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Abstract. In this paper, we generalize the concept of Kahler-Einstein metrics for Fano
manifolds with nonvanishing Futaki character. Similar to Kahler-Einstein metrics, these new
metrics have various nice properties. In addition, the equations for the metrics are in general
neither those of extremal Kahler metrics nor those of Kihler-Ricci solitons.

1. Introduction. Forann-dimensional compact complex connected manifold M with
ci(M)r > 0, we consider the set K of all Kéhler forms in the class 27 c¢;(M)g such that the
associated groups of the isometries are maximal compact subgroups* in the identity compo-
nent Aut®(M) of the holomorphic automorphisms of M. Let w € K. To such w, we can
associate a real-valued smooth function f,, on M such that

(1.1 Ric(w)=w+\/—185fw and /efww"zf ",
M M

where Ric(w) = +/—139 log(w™). Let g := HO(M, O(T M)) be the complex Lie algebra of
all holomorphic vector fields on M. Then the Futaki character F : g — C defined by

(1.2) F(X):= (/-1 )—‘/ (X fo)o" /n!, Xeg,
M

is independent of the choice of @ in K. The group G := Aut(M) of all holomorphic automor-
phisms of M has the Lie algebra g above. We now write

w=+-1 Z 9o d7” AdzP
a.f

in terms of a system (z!, z2, .. ., ") of holomorphic local coordinates on M. To each complex-
valued smooth function ¢ on M, we can associate a complex vector field gradggo of type (1, 0)
on M by
1 5, 0p 0
radC g = — po T
gradg, ¢ r—_laXﬁ:g 2o 52
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Just to define the concept of Kéhler-Einstein forms for manifolds with nonvanishing Futaki character, the max-
imal compactness of the group of the isometries is not necessary, as long as the condition (1.4) is guaranteed. Be-
cause, by an argument similar to [C1; p.109], the condition (1.4) automatically implies the maximal compactness, in
AutO(M ), of the group of the isometries.



172 T. MABUCHI

Then the vector space g, = {¢ € C°°(M)c;grad5<p € g/ y ¢@" = 0} has a natural
structure of a complex Lie algebra in terms of the Poisson bracket by w. Moreover,

(1.3) §o=g, ¢ grad,

is an isomorphism of complex Lie algebras. By abuse of terminology, we say that w is a
Kdahler-Einstein form on M if

(1.4) 1—e/ € gy,

where Kihler-Einstein forms are often called Kéhler-Einstein metrics, since a Kéhler form
and the associated Kahler metric are used interchangeably throughout this paper. Take a
Kiihler-Einstein form @ on M in the sense of (1.4). If F = 0, by setting ¢ = 1 — e/, we have
gradg<p € g by (1.3), and in view of (1.2),

0= F(gradCy) = / ¢T3 fir, B fu) o /!,
M

which implies f,, = 1 by (1.1), i.e., w is a Kéhler-Einstein form in an ordinary sense. It is
thus expected that, even for F' # 0, the above definition of Kihler-Einstein forms has some
good meaning.

In this paper, we shall show that even for F # 0, Kahler-Einstein forms in the above
sense have several nice properties as those in an ordinary sense.

This work, except Section 6, was done during my stay at International Centre for Math-
ematical Sciences (ICMS), Edinburgh in 1997. I thank especially Professor Michael Singer
who invited me to give lectures at ICMS on various subjects of Kéhler-Einstein metrics.

2. Extremal Kihler vector fields. For K as in Section 1, let w € K. Let oy, be the
scalar curvature ) _ e Rgg of w, where Rgg = —(82/02zP32z%) (log w"). Moreover, we put

£, := {p € gu; @ is areal-valued functionon M }.

Then its natural image, denoted by &, in g by the isomorphism in (1.3) coincides with the
space of all Killing vector fields on the Kéhler manifold (M, w). Let % be the orthogonal
complement of Ew in the Hilbert space L%(M, w)g of all real-valued L? functions on (M, ),
and let pr : L2(M ,wW)R (= 50) @ %) — Ew be the corresponding orthogonal projection. Then
the image v“ € ¢ of the element pr(o,, —n) in to by the isomorphism g,, = g in (1.3) is called
the extremal Kahler vector field on M, which is unique up to conjugacy in g (see [FM]). We
here show that v® is simultaneously the image of pr(1 — e/*) by the isomorphism g, = g.
The proof of this is reduced to showing the following:

THEOREM 2.1. pr(o, —n) = pr(l — e/).

