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Abstract. We are concerned with bifurcation of Julia sets for the one-parameter
family of functions in the title with the real parameter u. In particular, the distribution
of values of y, for which the Julia sets of the functions coincide with the complex plane,
is discussed.

Introduction. Let f, be an entire transcendental function z+ zexp(z + ), where
p is a complex parameter. Put f7=f,o /%' for a positive integer n, where f means
the identity mapping of the complex plane C. The Julia set J, of f, is defined as the
set of all points on C, in any neighbourhood of every point of which the sequence
{fi}n=o does not form a normal family.

Baker [1] proved the following theorem.

THEOREM. There exists a real value of the parameter p such that the Julia set J,
of f, coincides with C.

Jang [3] proved the following result by studying Baker’s argument in detail: There
are infinitely many positive real values of u with the property J,=C.

In this article, we study the distribution of values of u stated in the above result
of Jang. Noting another result J, # C(— o0 <u<2) of Jang [3], we restrict the parameter
u to the real value not less than 1.

1. Values u, and u™ of the parameter u. Obviously the set of singular values of
Sz zexp(z+p) consists of two values z=0 and z=f,(—1). The point z=0 is the
only one finite transcendental singularity of the inverse function /', ! of f, and this is
fixed by f,. The point z=£,(—1) is the only one finite algebraic singularity of f, '.
For a fixed value p of the parameter, we put

SO(:u) =—1 and Sn(iu) =fu(sn— 1(“)) ’ nz 1.

The sequence {s,(u)},~ ; is the so-called orbit of the critical value z= f,(—1) of f, under
the iteration of f,. The behaviour of this orbit plays a very important role in the study
of the bifurcation of Julia sets J,. So, first we state some properties of s,(u).

Since the parameter u is real, every s,(u) is negative and we have

(1) S =swexp¥y,-y),  0sk=n-—1,
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where
k+l—1
2 Vi (W= Zk (s;()+ 1) Iz1.
i=
For an arbitrary real constant o, we see
(3 lim (s,(u)+ap)=—o0 .
u— 0

As Jang [3] showed, (3) implies

4 lim s,(u)=0, nx2.

=0
Evidently we see

) n= —si(w=exp(—1+p),

where the equality holds only for u=1. In other words, the equation s,(x)+u=0 in
the unknown u has the only one root u; =1. We see also that the equation s,(u)+1=0
has the only one root u"’=1. A simple calculation shows that s,(u)+u=0 has the only
one root u,=1 in the interval 1 £u<oo and that s,(u)+ u is positive for u>pu,. It is
also easy to see that the equation ¥, , (4)= —1+s,(4)+2u=0 has two roots u=1 and
u=p* (>1) and Y, ,(u) is positive in the interval 1<pu<u® and is negative in the
intervals 0 <u <1 and u® < pu< 0. Since we see

Wo..(1+log3)=—4+2(1+log3)>0,

the equation s,(u)+1= —expy, ,(u)+1=0 has the greatest root u® greater than
1+log3.

For completeness of our discussion, we recall Jang’s argument in [3] under a slight
improvement. Since s,(u‘®)+1=0, (5) implies

s3(u®) +p® =5, (W) + 4 <0 .

Hence (4) gives us the existence of the greatest root u=pu; (>u'®) of the equation
s3(w)+u=0. Clearly s3(u)+u is positive for u>pus;. Since si(u3)=—p; <—uP<
—(1+1log3), the equality (4) shows the existence of the greatest root u'® (>pu;) of
the equation s5(u)+1=0. Obviously s5(u)+ 1 is positive for u>u'®.

We use u® instead of u'® in the above observation and see the existence of the
greatest root u, (> u'®) of the equation s,(u)+x=0 and the existence of the greatest
root u® (> u,) of the equation s,(u)+ 1=0. It is easy to check that s,(u)+ u is positive
for u>u, and s,(u)+1 is also positive for u> u®.

Repeating the above procedure, we have a sequence of infinitely many values pu,
and u™ of the parameter u such that
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6) l=p=pV=p,<1+log3<pP<pus<p®<- <p,<p”<p,, <p"* V<,

where
(7) {Sn(iun)'*':un:os nél,
s(W+u>0  for u>p,, n22
and
®) {sn(u‘”))+ 1=0, nxl,
s,(u)+1>0 for u>u®, n=2.

