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Abstract. Let O be a nilpotent orbit in so(p, g) under the adjoint action of the full
orthogonal group O(p, ). Then the closure of O (with respect to the Euclidean topology) is
a union of O and some nilpotent O(p, q)-orbits of smaller dimensions. In an earlier work, the
first author has determined which nilpotent O(p, g)-orbits belong to this closure. The same
problem for the action of the identity component SO(p, q)0 of O(p, q) on so(p, g) is much
harder and we propose a conjecture describing the closures of the nilpotent SO(p, q)O—orbits.
The conjecture is proved when min(p, ¢) < 7.

Our method is indirect because we use the Kostant-Sekiguchi correspondence to translate
the problem to that of describing the closures of the unstable orbits for the action of the com-
plex group SO, (C) x SO4(C) on the space M 4 of complex p x g matrices with the action
given by (a, b) - x = axb™!. The fact that the Kostant-Sekiguchi correspondence preserves
the closure relation has been proved recently by Barbasch and Sepanski.

Introduction. For p,q > 1, we denote by gy = so(p, ¢q) the Lie algebra of the or-
thogonal group Gg = O(p, q) and let n = p 4 q. We consider the adjoint action of G on
go and the Go-orbits in g consisting of nilpotent matrices, to which we refer as the nilpotent
Gy-orbits. Since the identity component G9 = SO( P, q)0 of G has index 4 in G, a Gg-orbit
may be just a single Gg—orbit or it may split into two or four Gg-orbits.

There are only finitely many nilpotent Go-orbits in gy. The topological concepts, such
as closure and connectedness, will refer to the ordinary Euclidean topology. The Gg—orbits
contained in a given Gg-orbit are just its connected components. The closure of a nilpotent
Go-orbit in g is a union of this orbit and some nilpotent Go-orbits of smaller dimensions. For
the description of these closures see [5], [6]. The same problem for the nilpotent Gg-orbits is
much harder and still unresolved. This paper deals with that problem in an indirect manner,
as we are going to explain next.

Let gy = & @ po be the Cartan decomposition where &y = so(p) x so(g) is the Lie
algebra of the maximal compact subgroup Ko = O(p) x O(q) of Go. Let g, &, and p be the
complexifications of gy, £, and py, respectively, and G = O,(C) and K = O,(C) x O4(C)
the complexifications of G and K. By restricting the adjoint action of G on g, we obtain
an action of K on g, and also on ¢ and p. There is a one-to-one correspondence between
the nilpotent Go-orbits in g, and the nilpotent K -orbits in p. This is a special case of the so
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called Kostant-Sekiguchi correspondence [4], [10]. It also gives a one-to-one correspondence
between the nilpotent Gg-orbits in g, and the nilpotent K °-orbits in p. (By K° we denote the
identity component SO, (C) x SO, (C) of K .) For more details concerning this correspondence
in this concrete case see the Appendix. It was shown recently by Vergne [12] that, in the
general case, the nilpotent orbits which correspond to each other under the Kostant-Sekiguchi
correspondence are diffeomorphic manifolds.

There is a natural partial order “>" on nilpotent orbits: we write O; > O, if Oy is
contained in the closure of ©;. We note that, in the case of K-orbits in p, the closure with
respect to the Euclidean topology coincides with the Zariski closure. (This is not true for
Gg-orbits in gy.) Very recently it was established by Barbasch and Sepanski [2] that, in the
general case, the Kostant-Sekiguchi correspondence is an isomorphism of partially ordered
sets with respect to the closure ordering. (In the special case that we are concerned with, this
has been shown earlier by Ohta [8] for nilpotent Go-orbits in gy and nilpotent K-orbits in
p.) Hence our original problem of describing the closures of the nilpotent G(O)—orbits in g is
equivalent to that of describing the closures of the nilpotent K -orbits in p. The paper deals
explicitly with the latter problem.

We mention that, as a K-module, p is isomorphic to the space M, 4 of p x g complex
matrices on which K = O,(C) x O4(C) acts by (a, b) - x = axb™!. The nilpotent K 0_orbits
in p correspond to those K°-orbits in M), ;, whose closure contains the zero matrix. (Such
orbits are known in the literature as unstable orbits.)