Before proving this, we fix notation. For the Kihler manifold (M, w), let (J,, denote its
complex Laplacian 3~ ¢*#3%/823z% on functions. By setting
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fp 0

[flw:=Da,+ZgB°‘ =,
wp 0T

Kerp((p + 1) :={p € C®°M)r; Oy + 1)@ =0}, (where F=R,C),

we see that Kerg (Cl, 4+ 1) forms a Lie algebra in terms of the Poisson bracket by the Kiahler
form w. Note that the equalities (cf. [F1])

22) f Clop)dreloe’ = / 01 Toga)efoa = — / efo By, Fpr)o”
M M M

holds for all ¢y, g2 € C®°(M)c. Hence, all eigenvalues of the operator —[1, on the space
C®°(M)¢ of complex functions on M are nonnegative and real. We naturally have isomor-
phisms of Lie algebras

(2.3) Kerg(p + 1) =€, =t, ¢ ¢—¢ <« gradde,

24 Kerc(Op+ D) = §o =g, 9o 9—¢ egradggo,

where ¢ := ([ M o)™ /, y 9" If g # {0}, then the first positive eigenvalue of the operator
—[J,, on the space C*°(M)c of complex functions on M is 1.

PROOF OF THEOREM 2.1. Let ¢ be an arbitrary element of t,. Then Y is written as
¢ — ¢ for some ¢ € Kerg(C,, + 1). We now have

/ vl — efoyon =/ o1 — efo)o" =/ Oop)efoa” —/ Owp)e”
M M M M
= _/ (|jw¢)w" = *(éfﬂ’ 5fw)L2 = (I/f ’ Dwfw)LZ = / III(O'w - n)wn-
M M

It is now easy to see that pr(o,, — n) = pr(l — efw), as required. O

This theorem shows that v® = gradgpr(aw —n) = gradg pr(l — efo) € t,. Recall that
the corresponding real vector field vg := v® + v“ on M satisfies

(2.5) exp(2rmug) = idy

for some positive integer m (see [FM]), and that the equality vg = 0 holds if and only if
Futaki’s obstruction vanishes. In particular, we have:

(1) If vg # O, then vy generates an S!-action on M.

(2) ap := maxy pr(o, — n) = maxy pr(l — efo) is independent of the choice of w in
KC, so that s is a holomorphic invariant of the Fano manifold M.
Since we have [, pr(l — efo)o" = 0 by pr(1 — ef*) € §,, the inequality apy > 0 always
holds. The identity (2.5) together with (1) and (2) above is called the strict periodicity of the
extremal Kahler vector fied on M.

3. Obstruction of Futaki’s type. Let £ be the set of all Kéhler-Einstein forms in
K in the sense of Section 1, ie., £ := {w € K; 1 —efo € §,). Let w € £. Then by
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1 —efo = pr(1 — efo) and efe > 0,
1 > max pr(1 — ef“’) = apy,
M

where oy is the holomorphic invariant of M defined in the previous section. Therefore, we
have the following analogue of Futaki’s obstruction:

THEOREM 3.1. If€ # @, thenay < 1.

REMARK 3.2. The Futaki character F : g — C of M vanishes if and only if ap = 0.
This is true even when £ is empty. To see this, let w € K. If F = 0, then by [FM], the
extremal Kihler vector field v* is zero, i.e., pr(l — ef») = 0, and hence ap; = 0. On the other
hand, if apy = O, then by

0=apy >pr(l — ef‘”)
and fM pr(l — efo)w" = 0, we have pr(l — efo)y =0,ie., F=0 as required.

REMARK 3.3. There is actually a Fano manifold for which this obstruction of Futaki’s
type does not vanish. This will be discussed in detail in Section 6. The existence of such an
example suggests that the concept of Kihler-Einstein forms in the sense of Section 1 will be
more closely related to the stability of complex manifolds than the concept of Kéhler-Ricci
solitons (see for instance [K1], [G1] for K&hler-Ricci solitons).

