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Abstract. The purpose of this paper is to give basic tools for the classification of non-
singular toric Fano verieties by means of the notions of primitive collections and primitive
relations due to Batyrev. By using them we can easily deal with equivariant blow-ups and
blow-downs, and get an easy criterion to determine whether a given nonsingular toric variety
is a Fano variety or not. As applications of these results, we get a toric version of a theorem of
Mori, and can classify, in principle, all nonsingular toric Fano varieties obtained from a given
nonsingular toric Fano variety by finite successions of equivariant blow-ups and blow-downs
through nonsingular toric Fano varieties. Especially, we get a new method for the classification
of nonsingular toric Fano varieties of dimension at most four. These methods are extended to
the case of Gorenstein toric Fano varieties endowed with natural resolutions of singularities.
Especially, we easily get a new method for the classification of Gorenstein toric Fano surfaces.

1. Introduction. A Gorenstein toric Fano variety is a complete toric variety X with

at most Gorenstein singularities such that the anticanonical divisor ~Kχ is ample. Gorenstein

toric Fano varieties are very important as ambient spaces of Calabi-Yau varieties, and Batyrev

[3] systematically constructed examples of mirror symmetric pairs of Calabi-Yau varieties as

hypersurfaces in Gorenstein toric Fano varieties. The set of isomorphism classes of Goren-

stein toric Fano d-folds is a finite set for any dimension d (see Batyrev [2]). Nonsingular

toric Fano d-folds are classified for d < 4 and Gorenstein toric Fano d-folds are classified for

d < 3 (see Batyrev [5] and Watanabe-Watanabe [18] in the nonsingular cases, and Koelman

[9], Kreuzer-Skarke [10] and [11] in the Gorenstein cases). In this paper, we consider the

classification of higher-dimensional nonsingular or Gorenstein toric Fano varieties using the

notions of primitive collections and primitive relations introduced by Batyrev [4]. First we

consider the nonsingular case.

DEFINITION 1.1. Let Td be the set of isomorphism classes of toric Fano d-folds. Xi

and X2 in Td are said to be F-equivalent if there exists a sequence of equivariant blow-ups

and blow-downs from X\ to X2 through nonsingular toric Fano d-folds, namely there exist

nonsingular toric Fano d-folds YQ = X\, Y\,... , Y21 = X2 together with finite successions

Yj —> Yj-\ and Yj —> Yj+u for each odd 1 < j < 2/ — 1, of equivariant blow-ups through

nonsingular toric Fano d-folds. We denote the relation by X\ ~ X2. Then " ~ " is obviously

an equivalence relation.
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REMARK 1.2. For equivariant birational maps of complete nonsingular toric varieties

which need not be Fano varieties, related factorization conjectures have been proposed by

Oda [14]. The weak version analogous to the factorization in Definition 1.1 was proved by

Wlodarczyk [19] and Morelli [12], while the strong version was proved by Morelli [12] and

later supplemented by Abramovich-Matsuki-Rashid [1].

As we see in this paper, if we get a complete system of representatives for (T, ~ ) , then

we get the classification of nonsingular toric Fano d-folds. The following conjecture for

nonsingular toric Fano J-folds holds for d < 4 as a consequence of the known classification.

CONJECTURE 1.3. Any nonsingular toric Fano d-fold is either pseudo-symmetric or

F-equivalent to the d-dimensional projective space Pd.

In this paper, we prove this conjecture for d = 3 and d = 4 without using the classi-

fication. As a result, we get a new method for the classification of nonsingular toric Fano

3-folds and 4-folds. Using this method for the classification, we can show that there exist 124

nonsingular toric Fano 4-folds up to isomorphism.

On the other hand, Gorenstein toric Fano d-folds are related to nonsingular toric weak

Fano d-folds, where a nonsingular toric weak Fano variety is a nonsingular projective toric

variety X such that the anticanonical divisor ~Kχ is nef and big, and the methods for nonsin-

gular toric Fano d-folds are extended to the case of nonsingular weak toric Fano J-folds. As

a result, we get a new method for the classification of Gorenstein toric Fano surfaces.

The content of this paper is as follows: In Section 2, we study basic concepts on toric

Fano varieties, and recall the correspondence between Gorenstein toric Fano varieties and

reflexive poly topes. In Sections 3 and 4, we introduce primitive collections and primitive

relations. We can characterize toric Fano varieties using them, and calculate them before

and after an equivariant blow-up. Moreover, we have a criterion for the possibility of an

equivariant blow-down in terms of primitive collections and primitive relations. In Section 4,

we give a new nonsingular toric Fano 4-fold which is missing in the classification of Batyrev

[5]. In Section 5, we give a toric version of a theorem of Mori as an application of Sections

3 and 4. In Section 6, we give a procedure for the classification which says that we have

only to get a complete system of representatives for the F-equivalence relation for the set

of isomorphism classes of nonsingular toric Fano J-folds. We also study a correspondence

between toric weak Fano varieties and Gorenstein toric Fano varieties. Especially, we get a

new method for the classification of Gorenstein toric Fano surfaces. In Sections 7 and 8, we

prove Conjecture 1.3 for d = 3 and d = 4. In Section 9, as an application of Sections 3 and 4,

we describe all the equivariant blow-up relations among nonsingular toric Fano 4-folds using

the classification of Batyrev [5].

The author wishes to thank Professors Tadao Oda, Yasuhiro Nakagawa and Takeshi Ka-

jiwara for their advice and encouragement.
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2. Reflexive polytopes. In this section, we recall some basic notation and facts about

toric Fano varieties (see Batyrev [3], Fulton [7], and Oda [13] for more details). The following

notation is used throughout this paper.

Let TV be a free abelian group of rank d and M := Homz(N, Z) the dual group. The

natural pairing (,): M x N —> Z is extended to a bilinear form (,): MR X NR -> R where

MR :=M®ZR,NR :=N®ZR.

For a finite complete fan Σ in N and 0 < i < d, we put Σ{i) := {σ e Σ | dimσ = /}.

Each τ e Σ(l) determines a unique element e{τ) e N which generates the semigroup τΠN.

We put

G(Σ):={e(τ)eN\τeΣ(l)}

and G(σ) := σ Π G(Σ) for σ £ Σ.

DEFINITION 2.1 (Batyrev [3]). A d-dimensional convex lattice polytope A c NR is

called a reflexive polytope if the origin 0 is in the interior of A and the polar

Δ*:={yeMR\{y,x)>-h Vx e A} c MR

is also a convex lattice polytope.

For a J-dimensional convex polytope A c NR and 0 < / < d — 1, we denote by zA(/)

the set of /-dimensional faces of A

Let A c Λffl be a convex lattice polytope such that 0 is in the interior of A. For any

/-dimensional face δ C A(0 < i < d — 1), let

σ(S) := [rx e NR \ r e R>0, x e 8}.

Then σ (8) is an (/ +1)-dimensional strongly convex rational polyhedral cone in NR . Moreover

Σ(A) := {σ(δ) | 8 e A(i) (0 < / < d - 1)} U {0}

is a finite complete fan in N.

PROPOSITION 2.2 (Batyrev [3]). If A c Λ^ is a reflexive polytope, then

is a Gorenstein toric Fano variety. Conversely, if Σ is a finite complete fan in N such that

Tj^Qmb(Σ(A)) is a Gorenstein toric Fano variety, then Conv(G(U)) c NR is a reflexive

polytope, where Conv(G(U)) is the convex hull ofG(Σ) c NR. Moreover, any two Goren-

stein toric Fano varieties T^/emb(Σ(A\)) and T^emb(Σ(A2)) corresponding to two reflexive

polytopes A\ C NR and Ai c Λ^ are isomorphic if and only if A\ and Ai are equivalent up

to unimodular transformation of the lattice N.

REMARK 2.3. A reflexive polytope A is called a Fano polytope if Σ(A) is nonsingu-

lar.

3. Primitive collections and primitive relations. Primitive collections and primitive

relations, introduced by Batyrev [4], are very convenient in describing higher-dimensional

fans. So in this section, we recall these concepts and characterize toric Fano varieties using

them.
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DEFINITION 3.1. Let Σ be a finite complete simplicial fan in N. A nonempty subset

P C G(Σ) is a primitive collection of Σ, if Cone(P) <£ Σ, while Cone(P \ {x}) € Σ for

every x e P, where Cone(5) := ΣxesR>oχ f°Γ a n v subset S C NR.

We denote by PC(U) the set of primitive collections of Σ.

REMARK 3.2. By definition, for any subset S c G(Σ) which does not generate a

cone in Σ, there exists a primitive collection P e PC(Σ) such that P C S.

DEFINITION 3.3. Let Σ\ and Σ2 be finite complete simplicial fans in N. Then PC(JEΊ)

and PC(U2) are isomorphic if there exists a bijective map φ : G(Σ\) ->• G(Z2) which induces

a well-defined bijective map

3 P h—• φ(P) e

By Definitions 3.1 and 3.3, we immediately get the following:

PROPOSITION 3.4. Let Σ\ and Σ2 be finite complete simplicial fans in N. Then Σ\

and Σ2 are combinatorially equivalent if and only ifPC(Σ\) and PC(Z2) &re isomorphic,

where Σ\ and Σ2 are combinatorially equivalent if there exists a bijective map

ψ:G{Σx)—*G{Σ2)

such that for any nonempty subset S C G(ΣΊ), we have Cone(S) € Σ\ if and only if

Cone(^(5)) e Σ2.

In the nonsingular case, we have the following additional information:

DEFINITION 3.5. Let I be a finite complete nonsingular fan in N and P =

{JCI , . . . , JC/} e PC(Σ). Then there is a unique element σ(P) € Σ such that

jci H h xι e Relint(σ(P)),

where Relint(S) is the relative interior of S for any subset S C NR. Hence we get a linear

relation

x\ H \-.xι = a\y\ H V amym (a\,... ,am € Z>o),

where G(σ(P)) = {ji,... , ym}. We call this relation the primitive relation for P.

The integer deg P := / — (a\ H h αm) is called the degree of P.

By this definition and Proposition 3.4, we get the following characterization of isomor-

phism classes of complete nonsingular toric varieties.

PROPOSITION 3.6. Let Σ\ and Σ2 be finite complete nonsingular fans in N. Then

the complete nonsingular toric varieties Γ/vemb(ΣΊ) and T^emb(Σ2) are isomorphic if and

only if there exists an isomorphism from PC(ΣΊ) to PC(Σ2) which preserves their primitive

relations.

Let Σ be a finite complete nonsingular fan in N and X := T^emb(Σ). Then for any

P e PC(U), we can define an element r(P) e A\(X) in the following way, where A\(X) is

the Z-module of algebraic 1-cycles modulo numerical equivalence.
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PROPOSITION 3.7 (e.g., Fulton [7], Oda [13]). Let Σ be a finite complete nonsingular

fan in N and X := T^Qmb(Σ). Then we have an exact sequence of Z-modules

0 — • M - A Z G ( Γ ) -^ Pic(X) —•> 0 (exact).