In Section 1 we recall the parametrization of the nilpotent K -orbits in p by means of the
so-called ab-diagrams. We also introduce a convenient labelling for the nilpotent K 0_orbits
in p. An ab-diagram (for the orthogonal groups) is a Young diagram with n boxes whose
rows are filled with alternating letters a’s and b’s, where rows of even length occur in pairs of
the same length with one row of the pair having a as the first letter and the other row starting
with the letter b. (For the definition of ab-diagram, refer to [8], [9], for example.) Two such
diagrams are equivalent if one can be obtained from the other by permutation of rows. The
total number of a’s (resp. b’s) has to be p (resp. ¢). We denote the set of equivalence classes
of such ab-diagrams by X'(p, q). This set parametrizes the nilpotent K-orbits in p. The
nilpotent K -orbit that corresponds to X € X (p, q) is denoted by Ox. The closure ordering
“>" on the set of nilpotent K -orbits in p corresponds to a natural combinatorially defined
partial order on X' (p, g), which we denote again by “>". The Hasse diagram of these two
isomorphic partially ordered sets is denoted by I"(p, q).

A vertex X of I'(p, q), i.e., an element of X' (p, q), is called an a-vertex (resp. b-vertex)
if every row of X of odd length has the letter b (resp. a) in its middle box. If X is an a-
vertex and a b-vertex, we say that it is an ab-vertex. (This means that all rows of X have
even length.) An a-vertex which is not a b-vertex is called a proper a-vertex, and one defines
similarly proper b-vertices. A stable vertex is a vertex which is neither an a-vertex nor a
b-vertex.

If X is a stable vertex, then Oy is a single K%-orbit. If X is a proper a-vertex (resp.
proper b-vertex), then Oy splits into two K -orbits which we denote by 'Oy and 'Oy (resp.



CLOSURE ORDERING OF ADJOINT NILPOTENT ORBITS 397

(’)g{ and (’)g). If X is an ab-vertex, then Oy is the union of four K%-orbits. We denote these
orbits by 'O}, 10U, 1OY  and "OY. For the exact meaning of these superscripts we refer the
reader to the main text. If X is an ab-vertex, we set 'Oy =10} U0}, 1Oy = 1O UTOY,
and we define similarly Og( and Og}.

In Section 2 we give a purely mechanical procedure for transforming the Hasse diagram
I'(p, q) into a new diagram A(p, q) (see Definition 2), whose vertices are the nilpotent K °-
orbits in p. We define a new partial order “>" on the set of these orbits by postulating that
A(p, q) is its Hasse diagram. Then our conjecture can be simply stated that the partial order
“>" and the closure order “>" are the same.

In Section 3 we prove (Theorem 1) that if O and O, are two nilpotent K 0_orbits in p
and O; > Oy, then also O; > O,. The main tool that we employ to prove this theorem is
Proposition 1 which is the symmetric space analogue of a result of Kostant [4, Lemma 4.1.4].

The next three sections deal with the converse of Theorem 1. While we are not able to
prove the converse in general, we prove that it holds in many special cases.

In Section 4 we introduce the concept of pure pairs of ab-diagrams, viewed as vertices in
I'(p, q). There are two types of them: the a-pairs and the b-pairs. An ordered pair of distinct
a-vertices (X, Y) is called an a-pair if X > Y and every vertex Z such that X > Z > Y is an
a-vertex. The b-pairs are defined similarly. We show that an a-pair cannot also be a b-pair.
A pure pair is either an a-pair or a b-pair. We also introduce the concept of splitting for pure
pairs. We say that an a-pair (resp. b-pair) (X, Y) splits if the closure of 'Oy (resp. (9&) does
not contain the entire orbit Oy. The main result of the section is Theorem 2 which asserts that
the converse of Theorem 1 (and hence the conjecture itself) is valid provided that each pure
pair splits.

In Section 5 we prove that the conjecture is true if min(p, g) < 7 (Theorem 3). For
that purpose we show that several infinite families of pure pairs split. Some of the required
lemmas are in Section 6 which deals with some additional families of pure pairs.

We do not know how to describe explicitly all pure pairs. A pure pair (X, Y) is said to
be minimal if X > Z > Y implies that Z = X or Z = Y. Two ab-diagrams are said to be
disjoint if they have no common rows. It is possible to list all disjoint minimal pure pairs.
There are 10 one- or two-parameter families of minimal disjoint b-pairs. They are listed in
Table 8. The main result of Section 6 is that all minimal disjoint pure pairs split (Theorem 4).

