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AND BESOV, TRIEBEL-LIZORKIN SPACES—
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Abstract. We define a class of wavelet transforms as a continuous and microlocal
version of the Littlewood-Paley decompositions. Hόrmander's wave front sets as well as
the Besov and Triebel-Lizorkin spaces may be characterized in terms of our wavelet
transforms.

Introduction. We define a class of wavelet transforms as a continuous and
micro-local version of the Littlewood-Paley decompositions. Hόrmander's wave front
sets as well as the Besov and Triebel-Lizorkin spaces may be characterized in terms of
our wavelet transforms. We remark that the components of our decompositions are
not linearly independent but can be treated as if they were. This paper consists of two
parts. The first part treats the comparison between the wave front sets defined by our
wavelet transforms and Hόrmander's wave front sets. The second part gives the
characterization of the Besov and Triebel-Lizorkin spaces by using our wavelet
transforms.

First, we define our wavelet transforms as follows:

DEFINITION 1. Suppose that a function φ(x) (called a wavelet) has the following
properties: ψ{x)e£f(R"), φ(ξ)eCS>(Rn) and φ(ξ)^O. Let Ω = suppφ(ξ) be in a
neighbourhood of (0, .. ., 0, 1). When n= 1, Ωcz(0, oo), while when π^2, Ω is connect-
ed, does not contain the origin 0 and φ(x) = φ(rx) for any reSO(ή) satisfying
r(0, . . . , 0, l) = (0,..., 0, 1). Let rξ be any rotation which sends ξ/\ ξ\ to (0,..., 0, 1).
Then our wavelet transform is defined as follows: for f(t)eSf'(Rn), (x, ξ)eR2n,

w f{χ ξ)\^f^^^^χ^dt^ i f Λ==

.Lnf(t)\ξ\n/2φ(\ξ\rξ(t-x))dt, if

Here £f(Rn) stands for the Schwartz class and C o{Rn) consists of functions which are
smooth and compactly supported.

REMARK 1. Wψf(x, ξ) is rewritten as follows:
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From this, the meaning of our wavelet transforms is clear.

REMARK 2. Our wavelet transforms in Rn are the reduced versions of those defin-
ed by Murenzi [6].

REMARK 3. The domain of a wavelet transformation is usually the L2-space (see
[1]), but can be extended to 9"(Rn\ that is, the dual space of ^(Rn).

Now, we define our wave front set WFψ{f) (^Rn

xx Rty of fe^\Rn) as follows:

DEFINITION 2. We say (x0, ξ°)φ WFψ(f) if there exists a neighbourhood U(x0) of
x0 and a conic neighbourhood Γ(ξ°) of ξ° such that Wψf{x, ξ) = O(\ ξ \~N) as | ξ | tends
to oo for any NeN in U(x0) x Γ(ξ°). Here TV stands for the set of all positive integers.

Moreover, we define the refinement WF^\f) as follows:

DEFINITION 3.

(*0, ξ°) φ WFfif) o \\ I Wψf(x9 ξ) |2(1 +1 ξ \2)sdxdζ < αo .

U(xo)xΓ(ξ°)

It is easy to prove that if feL2(Rn), then WFψ(f) is contained in the closure of

ι U o n
We need the following definition to state Theorem 1.
DEFINITION 4. For Ω = supp^, let cone Ω = {*<!;; ξeΩ, t>0}. Let W be a subset

of Rn

xxR" conical in the ξ variables and denote by proj,,^ the projection of W
onto the x-space. We say (x0, ξ°)φ W^ if x0φporj xW and ξ°eRn, or x0eprojxW and
r(coneΩ) does not intersect {ξeRn; (x0, ξ)e W} for any reS0(n) with r(coneΩ) con-
taining ξ°.

That is to say, the set Wψ is the expanded set of W only in the frequency space.

THEOREM 1. Let feL2(Rn\ and s^O. When n=l, WFf(f)=WFis\f). When
n^2, WF{;\f)^WS{s\fγ and WF{s\f)<^WFf{fγ. We have the same inclusion re-
lations between WFψ(f) and WF(f).