REMARK. Jang [3] states only that, for n =3, the equation s,(u) + £ =0 has a root
Uy (>p™ V) (not necessarily the greatest) and that the equation s,(u)+1=0 has a root
u™ (> u,) (not necessarily the greatest).

2. Distribution of the sequence {y,};> ;. First we prove the following proposition.

PROPOSITION 1. For values u™ (n>2) of the parameter u, the n points s,(u™),
0<k=n-—1, are mutually distinct and are super-attractive n-th periodic points of f,m.
Therefore, the Julia set of f,w does not coincide with C.

PrOOF. Suppose that there are integers k and / (0 <k </<n—1) with the property
silu™)=s(u™). Clearly s,(u™)=s;+,0-01™) for any non-negative integer g. There
is a positive integer p satisfying k+p(l—k)<n<k+(p+1)I—k). The sequence
{s;(u™)}s2E50 Y containing s,(u™) coincides with the sequence {s;(u™)}}_, and this
shows the existence of such a j (k < j</) that s;(u™)=s,(u™). This contradicts (8). Thus
n points s(u™) (0 <k <n—1) are mutually distinct. Since f/,w(—1)=0, it is easy to see
that these n points are super-attractive n-th periodic points of f,m.

On the value p, (n=3) of the parameter u, we can see that the point s,(u,) is a
repulsive fixed point of f=f, . To see this, we note (7) and (6) and have

S upn)) = (=)= — s

and
St =f"(—py)=—py+1< —log3.

Thus s,(u,) is a repulsive fixed point of f. Hence, as Jang stated in [3], Baker’s argu-
ment in [1], which was used to prove the theorem stated in the introduction of this
article, leads us to the following result of Jang stated also in the introduction: The Julia
set of f, (n=3) coincides with C. This is also proved in the following way. By
Eremenko-Lyubich’s theorem [2], the function f, has no wandering domain and no
Baker domain. Hence Sullivan’s argument [4] implies J, =C.

Now we prove the following theorem.
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THEOREM 2.

lim y™=lim p,=00 .
n— oo n— o
ProoF. By (6), it suffices to show lim,_,, 4™ = co. Since the sequence {u™}>, is
increasing, we see the existence of p(®' =1lim,_, , u™ < c0. Assume u'* < co. Clearly we
have 1+1log3 <u'™ by (6) and —1 <s,(u*’)<0 (n=2) by (8). Hence we have

Snt 1() /5,1 =) = exp(s, (') + p™) > exp(— 1 + u'*) >3
for every n (=2), which implies
— 1 <54 1 (W) <377 sy (u™)) .

The right hand side of this tends to — o0, as » tends to infinity. This is a contradiction.
Hence p'®) must be infinity.

The above theorem can also be deduced from the following proposition.
PrOPOSITION 3. u™>1+log(n+1) for n=2.

ProoF. In the case n=2, we have seen 1 +log 3 < u'® in (6). Hereafter, we consider
the case n=>3.

Puty, =y ()= —s,(0), y2=y2() =¥ () —5:(1) and y3 =y;3(w) = —(n — 1)+ nu. We
see easily that the equation y; =y, has two roots u=1 and p=pu, (>1) and that y, <y,
if and only if u is in the open interval 1 <p<p,.

In the case u, <u"~ Y, (6) implies p, <pu™.

Consider the contrary case u~" <pu,. In this case, (6) and (8) give us s,(u)+1>0
in p>p"" Y for 2<k<n—1. Hence we have

n—1

YVa—y3= _Z,O (s;(w+w—s,w)+mn—1)—nu>0

for u>p"~ 1. As was seen already, we have y, <y, in the interval u® " <pu<pu,. Hence
we see y; <), in this interval. On the other hand, (3) and (4) imply

lim (y,—y,)= lim y, ()= —oc0 .
u— 0

p— o

Since y,(u,) —y1(1) =y2(uy) —y3(u,) is positive, the equation y, —y,=0 has a root
greater than p,. As u™ is the greatest root of s,(u)+1=0 and of ¥, (W)=y,—y,=0,
we see u, <u™.

Thus we have always u, <™. On the other hand, we have

yi(l+logn+1)=n+1<l+nlogrn+1)
=yi(1+log(n+1),
which implies 1 +log(n+ 1) <pu,. Therefore, we have
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1+logn+1)<pu™
for n>3. This is the required.