In the Appendix we construct explicitly the real form gy = so(p, gq) of g which is 6-
stable, and provide an example illustrating the Kostant-Sekiguchi correspondence in this con-
crete case.

The authors are indebted to the referee for a careful reading of the article and for kind
advice.

1. Labelling of orbits. Let V be an n-dimensional complex vector space, f : V X
V — C anondegenerate symmetric bilinear form and G = O(V, f) the orthogonal group of
the pair (V, f). We fix an involution 6 € G (6 # 1), and denote by V, (resp. Vj) the +1-
eigenspace (resp. —1-eigenspace) of 6. Let p = dim(V,) and ¢ = dim(V}). Since V, and
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V), are orthogonal to each other, the restriction f, (resp. fp) of f to V, x V, (resp. Vp x V)
is nondegenerate. We shall denote by K the centralizer of 6 in G, and by K 0 its identity
component. Clearly, we have K = K, x K where K, = O(Vg, f,) and Kp = O(Vp, fp)
are the orthogonal groups, and similarly K* = Kg x K g where Kg = SO(Vg, fa) and
K l? = SO(Vp, f») are the corresponding special orthogonal groups.

We denote by g = so(V, f) the Lie algebra of G. It consists of all linear operators
u:V — Vsuchthat f(u(x), y)+ f(x,u(y)) =0forallx,y € V. The Lie algebra € of K is
the centralizer of 0 in g, i.e., 8 = {u € g : u(Vy) C Va, u(Vp) C Vp}. Thus &€ = &, &€, where
€, = s0(V,, fz) and & = s0(Vp, fp). We denote by Ad (resp. ad) the adjoint representation
of G (resp. g) on g. As a K-module (under the restriction of Ad), g decomposes as g =€ ®p,
wherep ={u € g:u(Vy) C Vp, u(Vp) C V,}.

We denote by N the nilpotent variety in p, i.e., N’ = {u € p : u" = 0}. There are only
finitely many K -orbits in A and they are parametrized by the so-called ab-diagrams.

One can find the definition of an ab-diagram in the literature, for example, [8], [9]. To
parametrize nilpotent orbits in the orthogonal case, it is sufficient to treat ab-diagrams in the
following meaning (cf. [8]). We define an ab-diagram to be a Young diagram with n boxes
in which every box is filled by an a or a b so that the a’s and the b’s alternate along each
row, and the rows of even length occur in pairs which are of the same length with one of them
having a in the first box and the other b in the first box. Furthermore we require that the total
number of a’s in such a diagram be p (and consequently the number of s is ¢). We say that
two such ab-diagrams are equivalent if we can obtain one from the other by permuting rows.
The nilpotent K -orbits in p are in one-to-one correspondence with the equivalence classes of
the ab-diagrams. From now on we shall consider equivalent ab-diagrams as being the same,
i.e., we identify an ab-diagram with its equivalence class. We mention that the trivial orbit
{0} corresponds to the ab-diagram consisting of n rows of length 1, with boxes filled with p
a’sand g b’s.

We shall write concrete ab-diagrams as a sequence of its rows. A row of length 2k + 1
with a (resp. b) in the first box will be written as (ab)*a (resp. (ba)*b). The pair of rows of
even length 2k, one starting with a and the other with b, will be written as (ab)%, (ba)k. For
instance the ab-diagram (1)

6]
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will be written as ((ab)3a, (ab)?, (ba)?, aba). If X and Y are arbitrary ab-diagrams, then we
denote by X + Y the ab-diagram obtained by writing ¥ below X and then rearranging the
rows of this extended diagram.

We shall now describe how one can determine the ab-diagram that corresponds to the
nilpotent K -orbit containing a given nilpotent element u € A/(for the details, see [9]). Let
us define a Jordan chain for u to be a sequence of nonzero vectors vy, vz, ... , vx such that
u(v;) = vy for1 <i < k and u(vx) = 0. We say that k is the length of this chain, and that
v (resp. vg) is the fop (resp. bottom) vector of this chain. If moreover each v; € V, UV}, then
we say that this Jordan chain is graded. By replacing each v; by the letter a if v; € V, and by
b if v; € V},, we obtain an alternating sequence of these letters to which we refer as the type of
this graded Jordan chain. A Jordan chain for u is said to be maximal if it cannot be extended
to a larger one. This is the case if and only if the top vector of the chain is not contained in the
image of u. A graded Jordan basis for u is a basis of V consisting of graded Jordan chains
for u (necessarily maximal). They always exist. Let us choose one of them. Then we form
the Young diagram by creating a row of length k for each maximal Jordan chain of length &,
say vy, ... , Uk, contained in this basis. We temporarily fill the boxes of this row (successively
from the left to the right) by the vectors vy, ... , vk. Finally we replace each of the vectors,
say v, in the resulting diagram by the letter a if v € V, and by b if v € V},. We obtain an
ab-diagram which is independent (up to equivalence) of the choice of the graded Jordan basis
for u.