In the second part of this paper we characterize the Besov and Triebel-Lizorkin
spaces by using our wavelet transforms. We use continuous decompositions not only
for the radial direction but also for the unit sphere of the frequency space. We recall
the definitions of those spaces by Peetre [4] and Triebel [5].

DEFINITION 5. Let φ(x) be a rapidly decreasing function whose Fourier transform
is compactly supported in l / 2 ^ | ξ | ^ 2 . Moreover, suppose that any half line starting
from the origin intersects supp φ(ξ). Let φr(x) be rnφ(rx). Then φr(ξ) is equal to φ(ξ/r).
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DEFINITION. A function / is said to belong to the Besov space Bs

pq(Rn) (s>0,

DEFINITION. A function / is said to belong to the Triebel-Lizorkin space Fs

PA{Rn)

(s>0, l^/

THEOREM 2. A function f belongs to Bs

pq(Rn) (s>0, 1 ̂ P, qύ°^) if and only if the

following condition holds:

THEOREM 3. A function f belongs to Fpq(Rn) (s>0, lg/?<oo, l ^ ^ ^ o o ) if and

only if the following condition holds:
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1. Proof of Theorem 1. As we have already defined, a wavelet φ(x) is essentially

of two parameters, since it is rotationally invariant around Θ when « ^ 2 . For the

purpose of proving Theorem 1, we need three propositions. For simplicity, we assume

β = ( 0 , . . . , l ) .

PROPOSITION 1 (ParsevaΓs formula and the inversion formula). For / , geL2(Rn),

we have

f) Wψf{x, ξ)Wψg{x,ξ)dxdξ = Cψ [

where

Cψ = (2πγί\φ(ζ)\2dξ/\ξ\".

From this, we also have

when n^2. When n=\,\ξ \rξ(t — x) is replaced by ξ(t — x). Forfe £ff, this inversion formula

holds in the sense of distribution.
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PROPOSITION 2 (the local property). If x0 does not belong to supp/, then there
exists a neighbourhood U(x0) ofx0 such that Wψf(x, ξ) is rapidly decreasing in ξ uniformly
in xe U(x0).

PROPOSITION 3 (the global Sobolev property).

fsH\Rn)o f ίI Wψf(x9 ξ) |2(1 +1 ξ \2)sdxdξ < oo .

PROOF OF PROPOSITION 1. We use the method which Daubechies [1] employed
to prove the statement in the case n = 1. We have

(1) ifWψf(x9 ξ)Wφg(x,ξ)dxdξ

= I JT \Λτ)\ξΓn/2φ(\ξ\-1rξτ)e-h'xdτ~] Wφg(x, ξ)dxdξ

= {2π)n[dξ\ξ\-n[dτKτ)'^)'φ(\ξ\-'rξτ)2 .

We change the variable ξ to ω = \ξ\~1rξτ. The right hand side of (1) is equal to

r r r
(2π)n dτf{τ) g(τ) dω/\ ω \nφ(ω)2 = Cφ f(x) g(x)dx .

J J J

q.e.d.

PROOF OF PROPOSITION 2. We take n as 1. The proof is similar to that in the case
n^2. Because there exists a neighbourhood U^XQ) of x0 such that/=O in U^XQ), it
follows that

Wφf(x9ζ)\ = ί f(t)\ξ\^2φ(ξ(t-x))dt

Since φ belongs to ^(/?), there exists a neighbourhood U(x0) € U^XQ) satisfying this
proposition. q.e.d.

PROOF OF PROPOSITION 3. It suffices to prove the statement when n^2. The
proof follows from direct application of ParsevaΓs formula. We have
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) 2

ίί'

= (2π)n dτ\f(τ) \2 dω/\ ω |"(1 +1 τ |2/| ω \2)sφ(ω)2

We use the polar coordinate representation of ω = (r, θ) and denote ji/φ , θ)2dθ by S(r).
Then the second integral in the last term equals §dr/rS(r)(\ +1 τ | 2/r 2) s. By the assumption
on φ(ω), supp5(r) is a compact set contained in (0, oo). Thus jdr/rS(r)(l + \τ\2/r2)s&
(l + |τ | 2 ) s . q.e.d.

