- n 9

= Mm > Mm_x > • Mx > Mo = P2

the minimal sequence of σ-processes which resolves the indetermination
points of /. Set σ = σx o σ2 ° ° σm. The pull-back σ*f of / by σ is a
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rational function on M with no indetermination point. We denote by
Σ(f) the complete inverse image σ~\If) of the set of indetermination
points If of / under σ in this paper.

Let g be a non-constant primitive rational function on a smooth
rational surface V. Consider an algebraic compactification (M, c) of V,
which means that there exist an algebraic curve £ o n a compact smooth
algebraic surface M and a birational biregular isomorphism c of the com-
plement M\E of E onto V. Suppose that c*g has no indetermination
point on M. An irreducible component C of the curve E is called a basic
section of c*g if the restriction c*g\c of c*g to C is not constant. Denote
by B the union of basic sections of c*g. If the function g on V is of
C*-type, then B consists of one or two irreducible components (cf. Chapter
I § 1.1). If B is reducible, we say that g is of direct C*-type. If B is
irreducible, we say that g is of torsional C*-type. We say also that g is
of proper C*-type if g satisfies the following three conditions; (i) g has
no indetermination point on V, (ii) g does not take the values 0, °° and
the regular mapping g:V—>C* is surjective and (iii) each level curve of
g is irreducible, of C*-type and of order one. The following theorem
proved in Chapter III, § 1.3 is used several times in this paper.

THEOREM 1. Let C be an algebraic curve in P 2 . Suppose that there
exists a rational function of proper (resp. proper direct) C*-type on
V = P2\C. If a non-constant primitive rational function g on V does
not take the value 0, ©o, then g is also of proper (resp. proper direct)
C*-type on V.

2. Rational functions of special type on P 2 are intimately related
to each other as is seen by Theorem 1. The rational functions belonging
to the class (Do), defined in the following, play a pivotal role in this
relation of functions. We say that a primitive rational function / of
direct C*-type on P 2 belongs to the class (Do) if / satisfies the following
five conditions; (i) // consists of only one point, (ii) the level curve Lo

consists of two prime curves both of which are of C-type and of order
one, and those two prime curves intersect each other transversally, (iii)
the level curve L«> is irreducible and of C-type, (iv) the level curve Lλ is
irreducible, of C*-type and multiple and (v) the other level curves are
irreducible and of C*-type.

In Chapter II, we determine the graph of Σ(f) of a rational function
/ bolonging to the class (Do), using the following two properties; (i)
Σ(f) is a (reducible) exceptional curve of the first kind and (ii) σ*f is a
rational function of P-type on M. Therefore we can construct inductively
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all the rational functions belonging to the class (Z)o). (cf. Example [B]
and Example [C] in Chapter II, § 1.2.) In this process, we obtain all the
rational functions of C-type belonging to ^ ΐ i By the same method, we
can determine all the rational functions of C*-type on P 2 . But it is very
complicated. In this paper, we use Theorem 1 to determine those func-
tions as is seen in the following paragraph.

Suppose that / is of direct C*-type on P2. By a topological lemma
in Chapter III, we know that / has prime curves Clf C2, C3 such that the
restriction fo\v of a rational function f0 to V = P2\(C1\JC2\JCB) is of
proper C*-type, where Ct is the closure of Ct in P2. Let ίz be a homo-
geneous polynomial defining Cj. Theorem 1 implies that, for each triple
(alf a2, α8) (=£ (0, 0, 0)) of integers satisfying a^ deg(ix) + a2 deg(t2) +
α3 deg(ί3) = 0, the rational function g = tί1t%2t%3 is of special type on P2.
By this fact, if / belongs to ^ i , / is related to a rational function
belonging to the class (Do). Hence / can be determined concretely. On
the other hand, there exists no rational function of torsional C*-type on
P2 as is seen in Chapter III, § 3, which completes our study.

§ 2. Statement of results.

1. Here, we give a summary of Chapter II to explain our recurrence
formulas. Suppose that a primitive rational function / belongs to the
class (Z>0) Let σ:M-+P2 be the minimal resolution of the points of
indetermination of / by a finite sequence of ^-processes. We denote by
F6 the level curve of σ*f with value c. If the level curve F± of σ*f
with value 1 contains n — 1 irreducible components with the self-inter-
section numbers smaller than —2, we say that / belongs to Dn. The
class (J90) divides into subclasses Dn (n = 1, 2, 3, •••)• We have the fol-
lowing in Chapter II.

PROPOSITION 0. If f belongs to Dn, then Fλ is represented by the
diagrams in Figure 1.

2 1 2 5 1 4 2 r 12 r 5 r l 2 ^ 3

ODO on o-(7)αoφ

(n=l) (n=2) (n=2r + l)

FIGURE 1.

In this diagram, a circle or a square represents a non-singular rational
curve. A circle represents an irreducible component of Σ(f). A square
represents the proper image of Lx (the closure of the level curve Lx of /
with value 1 in P2) under the mapping σ~\ The numbers attached to
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circles and squares are those obtained by the multiplication of — 1 to the
self-inter section numbers of the corresponding curves. A short segment
connecting circles or squares represents a transversal intersection of the
corresponding curves.

A long line with a non-negative integer p attached in Figure 2(i) is
the abbreviation for the diagram in Figure 2(ii). A sign with a non-
negative integer r attached in Figure 2 (Hi) is the abbreviation for the
diagram in Figure 2(iv). A sign with a non-negative integer r attached
in Figure 2(v) is the abbreviation for the diagram in Figure 2(vi).

2 2
o-o--

2 2
•-OO

( i )

p times

(ϋ) (iii)

7 7
OO

r times

(iv)

7 7
O O

φ

(v)

4 3

r times

(vi)

FIGURE 2.

We shall see in Chapter II, § 2.1, that, in the case where the graph
of Σ(f) is linear, Σ(f) U F^ U Fo U F1 is represented by the diagrams in
Figure 3.

(n=2r+l)

FIGURE 3.

(n=2r+2)

In each diagram, a square represents the proper image of the closure
of one of the prime curves of / with values 0,1, °° under the mapping
σ~\ The connected square in the center of each diagram represents the
level curve Fo of σ*f with value 0. The components intersecting Fo are
the basic sections of σ*f. The right-hand side of each diagram is the
level curve F1 with value 1 and the left-hand side is the level curve Fw

with the value °°.
If / belongs to Dn and if the graph of Σ(f) is linear, then we say

that / belongs to D%. There exists only one rational function belonging
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to Dl up to the protective transformations of P 2 . In Chapter II, using
the diagrams in Figure 3, we see that a function belonging to D° has a
connection with a function belonging to A-i Therefore, a function /
belonging to A? can be written as / = vn+1vn_Jvl for a homogeneous
coordinate (X: Y: Z) of P 2 , where vt is a homogeneous polynomial of
(X, Y, Z) defined by the following recurrence formula;

vι+1 = 0? + wm0M-i (m, = degOO; Ϊ = 0, 1, , w) ,

tu = x , v0 = y, u = XYZ - x3 - r 3 .
Let {6,} be the so-called Fibonacci sequence satisfying δ_x = 0, δ0 = 1 and
bι+i = h + bι_x. We know that mn = 62π.

We divide the complement Dn\Dn into D*+ and 2?i" according to
the shape of Σ(f) where the integer k is the number of the diverging
components of Σ(f) (for the definition of a diverging component, see
Chapter I, §2.1). A function belonging to D** has a connection with a
function belonging to D^~x±. By induction, a function / belonging to
D** has a connection with a function belonging to D% so that / can be
represented as / = wkwk_Jvieg{uk) for a homogeneous coordinate (X: Y: Z)
of P 2 , where ux and wx are homogeneous polynomials of (X, Y, Z) defined
by the following recurrence formulas;

Uι = t ιMv« l 1 ι ) + ' d β ί l w) - Paι(wT-lf vf^i-^wt? ,

where Paι(zlf z2) is a homogeneous polynomial in (zlf z2) of degree at with
Pβ I(l, 0) ^ 0 ( ί = l ,2, ...,fc), and

When / belongs to Z)*+, we define st(n) and ^ 0 as follows; s^ri) = [b2n +
3( — l)ι&2n-J/2 and w0 = vn+1. When / belongs to Ώl~, we define Sι(n) and
^;0 as follows; st{n) = [b2n + 3( —l)ί~162n_3]/2 and w0 = vn_!. In both cases,
ftW = [sMάegiw^) — deg(^_!)]/mn (i = 1, 2, , fc). When / does not
belong to Afc~> we define u0 = u. When / belongs to Afc~> we define u0

as u0 = X (In the case where n = 1, we may suppose that αz > 0, £ =
1, 2, , k — 1. When / belongs to A1"* αx must be positive.)

2. Set i?njfc = wΓ-i/vίβg(w*-l}, where ^ fc_! and vn are those defined above.
The rational function Rn>k is of C-type on P 2 . If the rational function /
does not belong to A1", then Rn>k belongs to ^\λ. Otherwise, R1A belongs
to ^\. Conversely, a rational function R of C-type belonging to &\τ

can be expressed in the form R = Λ(Rn,k) for a homogeneous coordinate
(X: Y: Z) of P 2 , where Λ(z) is a non-constant rational function in one vari-
able z. Set ψn>k = u^vζ*™Iw?!?. If / dose not belong to A1", then the
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rational function ψnth is of C*-type on P2 and belongs to ̂ \τ. Otherwise,
ψltl is of C-type on P2 and belongs to ^ . The mapping τ defined by
τ(p) = (Rn,k(p), ψn,k(P))> pεP2\{vnWk-ι = 0}, is a biregular birational map-
ping of P2\{vnwk^ = 0} onto C*xC.

Set Ψ(z) = P(z)/zι, where I e Z+ U {0} and P(z) is an arbitrary poly-
nomial in z. Set <p0 = (Rn,k)p{ψn,k - Φ(Rn,k)}q, where p e Z , qeZ+ and
(p, ?) = 1. Except when / belongs to A1", the rational function φ0 is of
C*-type on P2 and belongs to _^7i. Conversely, we get the following in
Chapter III, § 2.

THEOREM 2. A rational function φ of C*-type belonging to ̂ \Y can
be expressed as φ = Λ(φ0) for a homogeneous coordinate (X:Y: Z) of P2.
Here Λ(z) is a non-constant rational function in one variable z.

3. Suppose that a rational function / belongs to the class (Do). If
/ belongs to DZ*, we call the graph of Σ(f)[JFoo\jF0{jF1 simply the graph
of D^. The following is the list of the graph of Dn

fc±.
(a) The graph of Aft±.

1 6 αx + l 6 A
• ό _ — o δ

ax~l 2 βi — 1 az — l 2

a2 + l 6
O - -

6
•-O-

a A ~ i - l 2 a Λ _ ! -

FIGURE 4.

In the above, the circle labeled Hλ(ak) represents the following diagrams:

FIGURE 5.
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In the graph of A1"* the case αx = 0 does not occur.
(b) The graph of D*+ (n^2).

Kn(aλ) - K*n(a2) - Kn(a3) Kt (α4)

(k: odd)

ίV KnM - K*n(a2) ~ Kn(a3) - K*(aA)

{k: even)

FIGURE 6.

(c) The graph of Dt (n ̂  2): Figure 7.

Kn{a2) • «(α,)

(k: odd)

if: (β,) - Jfn(α.)

Kn{a)

K* (a)

{k: even)

FIGURE 7.

(α>0)

FIGURE 8.
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In Figures 6 and 7, the marks labeled Kn(ai)9 K*(ai), Hn(ak), H*(ak),
Tn, T£, represent the diagrams in Figures 8 through 13.

(i) Case n = 2r + 1 (r = 1, 2, •): Figure 8 through 10.

Hn(a)

* (a)

(α>0)

3 r

r - 1

r - 1

r-Γ
(α=0)

FIGURE 9.

r—l

2 2 2 2 2

FIGURE 10.

T
1 n

(ii) Case n = 2r + 2 (r = 0, 1, •): Figure 11 through 13.

When r = 0, Γn is empty. The square in the graph of T* is the
proper image of L*, under the mapping σ~\ In the case where / belongs
to Όl~, the proper image of L^ under the mapping σ'1 intersects a com-
ponent in the part labeled K£(a^), as is illustrated in Figure 14.

Chapter I. Curves with the property (P). In this chapter, we state
several elementary facts on level curves of rational functions of P-type,

§ 1. Definition.

1. Let / be a non-constant rational function on a compact smooth
algebraic surface X.

PROPOSITION 1. // the set If is not empty, then there exists a pair
of a primitive rational function f0 on X and a rational function φ on
P such that f=φ°f0. If another pair of a primitive rational function
/i on X and a rational function X on P satisfies the condition f — X ° f19
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2 2 3 fl-1 2 α-1 3 2 2

(α>0)

4

r = α=O)

2 2 3

5

4
O

2 2 3 2 2

(r = α=0)

exists an analytic automorphism (a linear fractional trans-
formation) T of P such that f = Γo/ 0 αwd ^ = λ ° Γ.