We fix, from now on, a basis {eo, e1,... ,ep—1} of V, and a basis {eg, €], ... ,e;_l}
of V4 such that f(e;, ej) = 8i4j,p—1 for 0 < i,j < p and f(el{,e}) = 8itjg—1 for 0 <
i,j < g, where §;; is Kronecker’s delta and we identify linear operators on V with their
matrices with respect to this basis. (By definition, 8; j is 0 if i # j and 1 if i = j.) The
diagonal matrices in £, form a Cartan subalgebra b,. These diagonal matrices have the form
hq = diag(ho, h1,... ,hp—1) where h; + hp_1—; =0for 0 < i < p. The centralizer of b, in
K? is the maximal torus 7, which consists of all diagonal matrices in K2. We denote by N,
the normalizer of T, (or h,) in K,. The Weyl group of (¢4, h,) is W, = (N N Kg)/ T,. We
set W = N,/T,. Clearly W, is a normal subgroup of W and the quotient group W} /W,
is trivial if p is odd, and has order 2 if p is even. We introduce the real form (h,)r of b,
consisting of all matrices h, as above with 4; € R forall 0 < i < p. We define the closed
Weyl chamber C, C (h,)r by the inequalities

) hi > hiy1, 0<i<k-1,
if p =2k + 1 is odd, and by

3 hi >hiy1, 0<i<k-2
and

4) hk—2 > |hg—1],
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if p = 2k is even. If p is odd we set C;; = C, while for p = 2k even we define C; C (h,)r
by the inequalities (3) above and

(5) hig—2 > hg—1 = 0.

We define similarly b, Tp, etc. and we set h = b, x b, T = T, x T, etc.

Given an ab-diagram X, we denote by Oy the corresponding nilpotent K -orbit in N. If
Oy is not trivial, there exists a unique element Hy € C* = C; x C; such that [Hy, Ex] =
2Ex for some nonzero element Ex € Ox. We shall refer to this element Hy as the charac-
teristic of Ox (or of X). If Oy is the trivial orbit we define Hx = 0. It is well known that
different K -orbits in A/ have different characteristics. We denote by (Hy), (resp. (Hx)p) the
component of Hy in b, (resp. b,).

The eigenvalues (i.e., the diagonal entries) of (Hy), and (Hy)p can be easily determined.
For this purpose we insert in each box of X an integer as follows: if a row has length k then
we insert successively in the boxes of that row the integers

k-1, k-3, k-5,..., 5—k, 3—-k, 1-—k.

Then the integers written in all a-boxes (resp. b-boxes) are the eigenvalues of (Hx), (resp.
(Hx)p). The order in which these eigenvalues are written on the diagonal is determined
uniquely by the condition that Hx € C* = C; x C}.

We shall refer to the K%-orbits in A’ C p as the strict nilpotent orbits. The K°-orbits
contained in Oy are just the connected components of Ox. The group W*/W permutes
transitively these components and so the number of these components is 1, 2, or 4. The
element Ex, as described above, is not unique but all such elements lie in the same connected
component of Ox. If p = 2k is even let x, € N, be the linear operator which interchanges
the vectors ex— and e and fixes all the other ¢;’s. If ¢ is even we define x;, € N, similarly.

DEFINITION 1 (labelling of K 0_orbits in /). We introduce the following notation for
the connected components of the K-orbit Oy C A/ by considering four possibilities:

(i) Both (Hx), and (Hx)s have 0 eigenvalues: Then Oy is connected and we do not
need any new notation.

(i) (Hyx)q has no O eigenvalue but (Hyx), does: Then p is even and Ox has two
connected components. The component containing the element Ex will be denoted by 'Oy,
and the other one by 1O0x = Ad(x,)(1Ox).