4. Obstruction of Matsushima’s type. If £ # (J, we have a decomposition theorem
of the Lie algebra g as shown for extremal Kéhler metrics by [C1]. In this section, we use
the same notation as in the previous sections. Let €€ be the complexification of € in g. For
nonnegative rational numbers u, put

g(u) := Kerf{ad(v/ —1v”) — pidg} = {X € g; [V—1v", X] = uX}.
We set further Ao := O for simplicity. Then the Lie subalgebra g(Ao) of g is just the centralizer
Zg(v®) of v in g.

THEOREM 4.1. Assume £ # @ and let w € E. For some nonnegative integer r, there
exists a sequence of rational numbers 0 = Ly < A} < Ay --- < A, such that

(1) €€ = g(ho) = Zg(v*);

(2) gis, as a vector space, nothing but the direct sum €;_, g(2).

PROOE. Note that g = €€ x u for the unipotent radical u of g. If u = {0}, then we are
done. Therefore, we may assume that u 7 {0}. By the strict periodicity of the extremal Kéhler
vector field on M, there exists an increasing sequence of rational numbers ] < Ay < -+ < A,
for some r > 0 such that u is, as a vector space, written as a direct sum €;_; g(A;). Then by

¢ Z4(v®) (cf. [FM]), the proof of Theorem 4.1 is now reduced to showing | > 0.
Choosing an element u 7# 0 in g(A|), we have

(4-2) [\/?I—Uw, u] = klu .

On the other hand, there uniquely exist elements ug, vo of Kerc(Cl,, + 1) such that u, v are
respectively the images in g of ug, vp by the Lie algebra isomorphism Kerc(C, + 1) = g in
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(2.4). In view of w € £, we have
1 —efo = pr(1 —ef‘”) =1y — Vg,

where ¥ is a constant as in Section 2. We first observe that the complex conjugate izg of
up # 0 does not belong to Kerc(O,, + 1). Because otherwise, both the real part Re ug and the
imaginary part Im ug of ug would belong to Kerg (Iflw +1), and hence u € €€ in contradiction
t0 0 # u € u. On the other hand, by ug € Kerc(J,, + 1),

/ agefe " =/ ugefon = —/ Oypug)efoar =0.
M M M

Note that all eigenvalues of —[,, are nonnegative real numbers and its first positive eigenvalue
is 1 (cf. [F1]). Therefore,

(4.4) / (=Opito)ug e’ > / luo|?efew” .
M M

Againby u € Kerc(lilw + 1),

4.5) / (—8pug)itg ef*o” = f luo|?efo ™ .
M M

By (4.4) and (4.5), fM{(—E],,,IZo)uo + (ﬁwuo)ﬁo}efwa)" > (. This inequality together with
(2.2) implies

(4.6) f 27/ =1{(Imy)uolige™ " > 0,
M

where Re(l,,, Im(J,, are respectively the real part and the imaginary part of (J,, so that
O, = ReO, + +/—1Im,. A simple computation shows that

4.7 2v/=1{(ImOy)uo} e’ = (V=1)""[e/* , uo] = [v'=1 w0, uol,
where the Poisson bracket is defined as in [FM]. By (4.2), [v/—1 vo, ug] = Ajug. In view of
(4.6) and (4.7), we now obtain A| > 0 as required. O

This decomposition theorem is regarded as a variant of Matsushima’s obstruction. I have,
however, a suspicion that Theorem 4.1 is true for any Fano manifold M even if £ is empty.
We therefore pose the following:

PROBLEM 4.8. Either prove the above decomposition theorem for every Fano mani-
fold M or disprove it by giving a counter-example.

REMARK 4.9. If M is an n-dimensional toric Fano variety, there are affirmative an-
swers. Namely, the above decomposition theorem is true in the follwing cases:

(1) n =2 and M is an orbifold (cf. [N1]);

(2) n =3 and M is nonsingular (cf. [S1], [N1]);

(3) n =4 and M is nonsingular (cf. [N1]).
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5. Existence. In this section, by solving an ODE, we give an example of a Kéhler-
Einstein form on a manifold with nonvanishing Futaki character (cf. [C1], [H1], [KS], [G1],
(M1]).