PROOF. We recall the "Stein f ractorization". Let σ: M—> X be a resolu-
tion of the indetermination points of / by a finite sequence of σ -processes.
The mapping σ of the smooth surface M onto X is holomorphic and the
pull-back σ*f of / by σ has no indetermination point. If two points pu p2

on M are contained in the same connected component of (σ*f)~1(σ*f(p1))f

then we write the fact as p1 ~ p2. The relation ~ is an equivalence
relation. Let π be the canonical projection of M onto the quotient space
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Hn{a)

H*(a)

r - 1
α - 1

r - 1

(r>0, a=0)

α+1

(α>0)

(r = α=0)

R = M/~ provided with the quotient topology. The space i2 is connected
and there exists a unique mapping φ of R onto P such that σ*f = 9 ° π.
By Stein's theorem on a proper holomorphic mapping, i? has an analytic
structure such that φ and π are holomorphic. (cf. Nishino [4])

Set Σ(f) — σ~\If). The algebraic curve Σ(f) consists of a finite
number of non-singular rational curves. Let Bt (i = 1, 2, •••, m) be the
basic sections of σ*f. The mapping π\Bι of Bt into R is non-constant and
holomorphic. Hence R is the Riemann sphere. Setting f0 = (σ"1)*;:, we
see that f0 is a primitive rational function on X and that f = φ ° f0. We
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1

3 2 2

FIGURE 13.

2 2 2 2 2

K* (α.) KS (o.)

(n: odd) (n: even)

FIGURE 14.

easily get the remainder of the statement.
Suppose that / is primitive. If there exists a neighbourhood Uc of

a point c on P such that the triple (N, f\Nt Uc) defines a trivial topo-
logical fibre bundle where N = /"X £/<.), then c is called a regular value of
/. The fibre Le = f~~\c), that is, the level curve of / with regular value
c, is called a regular level curve of /. A regular level curve is irreducible,
non-singular and of order one. A point c on P which is not a regular
value of / is called a critical value of /. A level curve of / with critical
value is called critical.

Let E be the set of critical points of the mapping σ*f: M-+P. The
image σ*f(E) of E consists of a finite number of points on P. Set
E* = (σ*fr\σ*f(E)) and R* = σ*f(M\E'). For each point p on R', there
exists a neighbourhood V of p such that the triple (Nt π\N9 V) is a
trivial topological fibre bundle with the projection π\N where N = π~\V).
For each point p on R' except for a finite number of points, the number
of intersections of the fibre F = π~\p) with the sum ΰ1Uβ2U Uΰm of
the basic sections of σ*f equals a constant number independent of p.
Hence the set of critical values of / is finite and prime curves of a
rational function on X are homeomorphic to each other except for a finite
number of them.

Let n be the number of boundary components of general prime curves
of /. Denote by #(//) the number of indetermination points of /. We
see easily that #(/,) ̂  m ^ n. If / is of C*-type, then n = 2. If / is
of direct C*-type, that is, if m = 2, then #(//) is 1 or 2. If / is of
torsional C*-type, that is, if m = 1, then #(//) = 1.
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2. The following lemma will be applied again and again in this
paper.

NOETHER'S LEMMA. Let C be a smooth irreducible rational compact
curve on a compact smooth rational surface M. Suppose that the
self-intersection number (C2) of C is zero. Then there exists a rational
function h of P-type on M such that C is a regular level curve of h.

The rational function h of P-type in the above lemma is primitive
because the level curve C is of order one.

If a compact algebraic curve C on a smooth rational surface M is a
level curve of a primitive rational function / of P-type on ikf, then we
say that C has the property (P). Suppose that C is also a level curve
of a primitive rational function g on M. For each compact prime curve
S of g not intersecting C, the restriction f\s does not take the value
f(C) so that f\s must be constant. Hence there exists an analytic auto-
morphism T of P such that g = T © f This means that the order of an
irreducible component Ct of C is independent of the choice of the func-
tion /. We call this order of Ct as a component of a curve C with the
property (P) the component order of Ct with respect to C. Suppose that
C is irreducible. The curve C must be non-singular and rational. The
self-intersection number (C2) of C must be zero. By Noether's lemma,
there exists a primitive rational function g of P-type on M such that C
is a level curve of order one of g. Hence the (component) order of C as
a curve with the property (P) is one.

Suppose that C is reducible. Denote by [C] the divisor defined by
the equation / — /(C) = 0. (When /(C) = oo, [C] denotes the divisor defined
by the equation \\f — 0.) The self-intersection number ([C]2) of the divisor
[C] is zero. The virtual genus of [C] is zero because / is of P-type. As
is well-known, at least one component D of C is an exceptional curve of
the first kind. Let σ: M-+σ(M) be the σ-process which contracts D. The
image curve σ{C) is the level curve of (σ"1)*/ with the value f(C). Hence
the curve σ{C) has the property (P). Let Df be any component of C
different from D. Clearly, the component order of σ{D') with respect to
σ{C) equals the component order of Df with respect to C. Contracting
exceptional components of the first kind of C successively, we get an
irreducible curve with the property (P). Hence we obtain the following
lemma.

LEMMA 1. An algebraic curve with the property (P) on a smooth
rational algebraic surface contains at least one irreducible component of
order one.
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The following proposition is fundamental in our later discussion.

PROPOSITION 2. Suppose there exists an algebraic curve C on a
compact smooth rational surface M such that the complement M\C
contains no compact algebraic curve. Then there exists a pair of rational
functions (hlf h2) such that the mapping θ: M-+ PxP, defined by θ(p) =
(h^p), h2(p)) (peM), is a biregular isomorphism of M onto PxP if C
satisfies one of the following three conditions (i), (ii), (iii): (i) C consists
of two irreducible components Clf C2 with the property (P) such that
(Cι C2) = 1, (ϋ) C consists of three irreducible components Cί9 C2, C3 with
the property (P) such that {Cλ-C2) = (C2-Cz) = 1 and (C^Q = 0, and (iii)
C consists of four irreducible components Clf C2, C3, C4 with the property
(P) such that (Cί Q = (C2-C,) = (C3 Q - (C 4 .Q = 1 and (C^Q = (C2 C4) = 0.
(See Figure 15)

0 0 o o o

oo ooo

(i) (ii) (iii)

FIGURE 15.

PROOF. Suppose first that (i) holds. There exist primitive rational
functions hlf h2 of P-type on M such that Cz (i = 1, 2) is a regular level
curve of ht. We prove that each level curve of hi is irreducible. Assume
that a level curve Fx of hx is reducible. The restriction hj\θ2 of hγ to C2

is a rational function of degree one on C2. Hence F1 intersects C2 at a
regular point of Fλ transversally. Let D be an irreducible component of
Fx which does not intersect C2. We get DriC^ = DnC 2 = 0 . Hence D
is a compact curve in M\C, a contradiction to the assumption. There-
fore each level curve of hx is irreducible. Similarly, each level curve of h2

is irreducible. For each level curve F[ of hlf we have (F[-C2) = 1. Hence
the restriction h2\F[ of h2 to F[ is a rational function of degree one on
Ft. This means that θ is a biregular isomorphism of M onto PxP.

Next suppose that (ii) holds. Since CΊ and C2 satisfy (i), it is sufficient
to prove that there exists no compact curve in ikf XίC^UCJ. Let hlf h2

be the same functions as in the first case. There exists a primitive
rational function hz on M such that C3 is a level curve of h3. Since
Cί Π C3 = 0 , there exists an analytic automorphism ϊ\ of P such that
hs = TΊ o hlt Suppose that a compact algebraic curve D is contained in
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M\(C1\JC2). By assumption, D must intersect C3. Hence the restriction
hz\D is not constant. On the other hand, since C1f]D = 0 , the restriction
kiln must be constant, a contradiction to the fact hz—Txo hλ Hence there
is no compact algebraic curve in M\(CΊUC2).

Finally suppose (iii) holds. Since C19 C2 and C3 satisfy (ii), it is
sufficient to prove that there exists no compact algebraic curve in
MNCCiUCaUCs). There exists a primitive rational function Λ,4 on M such
that C4 is a level curve of /ι4. Since C2 Π C4 = 0 , there exists an analytic
automorphism T2 of P such that h4 = Γ2 o h2. Suppose that a compact
algebraic curve D is contained in M\(C1UC2{jCs). By assumption, D
must intersect C4. Hence ΛJj, is not constant, a contradiction to the fact
hi = T2o h2. Thus we have our proposition.

§ 2. Reducible curves with the property (P).

1. A compact connected algebraic curve E on a smooth algebraic
surface V is called an (reducible) exceptional curve of the first kind if
there exists a sequence of regular mappings of smooth surfaces

V - V Tn > V Tn~ι> T2 > V Γ l > V — V

such that each τt is a σ-process which contracts an irreducible component
of the curve (τι+1 ° τί+2 o . . . © τn)(E) on Vt and that τx © τ2 o . . . o rn(-E) is
a one point set. Hence E is a tree of rational curves on V and a singular
point of £7 is an ordinary double point where two components of E inter-
sect each other.

An irreducible curve of the first kind is non-singular, rational and
with the self-intersection number — 1. Conversely, by Castelnuovo's
theorem, we know that a compact non-singular irreducible rational curve
E with the self-intersection number — 1 on a smooth algebraic surface V
is an exceptional curve of the first kind. If an algebraic curve C on V
intersects E, then (τ(C)2) = (C2) + k2 where k is the multiplicity of the
point τ[E) on the curve τ{C).

LEMMA 2. Suppose that E is reducible exceptional curve of the first
kind on V which contains only one irreducible component with the self-
intersection number —1. If E is a linear tree, then the graph of E is
given by Figure 16.

Here the numbers at and bt are non-negative integers.

PROOF. We prove this lemma by induction on the number of the
irreducible components of E. Let τ^V-^τ^V) be the σ-process which
contracts the component Do of E whose self-intersection number is — 1.
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α r +3 Gtr-i+3 cti+3

FIGURE 16.

The image τ^E) of E is an exceptional curve of the first kind on
Since each singular point of τ^E) is an ordinary double point, Do inter-
sects at most two other components of E. The self-intersection number
of a component D of E differs from the self-intersection number of τ^D)
if and only if A intersects D. Suppose that A intersects two other
components Dlf A of E and that (^(A)2) = (^(A)2) = - 1 . Let τ2: z,{V) -*
T2(T1(Y)) be the σ-process which contracts τ^A)- The self-intersection
number of ^(r^A)) is 0. Noether's lemma leads us to a contradiction
because τ^τ^E)) must be an exceptional curve of the first kind on τ2(τjy))
or one point. Hence we see that τx(E) contains only one component with
the self-inter section number —1. Therefore we have our lemma.

Now, we can study the case where E is non-linear. Let E be an
exceptional curve of the first kind which contains only one component Do

with the self-intersection number —1. A component D of E is called a
diverging component of E if D intersects at least three other components
of E. Let A[ be the maximal connected linear tree of components of E
containing A which does not contain a diverging component of E. Then
A[ must intersect a diverging component A of E at one of the edge of
A[. Set Aι = AίU A The curve Aλ is an exceptional curve of the first
kind. Denote by σx the composite of σ-processes which contracts all the
components of A[. The self-inter section number (tfi(A)2) of the image

must be —1. Hence we obtain the following lemma.

LEMMA 2'. // the number of diverging components of E is k — 1,
then the outline of the graph of E is as in Figure 17.

FIGURE 17.

Especially, each component D of E intersects at most three other
components of E. In the above figure, if we substitute —1 for the self-
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intersection number of the diverging component common to Aχ_x and Au

then the part Ax of the graph becomes the graph of an exceptional curve
of the first kind satisfying the condition in Lemma 2. The part of E
represented by At is called the l-th branch of E. By the sequence
τn> ?n-ι> •> r2, τlf the branches of E are contracted successively.

2. An algebraic curve C with the property (P) on a rational smooth
surface consists of non-singular rational curves. Each singular point of
C is an ordinary double point. If C is reducible, then the self-inter section
number (C?) of each component Ct of C is negative. This fact is easily
proved by Noether's lemma. The first Betti number of C is zero.

LEMMA 3. Suppose that C is a reducible algebraic curve with the
property (P) on a smooth rational surface M.

( i ) If the component order of a component Co of C (with respect
to C) is one, then each connected component of the closure of C\C0 is an
exceptional curve of the first kind.

(ii) // two irreducible components Cl9 C2 of C satisfy (Cλ-C2) = 1
and (C?) = {Ct) = — 1, then the component orders of the curves Clf C2 with
respect to C are both one and C consists of only these curves, that is,

(iii) Suppose that Cx is the unique exceptional component of the first
kind of C and suppose that the closure of C\C1 consists of two connected
components, both of which contain components of component order one
with respect to C. Then the graph of C is given by Figure 18.

<7r+3 <Zr-i + 3

Pr Vr-x

ςi + 3

O
Pi

(r^2)

Pi P! + ί

(r = 0, 1)

FIGURE

1
/•«> ^

P l + 2

I

18.

9 i

P2 + 3

ϊr 2
_π r

Pr+3

Here, the numbers pu qt are non-negative integers. When C has
n — 1 components with the self-intersection number smaller than —2,
the number r in the graph of C means the integer [n/2].

PROOF. ( i ) Let Ct (I = 0, 1, 2, , n) be the irreducible components
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of C and vt be the component order of Ct with respect to C. By assump-
tion, the divisor [C] = Σ?=o vι[Cι] satisfies ([C]2) = π([C]) = 0, where π([C])
is the virtual genus of [C]. Let K be the canonical bundle of M. Since
π([C]) = {([C]2) + (if .[C])}/2 + l, we have (#.[C]) = (K [C0]) + ΣJU v,CK>[CJ) =
- 2 . By π([CJ) = 0, we get (K IQ]) = - 2 - (C?) (Z = 0, 1, ., n). The
fact (Co2) ^ - 1 shows (K-[C0]) ^ - 1 . Hence Σ ? = i ^ ( # [C*]) = ΣΓ=i^{-2 -
(C?)} ^ — 1. Therefore, there exists a component Cm such that (C£) ^ — 1.
By (C£) ^ — 1, we get (Ci) = — 1. By Castelnuovo's theorem, we see that
Cm is an exceptional curve of the first kind. Let τ:M—>τ(M) be the
σ -process which contracts Cm. The image τ(C) of C is a curve with the
property (P) on τ(M). The component order of τ(C0) with respect to τ(C)
is also one. By induction, we thus have (i).