(iii) (Hx)q has a O eigenvalue but (Hy), does not: Then g is even and again Oy has
two connected components. The component containing the element Ex will be denoted by
O and the other one by Of = Ad(x;)(O%).

(iv) Hy has no O eigenvalue: Then both p and ¢ must be even and Ox has four con-
nected components. The one containing the representative Ex is denoted by IOI and the re-
maining three are "O} = Ad(x,)10%), 10} = Ad(xp)(10%), and "OY = Ad(xaxb)(IO ).

Note that if p (resp. q) is odd then the left (resp. right) superscripts I, II are not used. In
particular if p and g are odd then all K -orbits in A/ are connected. Let us also introduce the
characteristics for the K°-orbits in A. The characteristic H x of Oy is not changed in case
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(i), it becomes the characteristic of IOy in case (ii), the characteristic of (’)fx in case (iii), and
the characteristic of 'O in case (iv). In case (ii), the characteristic of 'Oy is Ad(x,)(Hx). In
case (iii), the characteristic of (’)I}} is Ad(xp)(Hy). Finally, in case (iv), the characteristics of
the orbits HO&, IO&}, H(’)g} are Ad(x,)(Hx), Ad(xp)(Hyx), Ad(x,xp)(Hy), respectively. All
these characteristics belong to the closed Weyl chamber C = C, x Cp, and different orbits
have different characteristics.

Note also that the left (resp. right) superscripts I and II depend on the choice of the basis
{ei} of Vg (resp. {e;} of V;). If p = 2k is even then there are exactly two K‘?—orbits of
maximal isotropic subspaces of V, and the left superscripts I, II depend on the orbit to which
the subspace spanned by {eo, ... , ex—1} belongs. If this subspace is chosen from a different
orbit, then the left superscripts I and II get interchanged. The same phenomenon occurs with
the right superscripts when q is even.

We conclude this section with an illustrative example.

EXAMPLE 1. LetZ = ((ab)3a, aba). Then p = 6, q = 4 and we find that
(Hz)q = diag(6, 2,2, -2, -2, —6), (Hz)p = diag(4,0,0, —4).

As arepresentative Ez of Oz satisfying [Hz, Ez] = 2Ez, we can choose the linear operator
defined by:

e0—>0, e —> —ey, e —> —ei_, 2<i<5),

e > e (0<i<2), ei—eztes.

In terms of matrices we have

0 1 000

0 OIOOW

0 0010

0 00 01

0 0 0 0 1

Ez= 0000 O0f°

01 1000O0TO0

000100 0
000O0T1FW0 0

000 O0O01 0

where 1 stands for —1 and the suppressed entries are zeroes.
As the graded Jordan chains for Ez we can take
es —> —ey —> —es —e3 —> ey +e] > er+e] > —2e( —> —2e9 > 0,
es—e3—>el—ey > e —ey—> 0.
Note that these chains indeed have the types (ab)3a and aba, respectively.

Since (Hz), has no O eigenvalue, while (Hz), does, the nilpotent K-orbit Oz has
two connected components: 10, and 'Oz. The characteristic of 10z is Hz (the same as
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the characteristic of @z). The characteristic of 1O has diag(6, 2, —2,2, -2, —6) as its h,-
component, while its fj,-component is the same as that of Hz.

The element Ez belongs to the orbit 10,. Asa representative of the orbit 10, we can
take the element Ad(x;)(Ez). Its action on the basis vectors is given by

e —>0, e —> —ey, e —>—€|, e3> —e), es4—> —€), e5s—> —ej,
€ —>e, € —>e, e —>ey, & —ertes,

or in terms of matrices

0 1 0 0 O
0 0100
0 0 0 01
0 0 010
0 0 0 0 1
Ad(x)(Ez) = 00 00 O
0101000
ooiooo o
00001(_) 0
0 0 00 01 0

This representative has a graded Jordan basis consisting of two chains
es > —ey > —es —e) > ey +e] > e3+e] > —2e) > —2e0 — 0,

es—er—> e —ey—> e —e3—>0.

2. Closure ordering conjecture. Let X = X(p, q) denote the set (of equivalence
classes) of ab-diagrams with n (= p + q) boxes, p a’s, and g b’s. If X € X, we denote by
X' the diagram obtained from X by deleting the first column. We set X® = X and define
recursively X1 = (X®Y for k > 0. In particular, X' = X’. For any such diagram Y
we shall denote by n,(Y) (resp. np(Y)) the number of a’s (resp. b’s) in Y. Clearly, if X € X
then n,(X) = p and np(X) = q. For X, Y € X we write X > Y if n,(X®) > n, (Y ®) and
np(X®) > ny (Y ®) for all k > 0. The relation “>" makes X into a partially ordered set.