By the exact sequence in Proposition 3.7, we have Pic(X) = Z G ( Γ ) / ^ and hence

Ai(X) = Homz(Pic(X),Z) = H o m z ( Z G ( Γ ) / ^ , Z ) = M x c H o m z ( Z G ( Γ ) , Z ) .

Consequently, we have

ί
; H o m z ( Z G ( Γ ) , Z ) ^ axx=0\.

xeG{Σ) J

Let P = {x\,... , xι} e ?C(Σ) and let

x\-\ Vxι =a\y\ H h amym

be the primitive relation for P. Then we get a linear relation

x\-\ \-xι- (aiyi H Vamym) = 0 .

Then we can define r{P) — (r(P)x)xeG(Σ) € Λi(X)by

1 if x = Xi (1 < / < / ) ,

aj if x = vy (1 < 7 < m),

0 otherwise.

On the other hand, for any wall τ e Σ(d — 1), there is a linear relation

b\z\ H \-bd-\Zd-\ +bdZd +bd+\Zd+ι = 0 (^i,... , ̂ + i e Z, Z?̂  = ^ + i = 1),

where G(τ) = {zi,... , Zd-\}> while Cone(G(τ) U {zd}) and Cone(G(τ) U {zd+\}) are the

J-dimensional strongly convex rational polyhedral cones in Σ which contain τ as a face. We

define v(τ) = (v(τ)x)xeG(Σ) e A\(X) by

1 0 otherwise.

Concerning this definition, the following is very useful.

THEOREM 3.8 (Batyrev [4], [5], Reid [16]). Let Σ be a finite complete nonsingular

fan in N and X = T^emb(Σ). Then we have

NE(X)= Σ R>ov(τ)= Σ R>or(P),
τeΣ(d-l) PePC(Σ)

where NE(X) C Λ\ (X) (g)z R is the Mori cone of effective l-cycles.

The following theorem is the toric Nakai criterion.

THEOREM 3.9 (Oda [13], Oda-Park [15]). Let Σ be a finite complete nonsingular fan

in N and X := Γyvemb(i7). Then a T^-invariant divisor D e Tjγ Div(X) is ample if and only

if
(Zλ orb(τ)) > 0 for all τ e Σ(d - 1).
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By Theorems 3.8 and 3.9, we can characterize nonsingular toric Fano varieties in terms

of primitive collections.

THEOREM 3.10 (Batyrev [5]). Let Σ be a finite complete nonsingular fan in N and

X := T^emb(Σ). Then X is a nonsingular toric Fano variety (resp. ~Kχ is a nef divisor) if

and only if

deg P > 0 (resp. deg P > 0) for all P e PC(i7).

PROOF. ' ( 1 , 1 , . . . ,1) e Z G ( Γ ) corresponds to the anticanonical divisor of X. So for

P e PC(27),

(-Kx.r(P))=dtgP.

Hence by Theorems 3.8 and 3.9, we are done. q.e.d.

4. Equivariant blow-ups and blow-downs. Let Σ be a finite complete simplicial

fan in N. In this section, we investigate how the set PC(Σ) of primitive collections change by

star subdivisions. Especially we can deal with equivariant blow-ups and blow-downs of non-

singular complete toric varieties in terms of the primitive collections and primitive relations.

DEFINITION 4.1. Let Σ be a finite complete simplicial fan in N and σ e Σ with

dimσ = /, 2 < / < d. For x e (Relint(σ)) Π TV with x primitive in TV, we define the star

subdivision of Σ along (σ, x) in the following way.

First, we define the strongly convex rational polyhedral cones σt (1 < i < I) by

σf := Cone({^i,... , JC/_I, X, JC, + I , . . . ,*/}) (1 < / < 0

where G(σ) = {jq , . . . , # / } . Then for r e Σ such that σ -< τ, we can write τ uniquely as

τ = σ + τf with τ' e Σ , σ Π τ ' = {0}.

In this notation, we have a finite complete simplicial fan Σ*σ χ ) in N defined by

Σ*σχ) :=(Σ\{τ e Σ\σ <τ})U {the faces of σf + τ r | τ e Σ\ σ -< τ, 1 < / < /}.

We call Σ*σ ^ the star subdivision of Σ along (σ, x).

REMARK 4.2 (Fulton [7], Oda [13]). In Definition 4.1, if Σ is nonsingular and x =

x\-\ \-xι, then the equivariant proper birational morphism T^Qmb(Σ*σ χ^) -> Γ/vemb(U)

corresponding to this star subdivision is the equivariant blow-up along orb(σ).

The following is one of the main theorems of this paper.

THEOREM 4.3. Let Σ be a finite complete simplicialfan in N,σ e Σ and x a primitive

element in (Relint(σ)) Π N. Then the primitive collections of Σf ^ are

(1) G(σ),
(2) P e PC(Σ) such that G(σ) £ P and

(3) the minimal elements in the set {(P \ G(σ)) U {x} \ P e PC(Γ), P Π G(σ) φ 0}.

To prove this theorem, we need the following three lemmas.



CLASSIFICATION OF HIGHER-DIMENSIONAL TORIC FANO VARIETIES 389

LEMMA 4.4. Let Σ be a finite complete simplicial fan in N, σ e Σ and x a primitive
element in (Relint(σ)) Π N. For any τ* e Σ*σ χ^ifxeτ* then there exists τ' e Σ such that
τ' Π σ = {0} and τ* < σ; + τ' G Σf , for some i with 1 < / < /. Moreover, σj + τr e ΣT χ)

for all j (1 < j < /), where I = dimσ.

The proof is trivial by Definition 4.1.

LEMMA 4.5. Let Σ be a finite complete simplicial fan in N, σ e Σ andx a primitive
element in (Relint(σ)) Π N. Then P* e ?C(Σ*σχ)) andx e P* imply G(σ) Π P * = 0 .

PROOF. Let P* e PC(Γ*σ χ)), x e P* and suppose G(σ) HP* φΰ. Then P* \ G(σ)
generates a cone in Σ containing x. So by Lemma 4.4, there exists τ' € Σ such that

P* \ G(σ) c G(σ/ + τ') (1 < 3/ < /), σ Π τ' = {0}, σ + τr e Σ .

Since (P* \ G(σ)) \ {JC} c G(τO, we have an index j (1 < j < I) such that

P * c G ( σ , + τ ' ) , σj + τ' e Σ^χ),

which contradicts the assumption. q.e.d.

LEMMA 4.6. Let Σ be a finite complete simplicial fan in N, σ e Σ and x a primitive
element in (Relint(σ)) Π N. Then for any P* G PC(17*σ χ^) which contains x, there exists
P e PC(i7) such that

(P\G(σ))U{x} = P*.

PROOF. Let P* e ?C(Σ*σχ)), x e P* and suppose G(σ) U (P* \ {JC}) generates a
strongly convex rational polyhedral cone in Σ. Then there exists τ' e Σ such that

Cone(G(σ) U (P* \ {JC})) = σ + τ\ σ Π τr = {0}.

Since G(σ) Π P* = 0 by Lemma 4.5, we have P* c G(σ; + τ') for all / (1 < i < I). This
contradicts P* e VC(Σ*σ χ)). Therefore G(σ) U (P* \ {x}) contains a primitive collection of
Σ.

Let P C G(σ) U (P* \ {JC}), P G PC(i ). For any y e P* \ {*}, P* \ {v} generates
a strongly convex rational polyhedral cone in Σ*σ χ ) which contains x. Therefore by Lemma
4.4, there exists τf e Σ such that

P* \ {y} C G(σ/ + τ') (1 < 3/ < /), σ Γ\τr = {0}.

Then P* \ {JC, y] c G(τO because G(σ) Π P* = 0 by Lemma 4.5. So we have

Cone(G(σ) U (P* \ {JC, V})) = σ + Cone(P* \ {JC, j}) -< σ + r' G Γ

and consequently G(σ)U(P*\{jc,;y}) generates a strongly convex rational polyhedral cone
inlλ

On the other hand, suppose P* \ {JC} (£ P. Then there exists y e P* \ {JC} such that
P C G(σ) U (P* \ {JC, y}). This contradicts P G PC(i7). Therefore P* \ {JC} C P, hence
clearly (P\G(σ))U{jc} = P*.

We are now ready to prove Theorem 4.3.
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PROOF OF THEOREM 4.3. We put

V : = {P* e PC(Σ*σx)) \xfP*}, V := PC(Σ*σx)) \ V,

S := {P e PC(27) I G(σ) £ P] U {G(σ)}

and let T be the set of minimal elements of

{(/> \ G(σ)) U {x} I P e PC(27), /> Π G(σ) φ 0}.

Then to prove the theorem, we have only to prove V = S and V' = T.

"V = 5 " Trivially we have G(σ) G P. Let P G PC(i7), G(σ) £ P. Then for

any y G P, P \ {y} generates a strongly convex rational polyhedral cone in Σ*σχ^ because

G{σ) <£_ P \ {y}. On the other hand, since JC ^ P, P does not generate a strongly convex

rational polyhedral cone in ΣT χy So we have P e V. Conversely, let P* G V. If G(σ) c

P*, then P* = G(σ) e S since G(σ) G V. If G(σ) </L P*, then for any y € P*, P* \ {y}
generates a strongly convex rational polyhedral cone in Σ because x £ p* . Clearly P* does

not generate a strongly convex rational polyhedral cone in Σ. Therefore P* ePC(Σ) and we

have P* e S.

"V = T " Let (P \ G(σ)) U {x} e T (P G PC(Γ)) and suppose that (P \ G(σ)) U {x}

generates a strongly convex rational polyhedral cone in ΣT .. Then there exists τ' e Σ such

that

Cone((P \ G(σ)) U {x}) < σ{ + τf G 27(*σiJC) (1 < V/ < /), σ Π τ r = {0}.

Since P \ G(σ) C G(τ'), we have P c G(σ + τ') (σ + τ ' G Γ), a contradiction to P G

PC(Γ). Therefore (P \ G(σ)) U {x} contains a primitive collection of Σ*σ χ). So let P* c

(P \ G(σ)) U { c}, P* G PC(Σ*σχ)). Then x e P* because P \ G(σ) generates a strongly

convex rational polyhedral cone in ΣJ .. So by Lemma 4.6, there exists P' G PC(Σ) such

that P* = (P' \ G(σ)) U {JC}. Since (P ' \ G(σ)) U {x} = P* C (P \ G(σ)) U {x}, we have

(P ' \ G(σ)) U {x} = (P\ G(σ)) U {JC} by minimality. Therefore (P \ G(σ)) U {JC} = P* e

PC(Σ*σχ)). Conversely, let P* G PC(i;* σ χ ) ) , JC G P*. Then by Lemma 4.6 P* is clearly

expressed in the form as stated. q.e.d.

By using Theorem 4.3, we can construct a nonsingular toric Fano 4-fold which is missing

in the table of Batyrev [5].