(ii) Let τ:M-^τ(M) be the σ -process which contracts C2. The self-
intersection number (τ(Ci)2) of the image τ(Cχ) is zero. By Noether's
lemma, τ(Ci) has the property (P). On the other hand, the image τ(C)
has the property (P). Hence τ(C) = r ( Q , C = C^C2 and the curves Clf

C2 are of order one.

(iii) Let C2, C3 be the components of C intersecting Cx and τ:M-+
τ(M) be the σ-process which contracts Cx. We may suppose that the
self-intersection number (τ(C2)

2) of τ(C2) is — 1 . Assume that the
self-intersection number (τ(C3)

2) is — 1. By (ii) of this lemma, we get
C = C 1 U C 2 U C 8 . This is the case where r = p1 = q1 = 0 in Figure 18.
Assume (τ(C3)

2) < — 1. The curve r(C2) is the unique exceptional com-
ponent of the first kind of τ(C). By (i) of this lemma, the component
order of τ(C2) with respect to τ(C) is not one. Since τ(C2) intersects at
most two other components of τ(C), the closure of τ(C)\τ(C2) consists of
two connected components, each of which contains a component of order
one. By induction, we thus have (iii).

By the following lemma, we can calculate orders of components of
C in Lemma 3. The proof is easy and may be omitted.

LEMMA 4. Let Γ be the bίcylίnder {(x, y) eC2\ \x\ < 1, \y\ < 1}. De-
note by σ: σ~\Γ) —> Γ the σ-process which gives the blowing-up at the
origin (0, 0 ) e Γ . Set f(x, y) = xpyq for a pair of non-negative integers
p, q. Then the curve CJ~"1((O, 0)) is a prime curve of order p + q of σ*f.

Chapter II. Functions belonging to the class (Do).

§ 1. Outlines.

1. Sketch of the graph of Σ{f). We say that a primitive rational
function / of C*-type on P 2 belongs to the class (Do) if / satisfies the
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following conditions: (i) / has only one indetermination point p0, (ii) the
level curve of / with value 0 consists of two prime curves S01, S02 of
C-type and of order one, and the curve SQ1 intersects S02 transversally at
a point in P2\{p0}> (iii) the level curve of / with value <χ> consists of
only one prime curve SL of C-type, (iv) the level curve of / with value
1 consists of only one multiple prime curve Sλ of C*-type, and (v) the
other level curves are irreducible and of C*-type. By the classification
in Chapter III, § 1.4, / is of direct C*-type. In this section, we suppose
that / belongs to the class (DQ) and give a sketch of the graph of Σ(f) =
0~KPo) a n ( i l e v e l curves of σ*f where σ: M-+P2 is the minimal resolution
of the indetermination point of /.

There exist two basic sections B19 B2 of σ*f. Since σ is minimal,
we may suppose (B?) = — 1. Each restriction σ*f\Bt (i = 1, 2) is a rational
function of degree one on Bt. Hence each level curve Fe of σ*f with
value c intersects Bt transversally at a regular point of Fe. The prime
curve of Fc intersecting Bt must be of order one. Let S be a prime
curve of / with value c. We denote by S the proper transform by σ"1

of the closure of S in P 2 . If a component C of Fe is not a proper trans-
form of the closure of a prime curve of /, C is a component of Σ(f),
and, since σ is minimal, (C2) < — 1. Suppose that Fe is reducible. Since
Fe has the property (P), at least one component of Fc is an exceptional
curve of the first kind. Hence at least one proper transform of the
closure of a prime curve with value c is an exceptional curve of the first
kind. Suppose c Φ 0. The level curve of / with value c consists of only
one prime curve Sc. Hence the proper transform Se of the closure of Se

must be an exceptional curve of the first kind.

Suppose that c Φ 0, °o. If Se is of order one, Lemma 3 (i) shows that
Fc is irreducible, that is, Fc is the proper transform of the closure of Sc.
Since Sc is of C*-type and since Fc is simply connected, Fc intersects each
Bό (j = 1, 2) at one point and (F^B,) Φ (FeΓιB2). If Sc is multiple, then
Fc must be reducible. Hence Sc is an exceptional curve of the first kind.
Since Sc Π (Bt U B2) = 0 and Sc is of C*-type, Fc and Sΰ satisfy the
condition of Lemma 3(iii). Especially Fc must be a linear tree of rational
curves. Since a component of Fe intersecting Bx[jB2 must be of order
one and since Σ{f) must be connected, two components represented at
the edge of the graph in Figure 18 intersect B^B^ We denote by Kt

(i = 1, 2) the component of the level curve F1 with value 1 which inter-
sects Bi. Let τ: ikf —>τ(ikf) be the composite of σ-processes which con-
tracts F^Ki. Then Kό (i Φ j) is the last component contracted by those
σ-processes.



142 T. KIZUKA

By assumption, S01 and S02 are of order one. By Lemma 3(i), both
of S01 and S02 are exceptional curves of the first kind. By Lemma 3(ii),
FQ = S01U S02. We may suppose that S01 intersects B1 and that S02 inter-
sects B2. Since SL is of C-type, fiL intersects Σ(f) at only one point.

Here we prove that Bx and B2 have no common point. Suppose that
Bλ Π B2 Φ 0 . Since Σ(J) is simply connected, Bx intersects B2 at only one
point q. The level curve of σ*f with value σ*f(q) intersects Bx U B2 only
at q. Hence σ*f(q) = °°. Since a singular point of Σ(J) is necessarily
an ordinary double point, F^ = SL. Since (Bl) — — 1 and since Σ(f) is
an exceptional curve of the first kind, B1 intersects at most two other
components of Σ(f). Hence Sx is the unique multiple prime curve of
C*-type. The shape of Σ(f) is given by solid lines in Figure 19, while
interrupted lines in the figure represent proper transforms of the closure
of prime curves of /.

FIGURE 19.

Let τ:M—>τ(M) be the composite of σ-processes which contracts the
closure of -FWJSLΊ and S01. The curve z{B^)[}τ{K^ satisfies the condition
of Proposition 2(i). Hence τ{M) is biregularly isomorphic to PxP. On
the other hand, since Σ(f) is an exceptional curve of the first kind,
{Bl) ^ — 2 (see Lemma 2). Hence (τ(i?2)

2) ^ — 1, a contradiction to the
fact that there is no algebraic curve with the negative self-intersection
number in P x P . Hence BλΓ\B2= 0 .

Since Σ(f) is connected, §«, (Ί (2?i U 2?2) = 0 and the closure of Foo\ιSL
intersects both Bx and B2. Since Bγ intersects at most two other com-
ponents of Σ(f), Si must be the unique multiple prime curve of C*-type.
Since £L is the unique exceptional component of the first kind of F^
we have by Lemma 3(i) that a component of FM intersecting Bj^UBz
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interrects only one more component of F^ One or two components of
Foo intersect B^ijB^ Denote the component of F*, intersecting Bλ by T.
By Lemma 3(i), the closure of FM\T is an exceptional curve of the first
kind.

FIGURE 20.

Suppose that T also intersects B2. In this case, the shape of Σ(f)
is as in Figure 20. Let τ: M-+τ(M) be the composite of σ-processes

FIGURE 21.
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which contracts S01, the closure of F^Ki and the closure of Foo\T.
The curves r(Γ), τ(JKi), τ{B^) satisfy the condition of Proposition 2(ii).
Hence τ(M) is biregularly isomorphic to PxP. Hence (τ(I?2)

2) = 0, and
(Bt) = - 1 .

Suppose that T does not intersect B2. In this case, the shape of
Σ(f) is as in Figure 21. Let p: M-+ p(M) be the composite of (T-processes
which contracts the branches of the closure of Foo\T except the last
branch. Then piF^) satisfies the condition of Lemma 3(iii). Hence the
component of F* intersecting B2 is the last component of F* \ T contracted
by this sequence of σ-processes.

Let τ:M-+τ(M) be the composite of σ-processes which contracts SOί9

the closure of F^K, and the closure of FOO\T. The curves r(Γ), r(Xi),
τiBj) satisfy the condition of Proposition 2(ii). Hence τ(M) is biregularly
isomorphic to PxP. Thus (τ(J52)

2) = 0 and (B2) = - 2 .

2. Basic examples.

[A] In the first place, we introduce the simplest rational function
/0 which satisfies the conditions (i), (ii), (iii) and (v) in the former sub-
section. Suppose that the graph of Σ(f0) is as given by solid lines in
Figure 22. The mapping σ: Λf —> P2 is the composite of σ-processes which
contracts exceptional components of Σ(f0) successively. Hence we can
calculate the self-intersection numbers of the curves S01, S02, S^ on P2

by this graph. It shows that the degrees of the curves S01, S02, SL are
2, 1, 1, respectively. There exists a homogeneous coordinate (X:Y:Z)
of P2 such that S01 = {YZ - X2 = 0}, S02 = {X = 0} and S^ = {Y = 0}.
By Lemma 4, SL is a prime curve of order 3 of σ*f0 with value <*>. Hence,
by using a suitable constant α, we can write f0 as (*) f0 = aX(YZ — X2)/YB.

Conversely, for a homogeneous coordinate (X:Y:Z)f a rational func-
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tion /0 given by (*) has only one indetermination point ( 0 : 0 : 1 ) whose
level curve Lc with value c (c Φ 0, <χ>) is given by {aX(YZ — X2) —
cYz = 0}. Hence Lc is irreducible, of C*-type and of order one. The graph
of Σ(f0) is the same as that in Figure 22.

Consider the level curve Lx of fQ with value 1. By the projective
transformation Φ: X' = aX, Yr — a2Y, Zf — Z where α3 = α"1, f0 can be
written as f0 = X\TZ' - X'2)/Y'\ Hence Lγ = {X'Y'Z* - X'z - Yt% = 0}.
This fact is used in the next example.

[B] Here, we introduce the simplest rational function f1>0 belonging
to the class (Z?o). The function / l ι 0 belongs to A° Suppose that the
graph of Σ(flt0) is as in Figure 23. (See also Figure 3.) By Lemma 4,
the prime curve S± of / l f0 is of order 2 and the prime curve SL of / l ι0 is

B

FIGURE 23.

- 1 ^s

FIGURE 24.
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of order 3. Denote by T{ the component of F^ intersecting Bi9 and by
T: M —> τ(M) the composite of σ-processes with contracts T1U Bx U Kx and
gives the blowing-up at the intersection of Sx and K2. The graph of
the total image of Σ(fίt0) under τ is as in Figure 24, where the image
τ(S01) of S01 is omitted. Denote by r(Si) the proper image of §λ under τ.
Removing rCSJ from this graph, we get the same graph as that of Σ(f0),
with S02 removed, of f0 in Example [A]. Denote by ω: τ{M) —> ω(τ(M))
the composite of ^-processes which contracts τ(£L) and τ (Γ2)Ur(2?2)U
τ(JQUτ(S0 2). The graph of the total image Σ* of J(/ l f 0) under ft) o τ
is as in Figure 25, where the cross represents the point α>(τ(SL)). Since

FIGURE 25.

a) o r(Λf)\(J*Uα) © r(jSi)) is analytically isomorphic to the complement of
an algebraic curve on P 2 , it contains no compact curve. By Proposition
2(iii), ω(τ(M)) is biregularly isomorphic to PxP. There exists a rational
function h on ω(τ(M)) such that ωiτ^)) is a level curve of order one
of h. Set / = (ω o T o σ~ι)*h. We may suppose that h(ω(τ(S02))) = <»,

)) = 0 and hiωiτiS,))) = 1. Then /(S02) = oo, /(fifj = 0, /(Sx) - 1.
Denote by S' the level curve of h with value 0 and denote by S the
proper transform of S' under (ω o τ o α*"1)"1. Then /(S\{p0}) = 0 and

"1: r(Af) ^^ P 2 is the minimal resolution of the indetrmination point of
/. By the graph of Σ(f), we see that / if the function f0 in Example
[A]. Hence, in a homogeneous coordinate (X:Y: Z) of P 2 , St = {XYZ —
XB- Y5 = 0}, Soo - {YZ - X2 = 0}, S02 = {Y = 0} and S - {X = 0}. Set
^_x = x , V o = r , vt=YZ- X2, u = X Γ Z - X3 - Γ3. Consider the
rational function g = v\ju2 on P 2 . Since S1 is a level curve of order 2 of
/ M and since £«> = {v1 — 0}, there must exist an analytic automorphism Φ
of P such that / M = Φ o g. The level curve of # with value —1 is {̂ i +
^ 2 = 0}\{p0}. Since v\ + u2 = v\ + {v_xvx - v0)

2 = vlfa + vlj = 0 (mod. v0),
V2 = (vl + u2)/v0 is a homogeneous polynomial of (X, Y, Z). Hence the
level curve of g with value —1 is S01\jSQ2. Thus S01 = {v2 = 0} and

/i,o = (9
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Conversely, starting from the graph of Σ(fQ), we can construct / M .
Consider the rational function /0 = X(YZ — X2)/Yz for a homogeneous
coordinate (X: Y: Z) of P2. Removing S02 from the graph of Σ(f0) and
applying to the graph the operation inverse to r, we get Figure 26 (a).
Contracting the encircled components, we get Figure 26 (b). By Prop-
osition 2(iii), there exists a rational function h such that the curves
corresponding to the vertical solid lines are level curves of h. We may
suppose that h takes the values 0, 1, and °o on the proper images of
the curves SL, Sx and S01 of f0. The graph of Σ(J) of the transform /
of h on P2 is as in Figure 23, which assures the existence of the func-
tion belonging to D?.

