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Abstract. We give explicit upper bounds for the discriminants of the non-normal
quartic CM-fields with class number one, and for the discriminants of the dihedral octic
CM-fields with class number one. These upper bounds are too large to enable us to
achieve the determination of these number fields. Nevertheless, whenever a real quadratic
number field & is fixed, we can explain how to determine the non-normal quartic CM-
fields or the dihedral octic CM-fields with class number one and with real quadratic
subfield k.

1. Introduction. Uchida [17, Theorem 2] proved that there exist only finitely
many imaginary abelian number fields with class number one. In fact, the class number
one problem for imaginary abelian number fields has lately been settled by Yamamura
[20], and it is now known that there are exactly fifty-four imaginary abelian quartic
number fields with class number one, that forty-seven of them are bicyclic biquadratic
(see [1]) and that seven of them are cyclic quartic (see [14]). Hence, it is time to move
on to the determination of the non-abelian or even non-normal CM-fields with class
number one since Uchida [17, Remark 1] also proved that there exist only finitely many
CM-fields of fixed degree with class number one. Here, we are interested in the lowest
degree cases, i.e. in the non-normal quartic and normal dihedral octic cases. The aim
of this paper is to get reasonable upper bounds for the discriminants of these number
fields and to explain why these upper bounds would eventually make it possible to
determine these number fields thanks to a reasonable amount of numerical class number
computations.

Theorem A shows that a dihedral octic CM-field has relative class number one if
and only if it is a normal closure of a non-normal quartic CM-field with relative class
number one. Theorem B provides a lower bound for the relative class numbers #*(K)
of non-normal quartic CM-fields K. From this lower bound, we get an upper bound
for the discriminants of the non-normal quartic CM-fields K with relative class number
one, together with an upper bound for the discriminants of their real quadratic subfields
k. Then, Theorem C provides much better upper bounds for the discriminants of the
non-normal quartic CM-fields with relative class number one which are quadratic
extensions of a fixed real quadratic number field. Theorem D provides us with a strong
necessary condition for a CM-field to have class number one, and enables us to sieve
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the non-normal quartic CM-fields which are quadratic extensions of a fixed real quadratic
subfield, with only few number fields remaining. At present, the techniques we have
developed here enable us to find the non-normal quartic CM-fields or the dihedral octic
CM-fields with class number one which are extensions of a fixed real quadratic number
field. For example, in Theorem E we show that there are exactly six non-isomorphic
non-normal quartic CM-fields with class number one, and exactly five dihedral octic
CM-fields with class number one which are extensions of Q(\/ 5).

We would like to thank the referees for careful reading of the previous versions
of this paper and for valuable suggestions for improvements. Moreover, we point out
that thanks to Theorem B the author and R. Okazaki have lately managed to determine
all these non-normal quartic CM-fields with class number one: there are thirty-seven
non-isomorphic such number fields (see [11]).

2. Lower bounds for relative class numbers of dihedral octic CM-fields and of
non-normal quartic CM-fields. The normal closure of a non-normal quartic CM-
field is a dihedral octic number field. To clarify the relationship between these number
fields, we first consider the relationship among the subfields of a general dihedral octic
number field. Now, let /V be a dihedral octic number field, so that its Galois group is
the dihedral group D, of order 8 with the generator-relation presentation D,=
{r,s;r*=s?=1d, srs=r>). Then, N has five quartic subfields and three quadratic
subfields. Let NV, be the unique normal quartic subfield of NV and let k , be the quadratic
subfield of N, such that N/k, is cyclic. The lattice of subfields is as in the Figure
with

Gal(N/N,)={Id,r?},  Gal(N/k,)={1d,r,r? r?},
Gal(V/K,)={Id, s}, Gal(N/k,)={1d, 5, %, sr?} ,
Gal(N/K,)={Id,sr},  Gal(NJk,)={Id, sr, r, sr*},
Gal(N/K;)={1d, sr*},  Gal(N/K})={Id, sr*} .
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K,, K|, K, and K, are the four non-normal quartic subfields of N, and k,, k, and k.
are the three quadratic subfields of N. Moreover, K; =r3(K,) is isomorphic to K; and
K, =r3(K,) is isomorphic to K,.

THEOREM A (see [19, Corollary]). Let the notation be as above. We denote by K
any one of the four non-normal quartic subfields of N and by k its quadratic subfield.
Then we have the following relations for Dedekind zeta functions, discriminants and relative
class numbers:

(@) CN(S)=CK1(S)CK2(S)CR+/CQ(S)2'

(b)  In/in. (9)=k(s)/Culs))*.