EXAMPLE 4.7. Let d = 4, Σ a fan in N corresponding to P2 x P2 and G(Σ) =

{JCI , . . . , JC6}. Then the primitive relations of Σ are

X\ + X2 + *3 = 0 , X4 + X5 + *6 = 0 .

We get a nonsingular toric Fano 4-fold W by equivariant blow-ups of P2 x P 2 along three

Γ/v -invariant 2-dimensional irreducible closed subvarieties

orb({xux4}), orb({*2,*5}), orb({x3, xβ}).

Let Σ 1^ be the fan in N corresponding to W and G(iJ^) = G(Γ) U [xΊ, x8, JCQ}. Then the

primitive relations of Σψ are

X\ + X4 = Xη ,



CLASSIFICATION OF HIGHER-DIMENSIONAL TORIC FANO VARIETIES 391

X\ + *2 + *3 = 0 , X4 + X5 + *6 = 0 , X7 + Xg + X9 = 0 ,

= X2 , *2 + *3 + *7 = *4 , *5 + *6 + *7 = X\ ,

X6 > -̂ 4 + *8 + ^9 = ^2 + X3 , X2 + *7 + -̂ 9 = ^

*3 » -̂ 3 + *7 + -̂ 8 = -̂ 4 + -̂ 5 , X6 + *7 + -̂ 8 = -̂

This is easily confirmed by Theorem 4.3. W is missing in the table of Batyrev [5].

By Theorem 4.3, we get a way to calculate PC(27(*σfJc)) from PC(i ). Conversely, by the

following easy lemma, we get a way to calculate PC(Σ") from PC(I7(*σ Λ.

LEMMA 4.8. Let Σ be a finite complete simplicial fan in N, σ e Σ and x e

(Relint(σ)) Π Λ̂  which generates the semigroup (R>ox) ΠN.IfPe PC(27) and G(σ) C P,

then (P \ G(σ)) U {*} e PC(Σ*σχ)).

PROOF. We have only to prove that (P \ G(σ)) U {x} is a minimal element in

{(Pr \ G(σ)) U {x} I P' e PC(Σ), Pf Π G(σ) φ 0}. Suppose there exists P' e PC(Γ) such

that

P' \ G(σ) C P \ G(σ), P' Π G(σ) φ 0 .

Since G(σ) c P, we have P r C P, hence P = Pf because P, P r e PC(Γ). Therefore P is a

minimal element. q.e.d.

COROLLARY 4.9. L ί̂ Σ be a finite complete simplicial fan in N, σ e Σ and x e

(Relint(σ)) Π Λf which generates the semigroup (R>o) Π N. Then the primitive collections of

Σ are

(1) P* € PC(Γ*σ χ ) ) SMC/* that P* / G(σ), JC i P* am/

(2) (P* \ {x}) U G(σ) wAe^ P* G PC(iJ*σ χ ) ) JMCΛ ίAaί x e P* an^ (P* \ {JC}) U 5 ^

?C(Σ*σχ))for any subset S C G(σ).

This immediately follows from Theorem 4.3 and Lemma 4.8.

We end this section by giving an easy criterion for the possibility of equivariant blow-

down in the nonsingular case.

THEOREM 4.10. Let Σ* be a finite complete nonsingular fan in N. Then the following

are equivalent.

(1) There exist a complete nonsingular toric variety X and an equivariant blow-up

φ : Γ/vembCΣ1*) -» X along a Γ/y -invariant closed irreducible subvariety ofX.

(2) There exists P* € PC(£*) such that the corresponding primitive relation is

x\ H \-χt=χ, P* = {JCI, . . . ,JC/}, for some x e G(Σ*)

and for any σ* e Σ* which contains x, each of

(G(σ*)UP*)\{*/} (1 < V/ < /)

generates a strongly convex rational polyhedral cone in Σ*.
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(3) There exists P* G PC(i7*) such that the corresponding primitive relation is

x\Λ V xι = x , P* = {x\,... ,xι}, for some x e G(Σ*)

and for any Pf G PC(Γ*) which satisfies the conditions P* Π P' φ 0 and P* ^ P',

(/>' \ P*) U {*}

contains a primitive collection of Σ*.

PROOF. We prove (1) => (3) =» (2) =* (1).

(1) => (3) is trivial by Theorem 4.3.

(3) => (2). Suppose that there exists σ* 6 17* such that x e σ* and

(G(σ*) U P*) \ {xi} for some i (1 < i < /)

does not generate a strongly convex rational polyhedral cone in Σ*. Then (G(σ*) U P*) \ {xι}

contains a primitive collection Pf e PC(I7*). Since P* Π P' φ 0 and P* φ Pf, by (3),

(P' \ P*) U {x} C G(σ*)

contains a primitive collection of Σ*, a contradiction.

(2) => (1). For any σ* e Σ* which contains x, define a strongly convex rational

polyhedral cone σ' in NR by

σ r := Cone((G(σ*) U P*) \ {x}).

Then the finite complete nonsingular fan Σ in N defined by

Σ :=( i7*\{σ* e Σ*\x e σ*}) U {σf and the faces of σ ; |σ* G Γ*,JC G σ*}

gives a complete nonsingular toric variety X = Γ/y emb(I7) and an equivariant blow-up φ :

Γyvemb(i ) -> X. q.e.d.

The equivalence (1) O (3) is a useful criterion for the possibility of equivariant blow-

down in the nonsingular case.

5. Decomposition of birational morphisms. In this section, we prove a toric ver-

sion of a theorem of Mori which says "a proper birational morphism between nonsingular

Fano 3-folds is always decomposed into a composite of blow-ups", and consider the higher-

dimensional version. In the proof of this theorem, the results of Sections 3 and 4 are used.

The following proposition is important in proving the main theorem in this section.

PROPOSITION 5.1. Let X := TNemb(Σ) be a nonsingular toric Fano d-fold (resp.

—Kx is nef), x\ + + xι = x a primitive relation of Σ and φ : X •-» X' := Γ/vemb(ΣΌ

the equivariant blow-down with respect to x\ + ••••+*/ = x. Then X1 is not a nonsingular

toric Fano d-fold {resp. —Kχ> is not nef) if and only if there exists a primitive relation of Σ

of the form

y\Λ 1- ym = a\z\ H h anzn +bx+ c\x\ H h c/_i*/_i

up to change of the indices, such that

(1) a\,... , an, b > 0, c\,... , c/_i > 0,
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(2) m - (a\ + -f an + b + c\ + + Q-i) > 0 (resp. > 0),

(3) m - (ai + + an + bl + c\ + + Q_i) < 0 (res/?. < 0) and

(4) m + / i + Z < d + l.

PROOF. The sufficiency is trivial by Theorem 3.10.

By Corollary 4.9, for any new primitive collection P' e PC(Σf) added by the equivariant

blow-down with respect to x\ H h x\ — x, there exists

P = {uu... 9ur,x}€PC(Σ)

such that P / = {« i , . . . ,M r , ;c i , . . . , j c/} . Let the primitive relation corresponding to P be

ill H \-ur +x = h\v\ H h/ι5ι;5

Then Cone({υi,... , υs}) e Σ" because c ^ {υi,... , vs}. So the primitive relation corre-

sponding to P' is

u\ Λ h ur +x\ H h*/ = /ii^i H \-hsvs.

Therefore deg P 7 = r + / - (Λi H h A5) > r + 1 - (h\ H 4- As) = deg P > 0.

By the above discussion, if X' is not a nonsingular toric Fano d-fold, then there exists

a primitive collection P in ?C(Σ) such that P is in PC(Σ")> its primitive relation contains

x on the right-hand side and r(P) is contained in an extremal ray of NE(Xr) So we get the

conditions (1) and (4). Because X is a Fano variety while Xr is not a Fano variety, we get the

conditions (2) and (3). q.e.d.

EXAMPLE 5.2. We consider Proposition 5.1 in the case of the equivariant blow-down

φ : X -> X' with respect to the primitive relation of Σ of the form x\ + X2 = x.

(1) "d = 2." Xf is always a nonsingular toric Fano surface. On the other hand, if

—Kx is nef, then — Kχ> is always nef.

(2) "d = 3." Xf is not a nonsingular toric Fano 3-fold if and only if there exists the

following primitive relation of Σ.

y\ + y2 = x ({vi, y2] π {x\, x2} = 0) .

(3) "d = 4." Xr is not a nonsingular toric Fano 4-fold if and only if there exists one

of the following primitive relations of Σ.

v i + y 2 = x, y\ + yi + y3 = 2x, y\ + y2 + y3 = χ + * i ({yi, y2, Ή ) Π {*I,*2} = 0)

Next let d = 3 and let φ : X ->- Xr be the equivariant blow-down with respect to the

primitive relation of Σ, x\ + x2 + JC3 = x. Then Xr is always a nonsingular toric Fano 3-fold

by Proposition 5.1.

We need these facts later.

The following is the toric version of the Mori theory.

PROPOSITION 5.3 (Reid [16]). Let Σ be a finite complete nonsingular fan in N, X :=

T^Qmb(Σ) a projective toric variety, and P = {x\, . . . , x/} G PC(Σ) with the primitive

relation corresponding to P being x\ + + x\ = a\y\ + + amym. Ifr(P) is contained
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in an extremal ray o/NE(X) and m > 1, then there exist a nonsingular projective tone d-fold

X' and an equivariant morphism

Contp : X -> Xf

such that the following are satisfied:

(1) For any τ e Σ, the image oforb(τ) by Contp is a point if and only if v(τ) =

r(P)eA{(X).

(2) Let Σ' be a fan in N such that Xf = TNemb(Σf). Ifm = 1 then Σ' is simplicial

and

σ' = Cone({x!,... , xt}) e Σf, G(Σ') = G(Σ) \{yι}.

Moreover Σ = (Σ')*σ, , where x := (x\ + + xι)/a\. Especially if a\ = 1, then X1 is

nonsingular and Contp is an equivariant blow-up.

To prove the main theorem in this section, we suppose d = 3. Let φ : Y -^ X be an

equivariant morphism between nonsingular toric Fano 3-folds, and Σ and Σ fans in N such

that X = TNemb(Σ) and Y = TNemb(Σ). To apply Propositions 5.1 and 5.3, we have to

investigate the subdivision of a 3-dimensional strongly convex rational polyhedral cone in Σ.

The following lemma is fundamental in classifying subdivisions.

LEMMA 5.4. Let d = vankN = 3, Σ and Σ finite complete nonsingular fans in N

and φ : T^emb(Σ) -> T^emb(Σ) an equivariant morphism. For any σ e Σ(3) such that

G(σ) = {x\,X2,X3}, let σ be the unique strongly convex rational polyhedral cone in Σ \ {0}

such that x\ + X2 + X3 € Relint(σ). Then we have the following.

(1) dimσ = 3 <& σ =σ e Σ.

(2) dimσ = 2 ^ G(σ) = {x, x^} where x := x\ + xi up to change of the indices.

