
Tόhoku Math. Journ.
38(1986), 269-279.

INFINITESIMAL DEFORMATIONS OF TSUCHIHASHΓS
CUSP SINGULARITIES

SHOETSU OGATA

(Received April 25, 1985)

0. Introduction. Let (X, xQ) be a normal isolated singularity of
dimension n. Assume that X is a Stein neighborhood of the singular
point x0 and that x0 is the only singularity of X. The set of first order
infinitesimal deformations of X is the finite dimensional vector space T*,
which is isomorphic to Extox(Ωχ, Ox). In [FK] Freitag and Kiehl proved
that Hubert modular cusp singularities of dimension greater than two are
rigid in the sense of Schlessinger [Sc], that is, Tz — 0. Behnke and
Nakamura computed Tx for two dimensional cusp singularities ([B 1], [B 2]
and [N]).

Here we are interested in deformations of normal isolated singularities
constructed by Tsuchihashi in [T]. Theorem 3 shows that these singulari-
ties of dimension three are not rigid in general.

Thanks are due to Professors T. Oda, M. Namba and M.-N. Ishida for
many helpful conversations.

1. Tsuchihashi's cusp singularities. Let N be a free Z-module of
rank n>l and NR:= N®ZR. Consider a pair (C, Γ) consisting of a
nondegenerate open convex cone C in NR and a subgroup Γ in GL(N): =
Autz(JV) satisfying the following conditions:

( i ) C is /^-invariant.
(ii) The action of Γ on ΰ : = C/R>0 is properly discontinuous and

fixed point free.
(iii) The quotient space DjΓ is compact.
In [T] Tsuchihashi has associated to such a pair (C, Γ) an isolated

singularity, which we may call Tsuchihashi's cusp singularity. This is a
singular point of the normal analytic space X: = ((NR + V^ΛC)IN'Γ) U {x0}.

Let N* be the dual Z-module of N with the natural pairing < , >:
iV* x JV —> Z, and let dy and dy' the Lebesgue measures on NR and N£
respectively. Let C* := {y'eNί; {y\ y) > 0 for all y in C\{0}} be the
dual cone of C. The characteristic function of the cone C is

Φ Jc*
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defined by Vinberg [V], which satisfies the properties that φ{gy) =
\det(g)\~^(y) for a linear automorphism g of NR preserving C, that φ(y)
diverges to infinity when y approaches the boundary of C and that the
Hessian of φ is positive definite on C. For a point z = x + V^Λy in
NR + i / ^ Ί C , let Φ(z):= φ(y). The real-valued function Φ on NR + l/^TC,
is iV /^-invariant and strictly plurisubharmonic. Let V(c):={zeNR +
l/ —1C; Φ(z) < c} and F(c) := {ί/eC; φ(y) < c} for each positive real number
c. Then V(c) = NR + / ^ Ϊ 7 ( c ) . Since the function Φ is ΛΓ Γ-invariant,
it may be regarded as a function on X with Φ(a?0):=0. Let W(c): =
{z e X; Φ{z) < c} for each positive number c. Then W{c) = (V(c)/N-Γ) U {x0}.

The elements of the local ring OX)XQ can be represented by holomorphic
functions on V(c)/N-Γ for sufficiently large c > 0 which are continuous
at a0. For a function / in H°(W(c), Ox), the pull-back / to V(c) of / is
an iV Γ-invariant holomorphic function f{z) bounded for y in V{c) with
I y I sufficiently large, where 2 = sc + V — \y is in NR + l/-17(c) and | |
is a fixed Euclidean norm on iV*. Since f(z) is iV-invariant, it has the
Fourier series expansion

μeN*

where e( ) := exp(27ri( )) The coefficients α̂  vanish for μ$ iV* DC*. In-
deed, for μ $ AT* ΠC*, there exists a 2/ in F(c) such that (μ, y) is negative.
Since f(x Λ-V — \y) is bounded for \y\ sufficiently large, α^exp(—2π(μ, ty))
is bounded for all t ^ 1. Hence we have aμ = 0 for μgiSPnC*. An
element 7 e Γ acts on /(z) as