Now, we are ready to prove Theorem 1.

PROOF OF THEOREM 1. We may assume n^. 2.
Step 1. Suppose that (0, ξ°) does not belong to the set WF{s\fγ. We suppose

0epvo]xWF{s\f). Let Γ(ξ°) be the union of r(coneί2) for all rotations r such that
ξ°er(coneΩ). Then there exist a function φ(x)eCo(Rn) such that φ= 1 near x = 0 and
a conic neighbourhood Γ'(ξ°)czΓ(ξ0) such that $Γ(ξ0)\(Φf)(ξ)\2(l + 1 ξ\2)sdξ<oo. What
we want to say is that there exist a conic neighbourhood f(ξ°) of ξ° and a
neighbourhood U(0) of 0, satisfying

J J φ oo .
t/(0) x f (ξ°)

Using the inversion formula, we divide Wφf(x, ξ) into two parts:

Wψf(x, ξ) = \ξ |M/2 [{φf){t) - φ(\ξ\rξ(t-x))dt +1 ξ \n>2 ί((l - φ)f{t) ^ ( l ^ l ^ - x M .

If we take a set £/(0) € {0(x)= 1}, then by the argument of Proposition 2, the second
term is rapidly decreasing in | ξ \ uniformly in x e U(0). Therefore, (0, ζ0) φ WF§\(\ — φ)f).
On the other hand, if we take Γ(ξ°) sufficiently small, then we obtain

^ \Wψ(φf)(x,ξ)\2(\+\ξ\2)sdxdξ

17(0) x Γ(ξθ)

< ί dξ\ \Wφ(φf)(x,ξ)\2(l + \ξ\2)sdxdξ
Jf(ξO) JR»

= (2π)n ί dτ\(φf)(τ)\2 ί dξ/\ ξ |"(1 + | ξ\2Yφ(\ξ\' V
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We change the variable ξtoω = \ξ\~1rξτsLS before. We may assume that ωeΩ. Therefore,
we can see that τ stays in Γ'(ξ°) because we took f(ξ°) sufficiently small. Thus the last
term of the above inequality is bounded by

(2π)" f dτ\(φf)(τ)\2 ! dω/\ω|"(1 +1τ|2/|ω\2)sφ(ω)2

J Γ'{ξ°) JΩ

where C is a constant. Therefore, we have (0, ξ°)φ WFf(φf).

Step 2. Suppose that (0, ξ°) does not belong to the set WFf(fγ. If we take a
conic neighbourhood Γ'(ξ°) of ξ° as in Step 1, then there exists a neighbourhood C/(0)
of x = 0 such that

U(O) x Γ(ξθ)

Now using the inversion formula, we divide / into two parts f=fr+fr<* where

Wφf(x,ξ) \ξ\»ί2ψ(\ξ\rξ(t-x))dxdξ,

x R»

Wφf{x, ξ) \ξ \nl2φ( I ζ \rξ(t - x))dxdξ

Then

«τ>-C,-.f ί
Jr'(<ϊθ)cJΛ

If we take a sufficiently small conic neighbourhood Γ(ξ°) of ξ°, then we obtain

ψ{\ζ\~ιrξτ) = 0 for any τeΓ(ξ°) and for any £eΓ'(£°)c.

Therefore, it follows that (0, ξ°)φ WF{s\fΓC).
Next, we choose a function φ(x) e Co(Rn) such that supp φ(x) is compactly supported

in U(0) and that φ(x)= 1 in some neighbourhood t/^O) of 0. Then, we further divide
fΓ{t) into two parts / r = /r,ψ + / r ( i - ^ where

<Kx) »V/(x, ξ)'\ξ \n/2Φ(\ ξ \rξ(t-x))dxdξ ,

Γ(ξ°) x R^
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j J (1 -φ(x)) Wφf(x, ξ) \ξ\nl2φ(\ξ}rξ(t-x))dxdξ .