(3) dimσ = 1 «Φ> G(σ) = {JC} where x := x\ + X2 + *3.

PROOF. The sufficiency is trivial. Let s = dimσ and G(σ) = {y\>... , ys} Then

σ c σ since φ is an equivariant morphism, and so we have

yι = 0/i*i + 0/2*2 + 0/3*3 (1 < i < s), aij e Z > 0 (1 < / < s, 1 < j < 3).

If we put xι + x2 + X3 = ^Ui H h ̂ J5 (*i, , bs e Z > 0 ) , then b\ = = bs = 1
because α ί ; (1 < / < s, 1 < 7 < 3) are nonnegative.

Now we are ready to classify the subdivisions of a 3-dimensional strongly convex ra-

tional polyhedral cone σ e Σ(3). There are five types of subdivisions for σ. Let G(σ) =

{*1,*2,*3}
(1) "dimσ = 3." σ =σ e Σ(3) by Lemma 5.4.

(2) "dimσ = 2." By Lemma 5.4, we have x\ + X2 + X3 e Cone({jC3, JC4}) e Σ(2),

where X4 := x\ -\- X2 e G(Σ). Then {x\,X2} € PC(J7) and r({x\, xi}) is contained in
an extremal ray of NE(y) since deg({;ci, X2}) = 1. So σi := Cone({jci, JC3,JC4}), 02 :=

Cone({^2, X3» *4}) are in ^(3) and σ = σi U σ2 by Theorem 4.10(2) and Proposition 5.3.

(3) "dimσ = 1 and {jci, x2} e PC(Γ)." Let x4 := xx + x2 + X3 e G(Σ) and

*5 : = *i + *2 Then X5 e G(X") and the primitive relation corresponding to {JCI , X2} is
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xι + χ2 = X5. Since JC3 + X5 = X4, we have {*3, JC5} € PC(J7) and JC3 + X5 = X4 is

the corresponding primitive relation. So, since r({x\, X2}) and r({x3, JC5}) are contained in

an extremal ray of NE(y) , we see that σ\ : = Cone({jci, #3, JC4}), 02 := Cone({xi, X4, JC5}),

σ 3 : = Cone({x2, *3 , *4})> &4 •= Cone({jC2, X4, X5}) are in Σ(3) and σ = σ\ U σ2 U 03 U σ4

for the same reason as above.

(4) " d i m σ = 1, {*i,jt2>*3} € PC(J£) and r({jti, JC2,*3}) is contained in an ex-

tremal ray of NE(7) ." Let X4 := x\ + X2 + X3. Then by Proposition 5.3, we have σ\ : =

Cone({xi,X2,^4})» &2 '.= Cone({jC2,X3,JC4}), σ3 : = Cone({^i,JC3,JC4}) are in Σ{3) and

σ = σ\ U σ2 U σ3.

(5) " d i m σ = 1, {x\,X2,x?>} ^ P C ( ^ ) and r(\x\,X2,x?>\) is not contained in an

extremal ray of N E ( y ) . " Let X4 : = JCI + X2 + ^3. Then the primitive relation corre-

sponding to {JCI, JC2, JC3} is JCI + X2 + JC3 = X4 and so deg({;ci, JC2,X3}) = 2. Therefore

there exist two primitive collections P\, P2 € P C ( ί 1 ) such that degPi = degP2 = 1 and

r ({JCI , JC2, X3}) = r(P\) + r(P2). On the other hand, there are two types of primitive relations

corresponding to the primitive collection P such that deg P = 1 and r(P) is contained in an

extremal ray. The possibilities are

(a) z\ + Z2 + Z3 = 2z4 , (b) w\ + W2 = W3 .

By easy calculation, the combinations ((α), (α)) and ((Z?), (fc)) are impossible. In the case

of the combination ((a), (b)), we have Z4 = w\ = X4, 1̂ 3 = z\, W2 = x\, Z2 — xi and

Z3 = X3. Then putting X5 := zi, we have σi := Cone({xi, JC2, JC5}), σ2 := Cone({jC2, JC4, JC5}),

σ3 := Cone({*i,*3,*5}), (74 := Cone({x3,X4,X5}), σs := Cone({x2,^3, ^4}) are in 17(3)

and σ = σi U σ2 U σ3 U σ4 U σ5 for the same reason as in (2).

By the above classification, we get the following main theorem in this section. This is a

toric version of a theorem of Mori.

THEOREM 5.5. Let X and Y be nonsingular toric Fano 3-folds, and φ : Y -> X an

equivariant morphism. Then we have a decomposition of φ

where Xi (0 < / < r) is a nonsingular toric Fano 3-fold, ψj (2 < j < r) is an equivariant

blow-up along a Γ/v-invariant l-dimensional irreducible closed subvariety ofXj-\ and φ\ is

an equivariant blow-up along some Γ/v -invariant points ofX.

PROOF. In the above classification, carry out equivariant blow-downs in the order

(3) => (2) =ϊ (1), (2) => (1), (5) =» (4) => (1) and (4) => (1). Then by Proposition

5.1 and Example 5.2, we get a decomposition as in the statement. q.e.d.

If d > 4, the method we employed in the 3-dimensional case is insufficient. For

example, in the case of d = 4, there is a subdivision of a 4-dimensional strongly con-

vex rational polyhedral cone σ e Σ(4) such that the primitive relations corresponding to

{P e PC(Γ) I P C σ} c PC(Σ) are

X\ + X2 + X3 = X5 , X2 + X4 = Xβ and X\ + X3 + Xβ — X4 + *5 »
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where G(σ) = {x\,X2, *3, *4}, *5, xβ £ G( J7). This does not contradict the fact that Y is a

nonsingular toric Fano variety, but we cannot tell by Proposition 5.1 whether the equivariant

blow-down of Y with respect to the primitive relation X2 + X4 = xβ is also a nonsingular toric

Fano variety or not. However, there is still a possibility of the decomposition similar to that

in Theorem 5.5 in the case d > 4.

CONJECTURE 5.6. Let X and Y be nonsingular toric Fano d-folds, and φ : Y -> X

an equivariant morphism. Then we have a decomposition ofφ

v v ψr v φr~λ <P2 v <Pi v vϊ = Xr > A r _ l > • X\ > Λ0 = Λ

where Xi (0 < / < r) is a nonsingular toric Fano d-fold, and each of ψj (1 < j < r) is an

equivariant blow-up along a Γ/v-invariant irreducible closed subvariety ofXj-\.

6. Program for the classification of toric Fano varieties. In this section, we give

a program for the classification of nonsingular toric Fano varieties. This program can be

extended to the case of Gorenstein toric Fano varieties endowed with natural resolution of

singularities.

First we consider the classification of nonsingular toric Fano d-folds. We define the

F-equivalence relation again. Let

Td := {nonsingular toric Fano J-folds}/ = .

DEFINITION 6.1. X\ and X2 in Td are said to be F-equivalent if there exists a se-

quence of equivariant blow-ups and blow-downs from X\ to X2 through torix Fano d-folds,

namely there exist nonsingular toric Fano J-folds YQ = X\, Y\,... , Y21 = X2 together with

finite successions F, -> Yj-\ and Yj -• Yj+\9 for each odd 1 < j < 21 - 1, of equivariant

blow-ups through nonsingular toric Fano J-folds. We denote the relation by X\ ~ X2. Then

" ~ " is obviously an equivalence relation.

By Proposition 3.6, Theorems 3.10, 4.3, 4.10 and Corollary 4.9, to get the classification

of nonsingular toric Fano d-folds, we have only to solve the following problem.
p

)PROB LEM 6.2. Get a complete system of representatives for

For Problem 6.2, we propose the following conjecture.

CONJECTURE 6.3. Any nonsingular toric Fano d-fold is either pseudo-symmetric or

F-equivalent to the d-dimensional projective space Pd, where a nonsingular toric Fano d-

fold Tj\f cmb(Σ) is pseudo-symmetric if there exist two d-dimensional strongly convex rational

polyhedral cones σ, σf e Σ(d) such that σ = —σ1 \— {—x e NR | X e σ'}.

If Conjecture 6.3 is true, we can get a complete system of representatives for {Td, ^ ) ,

since pseudo-symmetric ones are already completely classified as follows:

DEFINITION 6.4. Let k e Z > 0 , d = 2k and {e\,... , ed] a basis of N. The 2k-

dimensional del Pezzo variety V2k is the nonsingular toric Fano 2&-fold corresponding to the
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F a n o p o l y t o p e in NR def ined b y

C o n v ( { έ ? i , . . . ,ed, -e\,... , -ed, e\Λ \-ed, -{e\ H h ed)}),

while the 2&-dimensional pseudo del Pezzo variety V2k is the nonsingular toric Fano 2&-fold

corresponding to the Fano polytope in NR defined by

Conv({ei,. . . ,βd, -e\,... , -ed,e\ -\ h ed}).

R E M A R K 6.5. In the table of Section 9, (117) is the 4-dimensional pseudo del Pezzo

variety V4, while (118) is the 4-dimensional del Pezzo variety V4.

THEOREM 6.6 (Ewald [6], Voskresenskij-Klyachko [17]). For any pseudo-symmetric

toric Fano variety X there exist numbers s,m,n e Z>o, k\,... , km, l\,... , ln e Z>o such

that

X ^ (Pι)s x V2kι x x V2km x V2h x x V2ln ,

where V2ki is the 2k[ -dimensional del Pezzo variety while V2ίJ is the 21 j-dimensional pseudo

del Pezzo variety for 1 < / < m, 1 < j < n.

Conjecture 6.3 is very difficult to deal with in general. So we consider Conjecture 6.3 in

some special class of nonsingular toric Fano d-folds.

THEOREM 6.7. Letr,a\,... , ar inZ>o anda\ -\ \-ar = d. Then we have

Paι x x Par £ Pd .

PROOF. We prove this by induction on d.

Let Σ be a fan in N corresponding to the d-dimensional projective space and G(Σ) =

{x\,... , jcd+i}. Then the primitive relation is

x\ H h^+i = 0.

By the equivariant blow-up along {x\,... , xaι+\} for 1 < a\ < d we get a fan Σ\ in TV

whose primitive relations are

X\~\ h Xaι + l = Xd+2 , ^αi+2 H h * d + 2 = 0 ,

where G(Σ\) = G(Σ) U {x^+2}. Moreover, by the equivariant blow-up of Σ\ along

{x\, Jcαi+2, . , *</+!} we get a fan i72 in TV whose primitive relations are

Xd+3 , ^2 H h Λfll + 1 + Xd+3 = 0 , Xd+2

X1+--+ Xaι + 1 = ^ + 2 , * f l l + 2 + ' ' ' + Xd+2 = 0 ,

where G(Σ2) = G(ΣΊ) U {xd+3}> Then Γ/vemb(i7i) and Γ/vemb(U2) are nonsingular toric

Fano J-folds by Theorem 3.10. By Theorem 4.10 Σ2 can be equivariantly blown-down to a

fan Σ' in TV with respect to the primitive relation xd+2 + *d+3 = x\- The primitive relations

of Σ' are

X2 Λ V Xaχ + \ + Xd+3 = 0 . ^«i+2 H h Λrf+2 = 0 »
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where G(Σ') = {x2,... , *d+3} So the toric variety corresponding to Σ' is isomorphic to
paλ χ pd-aι ^ a n d w e h a y e

pd £ pa\ χ pd-a\

Then by the induction assumption, we have

pd-ax lpa2 χ...xpar

q.e.d.