τ/(2) = Σ aμe«μ, 7z)) = Σ ^β«7^, «» - Σ Jiτ-iAd** 2 »
^eiV*ΠC* ^ 6 ^ * 0 0 * μeiV*ΓK7*

Set F » : = Σrβr e«7/«, 2» for μeN*Γ\ C*. Then

^ Σ |β«Ύj«, «»| = Σ \e«yμ, x + l/^y)) ! = Σexp(-2τr<7i«, »»
Γ Γ /1

C*
= Kφc{y)

for some positive constant K. Hence Fμ{z) is a holomorphic function on
NR + i / ^ l C . Since /(«) is also Γ-invariant, we can express f(z) as

= Σ bμFμ(z)
μe(N*f)C*)/Γ

Hence an element / in H°(W(c), Ox) is represented by a holomorphic
function / on V(c) which has the Fourier series expansion of the form

/GO - Σ KFμ(z) + bQ .
μe(N*f)C*)/Γ
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LEMMA 1. The image of H°(X, Ox) in H\W(c), Ox) is dense with
respect to the topology of uniform convergence on compact subsets in
W(c) for any positive number c.

PROOF. Since Fμ(z) for μeN*f)C* is a iV Γ-invariant holomorphic
function on NR + V — 1C and bounded for y in C with | y | sufficiently
large, it represents an element of H\X, Ox). The function / on V(c),
representing an element / in H\W{c), Ox), has the Fourier series ex-
pansion

/(*) = Σ bμFμ{z) + b0 ,
μe(N*f)C*)/Γ

where the series on the right hand side converges absolutely and uniformly
on any compact subsets in W(c). Hence f(z) can be approximated by finite
sums of Fμ(z). q.e.d.

2. Main results.

THEOREM 1. Let U:= X\{x0}. When n ^ 3, we have canonical iso-
morphisms

TX~H\U,ΘX)~H\Γ,NC),

where the last term is the first cohomology group of the group Γ acting
naturally on Nc:= N (x)z C, while Θx is the holomorphic tangent sheaf
of X.

We shall prove Theorem 1 in Section 3.

THEOREM 2. When the cone C is decomposable, that is, the product
C1 x x Cr of more than one nontrivial convex cones Clf , Cr then
H\Γ, Nc) = 0. Consequently, we have Tx = 0 when n ^ 3 and when the
cone C is decomposable.

PROOF. We denote by Aut(C) the group of linear transformations of
NR preserving C. We may assume that Ct are indecomposable. Then
Πί=i Aut(CJ is a normal subgroup of Aut(C) of finite index. Let Γo: =
ΓΠ(ΠΓ=i Aut(Ci)). Then Γo is a normal subgroup of Γ of finite index.
From the Hochschild-Serre exact sequence

0 -> H\Γ/Γ0, (Ncfo) _> H\Γ, Nc)

- H\Γ0, NcY
Γ'Γo> ̂  H\Γ/Γ0, (Nc)

Γo) ,

we have an isomorphism

H\Γ, Nc) ~ H\Γ0, NCY
Γ/Γ^ ,

the right hand side being the invariants with respect to the natural action
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of Γ/Γo, because higher cohomology groups of a finite group with coef-
ficients in a vector space are trivial. We prove that H\Γ0, Nc) = 0. Let
H be the subgroup of ΠΓ=i Aut(C<) consisting of those automorphisms of
C which induce homotheties of Cif thus (i?>0)

r — i ί c Π L i Aut(C<). Since
HΠΓO is a normal subgroup of Γo, we have an exact sequence

S e t S:=Hf]ΓQ a n d Q := Γ0/(HΠΓ0). L e t D.-.^CJR^ (ΐ = 1, - - . , r ) .