Let U2(0) (c {φ(x)= 1}. Then we can easily see that fΓΛ-φ(t)eC°°(£/2(0)) by Proposition
2 and the exchange of order of differentiation and integration. Therefore, it follows
that (0, ξ°)φ WF{s\fΓΛ_φ). Lastly, we want to show that (0, ξ°)φ WF{s\fΓ^φ). This is
the heart of the matter in proving Theorem 1. In fact, we can show more strongly that
fΓφ belongs globally to the Sobolev space Hs(Rn). Its Fourier transform is given by

φ(x) W^f(x, ξ)m\ξ \~n/2φ(\ ξ I ~ 1rξτ)e~iτxdxdξ .

1
c

If we put g{x, ξ) = φ(x) Wψf(x, ξ)-(l+\ξ | 2 ) s / 2 , then it follows from the hypothesis and
from the fact that supp φ(x) is contained in U(0) that

ίί \g(x,ξ)\2dxdζ<aD.

If we denote the Fourier transform of g(x, ξ) with respect to x by g(τ, ξ), we have

= C ; ' J j g(x, ξ)e~iτ'x \ξ\-n>2φ{\ ξ I " ^ ^ ( ( l +1 τ| 2)/(1 +1 ξ\ψ2dxdξ

Γ{ξ°) x K£

= Cϊ\2πrl2[ g(τ,ξ)-K(τ,ξ)dξ.

Here, K(τ, ξ) is denned by | ξ\'nf2φ(\ξΓ VXO + KI2)/(1 +1 ξ\2))s/2

Since supp ψ is compact, there exists a constant C such that

\K(τ,ξ)\^C\ξΓn/2ψ(\ξ\-1rξτ).

Therefore, since Oφsuppφ, by the argument given in the proof of Proposition 1, the
integral j | K(τ, ξ) \2dξ is bounded with bound (2π)~nCιJ/C

2. Consequently, we obtain the
following inequality:

ί(ί \g(τ, ξ)\2dξ)dτ

= C'ί dξί \g(τ,ξ)\2dτ
Jr(ξ°) JR?
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- ί ί \g{x,ξ)\2dxdξ<oo.

Γ(ξ°) x Rl

q.e.d.

2. Proof of Theorems 2 and 3.

PROOF OF THEOREM 2. Sufficiency: For simplicity, letψ\ξ\,rξ* f(x) = I ξ \n'2 Wψf(x9 ζ)
and Φ\ξ\=$Ψ\ξ\trξdθξ9 where dθξ is the Haar measure on S"1"1. Then, φr(ξ) is compactly
supported in the domain C1r^\ξ\^C2r because supp ψ is compact and does not contain
0, and any half line starting from the origin intersects supρφr(ξ). We have

\q/p

'\t\,<*f(x)\pdx) dθξ-

The first inequality is due to the continuous version of the Minkowski inequality and
the second one is due to the Holder inequality. Integrating both sides of this inequality
with respect to | ξ I5*"1;/! ξ |, we can see that the usual Besov norm is bounded by the
Besov norm via the wavelet transform.

Necessity: Let

(cf. the proof of Proposition 1). Then, suppσr(τ) is contained in the domain
and

7r(τ)2dr/r=\,
J

that is,

σr * σr(x)dr/r = δ(x).