Next, we consider more complicated nonsingular toric Fano d-folds.

DEFINITION 6.8 (Batyrev [4]). Let Σ be a finite complete nonsingular fan in N. Then

Σ is called a splitting fan if for any two distinct primitive collections P\ and P2 in PC(Σ),

we have P{ Π P2 = 0.

The following is well-known.

THEOREM 6.9 (Kleinschmidt [8]). Let Σ be a finite complete nonsingular fan in N

and X := Tj^ emb(Σ). If the Picard number ofX is two or three, then X is projective. More-

over, if the Picard number ofX is two, then Σ is a splitting fan.

The nonsingular toric J-folds corresponding to splitting fans are characterized by the

following proposition.

PROPOSITION 6.10 (Batyrev [4]). Let Σ be a finite complete nonsingular fan in N.

Then Σ is a splitting fan if and only if there exist toric manifolds Xo, . . . , Xr such that Xo

is a projective space, Xr = 7Vemb(i7) and for 1 < i < r, X; is an equivariant projective

space bundle over Xi-\.

For any splitting fan Σ in N, T^cmb(Σ) is projective by Proposition 6.10. So the

assumption in the following is satisfied.

LEMMA 6.11 (Batyrev [4]). Let Σ be a finite complete nonsingular fan in N such

that Γ/vemb(I7) is projective. Then there exists a primitive collection P in PC(I7) such that

σ(P) = 0.

THEOREM 6.12. Let Σ be a splitting fan in N and let P = {x\,... , xr) be a primitive

collection such that σ(P) = 0. If for any primitive collection Pf in ¥C(Σ) such thatσ{Pf) Π

P φ$, there exists y in Pf such thaty is not in σ{P")for any P" in PC(Σ), then there exists

a nonsingular toric Fano (d — r + \)-fold X' in J:d~r+X such that

TN emb(Γ) - PrX x X'.

PROOF. If σ(P') Π P = 0 for any primitive collection P' in PC(Σ), then TN emb(Γ)

is isomorphic to the product as in the statement.

So let Pf = {y\,... , ys} be a primitive collection such that σ(Pf) Π P φ 0 and */ in

σ(Pr) Π P. Then by assumption, there exists yj in P' such that yj is not in σ(P") for any P"

in PC (27). The primitive relations of Σ are

x\ + 1- xr = 0, yχ-\ + ys =axi -[ (a > 0), . . . .
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By the equivariant blow-up along {jq,... , JC/_I, JC/+I, . . . , xr, yj} we get a fan Σ\ in N

whose primitive relations are

* H 1- Xi-\ + *i+i H 1- *r + yj = z, xi+z = yj,

yι-\ \- yj-ι + X/ +i H 1- ys + z = (« - l)*i H — ,

* H f- * r = 0, j i H \-ys = axi -\ , . . .

where G(Σ\) = G(Σ) U {z} and the first three primitive relations are new. Then T^emb(Σ\)

is a nonsingular toric Fano d-fold by Theorem 3.10. By Theorem 4.10 Σ\ can be equivariantly

blown-down to a fan Σ' in N with respect to the primitive relation χ]+z = yj. The primitive

relations of Σ' are

xi H h x r = 0, yi H h y ; _i + y ; +i H \-ys + z = (a - l)xt H , . . .

where G(17') = (G(27) \ {vy}) U {z}. Then Γ^embCX1') is also a nonsingular toric Fano d-

fold by Theorem 3.10, and Σ' satisfies the assumption of the statement. So we can replace

Σ by Σ' and carry out this operation again. This operation terminates in finite steps and

Γ/vemb(ΣΌ becomes a product as in the statement. q.e.d.

By Theorems 6.7 and 6.12, we get the following immediately.

COROLLARY 6.13. Let Σ be a splitting fan in N and let Tj^cmb(Σ) be a nonsingu-

lar toric Fano d-fold. If the Picard number of TNemb(Σ) is not greater than three, then

Γ/vemb(I7) is F-equivalent to the d-dimensionalprojective space.

Next we consider the classification of Gorenstein toric Fano varieties.

Let A be a reflexive poly tope in NR. For any 8 e Δ(d — 1), subdivide 8 as

δ = S8ΛUSδaU 'USδMδ)

where S&j (1 < / < k(8)) are (d — 1)-dimensional simplices such that

SSj ΠN = Sδ,i(P) CδΠN (I <i < k ( δ ) ) .

Then we can define a finite complete fan Σ(Δ) in N by

^Σ(A) := {σ(S3t/)andthefacesofσ(5δt/)|5 € Δ(d - 1), 1 < / < k(8)} U {0}.

PROPOSITION 6.14 (Batyrev [3]). Let A be a reflexive polytope in NR. Then there

exists a subdivision of Σ(Δ) as above such that Γ/yemb(i7(zA)) is a projective toric variety

with only Gorenstein terminal quotient singularities. Moreover, the equivariant morphism

corresponding to this subdivision φ : 7/vemb(I7(Z)) -> Γ/vemb(Σχz\)) is crepant.

REMARK 6.15. In Proposition 6.14, if TNemb(Σ(Δ)) is nonsingular, then for any

P e ΫC(Σ(Δ))9 we have deg P > 0 because Conv(G(I7(Z\))) = Δ. By Theorem 3.10, this

means that the anticanonical divisor of Γ/vemb(i7(Z\)) is nef.

DEFINITION 6.16. Let X be a nonsingular projective algebraic variety. Then X is

called a nonsingular weak Fano variety if the anticanonical divisor ~Kχ is nef and big.
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By the following proposition, the condition "big" is automatic in the case of toric vari-

eties.

PROPOSITION 6.17. Let Σ be a finite projectίve nonsingular fan in N and X :=

T^cmb(Σ). Then the following are equivalent.

(1) X is a nonsingular toric weak Fano variety.

(2) The anticanonical divisor ~Kχ is nef.

(3) For any P G PC(Σ), we have deg P > 0.

PROOF. The equivalence (2) 4> (3) follows from Theorem 3.10.

Suppose the anticanonical divisor — Kχ is nef. Then A — Conv(G(i7)) is a reflexive

polytope. So we have (—Kχ)d = vol^(Z\*) > 0. Therefore ~Kχ is big. q.e.d.

For the Gorenstein toric Fano varieties endowed with crepant resolutions of singularities

as Proposition 6.14, we can consider instead the nonsingular toric weak Fano varieties by

Propositions 6.14, 6.17 and Remark 6.15. In this case, we can apply the method for nonsin-

gular toric Fano varieties by Theorem 3.10 and Proposition 6.17. Especially in the cases of

d — 2 and d = 3, Γ/vemb(i7(Z\)) is always nonsingular.

We introduce the same concepts for nonsingular toric weak Fano d-folds as in the case

of nonsingular toric Fano d-folds. Let

T™ '-— {nonsingular toric weak Fano J-folds}/ = .

First, we define the concept, flop, for nonsingular projective toric d-folds.

DEFINITION 6.18. Let X = TNemb(Σ) be a nonsingular projective toric d-fold and

P a primitive collection of Σ whose primitive relation is

x\ H Vxi = y\ H \-yι.

If r(P) is contained in an extremal ray of NE(X), then we can do the following operation.

First we blow-up X along [y\,... ,3;/}, and we get the toric variety Xr = Γ/vemb(Σ") and the

primitive relation of Σ\ x\ -\ h x\ = z, where G(Σ') = G(Σ) U {z}. Next we can blow-

down Xr with respect to Λ I -f + x\ — z, and we get the toric variety X+ = r/vemb(i7+)

and the primitive relation of Σ"1",

yι + \-yι =χ\-i 1- χι,

where G{Σ+) = G(Σ). We call this operation./fo/?.

DEFINITION 6.19. X\ and X2 in TJ are said to be weakly-F-equivalent if there exists

a sequence of equivariant blow-ups, blow-downs and flops from X\ to X2 through toric weak

Fano d-folds, namely there exist nonsingular toric weak Fano J-folds YQ = X\ ,Y\,... , Y31 =

X2 together with finite successions Y3J-2 -> ^3y-3 and Y3J-2 —• ^3y-i> for each 1 <

j < /, of equivariant blow-ups through nonsingular toric Fano d-folds, and finite successions

Y?>k-i *> Y?>k, for each 1 < k < I, of flop through nonsingular toric Fano d-folάs. We denote
wF wF

the relation by X\ ~ X2. Then " ~ " is obviously an equivalence relation.
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The conjecture for nonsingular toric weak Fano d-folds corresponding to Conjecture 6.3

is the following.

CONJECTURE 6.20. Any nonsingular toric weak Fano d-fold is weakly-F-equivalent

to the d-dimensional projective space Pd.

REMARK 6.21. Since the 4-dimensional pseudo del Pezzo variety and the 4-dimen-

sional del Pezzo variety can be equivariantly blown-up to nonsingular toric weak Fano 4-folds,

we exclude the pseudo-symmetric toric Fano varieties from Conjecture 6.20.

We can easily prove Conjectures 6.3 and 6.20 for d — 2.

THEOREM 6.22. Any nonsingular toric Fano surface is F-equivalent to the 2-dimen-

sional projective space P2, while any nonsingular toric weak Fano surface is weakly-F-

equivalent to P2. Especially, Conjectures 6.3 and 6.20 are true for d = 2, and we get a

new method for the classification ofGorenstein toric Fano surfaces by the above discussion.

PROOF. We prove Theorem 6.22 in the case of nonsingular toric weak Fano surfaces.

We can similarly prove Theorem 6.22 in the case of nonsingular toric Fano surfaces.

By Proposition 5.1 and Example 5.2, if a nonsingular toric weak Fano surface X is not

minimal in the sense of equivariant blow-ups, then X can be equivariantly blown-down to

nonsingular toric weak Fano surface. On the other hand, the minimal complete nonsingular

toric surfaces in the sense of equivariant blow-ups are P2 and PP\ (OPι 0 OP\ (a)) (a > 0 and

a φ 1) (see Oda [13]). So the minimal nonsingular toric weak Fano surfaces in the sense of

equivariant blow-ups are

P2,PιxPι anάPPι(Opi 0θPi(2)).

These are weakly-F-equivalent to the 2-dimensional projective space P2 by easy calculation.

q.e.d.

7. The classification of nonsingular toric Fano 3-folds. We devote this section to

proving Conjecture 6.3 for d = 3. Throughout this section, we assume d = 3.