Let W be a k-dimensional compact complex connected manifold with a Kihler-Einstein
form ¢ in an ordinary sense such that Ric(¢) = ¢. Let L be a holomorphic line bundle over W
with Hermitian fibre metric A such that all eigenvalues, say @1, U2, ... , ik, of the curvature
form Ric(h) = +/—198 log h are constant with respect to ¢ on W. Using vector bundles and
locally free sheaves interchangeably, we shall now define a vector bundle E := Ow @ L of
rank 2 over W. Consider the associated projective bundle M := P.(E) consisting of all those
lines in the fibres of E which hit the locus of the zero section of E. Then L and L~ are
naturally regarded as a Zariski-open subset of M in such a way that

Dy=P.Oy®{0) =M\ L',
Doo =P.({0}®L)=M\L,

where Dy and Do, are respectively called the zero section and the infinity section of the total
space P.(E). Consider the Hermitian norm

p:L—>R,y, £+ p) =L,

on L induced by 4. Then p is regarded as a function on the Zariski-open subset M\ Do of
M. Note that the C*-action on L by scalar multiplication extends naturally to a C*-action on
M such that both DO and Doo are the fixed point set of the C*-action on M. As in [M1], we
consider a smooth C*—equ1var1ant blowing-down M of M possibly with the case M = M.
More precisely, let o : M — M be the C*-equivariant blowing-up of the Fano manifold
M along the nonsingular center Dy := o(Dp) and Do := 0(Dwo). Put ng := codimy Dy
and ny := codimy Dy,. Moreover, put M® =M \ (Do U ﬁoo) and M® := M \ (Do U
Dyo). Since o maps M isomorphically onto M°, we hereafter identify M° with M°. Let r :
MO(= M® — R be the smooth function defined by

(5.1 r = —log(p?).

Letp: M — W be the natural projection. Then the pullback p*¢ is, when restricted to MO,
regarded as a 2-form on M.

We are looking for a Kdhler-Einstein form w on M in the sense defined in Section 1. Put
n:=k+ 1 = dim¢ M. The form w is written as Ric(n) for some Kéhler form n on M in the
class 2mc)(M)g. By restricting 7 to MO, we now write n" as

(5.2) " =/ —1ne Y (p*¢)kor A dr,
where y = y(r) is a smooth function in r. By the same computation as in [M1], we have
® = p*¢ + y'(r)Ric(h) + /—1y"(r)dr A dr, and hence
k
(53) " = Ric(n)" = V=1 {ny" (") [ [ + iy’ () § (0*¢)*or A dr.

i=1
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Note that y’(r) extends to a real-valued smooth function, denoted also by y’ = y’(r) by abuse
of terminology, on M. This y’(r), which maps M onto the closed interval [—ns, ngl, defines
the moment map for the Kihler manifold (M, w) with respect to the C*-action on M. Then
with the notation in Section 2, we have y’(r) € KerR(lﬂw + 1) and in particular

(5.4) ¥ = Co € o,

for some real constant Co, so that gradg y’(_r) € g. Look at the identities (5.2), (5.3) together
with the equality efo = y" Jw". Then as the equation for w to be a Kihler-Einstein form in
the sense of Section 1, we have the following:

X -1
(5.5) e’ [y”ﬂ(l +uiy/)] =C+ Gy,
i=1
where Cj, C; are real constants which will be specified later. In fact, if (5.5) holds, then by
combining C;+Cay’ = e~ >{y" [T*_,; (1 +u:iy")} ™" = e with (5.4), we obtain e/ — 1 € g,
i.e., w is a Kihler-Einstein form in the sense of Section 1, as required. For brevity, we put

k
no
by :=/ p"‘l—[(1+,u,~p)dp, a=0,1,2.
e

i=l1

Note that the equality 0 < 1+ w; p holds for all i whenever —no, < p < ng (see for instance
[M1]). Then by the Schwarz inequality, b% < bob; holds. Moreover, by f M efop = f u@"
and efe = C| + C,y’, we have

(5.6) Cibo + Cb) = by .

On the other hand, by y'(r) € KerR(liw + 1) together with (2.2), we obtain f M y'(r)ef"'a)" =
-/ M(lflw y'(r))efew" = 0. Hence, the compatibility condition

.7 Ciby 4+ Cby =0

holds. Recall that the Futaki character of M vanishes if and only if b; = 0.

We now divide the whole situation into the following two cases:

Case 1. by =0. Inthis case, by (5.6) and (5.7), we put (Cy, C2) = (1, 0), where the
compatibility condition (5.7) above reduces to the vanishing b; = 0 of the Futaki character.
Then it is well-known (see for instance [M1]) that the equation for M to admit a Kéhler-
Einstein metric in an ordinary sense is exactly (5.5).