(a)

FIGURE 26.

Another proof of this fact is as follows. A smooth rational surface
M and a rational function f on M for which the graph of Σ(f) is as in
Figure 23 are constructed by a finite sequence of blowing-ups on PxP.
Let σr: M-+ N be the composite of σ-processes which contracts Σ(f). By
the formula on the Euler characteristic in Chapter III, § 1.4, the Euler
characteristic of N is 3. Hence N= P 2 .

[C] In the last place, we introduce a rational function / M belonging
to D}+. Suppose that the graph of Σ(f1Λ) is as in Figure 27. (See Figures
4 and 5.) The order of S1 is 2. Denote by pt: M-+ pλ{M) the composite of
σ-processes which contracts the encircled components of Σ(fltl) in Figure
27. The graph of p^(fltl)) is given in Figure 28. Denote by C the
component of Σ(fltl) with the self-intersection number — (α + 1). The
self-intersection number (ft(C)2) of the image p^C) is —1. Denote by
ω: pάM) —> ωiPiiM)) the composite of σ-processes which contracts the com-
ponents of /OiCΓCfi.i) U Soo U S02) encircled by fine interrupted lines. The
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FIGURE 28.
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FIGURE 29.

graph of α>(ftCΣ(/lfi))) is as in Figure 29. The interrupted curved line
represents the image ω(ft(Si)). The curve ω(ft(Si)) is tangent to <w(ft(C))
with order a — 1, that is, (coip^S^) ω(ft(C))) = α. By Proposition 2(ii),
there exist rational functions hίf h2 on ω{px{M)) such that the curves
corresponding to the vertical lines in the graph of αKftUX/i.i))) are level
curves of hx and such that ω(ft(C)) is a level curve of h2. The mapping
Θ defined by θ(p) = (fei(p), h2(p)) for p e coip^M)) is a biregular isomorphism
of ω(ρλ{M)) onto P x P . Set R = (ω ° ft ° σ'ψh^ The rational function
i? is of C-type on P2. The graph of ft(J(/i,i)) is that of the minimal
resolution of indetermination points of R. In the graph of αKftCEC/i.i))),
the crosses represent the images α>(ftO§L)), ft>(ft(S02)). Hence the curves

S02 are level curve of Set f = (α) ° ft o σ~ι)*h2. The rational
function ψ is of C*-type on P 2 . Denote by S' the level curve of h2 which
contains the image ft)(ft(SL>)). Denote by S the proper transform of S'
under the mapping (ω ° ft)"1. The curve (σ(S)\{p0})[jSoo is a level curve
of ψ and the curve S02 is another level curve of ψ. Denotes by μ: ft(M) —•

the composite of σ-processes which contracts the component of
encircled by a fine curved line in the graph of pt(Σ(fltl)) in

Figure 28. The graph of μ(ftC2(/i,i))) is as in Figure 30. In this graph,
S" is the proper transform of S = <j(S) under the mapping μ o ft o o "1.
This graph is the same as that of Σ(flt0), with S02 removed, of /1>0 in
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Example [B]. By Proposition 2(iii), we can show that there exists a
rational function k on μip^M)) having the same family of level curves
as that of σ*fh0 in Example [B]. Especially, the level curve of k with
value k(μ ° |θi(S02)) consists of two prime curves one of which is μ o p^^)
and another of which is an algebraic curve relevant to S02 of / 1 0 in
Example [B]. Hence, in a homogeneous coordinate (X:Y:Z) of P 2 ,
Soo = {vt = 0}, S02 = {v2 = 0} and S = {u = 0}. Since R is primitive and
since deg vλ and deg v2 are coprime, we may suppose that R — R1Λ =
^degίny^deg )̂ = V2jv^ F r o m t h e g r a p h o f Pl(Σ(fίtl)), we see that the curve

Pi(S02) is a prime curve of order one of ω*h2 and that p^S) is a prime
curve of order one of ω*h2. Hence we may suppose that ψ = ψ1Λ = Vju/v^
Then ωiPίiSx)) is defined by the equation h2 = P(ΛΊ) on ω(p1(M))f where
P(z) is a polynomial in z of degree a. Hence Sj_ is the level curve of
order one of the rational function ψltl — P(R1}1) on P 2 with value 0.
Hence, for a homogeneous polynomial Pa(zlf z2) in (zlf z2) of degree a with
pβ(l, 0) Φ 0, we have S, = {uv[a+1 - Pa(vl, v[)v2 = 0}.

Set uλ = uvla+1 - PM, vΐ)v2. Then S1 = {u, = 0}. Since ψ1Λ - P(Rltl)
is a rational function of degree deg v2 + a deg v\ — 10a + 5 on P 2 , S± is
of degree 10a + 5. Consider the rational function g = vtβg{Ul)/ul on P 2 .
Since Sx is a level curve of order 2 of fίtl and since <§«, = {v± = 0}, there
must exist an analytic automorphism Φ of P such that fltl = Φ(g). The
level curve of g with the value - 1 is K e g ( M l ) + u2

x = 0}\{p0}. Since
vTs[Ul) + u[ = vTs{uΰ + u2vϊ5a+1) = vΐδa+1){vl + u2} = vϊ5a+1)v0v2 = 0 (modv2),

we see that wx = (v%eg{Ul) + u\)/v2 is a homogeneous polynomial of {X, Y, Z).
Hence the level curve of g with the value — 1 is S01U S02. We obtain
S01 = {Wι = 0} and / M = (g + l)/g = v2wjvr+*.

Conversely, starting from the graph of Σ(flt0), we can construct the
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graph of Σ(fltί), using Proposition 2(ii). It assures the existence of the
functions Rllf ψltl, /M, for a homogeneous polynomial Pa(zlf z2) in (zlf z2)
satisfying Pα(l, 0) Φ 0.

§ 2. Determination.

1.1. Now we prove that, if / belongs to the class (Do) and if the
graph of Σ(f) is linear, the graph of Σ(f) is given by Figure 3 in Chap-
ter 0. Suppose that T intersects B2. Then, as was seen in § 1.1, the
shape of Σ(f) must be as in Figure 31. Let p: M-+ ρ(M) be the σ-process
which contracts &». Since σ is minimal, (Γ2) ^ - 2 . So (p(Tf) ^ - 1 , a
contradiction to the fact that p(T) must have the property (P). We
thus obtain Tf]B2 = 0 and (Bξ) = - 2 .

B

FIGURE 31.

For simplicity, we suppose that Fx has at least one component with
the self-intersection number smaller than —2. Let Kx (1 = 1 or 2) be
the component of Fλ corresponding to the left edge of the graph in
Lemma 3 (iii) and Km (m = 2 or 1) be the component corresponding to
the right edge of the graph.

(i) The case (Z, m) = (1, 2). By Lemma 2, the graph of Σ(f) must
be as in Figure 32. In Figure 32, the portion in the parenthesis may
not exist. First we prove px = 0. Suppose that pλ > 0. Then the number
of components of Fx with the self-intersection number smaller than —2

C
Qι

-o o-
Qr-ι

— px+3 Pr+3

TBι

qr 2 1
-ΌOO-

Pr Pr-i Vl

FlGURE 32.
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is 2r. Hence the portion in the parenthesis must exist. By Lemma 3(iii),
we have k = 0 and px + 3 = px + 2, a contradiction. So we obtain px = 0.

If the portion in the parenthesis does not exist, we have qλ + 3 =
qι + 2 by Lemma 3(iii), a contradiction. Hence the portion in the paren-
thesis must exist. Let p:M->p(M) be the σ-process which contracts
Soo. As was seen in §1.1, piF*) satisfies the condition of Lemma 3(iii).
We thus see that the graph of FooΓiΣif) must be as in Figure 33.

qr

B2 +— O O

Pr+S 2

(pr+3=ςfr+l)

FIGURE 33.

Therefore, the graph of F1 must be as in Figure 34.

FIGURE 34.

By Lemma 3(iii), we see k + 2 = q1 + 3, q1 + 3 = q2 + 3, , qr_2 + 3 =
Qr-i + 3, (<3V-i - 2) + 3 = qr + 3; 3 = p2 + 3, p2 + 3 = p3 + 3, , pr_, + 3 =
p r + 3. Hence pγ — p2 = = pr = 0; gr = 2, gr_! = ^r_2 = = qx = 4
and fc = 5. Thus / belongs to A°r (r = 1, 2, •)•

(ii) The case (ϊ, m) = (2, 1). By Lemma 2, the graph of Σ(f) must
be as in Figure 35.

BXKX

k 3̂  P i - 1 ^ P2 p r 1 2 gr gi _ ^ ^
^ i •* ( ô  o o o 1

ςi + 3 gr_x + 3 qr~\~3 P r + 3 P2 + 3 Pi~H2
T

(Pl>0)

A; p 2 _ Pr 1 2 7r gi 2 _ ^

FIGURE 35.
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The portion in the parenthesis may not exist. If p1 = 0, the number
of components of F1 with the self-intersection number smaller than —2
is 2r — 1 and a component of F^ cannot exist in the graph, a contradic-
tion. Hence px must be positive.

By Lemma 3(iii), the graph of FooΠΣif) must be as in Figure 36.

B2 ««— o — * Bx

<7r+3

T

(qr+3=Pr-l)

FIGURE 36.

Therefore, the graph of Fx must be as in Figure 37.

B2

FIGURE 37.

By Lemma 3(iii), we see px = k, p2 = p, - 1, pz = p2, , pr = pr_,;
Qi = 0, g2 = glf •••,?,. = «,_!. Hence q, = q2 = . . . = gr = 0, ί)2 = pz = . . .
= ^ r = 4, Pi = 5, k — 5. So we see that/belongs to ΰ 2 r + 1 (r = 0, 1, •).
By (i) and (ii), we obtain the graph of Σ(f) in Figure 3 in Chapter 0, § 2.

1.2. Let fn>0 be the rational function belonging to Z>°. Let σ: Mn —>
P 2 be the minimal resolution of indetermination points of /n>0. We define
a τ-transformation τn\ Mn —> τn(Mn) of /n ι 0 as follows. If ^ is odd, τn is
the composite of σ-processes which contracts the components of Σ(fnt0)
represented by the diagram in Figure 38 (i). If n is even, τn is the
composite of cr-processes which contracts the components of Σ(fn>0) repre-
sented by the diagram in Figure 38(ii).

(i)

The graph of τn(Σ(fπ_0) U S02 U S, U §„) is the graph of Dl_, with S02

removed. By Proposition 2(iii), there exists a curve relevant to S02 in
the graph of D^. Hence there must exist a unique rational function
/,_!,, on P 2 belonging to D^ such that £(/_,,,) = τn{Σ{fnfi)), whose

3 1 2
O O O

FIGURE

1

38.

2 2 1
OOO
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minimal resolution of indetermination points is σ ° r"1: τn(Mn) —> P 2 . Set
-Mn-i — ̂ n(-Mn) Let τn_!: M"n_i —> rn_1(Afn_1) be the r-transformation on Afn_i
of Λ-i,o As stated before, there exists a curve relevant to S02 in the
graph of D°_2 and a unique rational function /TO_2,0 on P 2 belonging to
D°_2 such that σ ° r"1 o r ^ : r^CM*.^) -» P 2 is the minimal resolution of
the indetermination points of /n_2)0. Set Mn_2 = rn_ι(Afn_1). Repeating
these processes, we get a sequence of r-transformations

Mn > Mn_! > Λfn__2 > • M2 > Mx

and rational functions fjtθ (j = 1, 2, , n) on P 2 belonging to D? such
that Σ(fj>0) = τAΣίfnj)), where τ5 = τj+1 o r i + 2 o . . . o τ%.

By Example [B], flf0 is written as / l f 0 = v2v0/v\, where v0 = Y, vλ =
YZ - X\ u = XYZ - X 3 - Γ 3 and v2 = (v\ + u2)/vQ in a homogeneous
coordinate (X:Y: Z) of P 2 . Denote by £&, S0

5

2, Sf, S i the prime curves
Soi, 0̂2> Slf Soo of / i ι 0, respectively. We get the recurrence relation S& =
SL+\ SL = £tf2

+1 (ί = 1, 2, , n - 1). Suppose that vt (i = j - 2, j - 1,
j , j + 1) are irreducible homogeneous polynomials defining SL, respectively.
Suppose furthermore vί+1 = (v) + um^)\vύ_1 and vy = (v)_γ + umΐ-ι)lv5_2,
where mi = d e g ^ ) . Since S( = SI = {̂  = 0}, the level curve of a rational
function vj+1vs^Jv} with value 1 is S/. Hence / i>0 is written as Vj^Vj^Jv)
and 3m, = m i + 1 + my_!. So we have

v*-i(v*+i + umj+1) = (v* + ^ w 0 8 + vs

j_1u
m^'+ί = uZmό + v)^umi+ι (mod. v,-)

= %wi+i(wmi-i + ^ _!) = um3^vάvά_2 = 0 (mod. v,-) .

By our assumption, v̂ . and v^.i are coprime. Hence vj+2 = (t;J + 1 + ^mί+1)//yJ

is a homogeneous polynomial.
Consider the rational function g — v)+Jum»M1. Since {vj+1 = 0}\{p0} is

the level curve of / i + M of order 3 and since S}+1 = {u = 0}, there must
exist an analytic automorphism Φ of P such that / i + M = Φ © #. Since
to = -1} - {vUi + ^ m i + 1 = 0} = {own = 0}, we have Sfr1 = {vj+2 = 0}, so
that / i + l ι 0 = (g + l)/flf = Vj+tVj/Vj+x. By induction, we get the recurrence
formula in Chapter 0, §2.1.