Taking the quotient with respect to the action of H/(R>0) ~ (R>0)
r~\ we

have a natural surjective morphism D-» (Ax xDr). Then we have
the fibration

with the fiber (Λ>0)
r~7S, which is compact since Z?/Γo is compact. Hence

S is a free abelian group of rank r — 1. From the exact sequence

we have the Hochschild-Serre exact sequence

0 -> H\Q, (Nc)
s) -> ff XΛ, JVC) -> ίP(S, iVc)

Q - iϊ2(Q, (NCY) .

Since (iVc)
5 = 0, it suffices to show that H\S, Nc) = 0. Since C = C,x

• x Cr is the decomposition of C into the product of indecomposable
cones, we have Nc = Vγ 0 0 Vr. An element h in H acts on v =
(vlf , vr) in iVc = V Ί Φ 0 F r as λv = (e^Λ)^, , εr(/*K) with e/Λ) >
0, that is, h acts on each Vs as a scalar multiplication. Hence we have
H\S, Nc) = φ j β l i ϊ X S , Vj). W e c l a i m t h a t ί ί ^ S , V3) = 0 foτ j = 1, ---,r.

Indeed, a 1-cocycle feH\S, Vό) is a function from S to Fy which satisfies
/(SA) = ^i(si)/(s2) + /(Si) for all sx, s2 in S. Since S is an abelian group,
/(SiS2) = /fesO, hence we have

(e^βj - l)/(s2) = (ε,(s2) - l)/(8 l) .

Since there exists an s0 in S with 63 (β0) Φ 1, for any s in S we have

f(s) = (6i(8) - l)(/(8o)/(ey(8o) - 1)) .

This shows that / is a coboundary, and hence Hι(S, Vό) = 0. q.e.d.

THEOREM 3. TFftew n = 3, we Λαt e

3(1 - Z(D/Γ)) ^ dimc Tjt ^ -BX(D/Γ) ,

where X(D/Γ) is the Euler number of the compact real manifold D/Γ.

PROOF. First we prove that (NC)
Γ = 0. It is enough to prove that

(NR)Γ = 0 because (NC)
Γ = (NR)Γ (g)Λ C. Assume that there exists a non-
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zero element v in NB invariant under the action of all elements in Γ.
By the assumption that Γ acts on D = C/R>Q fixed point freely, we see
that v is not contained in CU(-C). Set Hυ : = {v' eiVΛ*; (v', v) = 0}.
Then i?", n (C* \{0}) ^ 0 . Set S': = ty' e C*; ^(v') - 1}. Then Γ acts on
S' properly discontinuously and fixed point freely as well as on Dr: —
C*/R>0, and we have S'/Γ — D'/Γ. For any real number r set Hυ(r): =
{*?/ eiVί; (yf, v) = r}, and we have that Hυ(r)f)S' is Γ-in variant. Set
Rf := {r eiJ; Hυ(r)ΐ\S' Φ 0}. Then R' = R or iί> 0. Hence we have a
disjoint union Ur€ij' (Hv(r) Π Sf) and a fibration S'//1 —*• i?' This contradicts
to the assumption that S'/Γ is compact, because the image R' of the
compact set S'/Γ by the continuous map must be compact, but Rf is
really not compact. Thus we see that (NR)Γ = 0, hence (NC)

Γ = 0.
Assume that Γ is the quotient group of a free group F generated

by s (2^2) elements. Then we have a natural injection H\Γ, Nc) —>
H\F, Nc). We take the C[iΠ-free resolution of the trivial C[iΠ-module
C as

where IF is a complex vector space generated by (/ — 1) for feF\{l}
and is known to be a free C[F]-module of rank s (see, for example,
[HS]). From this we have the exact sequence

0 - Homc[F](C, Nc) - HomcW(C[F], JSΓC) -> Komcm(IF, Nc) -> H^F, iVc) -> 0 ,

where HomcEί.](C, iSΓc) ~ (iVc)Γ = 0 and RomcίFiIF, Nc) - (iVc)
β. Hence

άimcH\F, Nc) = (s - l).dimc(ΛΓc) .