Let N/K (resp. N'/K©) denote the set of K -orbits (resp. K-orbits) in . If Oy, O, are
members of N'/K (or N'/K®) and O, is contained in the closure of O, then we shall write
Oy > O,. This defines a partial order on N'/K (resp. N'/K°) called the closure ordering. It
is a known fact that the partially ordered sets (X, >) and (N /K, >) are isomorphic, and that
an isomorphism is provided by the map that sends X to Oy.

The description of the closure ordering in A//K? is not known at present, and our main
objective is to propose a conjecture in this regard and to provide some evidence for its validity.
Before stating the conjecture we need to introduce a few more definitions.
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A
A B
Ci Cy C C C (&)
A D D D
B o B E E E
ra, 1) ren re,2) ra,2) r4,2)

FIGURE 1.

If X,Y € X = X(p,q) are distinct and X > Y then we shall write X > Y. We
define similarly the relation “>" in the partially ordered sets (V/K, >) and (N/K°, >). If
X,Y € X are such that X > Y and thereisno Z € X such that X > Z > Y, then we shall
write X — Y. The finite partially ordered set (X, >) will be represented by its Hasse diagram
I' = I'(p,q). Each X € X is represented by anode in I". If X — Y for some X,Y € X,
then the node X is placed in I" higher than the node Y and these two nodes are joined by a
line. The Hasse diagram of (N'/K, >) is essentially the same as I". We just have to replace
each node X € X by the corresponding node Ox € N'/K.

EXAMPLE 2. We display in Figure 1 the diagrams I"(p, 1) for p = 1,2 and I'(p, 2)
for p =2,3,4.

InTI"(1,1) wehave B = (a, b) and,in I'(2, 1), A = (aba) and B = (a, a, b). For p > 2
the diagram I'(p, 1) is the same as I"(2, 1) except that A = (aba, a?~?) and B = (a”, b).
For simplicity we write a* for the sequence (a, a, ... , a) consisting of k letters a, and we
shall use b* in a similar sense. In Table 1 we list the vertices X of I'(p, 2), the corresponding
partitions 7y, and the complex dimensions of the orbits Ox. If Ex is a representative of the
orbit Oy, then it is known (see [4, Remark 9.5.2]) that

. l .
dimc(Oyx) = 2 dim¢(G - Eyx) .

The complex dimension of the orbit G - Ex can be computed by the formula for the dimension
of the centralizer of Ey in g given in [4, p. 399] (see also [4, Corollary 6.1.4]). The labels for
vertices of different diagrams I"(p, 2) have been chosen so that X € I'(p,2) and (X, a) €
I'(p + 1, 2) have the same label. For p > 4 the diagram I (p, 2) is the same as I" (4, 2).

EXAMPLE 3. We display in Figure 2 the diagrams I"(p, 3) for p = 3, 4, 5, 6. In Table
2 we list only the vertices X of I'(6, 3), the corresponding partitions 7wy, and the complex
dimensions of the orbits Ox. For p > 6 the diagram I"(p, 3) is the same as I" (6, 3).
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TABLE 1. Vertices of I'(p, 2).

p | label X X dim
21 ¢ | aba,b 3.1 2
Cy bab, a . 2
D | ab,ba 22 1
E | a2 52 14 0
3| A | (ab)la 5 4
C, |aba,a,b [3-12 | 3
Cy | bab,a,a [3-12 | 3
D |abba,a |22-1 2
E | a3 b2 15 0
41 A | @h)?a,a |51 6
B | aba,aba | 3? 5
Ci |aba,a®b|3-13 4
C, | bab,a? 3-13 4
D |abba,a® | 22-12| 3
E |a* b2 16 0
A A
A B | B
Cig (6] Ci g (6] C G D C1 Y&
Ey E; Ey E; Ey E| Ey
Gie Gy F ¢ F F
H Giq G) Gy y G2 G, Gy
I H | H H
1 I ¢ I ¢
ra,3) ra4,3) res,3) r,3)
FIGURE 2.