Case 2. by # 0. Then M does not admit a Kéhler-Einstein metric in an ordinary
sense. Let us exclude the case —noo < by/b; < ng, so that either by /b, > ng or by /b, <
—ns. Now by (5.6) and (5.7), it follows immediately that (C, C2) = (bob2/(boby —
b%), —boby /(boby — b%)). Then the right-hand side of (5.5) is bounded from below by some
positive real number.
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We now solve the equation (5.5) with (Cy, C2) as above. Define a polynomial A = A(x)
inx € Rby

x k
A(x) = —/ pCi+Cap) [ [+ mip)dp.

Moo i=1

By the condition (5.7), we have A(ng) = A(—ns) = 0. In view of [M1], the order of zeroes
of A(x) at x = ng (resp. x = —ngo) is 1o (resp. noo). Note also that both 0 < A(x) < A(0)
and A’(x)/x < 0 holds for all nonzero x with —ny,, < x < ng. In particular, the rational
function A’(x)/(x A(x)) is free from poles and zeroes over the open interval (—n, o), and
has a pole of order 1 at both x = —n, and x = ng. Then

X
e I
o
is monotone increasing over the interval (—nqo, o), and B maps (—n, ng) diffeomorphi-
cally onto R, because in a neighbourhood of x = ng (resp. x = —ns), B(x) is written
as —log(no — x) + real analytic function (resp. log(n. + x) + real analytic function). Let
B™' : R — (—neo, ng) be the inverse function of B : (—neo, ng) — R. We define a smooth
function x = x(r) in r by

x(r):=B~'(r), reR.

Since x'(r) = —x(r)A(x(r))/A’(x(r)), by setting u(r) := —log(A(x)), we obtain u’'(r) =
x(r). Then by A’'(x(r)) = —x(r)(C1 + Cox(r) [T52, (1 + wix(r)), we have

k
u'(r)(C1 + Cod () [ [ (1 + pitd () = exp(—u(r))

i=l

i.e., y = u(r) satisfies (5.5). Moreover, u”(r) = —x(r)A(x(r))/A’(x(r)) is a real analytic
function in x (r) which is nonvanishing on (—n«, ng) and has a zero of order 1 at both x = ng
and x = —neo.
Let us now assume
(1) The function p (resp. p~' ) on M? extends to a smooth function on M \ Dy (resp.
M\ Dg ), and
(2) p?o(p*¢)*dr A dr (resp. p 2" (p*¢)kdr A dr ) extends to a smooth nonvanishing
2(k + 1)-formon M \ Dy (resp. M \ Do),
where these conditions are satisfied, for instance, if np = ne = 1. Then by (2), for the
solution y = u(r) for (5.5), the Ricci form w = p*¢ + u’(r)Ric(h) + ~/—1u” (r)dr A dr of
V=1Ine Y (*¢)kor A dr = /=1ne ") (p*¢)kdr A 3r extends to a smooth Kihler form
on M, which is a Kéhler-Einstein form on M in the sense of Section 1.

EXAMPLE 5.8. Let W = P¥(C) and L = Op«(1), where ng = ne = 1. Then
M = P (Opx @ Opi (1)) admits a Kihler-Einstein metric in the sense of Section 1 as follows.
For the standard Hermitian metric 4 for L, we have u; = pup = --- = ux = 1/n, where
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n =k + 1. Moreover,

1
ba=/ p*(+p/m*dp >0, a=01,2,
-1

and we can easily check that b > b; > 0. Now by b/b; > 1 = ngand ngp = no = 1,
the above solution of (5.5) applied to this case gives an explicit example of a Kéhler-Einstein
form in the sense of Section 1. Note also that M has nonvanishing Futaki character by by # 0.

EXAMPLE 5.9. Let W = P!(C) x P?(C) and L = O(1, —1), where O(1, —1) denotes
the line bundle p}Opi (1) ® p3Op2(—1) on W, and p; : P'(C) x P*(C) — P (C),i = 1,2,
are the natural projections. Moreover, let ngp = n = 1. Then we may choose (1, @2, u3) =
(172, —-1/3, —1/3), and by, by are computed as follows:

by = —4/45, by = 26/45.