Conversely, starting from the graph of Σ(flt0), we can construct the
graph of Σ(fnt0) by a method similar to that in Example [B]. It assures
that the function gotten by the recurrence formula for a homogeneous
coordinate (X: Y: Z) belongs to Dn>0.

The restriction fnjv of /n ι 0 to 7 = P 2 \ ( S 0 1 U S x U S J is of proper C*-
type. Since mn and mn + 1 are coprime, the rational function R = Vn+Jvnn+1

is primitive. By Theorem 1, the restriction R\v is of proper direct C*-
type. By the classification in Chapter III, § 1.4, R must be of C-type.
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Let ξ: N—>P2 be the minimal resolution of the indetermination points of
R. The graph of Σ{R) = £"\p0) is easily determined, which appears in
2.2 in this section.

2.1. In this subsection, we suppose that the graph of Σ(f) is not
linear and Σ(f) has k (> 0) diverging components. For simplicity, suppose
furthermore that Fx has at least three components with the self-inter-
section number smaller than —2. Suppose that T intersects B2. Then,
using Lemma 3 (iii) for F19 we see that Σ{f) cannot be an exceptional
curve of the first kind, a contradiction. We thus obtain TΓ\B2 = 0 .

Define Kx and K2 as in § 1 and define Kt and Km as in § 2.1.1. Denote
by A5 (j = 1, 2, , k + 1) the j-th branch of Σ(f) (see Chapter I, § 2.1).
By Lemma 3(i), the curve FOO\T is an exceptional curve of the first kind
which contains only one irreducible exceptional curve SL of the first kind.
Denote by AJ the j-th branch of FOO\T. By assumption, FOO\T has k
diverging components. There occur four cases, that is, (i) (i, m) = (1, 2)
and p1 > 0, (ii) (i, m) = (2, 1) and p, > 0, (iii) (I, m) -== (1, 2) and p, = 0,
(iv) (I, m) — (2, 1) and px = 0. In the following, we determine Σ(f) in
the case (i). In the remaining cases, Σ(f) is determined similarly.

By Lemma 3 (iii), we know that the graph of F1 is as in Figure 39.

sι

Pr Pi 1 <?j qr 2

ί r + 3 9 r - 1 + 3 9 l + 3 Pι+2 p 2 + 3 Pr+3 ^

FIGURE 39.

By Lemma 2, the graph of Aι is as in Figure 40.

The portion in the parenthesis may not exist. In such a case, we
put ak = 0. We denote by Cs the diverging component of Fw\ T common
to Aj and AJ+1. By Lemma 3, the graph of AI+1 is as in Figure 41.

Hence, by Lemma 2, the graph of A2 is as in Figure 42.
In Figure 42, the symbol in Figure 43 (i) is the abbreviation for the

diagram in Figure 43 (ii) and the symbol in Figure 43 (iii) is the abbrevi-
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\Ai
gr+3

2
Pr Pi 2 a*~ 1

ak>0)
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FIGURE 41.

Pr+3 2

Qr-i Qr

—

qr+5 p r + 3 Pi+3 2 P

+ 3 Pi + 3 Pr 22 Pr+5 Pi + 2

OA:-I — 1 P i " 1

C ^ —

^ CX3— : o c

* ?i+3 g r +5 p r

(α*=0)

FIGURE 42.

ation for the diagram in Figure 43 (iv).

(ΐ) -a- (ϋ)

Pr-, Pz+3

(in) (iv) -O
Qz

FIGURE 43.

By Lemma 3, the graph of A'k is as in Figure 44. When ak = 0,
the portions in the braket must vanish. By Lemma 2, the graph of Az

is as in Figure 45.
Repeating these processes, we obtain the graph of Ak. If k is odd,

the graph of Ak is the same as the graph of A8. If k is even, the graph
of Ak is the same as the graph of A2. So we see that the graph of
Ao\Soo must be as in Figure 46.
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ςfi Pr Qr+2 qλ

 k l jα/t-i — l p i —1 Pr Qr 9i aκ~l

2 3 p r+3 3

FIGURE 44.

FIGURE 45.

Pi — 1 βi — 1

A: odd)

k: even)

FIGURE 46.

The portions in the braket must vanish if αx = 0. Since AJ is an
exceptional curve of the first kind, we can determine pjf q3- (j = 1, 2, , r)
by Lemma 2. If k is odd, the portion in the parenthesis does not exist.
We see & + 3 = 3, g2 + 3 = & + 3, , gr + 3 = gr_x + 3, qr + 5 = pr + 1,
Pr + 3 = pτ_λ + 3, , pz + 3 = p2 + 3 and p2 + 3 = (px - 1) + 3. Hence
Qi = Q2= = Qr = 0, p2 = Ps = = Vr = 4 and ^ = 5. So, if k is odd,
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we see that / belongs to Ar+i (r = 2, 3, •)• If A; is even, the portion
in the parenthesis must exist. We see I + 3 = p1 + 3, (px — 1) + 3 =
p2 + 3, p2 + 3 = pd + 3, , p r_ x + 3 = Vr + 3, p r + 1 = qr + 5, qr_, + 3 =
tfr + 3, , qx + 3 = q2 + 3 and 3 = ^ + 3. Hence q1 = q2 = = qr = 0,
p2 = p3 = . . . , pr = 4 and px = £ = 5. Thus, if k is even, we see that
/ belongs, to D2~+ι (r = 2, 3, •••)• I n the remaining cases, we can deter-
mine the graph of Σ{f) similarly. We get the graph of Σ(f) in Chapter
0, § 2.3. Thus we obtain Proposition 0.

2.2. Let / = fn>k be a rational function belonging to D^. Let

be the minimal resolution of the indetermination points of fn>k by <7-pro-
cesses. We define the birational mapping pk: Mk-+ Nk as follows. Let
v9 w be homogeneous polynomials which define &», S02. The restriction
f\v of / to 7 = P 2 \ ( S 0 2 U S 1 U S o o ) is of proper C*-type on V. Consider
the rational function R = waL/va2 on P2 for coprime positive integers αx

and α2 satisfying a,deg(w) = a2deg(v). Since ax and α2 are coprime, R
is primitive. Hence, by Theorem 1, the restriction R\v is of proper direct
C*-type on V. Hence R is of special type on P2 and is not of torsional
C*-type. By the classification in Chapter III, § 1.4, R must be of C-type.
Let ζk: Nk —> P2 be the minimal resolution of the indetermination point
p0 of R by σ -processes. The graph of Σ(R) = fί^Po) is easily obtained
from the graph of Σ(fn>k) = σi\pQ) where σk = σ1 © σ2 o . . . o σm. Set |Ofc =
(ξfc1) ° ok. The definition of pk is independent of the choice of v, w.
Another definition of pk is as follows. Suppose ak > 0. If feD*+ and k
is odd, or, if feD*~ and fc is even, then pk is the composite of σ-processes
which contracts the components of Σ(fnΛ) represented by the graph in
Figure 47.

If feD%+ and k is even, or, if feD£~ and k is odd, then pk is the
composite of σ-processes which contracts the components of Σ(fn>k) repre-

3 1 2
-o-o-o

ak— 1
( n = 1 )

6 1
( n = 2 )

a*~l α*- l r - 1

FIGURE 47.
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sen ted by the graph in Figure 48.
If ak = 0, the birational mapping pk is determined similarly. The

graph of Σ(R) when k = 1 and feD^ is as in Figure 49.
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FIGURE 49.

(n=2r + 2)

If k = 1, by the shape of the graph of Σ(R), we can determine S*,
and S02 by a method similar to that in Example [C]. If /eZ)^ + , then
S- = {vn = 0} and S02 = {vn+1 = 0} in a homogeneous coordinate (X :Y: Z)
of P 2 . If / e D Γ , then S . - {vn = 0} and S02 = {i;.^ = 0}.

In the following, we suppose f$D}~~. Let Ho, iί*, be the level curves
of ξ£R with values 0, <*>, respectively. The graph of Ho is linear. Let
E be the unique exceptional irreducible component of the first kind of
Σ(R). The restriction ξϊR\E of ξlR to E is non-constant. Let CL be the
irreducible component of H^ intersecting E and let CQ be the irreducible
component of Ho located at the edge of the graph of Ho which does not
intersect E. Let the mapping ω: Nk —> ω(Nk) be the composite of σ-pro-
cesses which contracts (Ho \Co) U (H^\ Coo). The image ω(Σ(R)) consists
of three smooth rational curves ω(Hoo), ω(E), ω(H0) with the property
(P) such that (ω(HJ)-ω(E)) = (ω(E). ω(H0)) = 1, (ω(H«o) α)(flo)) = 0. By
Proposition 2(ii), there exist rational functions h19 h2 of P-type on a)(Nk)
with no critical value such that ω{H^) and ω(HQ) are level curves of hλ

and such that ω(E) is a level curve of h2. Since R is primitive, we may
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suppose that ξϊR = ω*hlt Let S' be the level curve of h2 passing through
the point ω(Hoa\CΰO). The curve S' satisfies (S'-ωίHJ)) = (S' ω(flΌ)) = 1
and (S'-ω(E)) = 0.

For & ̂  2, we define the birational mapping τk\ Mk -» τk(Mk) in the
following way. If n = 1 and α̂ . = 0, then τk is the composite of 0 -pro-
cesses which contracts one of the parts of Σ(fn>k) represented by the
diagram in Figure 50 (i). If n = 2 and ak = 0 and if the right hand side
of the graph of Σ(fntk) is Hn(ak), then τk is the composite of σ-processes
which contracts the components of Σ(fnjk) represented by the diagram in
Figure 50 (ii). If n = 2 and ak_x = 0 and if the right-hand side of the
graph of Σ(fn>k) is H*{ak)y then τk is the composite of σ-processes which
contracts the encircled components of Σ(fn>k) in the graphs in Figure 51

1 2

oo
(i)

FIGURE

1
/^
VJ

50.

4

(ϋ)

(α f c=0)

FIGURE 51.

and blows-up a point marked by a cross in these graphs. In the other
cases, we define τk by τk = σi+1 © σi+2 o . . . o σm, where i is the integer
such that σt: M- -^ Ml^ is the σ-process which contracts the image of
σί+1 o . . . o σm(B2) on Af/. We call the mapping τk the τ-transformation
with respect to /Λffc and set M .̂x = τk(Mk).

Let S' be the proper image of S' under the mapping pk

ι © or 1 . The
graph of r fc(^/ U S02 U S«> U *§') is the graph of D^1* with S02 removed and
τk(S') corresponds to §λ in this graph. By Proposition 2(iii), there exists
a curve relevant to S02 in the graph of JD*"1* (see Example [C]). Hence
there exists a unique rational function /*,*_! on P2 belonging to Dl~γ±
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whose minimal resolution of the indetermination point is σk © rjΓ1: Mk_γ —> P 2

and such that Σ(fn,h_J = τk(Σ(fn,k)). If /eZ>*+, then f^eD*-1*. If
feD%~, then /„,*_! e-Dί"1". Let r ^ : M ^ - > ^^(ikf^) be the τ-transfor-
mation with respect to /TO,fc_i and set r^CM"^) = M"Λ_2. As stated before,
we know that there exist curves relevant to S02 and Sλ in the graph of
D%~2±. There exists a unique rational function /n,fc_2 on P 2 belonging to
D%~2± such that Σ(fUfk_2) — τk^{Σ{fnth^). Repeating these processes, we
get a sequence of τ-transformations τά\ Mά —> Mβ_x and rational functions
fntj on P 2 belonging to D* (j = 1, 2, . , fc), such that £(/„,,) = ?,(*(/„,*))
where f, = τ i + 1 ° τ i + 2 o . . o τk. The level curve of fntk with value oo is
also the level curve of fnJ with value oo (j = l, 2, , k — 1). Hence
we may suppose that v — vn. Denote by Soltj, SQ2fj, Slt1 the prime curves
Soi, S02, Si of fnJ, respectively. We get the recurrence relation S01J =

S02,i+l _ ^

Let uk_λ be a homogeneous polynomial defining Sltk_x = σk(S'). The
proper image of Soo under the mapping ( y o ^ 1 is the point ω(H00\C00).
The proper image of SQ2)k under α) o ξ^1 is the point ω(H0\CQ). Hence
we may suppose (α> ° ξ^TK = u^^/w^y where ^fc and sfc are positive
integers detemined as follows. Let ηk: N'k —> P 2 be a minimal resolution
of the indetermination point p0 of ψ = (ω ° f ί 1)*^- The graph of JSΌψO =
Vk\Po) is easily obtained from the graph of Σ(R). The graph of the
level curve of ηtψ with value oo is given in Figure 52 (a) if n = 1, given
in Figure 52 (b) if feD£+ and & is odd, or, if feDi" and k is even, and
given in Figure 52(c) if feD%+ and k is even, or, if /eDn

f c~ and fc is odd.

(a)
0
D

(b)

(c)

0
D

(π = 2)

4 2

(n=2)

- l ° r-1

(n=2r + l)

(n=2r + l)

FIGURE 52.