We say that a vertex X of I' is stable (resp. unstable) if the K-orbit Ox is connected
(resp. disconnected). An unstable vertex X is an a-vertex (resp. b-vertex) if the linear op-
erator (Hx), (resp. (Hx)p) is nonsingular (i.e., has no 0 eigenvalue). Equivalently, X is an
a-vertex (resp. b-vertex) if the middle letter of each row of odd length (if any) in X is b (resp.
a). If X is both an a-vertex and a b-vertex, then we shall say that it is an ab-vertex. Thus X
is an ab-vertex if and only if it has no rows of odd length, i.e., the corresponding partition mx
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TABLE 2. Vertices of I'(6, 3).

label X Tx dim
A | (ab)3a,q? 7-12 15
B (ab)2a, aba,a | 5-3-1 14
Ci | @b)?a,a3,b |5-14 12
C, | ®a)?b,a* 5.14 12
D aba, aba, aba 33 12
E| | aba,aba,a®, b | 32.13 11
E, | aba,bab,a? 32.13 11
F | aba,ab,ba,a® | 3-22-12| 10
G, aba,a4,b2 3.16 7
G, | bab,a’,b 3.16 7
H | ab,ba,a* b 22.15 6
1 | a® 5 1° 0

is very even (in the terminology of [4, Theorem 5.1.4]). An a-vertex that is not a b-vertex
will be called a proper a-vertex (or a proper vertex of type a). One defines similarly a proper
b-vertex (or a proper vertex of type b).

DEFINITION 2 (of the diagram A). We denote by A = A(p, ¢) the diagram which is
obtained from I = I'(p, q) by the following modifications in three steps:

Step 1: For every vertex pair (X, Y) such that X — Y and X or Y is unstable erase
the line in I" joining X to Y.

Step 2: Replace each node X by as many nodes as there are connected components in
Ox and label them by these components.

Step 3: Insert 2 or 4 lines for each line that was erased in Step 1. For this purpose we
reconsider all pairs (X, Y) from Step 1 and distinguish ten cases.

(i) X is stable and Y is unstable: Then we join Oy to each of the nodes corresponding
to the connected components of Oy. ‘

(ii) X is unstable and Y is stable: Then we join each of the nodes corresponding to the
connected components of Ox to Oy.

(iii) X is a proper a-vertex and Y a proper b-vertex: Then we join each of the nodes
10x, 1Oy to each of O, OI}.

(iv) X is a proper b-vertex and Y a proper a-vertex: Then we join each of the nodes
oL, Og to each of 10y, 10y.

(v) X and Y are proper a-vertices: Then we join IOy to 1Oy, and 1Oy to 1Oy .

(vi) X and Y are proper b-vertices: Then we join (95( to O}, and Og to (’)IYI.

(vii) X is a proper a-vertex and Y an ab-vertex: Then we join !Ox to the nodes IO{,,
IOI}J, and 1Oy to H(’){,, H(’)I}.

(viii) X is a proper b-vertex and Y an ab-vertex: Then we join (9& to the nodes 10%,
IOl and Og to IOIYI, HOI}.

(ix) X is an ab-vertex and Y a proper a-vertex: Then we join the nodes 1O}, IOEI{ to
10y, and 1O%, 1OY to MOy

(x) X is an ab-vertex and Y a proper b-vertex: Then we join the nodes I(95(, "(9& to
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I I I~ 11
Oy, and "Oy, "Oy to Oy.

We remark that if X and Y are ab-vertices, then X /4 Y (i.e., X — Y does not hold).
We can now state our main conjecture.

CONJECTURE. The above defined diagram A = A(p, q) is the Hasse diagram of the
partially ordered set (N'/K°, >).

In addition to the closure ordering “>" on N/K°, we now introduce the new partial
order “>” on the same set N'/K°. It is defined by postulating that its Hasse diagram is
A = A(p, q). Our conjecture can be reformulated as follows: The two partial orders “>" and
“>" are the same.

EXAMPLE 4. In order to illustrate Definition 2, we display in Figures 3 and 4 the
diagrams A(p, 2) for p = 2, 3, 4, 5. For the sake of simplicity we write X instead of Ox. For
p > 5 the diagram A(p, 2) is identical to A(S, 2).

3. Comparison of two partial orders. Let O, Oy C N be two K 0_orbits. In order
to prove our conjecture we have to show that O; > O; holds true if and only if O; > O,
does. Our objective in this section is to prove that the former condition implies the latter.