(© d(N)/d(N,)=(d(K)/d(k))*. Hence, d(K,)/d(k,)=d(K,)/d(k).

(d) N is a CM-field if and only if K is a CM-field. Moreover, if N is a CM-field
then N is the maximal totally real subfield of N and

h*(N)=Qn(h*(K))*/2 .
Here Qne{1,2} is Hasse’s unit index of N. Hence, h*(K,)=h*(K,). In particular,
h*(N)=1 if and only if W*(K)=h*(K,)=1.
Proor. The eight elements of D, fall into five conjugacy classes:
C,={Id}, C,={r*}, Cy={r,r*}, C,={s,sr’} and Cs={sr,sr’}.

Hence, there are five irreducible characters. Let y;, 1 <i<4 be the four characters of
degree one and let ¥/, be the character of degree 2. As in [13, pp. 52-53], the irreducible
characters of D, are as in Table 1.

Let M be an intermediate number field between N and Q. Let H=Gal(/N/M).
Let y, be the principal character of H and let y,,=x& be its induced character of D,.
Hence,

1
(%) xM(g)=ﬁ#{x€D4; gex 'Hx}, geD,.

TABLE 1.

c, C, C, C, Cs

Yo 2 -2 0 0 0

v, 1 1 1 -1 —1

Ve 1 1 -1 -1 1
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TABLE 2.

C, C, C, C, Cs
AN 8 0 0 0 0
AN, 4 4 0 0 0
Tks 2 2 2 0 0
Xk, 4 0 0 2 0
Xk, 2 2 0 2 0
Ik, 4 0 0 0 2
Xk, 2 2 0 0 2
Xo 1 1 1 1 1

Then, {p(s) = L(s, 30, N/M)=L(s, x> N/Q). Now, from (x) we get Table 2.
Hence, we get (a) and (b) from the following factorizations:

IN=20o+Y +Yo+Ys+y, and (y=Lj L, L,L,L,,
AN, =V1t¥,+¥3+y, and ({y =L, L,L,L,,

X, =Y1+y, and (=L, L,,,

Xk, =Vo+V¥i+¥; and (x,=L,L,L,,,

Xg=Y1+¥s and (=L, L,,,

Xk, =VYot+¥i1+y, and (=L, L, L,,,

Y =¥1+V¥, and (=L, L,,,

Xo=¥, and (=L, .

(c) follows from (b) and the functional equations satisfied by the four Dedekind
zeta functions {y, {n,, {x and {,. Indeed, set

d(Nyd(k)?
A=—"7"—.
d(N,)d(K)?

Then, there exist integers m and »n (such that m+ 2n=0) which depend on the numbers
of real and complex embeddings of k, K, NV, and N such that
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{nCal(s)?
(v, (5)Ck(s)?
=A*I'(s/2)™(I'(s)/2)" (thanks to Theorem A(b))

S (s):=A°T(s/2)"(I'(s)/2)"

satisfies f(s)=f(1—s), hence is holomorphic in the whole plane. Looking at the value
at s=—1 we get n=0. Looking at the value at s=0 we then get m=0. Hence,
f(s)=A°=A'"*=f(1—s) implies 4=1. Let r,(M) denote the number of real
embeddings of any number field M. We note that we have

(*) 0=m=r(N)—ri(N,)+20r (k) —r(K)).

Now we prove the first part of (d). Assume that Nis a CM-field. Then, the complex
conjugation ¢ commutes with any element of the Galois group D, of N. Hence, ¢=r?
and NV, is totally real. Thus, k is a real quadratic number field and (*) yields 0= — 2r,(K).
Hence, K is a totally imaginary quartic number field that is a quadratic extension of
the real quadratic number field k. Thus, K is a CM-field. Conversely, assume that K is
a CM-field. Then K is totally imaginary and k is a real quadratic number field. Hence,
N also is totally imaginary. Thus, r;(N)=0, r,(k)=2 and r,(K)=0. Then (*) yields
ri(N,)=4. Thus, N is a CM-field.

The second part of (d) follows from (b), (c) and the analytic class number formulas,
since +1 are the only roots of unity in NV and since Lemma 1 below provides Qx=1.

Lemma 1. Let K be a non-normal quartic CM-field which is a quadratic extension
of a real quadratic number field k. Then, the roots of unity in K are —1 and +1, and
the fundamental unit ¢o(K) of K may be taken to be to the one ¢o(k)>1 of k, i.e. Qx=1.