2 5

r - 1
1 r - 1

(rc = 2r + 2)

By Lemma 4, the order sfc of the level curve S02tk of ψ with the value
oo is determined. If /efln

fc+, then sk = (62n + 3(-l)fe62n_3)/2. If feDt,
then sfc = (62n + 3( — l ) * " ^ ^ ) ^ . The integer μfc satisfies //fc = (s^degw —
deg uk_ύ\mn for mn = deg vn.
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The proper image S of Sltk under the mapping ω ° ξΰ1 is a smooth
rational curve satisfying (S ω(E)) = ak and (S ω(H0)) = (S-ωiHo,)) = 1.
If ak > 0, then S is tangent to ω(E) with order αfc — 1 at the point
a)(E)Π(θ(Hoo). Since ω(Hoo) is the level curve of hλ with value oo and
ω(E) is the level curve of h2 with value oo, the equation h2 = Paβιd on
α>(-Wfc) defines S, where PαA;(z) is a polynomial of degree αfc. Hence Sltk

is the level curve of the rational function ψ — Pak(R) of order one with
the value 0. Set wk^ = w. The polynomial uk = %_ 1 ^ + α & d e g ( W f c - l ) —
Pak(Wk-if vleBlWk-l))Wk-i defines S1)k where Pak(zl9 z2) is a homogeneous poly-

nomial in (z19 z2) of degree ak and Pαfc(l> 0 ) ^ 0 . The degree of uk is
akmn deg(wk^) + sfc deg(wk^) = mn(μk + αfc d e g ^ . J ) + degfe .J . Suppose
furthermore vjβgί**-ι) + wΓ-i = Wk-iWk-2> where w .̂g is a homogeneous poly-
nomial defining SQ^^ = S01tk_2.

Consider the rational function g = vlee{uk)/uΐn on P 2 . By Proposition
0, Sltk is the level curve of fntk of order mn. Since <§«, = {vn = 0}, there
must exist an analytic automorphism Φ of P with / n t t = Φ(gr). The level
curve of g with the value — 1 is defined by viθslUk) + uTn. Since

^dβgUfc) + umn _ /ydeg(ttA;) + ( W f c _ l V J * + *dββt«*-l>)» ( m o d . W f c - 1 )

= ^ f c _ 1 ^ f c _ 2 C Λ ( ^ + α f c d e δ ( w ; f c - l ) ) = 0

tι;fc = (vlβίf(**) + utn)\v)k_x is a homogeneous polynomial. Hence the level
curve of g with the value —1 is S01>kUSQ2>k and S01>A; is defined by wk.
Hence/n>fc = (g + 1)1 g = wkwk_Jvies{Uk). We obtain the recurrence formula
in Chapter 0, § 2.1 by induction.

Conversely, starting from the graph of Σ(fn>0), we can construct the
graph of Σ(fnfk) using Proposition 2(ii). So the function obtained by the
recurrence formula belongs Dk±.

Since deg(^ ) and deg(vj+1) are coprime and since deg(wk) = mn deg(uk) —
deg(wfc_!), we can prove inductively that deg(wfc) and mn are coprime.
Hence the rational function Rn>k = wk

Λ"Jvle*{"k-l) is primitive. Kashiwara
has proved that a rational function R of C-type belonging to &\τ on P 2

is written as R = Λ{RUik) in a homogeneous coordinate (X:Y: Z), where
Λ(z) is a rational function of z. By a method similar to those in Chapter
II and Chapter III, § 1, we can prove the result of Kashiwara. Set
ψn,k — Uk-iV%k/wlk-i. As was seen in this section, the mapping θ defined
by θ(p) =_(Rn,k(P)> ψn,k(P)) * s a birational biregular isomorphism of
P 2 \ (Soo U S02>k) onto C* x C.

When / belongs to A1"* we can also prove the recurrence formula in
Chapter 0, § 2.1 similarly. The rational function Rlt0 of C-type belongs
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to

Chapter III. Rational functions of C*-type on P2.

§ 1. Critical level curves.

1. Rational functions of proper C*-type. Here we prove the following.

PROPOSITION 3. Let f be a primitive rational function of direct
C*-type on P 2 . Thre exist a triple Slf S2, S3 of prime curves of f and
an analytic automorphism T of P such that the restriction T <> f\v of
Tofto V = P2\(S1US2l)Sz) is of proper direct C*-type, where St is the
closure of Si in P2.

We use the following lemma to prove this. (See M. Oka [5, p.233].)

LEMMA 5. Let C be an algebraic curve on P 2 . If C has I irreducible
components, then the first Betti number b1(P2\C) of P2\C equals I — 1.

PROOF OF PROPOSITION 3. Let σ:M->P2 be the minimal resolution
of the indetermination points of / by σ-processes. Let B1 and B2 be basic
sections of cr*/. We may suppose (l?ί) = — 1. The curve B1 intersects
the other components of Σ(f) = σ~\If) at most two points. Hence, for
a suitable analytic automorphism T of P, each point p of Bx satisfying
To ftp) Φ 0, oo is a regular point of Σ{f). Clearly, σ is the minimal
resolution of the indetermination points of g = T © /. Since σ*g\Bi is a
rational function degree one on Bif each level curve Fc of σ*g with value
c intersects Bt at one ordinary point of Fc transversally for each i. Since
a componet of Fc intersecting Bλ is of order one, Lemma 3(i) shows that
the union Ec of all prime curves of the level curve Fc which do not
intersect B1 is an exceptional curve of the first kind. Let the mapping
τ: M —• τ(M) be the composite of cr-processes which contracts the curve
\jEe, where c varies over C*. The restriction h\v> of h = (σ © τ"1)*^ to
V = τ(M)\({h = 0}U{& = ooJUτCBOUτC^)) is of proper direct C*-type.
The restriction σ ° τ~ι\v of the birational mapping σ © r"1 is a biregular
mapping of V onto F = α ° τ~\V'). Since the first Betti number of V
equals 2, Lemma 5 implies that P2\V is an algebraic curve with three
irreducible components Clf C29 C8 which are the closures of prime curves
Slt S2, Ss of /, respectively. Since h\r> is of proper direct C*-type, T o f\v

is of proper direct C*-type.

2. The first Betti numbers and the Euler characteristics of level
curves.

LEMMA (Nishino). Let f be a primitive rational function on P 2 .
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Denote by L the topologίcal model of regular level curves of f and let
Lo be a critical level curve of f. Then b^Lo) ^ 6X(L) and X(L0) ^ Z(L),
where b^*) and %(*) are the first Betti-number and the Euler character-
istic of *, respectively.

PROOF. Let (X: Y: Z) be a homogeneous coordinate of P2. Suppose
that / is a rational function of degree n on P2. The function / is
represented as / = P/Q, where P, Q are homogeneous polynomials in
(X: Y: Z) of degree n. Set N = n+2C2 — 1. We denote homogeneous co-
ordinates in PN be Wkoklk2 where k0, ku k2 are arbitrary non-negative
integers such that k0 + kx + k2 = n. The Veronese mapping v: P2 —> PN

defined by WkQklk2 = Xk°YkiZkz is an analytic imbedding of P2 into PN.
The so-called Veronese variety v(P2) is smooth in PN. Suppose P =
Σ Ak0klk2X

k°YkiZk> and Q = Σ Bk^HXk«Y^Zkκ Set P = Σ A W A W M A and
Q = Σ-β*o*i*2^*o*i*2 Then, the rational function P/Q of degree one on
PN satisfies / = v*(P/Q).

Let Lo be a critical level curve of / with value c0 and let cλ (Φ c0)
be a complex number. We regard H = {P — cλQ = 0} as the hyperplane
at infinity and denote by (w19 w2J , wN) an inhomogeneous coordinate
of CN = PN\H. The manifold V = v(P2)\H is biregularly isomorphic
to the domain V = {p e P2 \ If \ f{p) Φ c j . Set Ωa = {ΣLi I wk |

2 < α2} Π V
for each real positive number a. Denote by Ωa the inverse image v~\Ωa).
Then Ωa(Z(zV. Set ^ = Σί r= 1 |w f c |

2 and φ = v*φ. The function <p is
strongly pluri-subharmonic on F. Let α0 be a number such that
L0Γ)Ωa° Φ 0. Then there is an open neighbourhood U of c0 such that
L?° = L c n β α ° ^ 0 for any ceU, where Lc is the level curve of / with
value c. For each real number a > α0, we denote by L" the analytic
continuation of L?° in Ωa.

If a,<a< β, then &X(L?) ^ ft^Lf) and Z(L?) ^ Z(Lf). To see this,
suppose that i = ft^L?) > bx(Lζ). Let q, c2, , c, be I cycles on La

c whose
homology classes [cjα, [c2]α, , [cz]α generate H^Lΐ, Z). There must exist
a set of integers (mlf m2, , mO such that at least one m, is not zero
and such that the homology class [c]̂  of c = mΛ + m2c2 + + mfa is
the zero element of Hx(Li9 Z). Hence there exists a subdomain S of Lβ

e

such that δScsuppc and such that S<£La

e. Since dSaΩa, φ\8 takes a
maximal value at an interior point of S, which contradicts the fact that
φ is strongly pluri-subharmonic. Hence ^(Lj) ̂  b^Lξ). Suppose that
X(L?) < Z(Lf)- By assumption, there exists a simply connected component
of Lβ

c\Lΐ whose boundary is contained in dΩa. It leads us to a contra-
diction. Hence Z(L;) ^ Z(Lf).

From the above fact, we see that &ΛL?) ^ δ^L.) and Z(L?) ^ X(LC).
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Suppose that a0 is so large that L?o° intersects all the irreducible compo-
nents of LCQ. Let plf p2, *—,pk be the singular points of LCQ. For a
sufficiently large α, we have δx(Xr?0) = ^(L^), Z(L?0) = X(LCQ) and {p, }c:L«.
Suppose that Lc is a regular level curve of /. There exist bicylinders
7y with the center pά (j = 1, 2, , fc) in coordinate neighbourhoods such
that L^ΠΎj is simply connected and for c sufficiently near to c0, L?\U7y
is a topological covering surface of L? 0 \U7j (with no branch point and
with no relative boundary). Hence δ^L?) ̂  6 ^ ) , Z(L?) ̂  Z(L?0). There-
fore &,(£,) ^ WLC0) and Z(LC) ̂  %(LCo).

COROLLARY. Each prime curve of a rational function of special
type on P2 is of C-type or of C*-type.

REMARK. Let S be a prime curve of / with value c and {pά} be the
set of intersections of S with the other prime curves of / with value c.
Then S' = S\{pd) satisfies δx(S') ^ b,(L) and X(S') ̂  Z(L). The proof is
almost the same as that of Lemma 6.

3. Proof of Theorem 1. Let C be an algebraic curve on P2 such
that the restriction f\v of a rational function / on P 2 to V = P2\C is
of proper C*-type. Let σ:M-^P2 be a resolution of the indetermination
points of / by a finite sequence of ^-processes. Set V = σ~\V). The
mapping σ\v'. V —• V is a biholomorphic mapping of F onto F. Set h =
σ*/|f and Λf' = AT \({σ*/ = 0} U {σ*f = oo}). Let Lc denote the level curve
of h with value c and Fc be the level curve of fex = σ*/|jf with value c.
Assume that Fe is reducible. Since Lc is irreducible and of order one,
we see by Lemma 3(i) that the closure of FC\LC is an exceptional curve
of the first kind. Let τ: Mf —> r(Λf') be the composite of σ-processes
which contracts \J(FC\LC). Set h = (r"1)*^ and set hx = (r"1)*^. The
function Λx is of P-type and each level curve of hγ is irreducible. The
image of the union of basic sections of σ*f under τ is H = r(M')\r(F).
So i ί intersects each τ(Fe) at two points transversally. Hence H is a
smooth algebraic curve in r(AΓ).

Let 0 be a primitive rational function on P2 whose restriction g\v to
F does not take the values 0, oo on V. Set k = (σ ° r"1)*^lr(F) and kx =
(σ o τ"1)*^!^^'). Since & does not take the values 0, °o on τ(F), A; has no
point of indetrmination on H. Therefore, if the restriction k\T(Lc) of k
to some level curve τ(Lβ) of Λ is constant, then the restriction of k to
any τ(Lc) must be constant. Hence g is of proper C*-type.

Suppose that the restriction k\τ{Lc) is non-constant for each ceC*.
For a fixed number c, let μc: r(Lβ) -> C* be an analytic isomorphism of
r(Lc) onto C*. The variable ζ = /*β(p) (peτ(Lc)) is a global coordinate of



RATIONAL FUNCTIONS OF C*-TYPE 165

τ(Lc). The mapping k o μ-1 is a non-constant regular mapping of C* onto
C*. Hence we have k ° μ;:1 = αζm for a non-zero constant a and a non-
zero integer m. So each prime curve of k is non-singular and of order
one and the mapping k: τ(V) —> C* is surjective. An irreducible component
of H is a prime curve of kλ with value 0 or ©o. Hence the closure of
a prime curve of k does not intersect if. A prime curve S of k is a
covering surface over C* with the projection h\8: S -»C* which has no
branch point and no relative boundary. Hence each prime curve of k is
of C*-type. By Lemma 6, each level curve of k is irreducible. Therefore
k is of proper C*-type on τ(V). This means that the restriction g\v of g
to V is of proper C*-type. If / is of direct C*-type, the first Betti
number of τ(V) is 2. Hence g must be of direct C*-type, if / is of direct
C*-type. This Theorem 1 is established.

4. Classification. Let / be a primitive rational function of C*-type
on P2 and B be the union of basic sections of σ*f. For a suitable set
e* = [alf α2, , am} of values of σ*f the triple F = (M*, σ*f\M*f P\e*>
is a locally trivial analytic family of curves with the fibre C*, where
M* = M\(BΌ(Uk (σ*f)-\ak)). If / is of direct C*-type, then b^M*) =m.
If / is of torsional C*-type, then b^M*) = m — 1.

Set C = OkLafe where Laje is the level curve of /with value ak. Since
P2\C is homeomorphic to If*, we get the following proposition from
Lemma 5.

PROPOSITION 4. // / is of direct C*-type on P 2, then f has one level
curve with two irreducible components and the other level curves of f
are irreducible. Iff is of torsional C*-type on P2, then each level curve
of f is irreducible.