Since Γ1 is isomorphic to the fundamental group of the (n — l)-dimensional
compact real manifold D/Γ, we can choose s so that s = 2 — X{DjΓ) when
n = 3. Thus we proved that

3(1 - X(D/Γ)) ̂  dimc £P(Γ, Nc) = dimc Γ | .

On the other hand, since Γ is isomorphic to the fundamental group
of D/Γ, the chain complex of the universal covering space D of D/Γ gives
a finite C[Γ]-free resolution of the trivial C[Γ]-module C (cf. [Se]); more
precisely, let Σ be a finite triangulation of D/Γ. The triangulation I'
determines a /""-invariant triangulation 21 of D. Let CO?) be the chain
complex with coefficients in C obtained from Σ. Since D is contractible,
we have an exact sequence of complex vector spaces

0 -> CnM) -> > C^Σ) -> C0(Σ) -> C -> 0 ,

which is also an exact sequence of C[Γ]-modules. Then we see that the
Euler-Poincare characteristic X(Γ) := Σj-J (-l^-dimcBΓ^Γ, C) of Γ is
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equal to the Euler number X{D/Γ) of D/Γ. Moreover, since Hj(Γ, Nc) are
the cohomology groups of the complex consisting of the invariants of
ΈLomc(C.(Σ), Nc) with respect to the action of Γ, we have

Σί-iydimcfΓ^Γ, Nc) = άimc(Nc)-X(Γ) .

Since H°(Γ, Nc) = (NC)
Γ = 0, we have

dimc n = dimc H\Γ, Nc) ^ -3 X(D/Γ) if n = 3 . q.e.d.

REMARK. Tsuchihashi proved in [T] that if the compact real manifold
D/Γ is a two-dimensional real torus, then the normal isolated singularity
X associated to (C, Γ) is a Hubert modular cusp singularity and that
D/Γ cannot be a Klein bottle. Hence we see from Theorem 3 that
Tsuchihashi's cusp singularity X of dimension three is not rigid if the
cone C is indecomposable, since X(D/Γ) is then necessarily negative.

REMARK. Recently Tsuchihashi proved that dimc Tj = -3X(D/Γ) when
n = 3, and he succeeded in constructing a versal family of Tsuchihashi
cusp singularities of dimension greater than two by using our main result,
namely Theorem 1. His results say that Tsuchihashi cusp singularities
of dimension greater than two are not taut and that these singularities
have no smoothing.

3. Proof of Theorem 1. We utilize a method partly analogous to
that employed by Freitag in [F].

LEMMA 2. The complex manifold Y:= (NR + V — 1C)/N and the com-
plex analytic space X = ((NR + V — lC)/N Γ)\J{x0} are Stein spaces.

PROOF. The algebraic torus N(g)zC
x = (N(x)zC)/N is obviously a

Stein space. Since Y is a strictly pseudoconvex domain in iV(x)zC
x, it

is a Stein space as well.
The continuous function Φ:X-+R>0 is strictly plurisubharmonic on

F\{cc0}. Hence the relatively compact subset W(c) = {zeX; Φ{z) < c) is
a Stein space for any positive number c. Indeed, since W(c) is a strictly
Levi pseudoconvex domain in X, there exist a Stein space W(c) and a
proper morphism ψ: W{c) —» W(c) satisfying the following conditions

(a) HXW(c),Oww)czH°(W(c),O*M)f

(b) there exist finite number of points z[, , z'r in W(c) such that
ψ"\zj) are compact subvarieties in W{c) of positive dimensions and that
ψ: W(c)\ UJ=iψ"1(^) -> W(c)\{z[, ••-,<} is an isomorphism ([GR, Chap. IX,
Theorem C.4]).
From its proof, we see that ψ: W(c)\{x0} ^ψ(W(c)\{x0}) is an isomorphism,
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because Φ is strictly plurisubharmonic on W(c)\{x0}. Hence ψ~\ψ(Xo)) = {xo},
and <f is an isomorphism.