Proor. There exist non-zero integers n and #’' such that gy(k)= =+ (go(K))" and
Nyuleo(K))=(go(k))”, and we may choose &y(K) so that n is positive. Hence,
(e0(K))* = Ngu(8o(k)) = (N u(eo(K)))" = (¢o(k))™ . Hence, n=1 or n=2. If we had n=2
then, as / +éo(k)ek, we would have K=k(v/ £¢o(k)) and K would not be totally
imaginary if we had + = +, or if we had + = — and N, (eo(k)) = — 1, while it would
be normal if we had + = — and Ny g(eo(k))= +1.

LEMMA 2 (see [5, Lemma 2] and [15, Lemma 3]). Set c=(3+2+/2)/2. Let
M+ Q be an algebraic number field. Then, {y; has at most one real zero in the interval
[1—(1/clog(|d(M)|)), 1[; if such a zero exists, it is simple.

COROLLARY 3. Let the notation be as in Theorem A. Set Ag, =d(K)/d(k), which
does not depend on the choice of K by Theorem A(c). Set I.=[1—(1/4clog(Agu)), 1[.
Note that (g, =k, and (g, =(x,.

(a) At least one of {,(s) and {,(s) has no real zero in the interval I.

(b) If {i(s) has no real zero in the interval 1., then {x(s) also has no real zero in
this interval.
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ProoF. The first assertion follows from Lemma 2 (with M=N) and Theorem
A(a), and the second assertion follows from Lemma 2 (with M= N) and Theorem A(b),
thanks to Theorem A(c) which provides

d(N)
d(N.)

2
d(N)S< ) = (Ax/k)4 .
Lemma 4 (see [8, Proposition A(a)]). Let K be a totally imaginary number field
of degree 2N such that {(sy) <0 for some sq€[(1/2), 1[. Then,

_ 2N
Res, 1 ({x) = (1 —s0)d(K)*~ 2<1 —3W> :
THEOREM B. Let K be a non-normal quartic CM-field with real quadratic subfield
k. Set Agy=d(K)/d(k). Then, we have:

1 /4
HR) 2 NI g, >3410°
200 log*(Axu)

and h*(K)>1 if Ag;>5-10°. Hence, h*(K)>1 if d(k)>25-10® or if d(K)>13-10'8.
ProOOF. The analytic class number formula and Lemma 1 show

wran . R€8=1(Cx) Oxw(K) —— Res,—1({x) / Ak
)= Res,., (G0 @m0 ¥ ™ Res,_,() 20

We now estimate Res,_({x) and Res,_,({,) from below and above, respectively.

Let N be the normal closure of K. Then NV is a dihedral octic CM-field and therefore
by Theorem A(c) and Corollary 3(a) we may assume that {x(s) has no real zero in the
interval [1—(1/4clog(Aku)), 1[. Hence we can apply Lemma 4 to K with so=1—
(1/4c log(Agy)). Thus, thanks to SAk, <d(K)<(Agu)?, we get

: _ 4
Res;— 1 ((g) = (1 —so)(Agu)®~* <1 - (S—Aﬁ)

_ 1 ( 1 4z )
4cellt log(Axu) (SAx/k)s°/4 '
On the other hand, if we denote by y the primitive character associated to k, then
we have (see [10])
2+y——log(47t)gl
2 2
Here, y is the Euler constant, (247 —log(4n))/2=0.023 - - - <log(2)/2 and d(k) < Ag,/2

for K/k is ramified at least one finite place (see [11]). Hence, we get the desired lower
bound from the following lower bound:

1
Res,=1 (G =L(1, 1) <—-log(d(k)) + log(Ax) -
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h*(K)> : 1/4c< 47‘ ) A

1— .
4n2ce (5Agu)**/log*(Agu)
Finally, thanks to Ak, >2d(k) and A,(,,‘Z\/ 2d(K), we get the last assertion.

Even though this upper bound for the discriminants of the non-normal quartic
CM-fields with class number one seems too large to enable us to find all such number
fields, it is reasonable to expect to achieve the determination. Indeed, thanks to Theorems
C and D below, we will show that whenever k with class number one is fixed, only very
few number fields K can have class number one, and the determination of these
number fields does not require a great amount of computation. Let us note that this
upper bound for d(K) is more satisfactory than the ones given in [16].

THEOREM C. Let K be a non-normal quartic CM-field with real quadratic subfield
k. Whenever h*(K)=1 and d(K)>16d(k)?, we have

. 13 ) &)
h(k) log(eo(k)) > 431 <1 _d(K)U“)log(d(K)) ,

where ¢o(k)>1 and h(k) are the fundamental unit and class number of k, respectively.
In particular, the non-normal quartic CM-fields K which are quadratic extensions of
OG/'5) and which have class number one satisfy d(K)<3-10".