By by/by = —13/2 < —1 = —nq, the above solution of (5.5) applied to this case gives
again an explicit example of a Kahler-Einstein form in the sense of Section 1. This M also
has nonvanishing Futaki character by b; # 0.

6. A Fano manifold M satisfying opy > 1. We here consider exactly the same situ-
ation as in the last section except that, in this section, M does not necessarily admit a Kihler-
Einstein metric in the sense of Section 1. We in particular keep the same notation as in the last
section. For simplicity, we further assume that W is a k-dimensional irreducible Hermitian
symmetric space of compact type, where W obviously admits a Kdhler-Einstein form ¢ in
an ordinary sense such that Ric(¢) = ¢. As in the last section, we consider a Kihler form
w = Ric(n) on M, where n is a Kidhler form on M in the class 2w ¢y (M)g such that the
restriction to M© of the volume form 7" is given by (5.2). We write

w = p*¢ + y'(r)Ric(h) +/=1y"(r) dr A dr.

Recall that & is a Hermitian fibre metric for the line bundle L such that all eigenvalues u,
W2, ..., i of the curvature form Ric(h) are constant with respect to ¢ on W. Recall further
that y’(r) maps M onto the closed interval [—no, nol, and this defines the moment map
for the Kéhler manifold (M, w) with respect to the C*-action on M. In particular, y'(r) €
Kerg(Co + 1).

Now, using the notation in Section 2, we consider the finite-dimensional vector subspace
S =R® Ew of the Hilbert space L2(M , W)R, where R denotes the space of real constant
functions on M. Let prg : LX(M, w)r(= S ® S1) — S be the orthogonal projection. Then

(6.1) y'(r) e Kerg(@@D,+1) C S.

Since the extremal Kihler vector field v® is in the center of €, we can find real constants C},
C, such that

(6.2) pr(efe) =Ci + Coy'(r).



180 T. MABUCHI

By (6.1), we have [, y'(r) prs(efe) 0" = Sy y'® efo = — fM(ijy’(r)) efow" =0, and
in view of (6.2), we obtain the equality

(6.3) Ciby + C2by = 0,

where bg, by, by are the same as in the last section. Recall the inequality boby > blz. By
Sy prs(efe) 0" = Ju efo o = Jyy @", we further obtain

6.4) Cibyp + C2by = by.

We here consider the case where b # 0, i.e., the Futaki character is nonvanishing. Then as
in Case 2 of the last section, it follows from (6.3) and (6.4) that

(C1, C2) = (boba/(boby — b?), —bob1/(bob2 — b)) .

Since pr(l — ef*) = prs(1 — efe) = 1 — C; — C,y/(r), and since y'(r) maps M onto
[—no, nol, the invariant o py = maxyy pr(l — efoy is given by the following:

THEOREM 6.5. In the above situation, we have

1+ (—=bobz + bobing) - (boba — b3~ if by >0,

‘M = N1
1 + (=bob2 — bobinso) - (bobz — bY) if b1 <0,

and in particular apy > 1 if and only if —ny < by /by < ng. Moreover, oy = 1 if and only
if (b2/b1 + neo)(b2/by — no) = 0.

EXAMPLE 6.6. Let W = P?(C) and L = Op2(2), where ng = ne, = 1. Then the
Fano manifold M = P (Op> & Op2(2)) admits no Kahler-Einstein forms in the sense of
Section 1, because the inequality «ps > 1 holds as follows. For the standard Hermitian metric
h for L, we have u; = wy = 2/3. Therefore,

by = 8/9, b, = 38/45,

and we can easily check that —1 = —ny, < by/b) < 1 = ng. Thus, apy > 1.

7. The equation for “Kihler-Einstein forms” is a second order PDE. Let M and
K be as in Section 1, and fix a maximal compact subgroup K of Aut(M). Consider the set CX
of all K-invariant Kdhler forms in /C, and let C*°(M )I’g denote the space of all K -invariant
functions in C®°(M)g. Take a Kihler form w € KK. For each ¢ € C°°(M)§, we put
wp = @ ++/—133¢. The equation for w, € KX to be a Kihler-Einstein form in an ordinary
sense is known to be

n

.1) @+ v-103p)F \/jaaw) = e ¥t
If the Futaki character of M does not vanish, then (7.1) above has no solutions. Let v® € g
be the extremal Kihler vector field as in Section 2, and let 7 be the corresponding element
of ., by the isomorphism g = g,,. Note that v® is independent of the choice of w in XX, and
hence v* will be written simply as V. Then by [FM; p. 208],