REMARK. By more careful observation, we can see

1+log2n+1) n24,
u”>< 1+log3n+1), n=9,
1 +log@n+1), n=20

and so on. The proofs of these may be omitted here.

We have also the following proposition.

PrROPOSITION 4. p¥>3.

ProorF. A direct calculation gives us

—74/10<s,(3)= —exp2< —7.
Hence we see
5,(3)= —exp(5+s5,(3))> —exp(—2)> —1/7
and
53(3)= —exp(8 +5,(3) +5,(3))
< —exp(8—74/10—-1/T)< —1.
Since the value u® is the greatest root of s3(u)+1=0, we have u®>3 by (4).

REMARK. According to Sagawa, u® lies between 31/10 and 32/10.

3. Repulsive periodic points of f, for some values of 4. In the preceding section,
we were concerned with the values p, of the parameter p, each of which is the greatest
root of the equation v, ;(u)=s,(#)+u=0. In this section, we are concerned with the
greatest root of the equation , ,(u)=0 for n=3 and k=2. We see easily by (1) that,
for this greatest root u of ¥, (1)=0, s, (1) is equal to s,(u) so that s,(u) is a periodic
point of f,.

Under the conditions 23 and k=2, we see u™+*~2 > u® by (6). If u is not less

than p"**~2), we see s, ,(4)+120 and —1<s;(u)<0 for 2<j<n+k—3. Those are
conclusions from (8). Hence we have

Sntk—3(1)=Sn 41— 2(1) €XP(— Sy 41— 3(W) — 1)
> Sy - 2(#) exp(l — p)> —exp(l — p)
for u=p®**~2, Similarly, for 2<j<n+k—4, we have
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s> 554 () exp(l — p)
>Spri-3(Wexp((n+k—3—j)1—p)
> —exp((n+k—2—j)1—p)
for u=u"**=2, Therefore, for 2<p<n+k—3 and for p=pu"**~?, we have

n+tk-3 n+k—3
Y siw>— Y expltn+k—2—j)1-p)
J=p . J=p
>—1/(exp(u—1)—1).
Proposition 4 and (6) imply

n+k—3

Y 850> ~1/(exp2)—-1)>—1/6

i=p
for 2<p<n-+k—3 and u=pu"**~?, Hence we see

1
Yomsn—2u" T ) — Z (5 (R D) 4 R D) — (k= 2)u TR

j=0
n+k—-3
— Z sj(,u"'“‘_z’)+(n—2)p‘"+k'2)>0.
j—2

Here we recall u"**~2) is a root of s,,4_,(u)+1=0, that is, a root of ¥ ,+,—2(1)=0.
Hence the above inequality shows

1
(9) Z Sj([l("+k_2))+k/l("+k—2)<0.
j=0

Now we can prove the following proposition.

PROPOSITION 5. For n=3 and k=22, the equation ,, ,(u)=0 has the greatest root
U= ns> and Y, (w) is positive for u>p, . In addition, the inequalities p"**~ 2 <p, , <
u" D pold,

Proor. The inequality (9) shows

n+k—1

Vndl"F D)= Y (s (R D) 4 )

Jj=n
<Spik— 2T D) s, (O D) f kit
=SO(/‘("+k_2))+sl(y("+k_2))+k#(n+k—2)<0
by virtue of s;(#) <0 and of s, 4 (" **7?) = —1=154(u"**~?). On the other hand, for

U= p D we see

ntk—1

(10) Vasi)=" X (5,0+m)> —k+hu>0
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by (8) and (6). Hence there is the greatest root u,, of the equation ¥, ,(#)=0 such that
prte Dy <u™*t* =1 Thus we have our proposition.

Using this proposition, we prove the following proposition.

PROPOSITION 6. Fornz=3andk22, the points sj(u, ) (n<j<n+k—1) are mutually
distinct k-th periodic points of f,, ..

Proor. For simplicity, put p=pu,, and f=f,. As was stated at the beginning of
this section, s,(u) is equal to s,..(u). So, it suffices to prove s, ;(u)#s,+,(u) for
0<j<I<k—1.