By using this continuous decomposition of unity, we have

(2) \lΨuurξ*f(x)\\Lp«x)ίj\\ΨlξUi*<rΛLa4X) - Wf σΛwAI*

Because the Fourier transform of φ | ξ ι rξ * σr is identically zero unless C31 ξ \ ^ r ̂  C41 ξ \,
and because the Z^-norm of φ\ξ\trζ and that of σr is bounded, the last term in (2) does
not exceed
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rc4\ξ\ rc4

(3) C \\f*σr\\Lp(dx)dr/r = C \\f*σtlξl(x)\\Lp(dx)dt/t.
Jc3\ξ\ Jc3

The right hand side of (3) is independent of the rotation dθξ and moreover

Thus we can conclude that the Besov norm via the wavelet transform is bounded by
the usual Besov norm. q.e.d.

PROOF OF THEOREM 3. Sufficiency: As in Theorem 2, let Φ\ξ\=$Ψ\ξ\,rξdθξ.
Then, we have

\(\Ψ\ξ\,ζ*Λχ)\\ξ\°)dθ<

Ί,t •/(*)) I ίlT<#4

Hence, we can easily see that the usual Triebel-Lizorkin norm is bounded by the norm
via the wavelet transform.

Necessity: This part needs very deep results which are continuous versions of the
work of Fefferman-Stein [2] and Triebel [5].

First, we state the results without proof. The proof is carried out in the same way
as in the discrete case. See [2], [5].

Claim 1 (continuous version of [2]). Let /(x, y) be a function of (x, y)eRn

xx Ry

and Λf/(x, y) the Hardy-Littlewood maximal function of/(x, y) with respect to x. Then,
we have

Mf(x9y)\*dy/\y
Lp(dx)

\f(χ,y)\qdyl\y\'
Lp(dx)

where 1</?<OO,

Claim 2 (continuous version of the maximal inequalities in [5]). Let p, q, r sat-
isfy

0 <p < oo , 0 < q ̂  oo and 0 < r < min( p, q).

Let f(ξ9 y) be the Fourier transform of f(x9 y) with respect to x and let Ωy be a set
containing supp/( , y). Let the diameter dy of Ωy be a continuous function of y and dy

be positive. Then the following inequality holds:

\y\Δ

<c
Lp(dx)

\f(x,y)\ dyl\y\'
Lp(dx)

Claim 3 (continuous version of the multiplier theorem in [5]). Let
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0</?<oo, and κ>n\ h
1

V 2 min( p, q)

Let Ωy, dy be as in Claim 2. Let M(x, y) be a function on Rn

x x Rn

y. Then the following

inequality holds:

<iM(',y)*A-,y)XxWy/\y\'
Lp(dx)

{[\f(x,y)\qdyl\y\^j
Lp{dx)

Claim 1 is essential in proving Claim 2. To prove Claim 3, we need Claim 2 and

the following inequality:

I f(x — z v)\
I(M( , y)*f( •, y)){x)ISC sup \ J \ ^ \\M(dy -, j ) | | H ,

where 0 < r < m i n ( p , q) and κ>n/2 + n/r.

As in the proof of Theorem 2, we use the continuous decomposition of unity:

J σ r* σr(x)dr/r = δ(x). We have

(4) l l l l l T O i α ^ / l l

ί\ξ\s(Ψlξl,rξ*σr)*(f*σr)(x)dr/r
Lq(dξ/\ξ\») Lp(dx)

ύ\ dtlt\\\\\ξ\ .

W e a p p l y C l a i m 3 t o t h e i n t e g r a n d o n t h e r i g h t h a n d s i d e o f (4) w i t h d\ξl = C\ξ\

and M(x, ξ) = ψlξUrξ*σt{ξl(x). Since (φ\ξ\,rξ*σt]ξlf{τ) = φ{\ξ\~1rξτ). σ((ί\ ξlΓ^), the term

supξ\\ψ(\ξ\~1rξC\ξ\'τ)-σ((t\ξ\)~1C\ξ\ τ)\\HK is bounded. Therefore, the Triebel-

Lizorkin norm via the wavelet transform is bounded by the usual norm. q.e.d.

REMARK 4. In Theorems 2 and 3, the case where p + q<2 and

remains to be dealt with. Such troubles occur because we used the Holder inequality

and the Minkowski inequality in the proof of Theorems 2 and 3.
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