THEOREM 7.1. Any nonsingular toric Fano 3-fold is F-equivalent to the 3-dimensional

projective space P3. Especially, Conjecture 6.3 is true for d = 3, and we get a new method

for the classification of nonsingular toric Fano 3-folds.

To prove Theorem 7.1, we prove the following lemma. For a toric variety X, let p(X) be

the Picard number of X.

LEMMA 7.2. Let X = TNemb(Σ) be a nonsingular toric Fano 3-fold and p(X) > 2.

Then there exists a primitive collection P in PC(Σ) such that #P = 2.

PROOF. Suppose there does not exist a primitive collection P in ¥C(Σ) such that #P =

2. Let Δ(Σ) be the Fano polytope corresponding to X. Then the /-vector of Δ(Σ) is

(p(x) + 3, (p(X) + 2)(p(X) + 3)/2, / 3)
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by assumption. By the Dehn-Sommerville equalities (see Oda [13]), we have p(X) = 1 and

f3 = 4. q.e.d.

REMARK 7.3. The method in the proof of Lemma 7.2 is not available for d > 4,

because for any /o > 0, there always exists a simplicial polytope whose /-vector is

(Λ, /o(/o - Ό/2, ).

PROOF OF THEOREM 7.1. Let X = TNemb(Σ) be a nonsingular toric Fano 3-fold.

If p(X) = 2, then Σ is a splitting fan by Theorem 6.9, and X is F-equivalent to P 3 by

Corollary 6.13.

Suppose p(X) > 3. Then there exists a primitive collection P in VC(Σ) such that

#P = 2 by Lemma 7.2. By Theorem 3.10, we have two cases.

(1) 'There exists a primitive collection P in PC(Σ) whose primitive relation is x\ +

x2 = x (JCI, JC2, x G G(Σ))Γ Because deg P = 1, r(P) is contained in an extremal ray of

NE(Z). So X can be equivariantly blown-down with respect to x\ -\-xi = x. Let φ : X -> Y

be the equivariant blow-down with respect to JCI + X2 = x. By Proposition 5.1 and Example

5.2, if Y is not a nonsingular toric Fano 3-fold, then there exists a primitive collection Pf in

PC(£) whose primitive relation is

y\ + yi = x ({χ\, χi\ π {ji, y2\ = 0)

By Theorem 4.10 and the fact deg P' = 1, {x, x\, y\}, {x, x\, y2\, {x, xi, y\} and {x, X2, V2}

generate 3-dimensional strongly convex rational polyhedral cones of Σ. Since p(X) > 3,

there exists z in G(i7)\{x, x\, X2, y\, ^2}- ί ̂ , }̂ is obviously a primitive collection of iλ If the

primitive relation of {x, z] is x + z = z' (zf e G(Σ)), then obviously X can be equivariantly

blown-down to a nonsingular toric Fano 3-fold with respect to x + z = z!. If the primitive

relation of {x, z} i sx+z = Oandp(X) > 4, then there exists u; inG(i7)\{x, x\,X2, y\, yi> z)

and we can replace zby w. If the primitive relation of {JC, Z] is x + z = 0 and p(Z) = 3, then

the primitive relations of Σ are

x\+xi=x , y\ 4- V2 = x and x + z = 0.

Then Σ is a splitting fan, and X is F-equivalent to P3 by Corollary 6.13.

(2) "For any primitive collection P in PC(Σ) such that #P = 2, its primitive relation

is x\ + ^2 = 0 Oi, *2 £ G(£))." There exists a primitive relation x\ + *2 = 0 by Lemma

7.2. Let {xi, xj, xjr} generate a 3-dimensional strongly convex rational polyhedral cone in Σ,

where x[ and x" are in G(Σ). By assumption, there exist y\ and J2 in G(Σ) \ {x\, JC2, x[, JcJr}.

If {ji, V2} is not a primitive collection, then {x2, y\, J2} generates a 3-dimensional cone in

Σ. Because {x2, y\} and {x2, J2} are also not a primitive collection by assumption, the open

set Λ^ \ (Cone({x2, y\}) U Cone({x2, ^2}) U Cone({y\, J2})) has two connected components.

If {X2, y\, J2} is a primitive collection, then there exist elements of G(Σ) in both connected

components, and there exists a primitive relation like u\ + W2 = u. This contradicts the

assumption. Either { I J , } Ί } or {x'[, y\\ is a primitive collection, because otherwise, both

{x2, y\,x\} and {x2, y\, x"} generate 3-dimensional cones in Σ. So we get primitive relations
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yι + χ'χ = 0 and j2 4- x" = 0 up to change of the indices. Therefore

Coneα*!,*;,*'/}) = -Cone({x2, yuyi)),

and Tj^Qmb(Σ) is a pseudo-symmetric toric Fano 3-fold. Conversely let {yi, ^2} be a primi-

tive collection. Then the corresponding primitive relation is y\ + V2 = 0 by assumption, and

x\,X2, y\ and y2 are contained in a plane. So there exists z in G(Σ) \ {x\, X2, x[, x", y\, y2},

and both {x[, z} and {xj', z} are primitive collections. This contradicts the assumption. On the

other hand, by Theorem 6.6, the pseudo-symmetric toric Fano 3-folds are

P 1 x P 1 x P 1 , P 1 x V2 and P 1 x V2 .

By Definition 6.4 and Theorem 6.7, these are F-equivalent to P 3 . q.e.d.

8. The classification of nonsingular toric Fano 4-folds. In this section, we prove

Conjecture 6.3 for d = 4. As a result, we get a new method for the classification of nonsingu-

lar toric Fano 4-folds. Using this method for the classification, we can get the 124 nonsingular

toric Fano 4-folds.

THEOREM 8.1. Any nonsingular toric Fano 4-fold other than the 4-dimensional del

Pezzo variety V4 and the 4-dimensional pseudo del Pezzo variety V4 is F-equivalent to the

4-dimensional projective space P 4 . Especially, Conjecture 6.3 is true for d = 4, and we get

a new method for the classification of nonsingular toric Fano 4-folds.

We devote the rest of this section to proving Theorem 8.1. So let X = T^jQmb(Σ) be a

nonsingular toric Fano 4-fold and p — p(X) the Picard number of X.

If p(X) = 2, then Σ is a splitting fan by Theorem 6.9, and X is F-equivalent to P 4 by

Corollary 6.13.

The following theorem holds for nonsingular projective toric J-folds for any d whose

Picard number is three.

THEOREM 8.2 (Batyrev [4]). Let X = T^emb(Σ) be a nonsingular projective toric

d-fold such that the Picard number ofX is three. Then one of the following holds.

(1) Σ is a splitting fan.

(2) #PC(Γ) = 5.

Moreover, in the case of'(2), there exists (po, p\, p2, P3, PA) € (Z>o)5 sucn that the

primitive relation of Σ are

v\-{ h vpo 4- vi H h y p ι = c2Z2 H h cPlzPl 4- Φ\ + l)ίi + 1- (bP3 4- l)tP3,

y\-\ \-yPι +z\ H VzPl = u\ H VuPA, z\ H \-zP2 +t\ H \-tP3 =0,

ίi H 1- tP3 4- u\ H h wP4 = yi H h

«H h w P 4 + υi H 1- υ p o = c 2Z2 H h ̂ 2

Z P 2 +

G(Σ) = { υ i , . . . , υ p o , y i , . .

. . . , c P 2 , Z ? i , . . . , foP3 G Z > Q .
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For a nonsingular toric Fano variety of any dimension d, the following proposition holds.

PROPOSITION 8.3. In Theorem 8.2, ifX is a nonsingular toric Fano d-fold, and p\ =

1 or /?4 = 1, then X can be equivariantly blown-down to a nonsingular toric Fano d-fold.

PROOF. We prove Proposition 8.3 in the case of p\ = 1. We can prove the case of

P4 = 1 similarly.

By assumption, we have the primitive relation of Σ,

t\-\ h tP3 + u\ H h uP4 = vi .

The primitive collections which have a common elements with [t\,... , tP3, u \,... , uP4} are

{ z i , . . . , z P 2 , t u ••• , t P 3 ] a n d { M I , . . . , u P 4 , v \ , . . . , v p o } .

Since {zi,... , zP2, y\] and {v\,... , υ p o , j i} are in PC(U), by Theorem 4.10, X can be

equivariantly blown-down to a toric variety X''. X' is obviously a nonsingular toric Fano

variety by Proposition 5.1. q.e.d.

Letp = 3. Since #G(Σ) = 7, we get (p0, p\, p2, P3, PA) = (1, 1, 1, 1,3), (1, 1, 1,2,2)

or their permutations. By Proposition 8.3, if (po, p\, p2, P3, PA) # (1, 2, 1, 1, 2), then X can

be equivariantly blown-down to a nonsingular toric Fano 4-fold. Let (po, p\, P2, P3, PA) =

(1, 2, 1, 1, 2). Then the primitive relation of Σ are

vi + y\ + yi = (b\ + l ) ί i , y\+y2 + z\ =u\+u2, z\ + 1 \ = 0 ,

ίi + u\ -h W2 = y\ + 3̂2 and wi + u2 4- fi = b\t\ ,

where >̂i = 0 or 1. If b\ = 0, then X can be equivariantly blown-down to a nonsingular toric

Fano 4-fold with respect to ^ 1 + ^ 1 + ^ 2 = t\ by Theorem 4.10 and Proposition 5.1. On the

other hand, if b\ = 1, we can show easily that X is F-equivalent to P4 (see G\ in the table of

Section 9).

Next we consider the case of p > 4. We need the following proposition.

PROPOSITION 8.4. Let X = T^emb(Σ) be a nonsingular toric Fano 4-fold and

p(X) > 3. Then there exists a primitive collection P in PC(iJ) such that#P = 2.

To prove Proposition 8.4, we have to prove the following three lemmas.

LEMMA 8.5. Let X = Γ/vemb(I7) be a nonsingular toric Fano 4-fold and p(X) > 3.

If there does not exist a primitive collection P in PC(i7) such that # P = 2, then there does

not exist a primitive collection P in PC(Σ) such that # P = 4.

PROOF. Suppose there exists a primitive collection P = {x\,X2,X3,XA} in PC(Σ).

Then the open set

Λ^ \ (Cone({*2, *3, x*}) U Cone({jcj, * 3 , JC4}) U Cone({jq, x2, XA}) U Cone({xj, x2, x?,}))

has two connected components. Therefore, since there are two other elements by the as-

sumption p(X) > 3, there exists a primitive relation Pr in PC(Γ) such that #P' = 2. This

contradicts the assumption. q.e.d.
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LEMMA 8.6. Let X = Γ/vemb(U) be a nonsingular tone Fano 4-fold and p(X) > 3.

If there does not exist a primitive collection P in PC(Σ) such that #P = 2, then there does

not exist a primitive relation of Σ of the form

x\ + *2 + *3 = aM (a = 1,2).