Since each level curve of σ*f is simply connected, a singular point
of each level curve of / is an ordinary double point. Since each level
curve of σ*f intersects B at most two points, a connected component of
each level curve of / has at most two boundary points. Each prime curve
of / is smooth and non-compact. If a level curve of / is irreducible, of
C*-type and of order one, then it is regular. By Lemma 6 and Remark
after it, we see the following facts for a critical level curve Lo of /. (a)
If X(L0) = 0, then Lo is of C*-type, irreducible and multiple, (b) If
%(L0) = 1, then one of the following three cases occurs, (i) Lo consists
of two prime curves both of which are of C-type. They intersect each
other at one point in P2\If transversally, (ii) Lo consists of two prime
curves disjoint in P2\If and one of them is of C-type and the other is
of C*-type. (iii) Lo is irreducible and of C-type. (c) If %(L0) = 2, then
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Lo consists of two prime curves disjoint in P2\If both of which are of
C-type.

Let e = {clf c2, , cm} be the set of critical values of / and L* be the
level curve of / with value ct. Set X = P2\(IfU([JZ=iLί)). The triple
(X, f\x, P\e) is a locally trivial analytic family of curves with the fibre
C*. Hence X(X) = X(C*)X(P\e). Therefore, X(P*\If) = X(C*)X(P) +
Ei*i{(Z(ii)-Z(C*)}. Since Z(C*) = 0, we see X(Pt\If)=Σϊ=ιΆLi). Suppose
that / has two points of indetermination. Since X(P2\If) = 1, we have
ΣΓ=iZ(ii) = l By Lemma 6, X(Lt) ^ 0 for each i. Hence one critical
level curve Lio satisfies X(LiQ) = 1. If i Φ i0, then X(Lt) = 0 and all the
level curves of /, except Lio, are irreducible. Since / must be of direct
C*-type, Proposition 4 shows that Lio must be reducible. Therefore, /
belongs to one of the following two classes.
Class (A): A level curve Lx satisfies the condition in (b), (i) and the
other level curves are irreducible and of C*-type.
Class (B): A level curve Lι satisfies the condition in (b), (ii) and the
other level curves are irreducible and of C*-type.

Suppose that If consist of only one point. Since X(P2\If) = 2, we
have ΣΓ=i Z(L<) = 2. We may suppose that %(LX) = Z(L2) = 1 and X(Lt) = 0
for iΦl,2, or that Z(LX) = 2 and X(Lt) = 0 for iΦl. Assume that
Z(Li) = X(L2) = 1. If / is of direct C*-type, then, by Proposition 4, we
may suppose that Lx satisfies the condition in (b), (iii) and L2 satisfies
the condition in (b), (i) or (b), (ii). Therefore, / belongs to one of the
following two classes.
Class (C): A level curve Lx satisfies the condition in (b), (iii) and another
level curve L2 satisfies the condition (b), (ii) and, furthermore, the other
level curves are irreducible and of C*-type.
Class (D): A level curve L± satisfies the condition in (b), (iii) and another
level curve L2 satisfies the condition (b), (i) and, furthermore, the other
level curves are irreducible and of C*-type.

If / is of tosional C*-type, then, by Proposition 4, each level curve
of / is irreducible. Hence we have the following class.
Class (T): Two level curves Llf L2 satisfy the condition (b), (iii) and the
other level curves are irreducible and of C*-type.

Assume that X(LX) = 2. Then we have the following class.
Class (E): A level curve Lx satisfies the condition in (c) and the other
level curves are irreducible and of C*-type.

By Proposition 4, / is of torsional C*-type if and only if / belongs
to Class (T). This fact is used in § 3. Suppose that R is a primitive
rational function of C-type on P\ By the same method as in the proof of
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Proposition 4, we can prove that each level curve of R is irreducible.
By Lemma 6, each level curve of R is of C-type.

§ 2. Functions of direct C*-type.

1. Functions of C*-type with one point of indetermination. In
this subsection, we determine the rational functions of direct C*-type on
P2 with one point of indetermination. By Proposition 3, there is an
analytic automorphism T on P such that T ° f\v is a rational function
of proper C*-type on V = P ' M ^ U C . U Q , where each C, (ί = 1, 2, 3) is
the closure of the prime curve St of /. Let Sa be a prime curve of
C-type of / with value a different from S19 S2, S3. Since S α n F is a
prime curve of C*-type of f\v, the level curve of / with the value a
must satisfy the condition (b) (i) in §1.4 of this chapter. By the classi-
fication of rational functions of C*-type in that subsection, at least two
of the prime curves S19 Si9 SB are of C-type. We suppose that Sλ and S2

are of C-type.
Let ti be an irreducible homogeneous polynomial defining Ct for each

i. The function T ° / is written as T ° / = affitζH"* for a non-zero con-
stant αx and three integers alf a2, az satisfying Σ?=i &i deg tt = 0. We
may suppose that αx is positive. Let β1 and β2 be coprime positive
integers such that βx deg ίx = β2 deg t2 The rational function R = t{ι/φ
is primitive. By Theorem 1, the restriction R\v of R to V is of proper
direct C*-type. Since R is not of torsional C*-type, the classification in
§ 1.4 shows that R must be of C-type. Each level curve of R with the
value different from 0, °o is irreducible and intersects C3 at a point in
P2\If. Since the restriction R\Cz is a rational function of degree one on
C3, a level curve L of R is of order one and each L intersects C3 trans-
ver sally.

Suppose that / belongs to ̂ 7i Then R belongs to ^\γ. Since R
is primitive, R is written as R = a2Rn>k or as R = αaCRn,*)"1 in a homo-
geneous coordinate (X:Y: Z) of P 2, where α2 is a non-zere constant. So
deg tt and deg t2 are coprime and βt = deg £2, /32 = deg ίlβ Hence there
exists a rational function ψn>k of C*-type on P 2 such that the mapping θ
defined by θ(p) = {RnΛv)> »̂,*(2>))> p e P ' N ^ U C J is a birational biregular
isomorphism of P2\{C^C^ onto C*xC. Then the equation ψvfc = Ψ(Rn>k)
on P ' X ί d U ^ ) defines C3 for some rational function W(z) = P(z)/zι, where
P(z) is a polynomial in 2 and I is a non-negative integer. Hence C3 is a
prime curve of order one of the rational function ψn>k — Ψ(Rn>k). The
locus of poles of ψn,k — (Rn,k) is contained in C1U C2. Since deg ίL and
degί2 are coprime, there exists an integer p such that St is a prime
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curve of order a, with the value 0 of /0 = (Rn>k)
p{ψn>k - Ψ(Rn,k)}a3. Then

the function / is written as / = α3/0 for a non-zero constant α3. Since /
is of C*-type, α3 Φ 0. Since / is primitive, the integers p and az are
coprime.

Conversely, in a homogeneous coordinate (X: Y: Z) of P 2 , the equa-
tion ψn>k = Ψ(Rn>k) on P ' X d ^ . i = 0}UK = 0}) defines a prime curve S
of order one of the rational function ψntk — Ψ(Rn,k) on P 2 where Ψ(z) =
P(z)/zι and a polynomial P(z) and a non-negative integer Z are arbitrary.
Since the level curves of Rntk with value 0, °o are multiple, the closure
S does not intersect them. Hence S is of C*-type. The restriction Rnιk\v

of Rn>k to V = P2\({wfc_! = 0}UK = 0}uS) is of proper direct C*-type.
Consider the rational function f0 = (Rn>k)

p{irn>k — Ψ(Rntk)}g for coprime
integers p and q (Φ 0). The curve S is a prime curve of C*-type of f0

with the value 0. Hence, by Theorem 1, /0 is direct C*-type on P 2 . The
curves {wk_x = 0} and {vn = 0} must be the closures of prime curves of
/0. Hence f0 belongs to ^\γ. The restriction ψ\L of ψ = ψn>k — Ψ(Rn>k)
to each level curve L of Rntk is a rational function of degree one on L.
Hence the mapping θx defined by θx{p) = (Rn,k(p), f{p)), P e P 2 \ ( { ^ - i = 0} U
{̂ n — 0}) is a birational biregular isomorphism of P 2 \ ( { ^ _ i = OJUί^ = 0})
onto C*xC. Hence/o is primitive. As is seen in Proposition 5, a rational
function of C*-type with two points of indetermination belongs to ^ 7 .
Hence we obtain the following theorem announced in Chapter 0, § 2.2.

THEOREM 2. A primitive rational function f on P 2 is of direct C*-
type and belongs to ^\τ if and only if f is represented as f = T © f0

where T is an analytic automorphism of P and f0 = Rl,k{ψn,k — Ψ(Rnyk)}9.
Here (Rn,k, ψn,k) is a pair of rational functions of special type belonging
to ^lι given in Chapter 0, § 2, p and q (Φ 0) are coprime integers and
ψ is a rational function P(z)/zι in one variable z for a polynomial P in
z and a non-negative integer I.

Suppose that / belongs to ^\. Then R belongs to ^\. Let C2 be a
prime curve of degree one. The rational function R defines a regular
function Tλ on C2 = P2\C2. Let (x, y) be an inhomogeneous coordinate
of P 2 with C2 regarded as the complex line at infinity. Then T, is a
polynomial function of (x, y). By Jung [1], we know that there exists a
polynomial T2(x, y) such that the transformation (a/, y') = (7\(#, y), T2(x, y))
is an algebraic automorphism of C2. Hence / i s written a s / = a1T"i{T2 —
ΨiTJ}"* for copime α 1 e Z + and a3eZ\{0}, where Ψ(z) = P(z)/z\P(z) is a
polynomial in z and I is a non-negative integer. Since / is primitive,
aγ and α3 are coprime. The converse is not true. There is a case where
T;{T% - ΨiT^Y is of C-type.
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2. Functions of C*-type with two points of indetermination. In
this subsection, we determine the rational functions of C*-type with two
points of indetermination. We use the following lemma.

LEMMA 7. Let C be an algebraic curve on P2 whose complement
P2\C is simply connected. Then C is an irreducible curve of degree
one, that is, a complex line.

PROOF. Suppose that the degree v of the curve C is not 1. Let L
be a curve of degree one on P2. Let (X: Y: Z) be a homogeneous co-
ordinate of P2 such that L = {Z = 0}. Let P(X, Y, Z) be an irreducible
homogeneous polynomial of (X, Yf Z) defining C. Consider an analytic
function ξ = {ZV/P(X, Y, Z)}1/u. The Riemann domain of ς over P2\C is
v-sheeted and unramified with no relative boundary, which contradicts
the assumption that P2\C is simply connected. Thus we have our
lemma.

Let / be a primitive rational function of C*-type with two points
of indetermination on P2. Let σ:M-+P2 be the minimal resolution of
indetermination points of / by {/-processes. Let B19 B2 be two basic sec-
tions of σ*f. Since σ is minimal, we have (B2) = (Bξ) = — 1.

First, we prove that there is at most one irreducible multiple level
curve of C*-type of /. Suppose that / has two irreducible multiple level
curves with the values c19 c2, respectively. The graphs of level curves
o */with the value clf c2 are determined by Lemma 3 (Hi) in a way similar
to that of Chapter II, § 1.1. Each Bi (i = 1, 2) intersects at most two
other components of Σ(f) = σ~\If). Hence a level curve of σ*f with the
value different from c19 c2 consists only of proper transforms of prime
curves of / under the mapping σ~ι. Since the restriction σ*f\Bi of σ*f
to Bt is a rational function of degree one on Bi9 f satisfies the condition
of Class (A) in Chapter III, § 1.4. Only one level curve L of / consists
of two prime curves Slf S2 of C-type which intersect at a point in P2\If.
Denote by §19 S2 the proper transforms of S19 S2 under the mapping σ~\
respectively, The curve Sx U S2 is a level curve of σ*f. We may suppose
that Si intersects Bit Denote by FCι,FC2 the level curves of cr*/ with the
value c19 c2, respectively. Let Kt be the component of Fc. intersecting Bt for
each i. Let τ: M—>τ(M) be the composite of σ -processes which contracts

the curve (F^Kd U (FC2\K2) U S2. Then ( ^ - (τ(^Cl)
2) = {τ{FJ) = 0.

By Proposition 2(ii), τ{M) is biregularly isomorphic to PxP. On the
other hand (τ(B2)

2) = 1, which contradicts the fact that the self-intersec-
tion number of an algebraic curve on P x P is even. Hence we have
proved our assertion.
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The function / has only one reducible level curve L, which consists
of two prime curves S19 S2. At least one of them is of C-type. We
suppose that St is of C-type. If / has an irreducible multiple level curve
of C*-type, denote it by S8. If / has no irreducible multiple level curve
of C*-type, denote by S3 an arbitrary regular level curve. Let ί, be an
irreducible homogeneous polynomial which defines St (i = 1, 2, 3). Consider
the rational functions g2 = ί?2/*iS & = <s8/ίίS where coprime positive inte-
gers a19 a2 satisfy α2 deg ί2 = aγ deg ίx and coprime positive integers βlf_ β3

satisfy β3 deg ί8 = & deg tx. Since the restriction f\r of / to F = P 2 \(SX U
S2 U S8) is of proper direct C*-type, Theorem 1 shows that the restrictions
QΪ\V> 9z\v are of proper direct C*-type. By the classification in § 1.4 in
this chapter, g2 and g3 are of C-type on P2. Since g2 is of C-type on P2,
the restriction g2\S3 of g2 to S3 is a rational function of degree one on S3.
Hence each level curve of g2 intersects S3 transversally at a point and
is of order one. Since g3 is of C-type on P2, the restriction g3\S2 of g3

to S2 is a rational function of degree one on S2. Hence each level curve
of g3 intersects S2 transversally at a point and is of order one. We obtain
a2 = β3 = 1. Hence the restriction of g2 to each level curve L of g3 with
a finite value is a rational function of degree one on L. The restriction
of g3 to each level curve L' of g2 with a finite value is a rational function
of degree one on U. Hence the mapping θ defined by θ(p) = (g2(p), g3(p)),
peP2\Slf is a biregular isomorphism of P2\S1 onto C2. By Lemma 7,
Si is an algebraic curve of degree one. By Proposition 1, we obtain the
following.