Assume s, (1) =s5,,(4) for 0= j</<k—1. Then we see

Sn+j(l4) =58, +1(1) =fl_j(sn+j(#)) =S8y +j(/l) exXp l.bn+j,1—j(l‘) s

which shows ¥, ;,_ j(#) =0. Proposition 5 shows that the greatest root of the equation
Yot ju—;j(W=0 lies between p"*'~2 and p”*'"Y. So we have p<pu®*!~1 < ymrrk=2),
Since p=p,, is greater than p™**~2? by Proposition 5, we have a contradiction.
Therefore, we see s, j(4) # S, + () for 0= j</<k—1 and we have our proposition.

ProrosITION 7. For n=3 and k=2, the values p,, in Proposition S satisfy the
following:

+k—2 e +k-1
u < Usmak-3<Bamsk-2<""" <Hn+k-2,2<Mn+k—1 <u" .

ProoF. First, as was stated in Proposition 5, we have

ntk—1

Y i ln ) = Z (sj(lln.k) + tn) =0
j=n
Hence we see
n+k—1
Vs k- 1(ln) = . Z+ . (8;(kn 1) + M i)
Jj=n

= l/’mk(#n,k) _Sn(#n,k) —HUnk

= sn(:un.k) —Hnk -

By Proposition 5 and (6), we see u™ S u®**~2 <y, ., which shows s,(u, ) +1>0. Hence
(6) leads us to

l//n+ 1,k- l(lun,k) = _sn(p'n,k) —,un,k <l —Hnk <0.

Therefore, we see by Proposition 5 that the greatest root u,.,,_, of the equation
Vot 1.4-1()=0 is greater than g, ,. From this observation, we have

+k-2 tk-1
u '<Uspik-3<Ham+k-a<'"" <Hnrk-22<p" =

Furthermore, since u, 44— ; iS the greatest root of the equation ¥, 4 —; {(U) =58, 41— 1 (1) +
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pu=0, we may put u, =M, +r_1.; in the notation used in Proposition 5. So, similarly
to the above, we see easily i, k5.2 <Hpix_ 1 <u"T*~ V. Thus we have our proposition.

Now we prove the following theorem.

THEOREM 8. Assume n=3 and k=2. Then, for the values p,, of the parameter p
obtained in Proposition 5, the Julia set of f, , coincides with C.

ProOOF. Proposition 6 shows that k-th periodic points s;(u, ) (< j<n+k—1) of
f=/,,, are mutually distinct. Suppose that there is a j (n < j<n+k — 1) with the property
8i(#, )= —1. This means that the point —1 is a k-th periodic point of f and we have
Si(ui)=f*(—1)=—1. This and (8) imply u,,<u®. Proposition 5 leads us to a
contradiction. Hence every point s;(u,,) (n< j<n+k—1) is different from —1. The
equation zexp(z + u) =s,(u) = —exp(— 1 + p) has the only one real root z= —1 and hence
the sequence {s;(1,,)}72x " does not contain s,(y, ). Therefore, the critical point s,(u, ;)
of f is a preperiodic point of f. In the same way as was stated after Proposition 1,

Eremenko-Lyubich’s theorem [2] and Sullivan’s argument [4] give us the desired.

REFERENCES

[1] I N. BakEr, Limit functions and sets of non-normality iteration theory, Ann. Acad. Sci. Fenn., A.
1. Math. 467 (1970), 1-9.

[2] A. E. EREMENKO AND M. LyusicH, Dynamical properties of some classes of entire functions, Ann.
Inst. Fourier, Grenoble 42 (1992), 989-1020.

[3] C. M. JANG, Julia set of the function zexp(z + u), Tohoku Math. J. 44 (1992), 271-277.

[4] D. SurLivan, Conformal dynamical systems, in Geometric Dynamics, Lecture Notes in Math. 1007,
Springer-Verlag, Berlin, Heidelberg, New York, Tokyo, 1983, 725-752.

DEPARTMENT OF COMMUNICATIONS ENGINEERING MATHEMATICAL INSTITUTE
ToOHOKU INSTITUTE OF TECHNOLOGY ToHOKU UNIVERSITY
SENDAI 982 SENDAI 980-77

JAPAN JAPAN

Added in proof (Received October 6, 1997). After this paper was submitted, the
authors learned through Professor S. Nakane that N. Fagella also discussed the same
problem as ours in the following paper from another view point: Limiting dynamics
for the complex standard family, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 5
(1995), 673-699.