PROOF. Suppose there exists a primitive collection P in PC(Σ) whose primitive rela-

tion is x\ + X2 + X3 = ax4 (a = 1, 2). If r (P) is contained in an extremal ray of NE(X), then

there exist z\, z2 £ G(i7) \ {x\, X2, X3, X4} such that {*;, Xj, x^, zk} generate 4-dimensional

strongly convex rational polyhedral cones in Σ for l < / < . / < 3 , l < f c < 2 . Since

#G(Σ) = p + 4 > 7, there exists w e G(Σ) \ [x\, x2, x$, X4, zi, Z2K and {̂ 4, w} is a prim-

itive collection of Σ. This contradicts the assumption. So because deg P = 1, there does

not exist a primitive relation x\ + *2 + *3 = 2x4. On the other hand, the primitive rela-

tion x\ + JC2 + *3 = x$ is represented as the sum of two primitive relations of degree one. By

Lemma 8.5 and assumption, for any primitive collection P' such that deg Pr = 1, its primitive

relation is y\ + yi + 3̂3 = )>4 + V5. Therefore, there exist two primitive relations

t\ + ti Λ- x\ = X4 + s and 5 -f *2 + ^3 = î + ̂ 2

and that

{tι,t2,X4,s}, {t\,XuX4,s}, { ^ 2 , ^ 1 , ^ 4 , ^ } , {s, X2,t\, t2] , {s, X3, t\, t2] Kid {x2, X3, t\, t2]

generate 4-dimensional strongly convex rational polyhedral cones in Σ, respectively. This

is a contradiction because there exist three 4-dimensional strongly convex rational polyhe-

dral cones generated by {t\, t2, X4, s}, {s, x2, t\, t2} and {5, JC3, t\, t2}, and they contain the

3-dimensional strongly convex rational polyhedral cone generated by {t\, t2,s}. q.e.d.

LEMMA 8.7. Let X = Γyvemb(i ) be a nonsingular tone Fano 4-fold and p(X) > 3.

If there does not exist a primitive collection P in PC(Σ) such that #P = 2, then there exists a

primitive collection P! = {x\, x2, x?,} in VC(Σ) such that x\ + x2 + X3 φ 0.

PROOF. Suppose x\ + x2 + X3 = 0 for any primitive collection P' — {x\, x2, x?>} in

PC(i7). By Lemmas 8.5 and 8.6 and assumption, for any primitive collection P in PC(£), we

have #P = 3. If Σ is a splitting fan, then X is isomorphic to P2 x P 2 , and p(X) — 2. So there

exist two primitive collections P\, P2 in ?C(Σ) such that Pi Π P2 = 0. If P\ = {x\, X2, X3}

and P2 = {JCI, JC4,X5}, namely #(Pi Π P2) = 1, then we have x2 + X3 — X4 + JC5, and

{JC2, JC3} or [x4, JC5} in PC(Σ). This contradicts the assumption. The case Pi = {x\, x2, X3}

and P2 = {xi, x2, JC4}, namely #(Pi Π P2) = 2, is impossible, because X3 = X4. q.e.d.

PROOF OF PROPOSITION 8.4. By Lemmas 8.6 and 8.7, there exists a primitive collec-

tion P in PC(Σ) whose primitive relation Ίsx\-\-x2-\-X3 = X4+X5. Since deg P = 1, we have

three 4-dimensional strongly convex rational polyhedral cones generated by {xi,Xj,X4, X5}

where 1 < / < j < 3. There exist y\ and y2 in G(Σ) \ {x\,x2, X3, X4, X5} by the assump-

tion p > 3, and we have {x4, JC5, vi} and {X4, X5, y2] in PC(i7). If vi + X4 + ^5 = 0, then
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j2 + X4 + X5 Φ 0. Therefore j2 + XA + xs = x\ + *2 up to change of indices. This is a con-

tradiction because we have x?> + y2 = 0 and {x3, ̂ 2} is in PC(i7). The case j i + X4 + X5 7̂  0

is similar. q.e.d.

Let p > 4. Then there exists a primitive collection of i7 whose cardinality is two by

Proposition 8.4. We divide the proof of Theorem 8.1 for p > 4 into two cases.

(1) "There exists a primitive relation of Σ, x\ + X2 = x where x\, X2, x G G(i7)."

Let </? : X -• Xr be the equivariant blow-down with respect to JCI + X2 = x. If Xr is not

a nonsingular toric Fano 4-fold, then by Proposition 5.1 and Example 5.2, there exist one of

the following primitive relations of Σ.

y\ H~ yi H~ J3 — 2JC , y\ + y2 + J3 = x + xi and j i + 3̂2 — -̂  >

where j i , ^2, J3

(1.1) "yi + j2 + y?> = 2x or j i + 3̂2 + J3 = ^ + *i " Since the degree is one, we

have six 4-dimensional strongly convex rational polyhedral cones generated by [xi, JC, yj , yk]

where 1 < / < 2, 1 < j < k < 3. There exist z\ and zi in G(Σ) \ {x\, X2, x, yi, 3̂ 2. J3}?

because #G(Σ) — p + 4 > 8, and we have {x, z\} and {JC, Z2} in PC(i7). Therefore we get a

primitive relation of Σ of the form

x + Z! = w (we {x\,x2,yuyi,yτ])

up to change of indices. Let φ : X -> X" be the equivariant blow-down with respect to

x + z\ = w.
(1.1.1) "u; Φ x\ or y\ + J2 + J3 = 2x is a primitive relation of X1." Then X" is

obviously a nonsingular toric Fano 4-fold.

(1.1.2) "u; = xi and y\ + J2 + J3 = x +x\ is a primitive relation of Σ1." In this case,

X" is not a nonsingular toric Fano 4-fold by Proposition 5.1 and Example 5.2. Since p > 4,

there exists t e G(Σ) \ {x\,X2, x, y\, yi, J3, zi}. So we get one of the following primitive

relations of Σ,

t+x\=yι, t+x\=X2 and t + x\ = zι ,

up to change of indices. Let φf : X -> X'" be the equivariant blow-down with respect to this

primitive relation. Then X'" is obviously a nonsingular toric Fano 4-fold.

(1.2) "yi 4- J2 = •*" Since the degree is one, there exist two elements z\ and Z2 in

G(Σ) \ {xi, JC2, x, j i , ^2}. and we have eight 4-dimensional strongly convex rational poly-

hedral cones generated by {x/, JC, yj, Zk} where 1 < i, j , k < 2. There exist w in G(Σ) \

{x\,X2,x,y\,y2,z\, Z2], because #G(Σ) = p + 4 > 8, and P = {x,w} isa. primitive collec-

tion of Σ.

(1.2.1) "The primitive relation of P is x + w = t where t in {zi, Z2}" Let ψ : X ->

X" be the equivariant blow-down with respect to x + w = t. Then X" is obviously a nonsin-

gular toric Fano 4-fold.
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(1.2.2) "The primitive relation of P is JC + w = t where t in {jq, JC2, j i , ^2}-" Let

<p : X -> X" be the equivariant blow-down with respect to x + w = t. If X" is not a non-

singular toric Fano 4-fold, then we obviously have a primitive relation z\ + Z2 = t by Propo-

sition 5.1. We may let ί = X2 without loss of generality. Then we have four 4-dimensional

strongly convex rational polyhedral cones generated by {JC2, y/, yj, w] where 1 < 1, j < 2.

{x\, JC, y\, zi} is a Z-basis of Λf, and using this basis, we have

X2 = —x\ + * , yi = x — yι, £2 = —*i + * — z\ and u; = — x\.

Since the coefficient of JC in none of these relation is negative, there exist u in G(Σ) \

{x\, X2, x, y\, yi,z\, Z2, w} by the completeness of Σ, and we have two primitive collections

{x, u] and {JC2, w} in PC(Σ). Therefore, we have a primitive relation, x + u = sorx2 + u = s

where ί is in {jq, vi, J2, z\, Z2, w}- Let ^ : X -+ X" be the equivariant blow-down with

respect to JC + w — s. Then X" is obviously a nonsingular toric Fano 4-fold. The case of the

blow-down with respect to X2 + u = s is similar.

(1.2.3) "The primitive relation of P is x + w = 0." If p > 5, then there exist v in

G(£) \ {JCI , JC2, JC, y\, y2, z\, zi, w,v}, and we have the primitive relation JC + v φ 0. In this

case, we can use the same method as in (1.2.1) or (1.2.2).

S o let p = 4 a n d G ( £ ) = {x\,X2,x, y\, yi, z\, Z2, w}> T h e n e i ther {z 1, Z2} or {x, z\, Z2}

is a primitive collection of Σ.

(1.2.3.1) "zi + Z2 = 0 is a primitive relation of Σ1." X is obviously a nonsingular

toric Fano 4-fold in this case. The primitive relations of Σ are

x\ + X2 = x , y\ + yi = x , x + if = 0 and zi + Z2 = 0.

Σ1 is a splitting fan, and X is F-equivalent to P 4 by Theorems 6.7 and 6.12.

(1.2.3.2) "zi + Z2 = JC is a primitive relation of ΣΓ X is obviously a nonsingular

toric Fano 4-fold in this case. The primitive relations of Σ are

x\ + X2 = x , 3 ^ 1 + ^ 2 = ^ , x + w = 0 and z\ + Z2 = x

Σ is a splitting fan, and X is F-equivalent to P 4 by Theorems 6.7 and 6.12.

(1.2.3.3) "zi + Z2 = ί is a primitive relation of Σ, where t in {jq, JC2, y\, V2, if}." Let

<p : X -^ X/r be the equivariant blow-down with respect to z\ + Z2 = t. Then X/r is obviously

a nonsingular toric Fano 4-fold by Proposition 5.1 and Example 5.2.

(1.2.3.4) "zi + Z2 + x = 0 is a primitive relation of Σ." This is impossible, because

z\ + Z2 = — x = w, and {zi, Z2} is a primitive collection of Σ .

(1.2.3.5) "zi + Z2 + x = ax\ is a primitive relation of Σ, where α = 1 or 2." Since

αjci + w = zi + Z2, U, ŵ } is a primitive collection of Σ . There exists u in {JC2, yi, )>2> 21» 2̂}

such that the primitive relation of {JCI, w;}isxi+w = w, because JC+W; = 0. Since JCI— JC—U =

0, we have u = X2 Because otherwise, {x\, JC, U) is a part of a Z-basis of TV. However, this

contradicts the fact x\ 4- JC2 = x> We can replace x\ by JC2, 3̂1 and J2, and repeat the same

argument.

(1.2.3.6) "zi + Z2 +x = aw is a primitive relation of Σ, where α = 1 or 2." We have

Zχ+ Z 2 = aw — jc = (α + l)w. This is a contradiction.
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(1.2.3.7) "z\ + Z2 + x = Xί + yj is a primitive relation of Σ, where 1 < /, j < 2." X

is obviously a nonsingular toric Fano 4-fold. We can show easily that X is F-equivalent to P4

(see Mi in the table of Section 9).

(2) "There does not exist a primitive collection P = {x\, X2} in PC(i7) whose primitive

relation is x\ + X2 φ 0."