Let {ct} be a sequence of positive numbers with 0 < cλ < c2 < —> °o.
Then W(cι) c W(cι+1) and X is the union of Stein spaces UΓ=i W(ct). Since
ίίo(TΓ(ci+1), Ox) is dense in i?°(TFfe), Oz) by Lemma 1, we see that X is
a Stein space ([GR, Chap. VII, Theorem B.10]). q.e.d.

LEMMA 3 (Schlessinger [Sc]). Let i:X-+Cd be a closed embedding.
Then there exists an exact sequence

0^Tx-> H\U, Θx) ^ H\U, i*Θcd) .

Since Γ acts on the Stein manifold Y properly discontinuously and
freely, H\Y, Oγ) = H"(Y, Θγ) = 0 for all v > 0 and Rvp*Oγ = Rvp*Θγ = 0
for all v > 0 (p: Y-+U = Y/Γ is a canonical projection). Hence we have:

LEMMA 4 (Grothendieck [G]). In our situation, we have natural iso-
morphisms

and

for all v.

PROPOSITION 1. The canonical inclusion C—>H°(Y,OY) as constant
holomorphic functions induces the natural homomorphisms

which are isomorphisms for 1 ^ v <; n — 2.

PROOF. The vector spaces HV(Γ, H\Y, Oγ)) are finite dimensional for
1 <̂  v <; n — 2. Indeed, we have

H\Γ, H°(Y, Oτ)) ^ H»(U, Ou) and

H>(U, Oπ) a H£\X, Ox) for all v .

The local cohomology groups H*0(X, Ox) are finite dimensional vector spaces
for j < n9 since U = X\{α?0} is smooth ([BS, Chapter II, Corollary 4.5]).

Put M\— {/: iVjt + l / ^ ΐ C - ^ C holomorphic functions such that f(μ + z) =
f(z) for all μeiV}. Then iΓ(Γ, OF) ~ M. A function f in M has the
Fourier series expansion

/GO = Σ M<iκ, «» ,
/teiV*

and the coefficients aμ = aμ(f) are written as
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f(z + u)e( -<μ,z + u))du ,
)JD{N)

which are independent of z, where du denotes a fixed Lebesgue measure
on NR, D(N) is the fundamental domain of N in NR and vo\(D(N)) is the
volume of D(N) with respect to du. Set M° := {feM; αo(/) = 0}. The
/"-module ikf decomposes into M— CφM°. The proposition is equivalent
to H%Γ, M°) = 0 for 1 ^ y ^ n - 2. Set JV0* := ΛΓ*\{0}. An element of
M° is a convergent Fourier series

on which T G Γ acts as

^eΛΓ jcetfj ^eΛΓ

We can decompose ikί° into Γ-invariant submodules. We associate to
μ e JV0* the submodule

M*: = {/eΛΓ°; αv(/) = 0 for v ί Γμ) .

If Âi* " "> Pm a r e elements in iV0* such that Γμlf , Z 7 ^ are disjoint, then
we have

where any element / of L has the Fourier coefficients aΐμj(f) = 0 for all
7 in Γ and j = 1, , m. When μr = rμ (r = 1, , m), the modules
ΛfJ, ikf2% , Mi^ are isomorphic to each other under the mappings

Therefore

dimc H%Γ, M°) ^ m dimc H%Γ, M°μ) (1 ^ v ^ n - 2)

for all positive integers m and μeN0*. Since ίPCΓ, Λf°) are finite dimen-
sional, we have H\Γ, M§ = 0foτl<,v^n-2 and μeN0*.

Note that M° is a Frechet space with the topology of uniform con-
vergence on compact subsets. We can calculate the cohomology groups
H\Γ, M°) by H%Γ, M°) = Extϋ(C, M°) where A = C[Γ] is the group ring
of Γ.