PROPOSITION 5. If a rational function f of C*-type on P 2 has two
indetermination points, then f belongs to J?\. In an inhomogeneous
coordinate (x, y) of P2, f is written as f = Λ{TΓΊT2) for coprime integers
m, n, and conversely. Here T^x, y), T2(x, y) are polynomials of x, y
such that (x'y y') = (T^x, y), T2(x, y)) is an algebraic automorphism of C2

and Λ{z) is a rational function of z. If both Tx and T2 are of degree
one, then (m, n) Φ (1, 1).

3. Transformation group defined by C*. Here we give an alterna-
tive proof of the first half of Proposition 5. We also obtain a result on
an analytic transcendental automorphism of the complement of an algebraic
curve on P 2 . Let S be a prime curve of C-type of /. The restriction
f\v of / to V = P2\S has only one point pι of indetermination. Each
level curve of f\v is irreducible and of C*-type. Let Sa be a level curve
of order v of / with the value a. Let μa: Sa -> C* be an analytic isomor-
phism of Sa onto C* = {w I 0 < \w \ < 1} which maps a neighbourhood of
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pt into a neighbourhood of the origin w = 0. For a fixed non-zero com-
plex number c, we consider an analytic automorphism ψa

c of C* defined
by ψc(w) = c*w. The transformation Tc

α = μ'1 ° ψJ o μa of Sα is independent
of choice of μa. The mapping Tc of F\{pJ into itself defined by Tc(p) =
Tc

f{p)(p), pe V\{p1}, is bijective. We prove the following.

LEMMA 8. The mapping Tc is an analytic automorphism of V\{p1}.

PROOF. TO see that Tc is holomorphic in a neighbourhood of Sa, we
may suppose that a = 0. For a sufficiently small positive number r, the
punctured disc Γr = {z \ z Φ 0, \z\ < r} does not contain a critical value.
Consider the tube Vr = {pe V\{p1} \f(p) eΓ r}. Denote by Vr the domain
of existence of the function C/Vr)

1/V. Denote by ώ: Vr —> Vr the canonical
projection. The set So = ώ~\S0) is an irreducible curve on Vr which is
a v-sheeted covering surface of So with no branch point and with no
relative boundary. Hence the domain Vr is analytically isomorphic to
ΓrxC*. Since ώ"1 o Tc © ώ defines an analytic automorphism of Vr\SQ

whose analytic continuation to Vr is still holomorphic on Vr, Tc\Vr is
holomorphic on Vr, which proves the lemma.

By putting Tc{p^) = plf Tc defines an analytic automorphism of V.
Suppose that \c\ > 1. Let U be a solid sphere with the center px. Since
V = lim^oo Te(U) for w-times iteration Γβ

n of Tc, V is simply connected.
Hence, by Lemma 7, S is a curve of degree one. Thus we have proved
the first half of Proposition 5.

We also obtain the following.

COROLLARY TO LEMMA 8. Let C be an algebraic curve in P2. Sup-
pose that the complement P2\C has a regular rational function of C*-type
any level curve of which is irreducible and of C*-type. Then P2\C has
an analytic transcendental automorphism.

4. Exposition of examples. In this section, we give simple examples
of the graphs Σ(f) of rational functions of C*-type with one point of
indetermination, which will help the reader to understand the proof of
Theorem 2.
Class (C): Figure 53.
Class (D): Figure 54.
Class (E): Figure 55.

5. Class (A). Let / be a primitive rational function of C*-type on
P2 belonging to the Class A in §1.4 in this chapter. Let σ:M->P2 be
the minimal resolution of the indetermination points of /. We determine
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FIGURE 53.
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FIGURE 54.
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the graph of Σ(f) and / in another way, which shows a way to construct
functions of C*-type with multiple prime curves of higher order.

We suppose that the level curve of / with the value 0 satisfies the
condition (b)(i) in § 1.4. As was seen in §2.2, we may suppose that each
level curve of / with a finite non-zero value is of order one. Denote by
Slf S2 the two prime curves of / with the value zero and by S3 the level
curve of / with the value oo. Let St be the proper image of S4 under
the mapping σ~x for each i. Let Blf B2 be the basic sections of σ*f.
Then (B?) = (B2) = - 1 . The level curve Fo of σ*f with the value 0
intersects each Bt (ί = 1, 2) at a simple point of Fo transversally. The
component of Fo intersecting Bt is of order one. At least one of §λ and
S2 is an exceptional curve of the first kind.

(1) The case where (Si) = (S|) = - 1 . Lemma 3(ii) shows Fo = S.Ό
So. We may suppose that (S^B^ — (S2 J52) = 1. Suppose that the level
curve Foo of σ*f with the value oo is irreducible. Denote by τ the
σ-process contracting Sx. Then (r(S2)

2) = (τ(B^2) = 0. Hence, by Proposi-
tion 2(i), τ{M) is biregularly isomorphic to PxP. On the other hand,
(σ(B2)

2) = — 1, a contradiction. Hence .Poo must te reducible. The graph
of Foo is that in Lemma 3(iii). By Lemma 2, the graph of Σ(f) must be
as in Figure 56. From this, we see that Sλ and S2 are of order one and

FIGURE 56.

that S3 is of order two. Since (σiS,)2) = (σ(S2)
2) = (σ(S3)

2) = 1, the curves
Slf S2, S3 are algebraic curves of degree one on P2. Let {Xλ: X2: X3) be
a homogeneous coordinate of P2 such that St = {Xi = 0} (i = 1, 2, 3).
Under the inhomogeneous coordinate (sc, y) = (XJXS9 XJXs) of P2, / is
written as / = axy for a non-zero constant α.

(2) The case where (Si) Φ (S2). Suppose that (Si) = - 1 . The
closure of F0\S2 consists of two connected components each of which
intersects a basic section of σ*f. Hence Fo satisfies the condition in
Lemma 3(Hi). Therefore the graph of Σ(f) is as in Figure 57. By
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Lemma 2, we have qr = q\. Let τ be the composite of σ-processes which
contracts Bλ and B2. The graph of τ(Σ(f) U S, U S2 U S3) has the same
property as the graph of Σ{f) and is shorter than it, from which, using
Proposition 2, we obtain another rational function belonging to the Class
(A). The loci of zeros and poles of this new function are the same as
those of /. Repeating these processes, our case (2) is reduced to the
former case (1), Hence / is written as / = axmyn for positive integers
m, n and for a non-zero constant a. Since / is primitive, m and n must
be coprime.

Ps+3
O

o
<7r-i+3 Pr+S

FIGURE 57.

§ 3. Non-existence of a rational function of torsional C*-type on P2.

1. Let / be a primitive rational function of torsional C*-type on
P2. Let Slf S2 be two irreducible level curves of C-type of /. The other
level curves of / a r e irreducible and of C*-type. Let σ:M^P2 be the
minimal resolution of the indetermination point p0 of / by σ-processes.
The basic section B of σ*f satisfies (B2) = - 1 . The restriction σ*f\B of
σ*f to B is a rational function of degree two on B. Hence the curve B
is a two-sheeted ramified covering surface over P with the projection
σ*f By Lemma 3 (Hi), we see that the two ramification points of this
covering surface are over the points /(SJ and f(S2). Denote by Fi the
level curve of σ*f with value /(S<) (i = 1, 2) and by St the proper image
of Si under the mapping σ~\

Suppose that each level curve of σ*fia irreducible. Then B = σ~\{p0})
and σ is the blowing-up at p0. The curve Fλ must be tangent to B with

Pz+3

Qr-ι+3

FIGURE 58.
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order one. Hence Sx = σ{F^ must be singular at p0. Since the multi-
plicity of Si at p0 is two and (F?) = 0, we have (Si) = 4. This means that
Sx is an algebraic curve of degree two. Hence S± has no singular point,
a contradiction. Hence at least one level curve of σ*f must be reducible.

Suppose that a level curve F3 of σ*f with value α, different from
/(SJ and /(S2), is reducible. Since the level curve S3 of / with value a
is of C*-type, by Lemma 3(iii), it must be multiple. Since B intersects
at most two other components of Σ(f), each level curve of cr*/with value
different from /(S3) is irreducible. The graph of Σ(f) is as in Figure 58,
where S3 denotes the proper image of S3 under the mapping σ~\ It
means that Σ(f) has the property (P), which contradicts the fact that
Σ(f) is an exceptional curve. Hence each level curve of C*-type of /
must be of order one. The curve Σ(f) consists of B, the closure Σx of
JFWSi and the closure Σ2 of F2\S2.

2. H ΣtΦ0, then a component Kt of Σt intersects B at a point trans-
versally. Suppose that Kt and §t are prime curves of order one of σ*f
and §i intersects B at KtΓ\B transversally. By Lemma 3(i), the closure
of Ft\§t is an exceptional curve of the first kind, which contradicts the
fact that σ is minimal. Hence Kt is a prime curve of order two of σ*f
and SinB= 0 .

Since Ft is reducible, §t is only one exceptional component of the
first kind of Ft. Let rx: M—>τ1(M) be the σ-process which contracts §t.
Since St is of C-type, r^FJ has only one exceptional component of the
first kind. Let

M >M1 • ••• • Jl

be a sequence of σ-processes τό (J = 1, 2,
ponent of τ$_x o ry_2 ° ° τ2 ° T^Fi). Set τ^

, fc) which contracts a com-
τs ° Ty_! ° ° r2 o rx. For a

- 1

- 2

- 2

FIGURE 60.
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sufficiently large j, the image τs(Ft) contains only components of order
one. Since (τs(β) τ5(F$) = 2 for each j, there exists j such that τά(B)
is smooth and τό(B) intersects two components Clf C2 of order one of
τ, (Ft) transversally at the point £,•(§<). Figure 59 gives a sketch of
τs(Σ(f)). Hence the graph of B\JΣt is not linear. Since Σ(J) is an
exceptional curve of the first kind containing only one irreducible excep-
tional component of the first kind, at least one of the graphs of B[jΣ1

and B\JΣ2 is linear. Hence at least one of Σλ and Σ2 must be empty. So
we may suppose that Σ2 — 0 . By the fact stated in §3.1, Σλ is not
empty.

3. We suppose i = 1 in the former subsection. By Lemma 3(i),
we know that (Cl) = (Q) = - 1 and τ^F,) = CX\JC2. Set Cl = τjXτ,-(§,)).
Denote by Cl, Cl the proper transform of C19 C2 under the mapping τj\ re-
spectively. The graph of rό_γ(Σ(f)) is as in Figure 60. The image τ
must be a point because St is of C-type. Suppose that the point τ
is neither C/ΓΊC/ nor C2'ΠC3'. Denote by Cl' the proper transform of Cx

under the mapping τj\ Since Cl' is a component of F1 of order one, by
Lemma 3(i), the closure of Fx\Cl' is an exceptional curve of the first
kind. On the other hand, the proper transform of Cl U Cl U Cl under the
mapping τj^ is the last branch of Σ(f). So F1 must be exceptional, a
contradiction. Hence the point T^SJ is ClΓiCl or ClΓϊCl. We may
suppose that τ,-_,(§,) = C/nC/. The graph of τά_2(Σ(f)) is as in Figure 61.
Since Σ(f) is an exceptional curve of the first kind, three components of
Σ(f) near B must be as in Figure 62 (a). Suppose that the graph of
Σx is linear. By Lemma 2, the graph of Σ(f) must be as in Figure 62(b).
On the other hand, τ^F^ = TΊCΣΊ) has the graph in Lemma 3(iii), which

2 2 1 3

FIGURE 61.

2 2 3 2 2 3

C[ 0 9 0 c\ o-Q^-
ό
1 1
B B

(a) (b)

FIGURE 62.
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is impossible. Hence Σx has at least one diverging component. Since F1

has the property (P), the graph of Σ(f) is as in Figure 63 (a) or (b).
Suppose that Σ1 has only one diverging component. Since Σ(f) is

an exceptional curve of the first kind, the graph of Σ(f) is as in Figure
64 (a) or (b). The portion in the parenthesis may not exist. This contra-
dicts the fact that F1 has the property (P). Hence Σ1 has at least two
diverging components. Since Fγ has the property (P), the graph of Σ(f)
must be as in Figure 65 (a) or (b). In Figure 65, the mark labeled T(p)
represents the diagram in Figure 66.

Suppose that Σx has two diverging components. Since Σ(f) is an
exceptional curve of the first kind, the graph of Σ(J) is as in Figure 67.
This contradicts the fact that Fx has the property (P). Repeating these

2 2

c;
2 2 3 Pi+1

1

B

1

B

(a) (b)

FIGURE 63.

FIGURE 64.

22
T(Pl)

(a)

FIGURE 65.

(p=0)

P + l 3

FIGURE 66.
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processes, we see that Σ(J) must have the graph with infinite length as
in Figure 68.

c;
2 2

OO-
O
1

T(Pι)

2

-o- Πft)

FIGURE 67.

2 3

FlGURE 68.

It is a contradiction. Thus we have proved the following theorem.

THEOREM 3. There exists no rational function of torsional C*-type
on the two-dimensional complex projective space.
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