We need the following lemma. This lemma can be proved in the same way as Lemmas

8.5 and 8.6.

LEMMA 8.8. Let X = Γyvemb(i ) be a nonsingular toric Fano 4-fold and p(X) > 4.

If there does not exist a primitive collection P = {x\, X2} in PC(Σ) whose primitive relation

is x\ + X2 φ 0, then the following hold.

(1) There does not exist a primitive collection P in PC(J£) such that #P = 4.

(2) There does not exist a primitive relation of Σ of the form

x\ +X2+X3 = ax* (β = 1, 2).

Since p > 4, there exists a primitive collection P = {x\, X2] in VC(Σ) whose primitive

relation is x\ + X2 = 0, by Proposition 8.4. We fix this P.

(2.1) 'V(P) is contained in an extremal ray of NE(X)." By toric Mori theory, there

exists a nonsingular projective toric 3-fold Y = 7weinb(X'*) such that X is an equivariant

P 1 -bundle over Y, G(Γ*) c G(Σ) and if P* is a primitive collection of Γ*, then P* is also

a primitive collection of Σ. Let #G(Σ*) = n and no the number of the primitive collections

of Σ* whose cardinality is two. Then the /-vector of the 3-dimensional simplicial convex

polytope corresponding to Σ* is (n, n(n —1)/2—no, /2). By the Dehn-Sommerville equalities

(see Oda [13]), we have no = (n — 3)(n — 4)/2. So by assumption, we have no = in — 3)(n —

4)/2 < n/2. Since p > 4, we have n = 6, and the primitive relations of Σ are

* i + * 2 = 0 , X3+X4 = 0, χ 5 + χ 6 = 0 and χ 7 + χ 8 = 0 .

XisP1 xPι xP] x P ι and F-equivalent to P 4 by Theorem 6.7.

(2.2) "r(P) is not contained in an extremal ray of NE(X)." By Lemma 8.8, there

exist two primitive relations of Σ of the form

*i + y\ + J2 = z\ + Z2 and x2 + zi + Z2 = y\ + ^2 ,

with j i , j2» zi, Z2 i n G(27). We have five 4-dimensional strongly convex rational polyhedral

cones of Σ generated by

{ χ \ , y u z \ , Z 2 } , { χ u y 2 , z \ , Z 2 } , { y \ , y 2 > z ι > Z 2 } , { * 2 , y i , y 2 , z ι ] a n d { χ 2 , y \ , y \ , Z 2 } -

By the assumption p > 4, there exists w in G(i7) \ {x\, X2, y\, y2, z\, Z2} such that either

{z\, Z2, w} or {zi, Z2, w} is a primitive collection of 27, because there exists at most one

primitive collection among {zi, w}, {z2, w}, {_yi, u;} and {ji, u;}, and the others generate

2-dimensional strongly convex rational polyhedral cones of Σ. If w + zi + Z2 = 0 is a

primitive relation, then we have j i + J2 + w = X2 SO by assumption, {y\, V2}, { yi, w) and

{j2, w;} are not primitive collections. Therefore, {y\, y2, w} is a primitive collection of Σ.

This contradicts Lemma 8.8.



CLASSIFICATION OF HIGHER-DIMENSIONAL TORIC FANO VARIETIES 409

By the above discussion, we have the primitive relations w + z\ 4- Z2 = h + t2 and

w + y\ + yi = s\ + S2, where the possibilities for {t\, t2] are {x\, y\} and {x\, 3̂ 2}, while the

possibilities for {si, $2} are {x2, z\} and {X2,12}- So we have 4 < p < 6.

(2.2.1) "p = 4" X is obviously a nonsingular toric Fano 4-fold. We can show easily

that X is F-equivalent to P4 (see M\ in the table of Section 9).

(2.2.2) "p = 5" X is the 4-dimensional pseudo del Pezzo variety. Moreover, X is not

F-equivalent to P4 (see (117) in the table of Section 9). The primitive relations of Σ are

= X\+X?> ,

X5 + ^7 + ^8 = *0 + ^2 » *6 + ^7 + ^8 = ^0 + X\ ,

where G(Σ) = Uov^i,^2»^3>^4,^5»^6»^7.^8}-

(2.2.3) "p = 6" X is the 4-dimensional del Pezzo variety. Moreover, X is not F-

equivalent to P4 (see (118) in the table of Section 9). The primitive relations of Σ are

= 0 , χχ+χ5=0,

= Λ4+JC8

X6+XΊ ,

X4+X6 ,

X\+X9 ,

where G(Σ) = {^0,^1,^2,^3, X4,X5,X6,xj9x%9X9}.

9. Equivariant blow-up relations among nonsingular toric Fano 4-folds. In this

section, we give all the equivariant blow-up relations among nonsingular toric Fano 4-folds

using the results of Sections 3, 4, 6 and 8. In Table 1, we use the same notation as in Batyre\

[5], and /-blow-up means the equivariant blow-up along a Γyv-invariant irreducible closec

subvariety of codimension /.

TABLE 1. Equivariant blow-up relations among nonsingular toric Fano 4-folds.

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

Equivariant blow-up

none

none

none

4-blow-upofP4

none

2-blow-upofP4

none

3-blow-upofP4

Notation

P4

B\

B2

Bi

β 4

Bi

C\

c2
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TABLE 1. (continued).

(9)

(10)

(Π)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

Equivariant blow-up

none

none

2-blow-upof B{, B2

2-blow-upof B2, B3

2-blow-up of B3, #4, 4-blow-up of #5

none

2-blow-upof C\

none

2-blow-up of Z?2

none

2-blow-up of C3

none

2-blow-up of C2, 3-blow-up of B3

none

2-blow-up of #5, 3-blow-up of £3

2-blow-up of #5, C2

3-blow-up of B4

none

2-blow-up of B4

2-blow-up of C4

2-blow-up of C3

2-blow-up of #5

2-blow-upof C\

2-blow-up of C2, 3-blow-up of £5

none

2-blow-up of C2, 3-blow-up of C\

3-blow-up of C3

2-blow-up of C2, 3-blow-up of C3

2-blow-up of C3, 3-blow-up of C4

2-blow-up of C 4

2-blow-up of D2

2-blow-up of D3

2-blow-upof D\, D5

2-blow-up of Dg, Dg

2-blow-up of Dft, 12, D\6

2-blow-up of D3, Dg

2-blow-up of D2, D$, Djg

Notation

c3

C 4

E\

E2

£ 3

D\

D2

D3

DA

D5

D6

Dη

DS

Dg

010

011

012

013

014

015

016

017

018

019

G\

G2

G 3

G 4

G5

G6

Hi

H2

H3

H4

H5

H6

Hj
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TABLE 1. (continued).

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

(81)

(82)

Equivariant blow-up

2-blow-up of D13, D\$

2-blow-up of Dg, D\2, D\g, 3-blow-up of £3

2-blow-up of Dg, Dj6

none

2-blow-up of Dη

2-blow-up of D(>

2-blow-up of Dg, D\Q, D\\

none

2-blow-up of D12, £>14

2-blow-up of D15

none

2-blow-upof Dj3

2-blow-up of D10, D\η

2-blow-upof D\4

2-blow-upof D\\, D\η, D\g

2-blow-up of Dη

2-blow-up of D4

2-blow-up of D\,D6

2-blow-up of D3, Dg

2-blow-up of D\Q

2-blow-up of E2, D4, D[Q

2-blow-up of D\Q, 3-blow-up of D\\

2-blow-up of Dζ, D\2

2-blow-upof D 8 , D 1 6 , G 4

2-blow-upof D\4, 3-blow-up of Dη

2-blow-up of D 6 , D 1 5 , G 5

2-blow-up of Dg, D\2

2-blow-up of D15, D\g, G^, 3-blow-up of D\ \

2-blow-up of D\2, Dγ^, 3-blow-up of D\^

2-blow-up of £3, D\Q, D\4, 3-blow-up of D\η

2-blow-up of D\%, D\g, G2

none

none

2-blow-upof G3, G5

2-blow-up of G3

2-blow-upof G 4 , G 6

2-blow-upof G\, G3

Notation

H%

Hg

W10

L\

ί-2

ί-3

L4

ί-5

ί-7

ί-8

Lg

ί-π

i-12

h

h

h

h

h

h

h

h

ig

/10

i\\

in

/13

/14

/15

Mi

M2

Mi

MA

M5

J\
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TABLE 1. (continued).

(83)

(84)

(85)

(86)

(87)

(88)

(89)

(90)

(91)

(92)

(93)

(94)

(95)

(96)

(97)

(98)

(99)

(100)

(101)

(102)

(103)

(104)

(105)

(106)

(107)

(108)

(109)

(110)

(HI)

(112)

(113)

(114)

(115)

(Π6)

(117)

(118)

(119)

Equivariant blow-up

2-blow-up of G3, 3-blow-up of G5

2-blow-up of L2

2-blow-upof H4, L4

2-blow-up of L1, L5

2-blow-up of L3

2-blow-up of H$, L3, Lg

2-blow-up of Lfr

2-blow-up of Lη

2-blow-upof L5, Lg

2-blow-up of L3, Lη, I\Q

2-blow-up of H^, Lη, Lg

2-blow-up of Lg, Lg

2-blow-up of L\Q, L\2, Iβ

2-blow-up of L2, L5, L13

2-blow-up of Hg, L4, Lfr, L\2, I\4

2-blow-up of Lg, Lg, L\\, In

2-blow-up of L11, L13, Ig

2-blow-up of Lη, L\2, L\2

2-blow-up of H\, //3, Hη

2-blow-up of #2, H(>, H\Q

2-blow-up of 7/4,7/5, Hg

2-blow-up of 7/g

2-blow-up of M3

2-blow-up of M2, M4

2-blow-up of M\, M4

2-blow-up of l\ \, /j3

2-blow-up of Q1, Q3, <2i3

2-blow-up of Q2, Q5, Q14, K3

2-blow-up of Q4, Qg

2-blow-up of Q\Q, K4

2-blow-up of Q11

2-blow-up of 0 6 , β 8 , Ql5

2-blow-upofβ7, QX2, Qn

2-blow-upof gig

none (see Definition 6.4 and Remark 6.5)

none (see Definition 6.4 and Remark 6.5)

2-blow-upof (2io, Q\\

Notation

h

Q\

Qi

Qi

QA

Q5

Qβ

Qi

08

Q9

Gio

fill

Q12

Gl3

Gl4

Gl5

Q\6

QXΊ

κ2

κ3

κ4

R\

R2

R3

U\

u2

u3

u4

U5

u6

Uη

Us

V4

V4

S2 X ^ 2
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TABLE 1. (continued).

(120)

(121)

(122)

(123)

(124)

Equivariant blow-up

2-blow-up of ί/4, ί/5, S2 x S2

2-blow-up of S2 x S3

2-blow-up of G(y

2-blow-up of G4

2-blow-up of Z\ (see Example 4.7)

Notation

S2xS3

S3 x S3

Zi

z2

w
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