ProOF. From [8, Theorem 1] we get that {, has no real zero on ]0, 1[. By Lemma
1, the regulator Reg(K) of K equals 2 log(ey(k)). By Corollary 3(b), we can apply Lem-
ma 4 with so=1—(1/4c log(d(K))), so that we get the desired result from

(2m)*h(K) Reg(K) _ 4n*h(k) log(eo(k))

wK)JdK)  JdK)

Res;- 1 (Cx) =

1 i 4et/roe
> - .
~4cell® log(d(K))< d (K)1/4>

3. The non-normal quartic CM-fields with class number one which are quadratic
extensions of a given real quadratic number field.

THEOREM D. Let K be a CM-field of degree 2N with maximal totally real subfield
k. Let d(K) and d(k) be the absolute values of the discriminants of K and k. If K has
class number one, then for any prime ideal P in K which is not inert in K/k we have

d(K)

Ngo(P)=z————.
xo(P) 48d(k)?

Proor. Let R, and Ry be the rings of algebraic integers of the number fields k&

and K. Since K has class number one, k also has class number one, so that there exists
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« in R, which is square-free in R, such that K=k(/—a). Here, a is totally, positive.
Moreover, there exist a and b in R, such that Rx=R,[0] with 0= (a+ b/ —a)/2.

P being principal, we have P=(z) for z=x+ yw € Rg with x and y in R,. Moreover,
y#0, for otherwise P would be inert in K/k. Now, we have

1
N o(P)= Nyo(Ngu(2)) = ny Nk/Q(X2 +b2Y%)

with X=2x+ay and Y=y. Hence, k being totally real and « being totally positive, we
get

1 1
NK/Q(P) > '4—N (Nk/Q(X)2 + Nk/Q( Y)sz/Q(bZ“)) = F Nk/Q(bza) .

On the other hand,
d(K) = d(K)* Ny, g((0—©)) =d(K)*Nyyg(b4) ,
where ' is the complex conjugate of w, so that we get the desired result.
ReMARK. The inequality in Theorem D can be written as
Ngjg(2P) = Nyo(d(KK)) ,

where d(K/k) denotes the relative discriminant of K/k. Thus, this inequality probably
does not hold for d(K/k) large, hence might be useful for the class number one problem.

For example, let K be an imaginary cyclic quartic number field with class number
one associated to a quartic odd Dirichlet character x,. In 1972 Uchida proved in [18,
Proposition 6] that their conductors are less than 50000. At that time, he did not wish
to carry out the required computations of the possible number fields up to such a large
upper bound for these conductors, until he had a much better upper bound. It was
Setzer who did these computations eight years later and showed that there are seven
such number fields. We would like to show that if Uchida had come up with this
Theorem D, then he could have obtained the seven such number fields with only little
numerical computation, computations which could have easily been done on the
computers at this time.

Indeed, we may suppose that the conductor f of K is a prime p such that p=5
(mod 8), so that d(K)=p* and d(k)=p. If ¢ is a prime such that y,(¢9)=+1, then ¢
splits in K/Q. Hence, Theorem C provides us with the lower bound ¢>p/16. Now,
numerical computations show that there are only 10 primes p=5 (mod 8) less than
50000 such that y,(q) # +1 for any prime g with 2<q<p/16, namely

pe{S5,13,29,37, 53,61, 157,173, 197, 373} .

Let us note that y,(¢)= +1 if and only if g»~"*=1 (mod p). Hence, the computation
of the relative class numbers of these ten number fields would have provided him with
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the desired result.

Now, we do not want to dwell at length on the characterization of the non-normal
quartic CM-fields K with odd class numbers which contain Q(\/ 5) (see [3] and [11]).
One could show that any such number field K is isomorphic to some

Ks,=0(/—a,) with aFW
where g=1 (mod 4) is a prime which splits in Q(/ 5 ) such that the class number of
the real quadratic number field Q(+/5¢) is 2 modulo 4, and where x, and y, are any
positive integers such that 4q=xqz—5yqz. Moreover, d(Ks )=>5%¢, and K, , and K,
are isomorphic if and only if they are equal, and they are equal if and only if g=¢q’.
Finally, using a straightforward generalization of [9, Theorem 5] to compute the quad-

. —o . e . . .
ratic symbols [ P“:l which govern the decomposition in the quadratic extension

K/k= K/Q(\/ 5) of the prime ideal P of Q(\/ 5) lying above an odd prime /, we get
that Theorem D implies:

COROLLARY 5. Let g=1 (mod 4) be a prime which splits in Q(/ 5). If K, , has
class number one, then the following two conditions are satisfied:

(@) For all odd primes with (%>= —1 and I1*> < q/16, we have <L>= —1.
q

5 !
(b) For all odd primes with <7>=1 and 1< q/16, we have <—>= 1.
q

THEOREM E. There exist exactly six _non-isomorphic non-normal quartic CM-fields
with class number one which contain Q(\/'5 ), namely:

Ks 01 =0R/—(13+y5)2), Ks6=0G/—(17+3/5))2),
K5,1o9=Q(\/ _(21‘*’\/?)/2)’ K5,149=Q(\/ _(13'*'2\/?)),
Ks260=0(/—(17425)),  Ks350=0(/—(@41+55)/2).

There exist exactly five dihedral octic CM-fields with class number one which contain
0(/5) and have class number one; namely the normal closures of K s.a15 Ks 615 Ks,100;
K5 140; and K 350. They are also the narrow Hilbert class fields for the real quadratic

number fields Q(/5-41), O/ 5-61), Q(x/5-109), Q(+/5-149) and O(/5-389).

REMARK. The normal closure of K ;64, Which is also the narrow Hilbert 2-class
field for the real quadratic number field Q(\/ 5-269), has class number three. This field
has relative class number one, while its maximal real subfield Q(v/ 5 , +/269) has class
number three.




10 S. LOUBOUTIN

ProoF. We wrote a program to sieve the primes g=1 (mod 4) which split in
Q(\/?) such that d(KS,q)=52qs3-107, i.e. such that g<12-10° and that (a) and (b)
of Corollary 5 are satisfied. We found that there are nine such values of ¢, namely:
qe€{29, 41, 61, 89, 101, 109, 149, 269, 389}. Now, only six of these values satisfy
h(Q(/59))=2 (mod 4), namely:

ge {41, 61, 109, 149, 269, 389} .

It remains to prove that the six corresponding quartic number fields have class number
one. We first note that thanks to Minkowski’s theorem, it suffices to prove that the
prime ideals L of K such that NK/Q(L)S(?s/ZnZ)\/ m are principal, i.e. it suffices to
prove that the prime ideals P of k= Q(+/ 5 ) such that N,,o(P)<(15/2n2)/ ¢ are inert

in K/k, i.e. satisfy [_a"

]= —1. Let us note that 2 is inert in k/Q and remains inert in

K/k provided that g=5 (mod 8). Indeed, thanks to [4, Theorem 119], the prime ideal
(2) of k splits or remains inert in K/k according as x? = —a (mod 23) has a solution in
R, or not. Taking norms, we get that if this equation has a solution, then x?=¢q (mod 8)
also has a solution in Z. Now, the reader would easily verify that this holds whenever
q€{109, 149, 269, 389}, but does not hold for ge {41, 61} since the prime ideal (2) of
k=0/5) splits in K/k for g=41, while the ramified prime ideal (v/ 5 ) of k lying
above 5 splits in K/k for g=61. Nevertheless, in both cases we get that K has class
number one, for if g=41, then

o =13+2ﬁ and ﬁ=(1_\’ 5)é2+v _at"eRK is such that Ng,(f)=2

q

(so that the prime ideals of K lying above the prime ideal (2) of k are principal); and
if g=61, then

is such that

17435 . B=(l+ﬁ)/2+‘/_““eRx
2 2

g

NK/k(ﬁ)= : +;/?\/?

(so that the prime ideals of K lying above the prime ramified ideal (ﬁ ) of k are
principal). Let us note that from [12] we also check that K5 ,, and K¢, have class
number one. Hence, we get the desired first result. The referee pointed out to us that
one can find the values of the class numbers of the previous nine K ’s in [2].

Finally, let NV be the normal closure of K ,. Then in the notation of Theorem A
we have N, =0/ 5 » v ¢q). Since
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1
T NERNED) =7h(Q(\/; MO/ 9 Dh(Q(/Pg))

provided that p#£3 (mod 4) and g3 (mod 4) are distinct primes such that the funda-
mental unit ¢,, of the real quadratic number field Q(\/p_q) satisfies N

owrglted =11
(see [6]), we get the desired last result.

4. Conclusion. In order to determine all the non-normal quartic CM-fields and
the non-abelian normal octic CM-fields with class number one it would be worth
developing an efficient analytic method for computing relative class numbers of non-
normal quartic CM-fields (see [9] for such an efficient method in the case of non-
normal quartic number fields which are quadratic extensions of imaginary quadratic
number fields with class number one). We have lately settled this problem (see [7]).
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