Y +/—=1Vep = 3%,
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Now, the equation for w, € K to belong to £, i.e., to be a Kéhler-Einstein form in the sense
of Section 1 is

(0+V/—=1309)" e ¥tfe
" T l—de—J=1Vep '
Because, taking the \/-—1 Z_h’)log of both sides of (7.2), we obtain Ric(w,) — Ric(w) =

V=1088¢p — /=183 f, + +/—18dlog(l — 7®) and this together with Ric(w) = w +
V=103 f,, implies /=133 f,,, = Ric(w,y) — w, = /=103 log(l — 5¢), and hence

(7.2)

efoo = 1 -5, ie, wy€E.

In view of Section 3, we may assume that @y < 1, where vy is the holomorphic invari-
ant of M as defined in Section 2. Note that the denominator of the right-hand side of (7.2) is
1 — 9®¢, and it is bounded from below by a positive real number, since

max 9" = ay < 1.
M

Note also that the equation (7.2) is a second order PDE. Moreover, Kihler-Einstein forms
in the sense of Section 1 have various good properties about uniqueness. For instance, the
arguments in [BM] go through also for Kéhler-Einstein forms in the sense of Section 1, except
that some special care must be taken in handling a priori estimates. (This delicate part was
pointed out in ICMS by Tian.) These will be treated elsewhere (cf. [M2]).

REFERENCES

[BM] S. BANDO AND T. MABUCH]I, Uniqueness of Einstein Kahler metrics modulo connected group actions,
Algebraic Geometry, Sendai, 1985, 11-40, Adv. Stud. Pure Math. 10, Kinokuniya and North-Holland,
Tokyo and Amsterdam, 1987.

[C1] E. CALABI, Extremal Kihler metrics II, Differential geometry and complex analysis (ed. I. Chavel, H. M.
Farkas), 95-114, Springer-Verlag, Heidelberg, 1985.

[F11  A. FuTaKI, Kihler-Einstein metrics and integral invariants, Lecture Notes in Math. 1314, Springer-Verlag,
Heidelberg, 1988.

[FM] A. FUTAKI AND T. MABUCH]I, Bilinear forms and extremal Kihler vector fields associated with Kihler
classes, Math. Ann. 301 (1995), 199-210.

[G1] Z. D. GUAN, Quasi-Einstein metrics, Internat. J. Math. 6 (1995), 371-379; Existence of extremal metrics
on almost homogeneous spaces with two ends, Trans. Amer. Math. Soc. 347 (1995), 2255-2262.

[H1] A. D. HWANG, On Existence of Kéhler metrics with constant scalar curvature, Osaka J. Math. 31 (1994),
561-595.

[KI] N. Koiso, On rotationally symmetric Hamilton’s equation for Kahler-Einstein metrics, Recent topics in
Differential and Analytic Geometry (ed. T. Ochiai), 327-337, Adv. Stud. Pure Math. 18-, Kinokuniya and
Academic Press, Tokyo and Boston, 1990.

[KS] N.KoIso AND Y. SAKANE, Non-homogeneous Kahler-Einstein metrics on compact complex manifolds II,
Osaka J. Math. 25 (1988), 933-959.

[M1] T. MABUCH], Einstein-Kahler forms, Futaki invariants and convex geometry on toric Fano varieties, Osaka
J. Math. 24 (1987), 705-737.

[M2] T. MABUCHI, Multiplier Hermitian structures on Kahler manifolds, submitted to Nagoya Math. J.

[N1] Y. NAKAGAWA, Combinatorial formulae for Futaki characters and generalized Killing forms of toric Fano
orbifolds, The Third Pacific Rim Geometry Conference (Seoul, 1996), 223-260, Monogr. Geom. Topol-
ogy, 25, Internat. Press, Cambridge, MA, 1998.



182 T. MABUCHI

[S11  H. SAKUMA, Structure of automorphisms for toric Fano threefolds, Revision of a M. A. thesis, Kyoto Univ.,
1994.

TOSHIKI MABUCHI
DEPARTMENT OF MATHEMATICS
OSAKA UNIVERSITY
TOYONAKA, OSAKA, 560-0043
JAPAN