Since Γ is isomorphic to the fundamental group of the compact real
manifold DjΓ, there exists a finite A-free resolution of the trivial A-
module C

For example, the chain complex determined by a Γ-invariant triangulation
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of D as in the proof of Theorem 3 is a finite free resolution of the trivial
A-module C (see [Se, Proposition 9]). Then we have complexes U and
Uμ from which we can calculate the cohomology groups of M° and Mμ:

and
μ. U —» Liμ —• ±Jμ —> L/μ

where Lv and L* are the direct sums of finitely many copies of M° and
Mμ, respectively. By Zv and Bv we denote the subspaces of cocycles and
coboundaries in L", respectively. By Z"μ and Bv

μ we denote those in Lμ.
Since Zμ = 2?£ for 1 ^ v ^ n — 2 by the vanishing of the cohomology
groups HU(Γ, Mμ) and since the direct sum of the submodules Mμ is dense
in Λf°, the direct sum of the submodules Bμ<zBv, where μ runs through
JV0* modulo Γ, is dense in Zv. Hence Bv is a dense submodule of Z\
Note that Lv is a Frechet space, since it is the direct sum of finitely
many Frechet spaces. It remains to prove that BuaLu are closed sub-
spaces for 1 <; v ^ n — 2.

Since ZV[BU is finite dimensional for 1 ^ v tί n — 2, there exists a
finite dimensional vector subspace V of Zv such that Zv = V + Bv and
that the natural mapping

is surjective. By the open mapping theorem (see, for instance, [Y]), this
mapping is open, i.e., Z* can be identified with the quotient space of

1"1. Therefore the image Bu of I/" 1 is closed in Z\ q.e.d.

COROLLARY. We have isomorphisms

H\ΓyNc)-H\Γ,H\YyΘγ)) for l ^ v ^ n - 2 .

PROOF. The dimensions of the cohomology groups HV(U, Θπ) for 1 ^
v S n — 2 are finite since the local cohomology groups Hϊ+\X, Θx) for
1 ^ v ^ n - 2 are finite dimensional and since HU(U, Θπ) ^ H£\X, Θx)
for 1 ^ v <S n ~ 2. Thus we can apply the argument in Proposition 1 to
this case by noting H"(Y, Θγ) a N®ZH

V(Y, Oγ). q.e.d.

PROPOSITION 2. The morphism H\U, Θx) —> H\U, i*Θc<ι) is the zero
map, i.e., Tx ~ Hι(U,θz).

PROOF. For any element / in Ox>a.0, there exists a positive number
c such that / is a holomorphic function on (NR + \/~^ΛV(c))IN Γ. The
pull-back of / has the Fourier series expansion

Σ _ aμe((μ, z» .
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We can easily see that aΐμ = aμ for all Ύ eΓ and that the maximal ideal
of OX)X0 is generated by elements of the form Fμ(z) = ΣreΓβC^/Λ z))
with μe No* f)C*. Let flf * ,/d be generators of the maximal ideal of
OX,XQ so that fj(z) are of the form Fμ(z) for some μeN?f]C*. Let
#i> •••>#<* be the coordinates for Cd such that x, = fs(z). The tangent
sheaf of Cd is free with {d/dx19 , d/Sα̂ } as a basis:

^ = φ H\Γ, H\Y,
X i

Let

X .HXY, Θy)-* ® H°(Y, (
3=1

be the linear mapping with components Xj (j = 1, , d), where

for any section Σk=ihk(d/dzk) of <9F.
To calculate the mapping

we consider the composite

C^H\Y, θγ) ~ N®zH\Yy Oy) h Ή\Y, Oγ) ~

Let {%!, , t6J be a Z-basis of N. Then a point z in iVc is expressed
as z = «!%! + + znien. Taking 2X, •••,«„ as the coordinates for Nc, we
have

dFμ(z)/dzk = Σ>2πl/=ϊ<Ύμ, uk)e«Ύμ, z» .
γeΓ

Hence the image of the composite (*) is in M°. By Corollary to Proposi-
tion 1, the mapping Xf factors as

H\Γ, Nc) ̂  H\Γ, H\Y, Θγ)) -> HXΓ, M°) ̂  H\Γ, H\Y, Oγ)) .

By Proposition 1, we have H\Γ, M°) = 0 hence Xf = 0 for all j . q.e.d,

This completes the proof of Theorem 1.
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