Al All
Ci cll
Dl pll
E
A3, 2)
FIGURE 3.
Al All Al All
<
g ' f g f

p! pll pl pll

E E

A4,2) A(5,2)

FIGURE 4.
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THEOREM 1. If 01,0, e N/K° and Oy > Oy then O > O,.

The proof will be given later in this section.
We say that (E, H, F) is a standard triple if {E, H, F} C g, E # 0, and

[H,E]=2E, [H Fl=-2F, [F,E]=H.

(Our definition is different from that in [4] where the last relation is replaced by [E, F] = H.)
We refer to H as the neutral element of this triple. A standard triple (E, H, F) is called a
normal triple if H e tand E, F € p.
If H is the neutral element of a normal triple, we define
gH)={xeg:[H x]l=ix}, i€Z,
ti(H)=tNg(H), p;(H)=pNg(H),

q(H) =) E(H), si(H)=) p;(H).
i>0 jzi
By Zx (H)? we denote the identity component of the centralizer of H in K. Our proof
of Theorem 1 is based on the following proposition, which is a symmetric space analogue of
[4, Lemma 4.1.4] due to Kostant.

PROPOSITION 1. Let (E, H, F) be a normal triple and let Q be the parabolic sub-
group of K° with Lie algebra q(H). Then (K% - E)Nsy(H) is a dense open subset of so(H)
and

(K-E)Nsy(H)=(K° E)Nsy(H)= Q- E = (Zg(H)° - E) + s3(H) .
Consequently, Zx (H )0 . E is a dense open subset of p,(H) and

(K - E) Npy(H) = (K®- E) Npy(H) = Zk (H)° - E.

PROOF. In this proof we use the Zariski topology. The unipotent radical U of Q has
u = £ (H) + &(H) + - - - as its Lie algebra. Note that Zx (H)? is a Levi factor of Q. As
[E,u] = s3(H), we have dims3(H) = dimu — dim Zy(E), where Zy(E) is the centralizer
of E in u. Hence dim(U - E) = dims3(H). AsU - E C E + s3(H) and U - E is closed (see
[11, Section 2.5, Proposition] or [7, Satz 4, p. 154]), we conclude that U - E = E + s3(H).
By acting with Q = ZK(H)OU, we deduce that Q - E = (ZK(H)0 - E) +s3(H).

Since [E, q(H)] = s52(H), Q - E is a dense open subset of so(H). Now let x € (K -
E) Nsy(H). Then dim Zg(x) = dim Zg(E). As Zg(E) = Zq(E), we have dim Zg(x) <
dim Zg(E) and consequently dim(Q - x) > dim(Q - E). Hence Q - x is also a dense open
subset of so(H). It follows that Q - x = Q - E. In particular x € Q - E. We have shown that
(K-E)Nsy(H)=Q-E. a

We represent a linear operator L on V by its matrix, which we also denote by L. It will
be convenient to partition this matrix as follows:
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Ly Lap
L"(LM Lb)’

where L, (resp. Lp) is a square block of size p (resp. g). Let S denote the matrix of order k
whose (i, j)-thentry is ;441 fori, j =1,2,... ,k. Wehave L e pifandonly if L, =0,
Ly =0, and Ly = —S§, ! LapSp. (By X we denote the transpose of a matrix X.) Hence
amatrix L € p is uniquely determined by its ab-block L,p. Equivalently, a linear operator
L € p is uniquely determined by the images L(e;) € V, of the basis vectors e; of Vj.

If L € p, then the subspaces V, and V, are L2-invariant. Thus (L2),; = 0 and (L2),, =
0. We also have (L?), = LapLpg and (L?)p = LpgLap. The matrices (L2), and (L?), are
symmetric with respect to the non-principal diagonal, i.e., we have (L, = Sp’(Lz)aSp
and (L2), = Sq’(Lz)bSq. Let us prove the second assertion. As (L®p = LpgLap =
—84"LabSpLap, we have

Sg"(LYpS; = S4" (=S4 LapSpLab)Sy
= '—Sq(tLa,bSpLa’bSq)Sq
= '—Stha,bSpLa,b = (Lz)b-

It follows that (L2)"§ and (Lz)’; have the same symmetry properties for each k > 1.
The following observation will be also useful. If x € K, y € Kp, and L € p, then

(Ad(x)(L))ab = xLap, (Ad(Y)(L))ab = Lapy™".

In other words, as a K-module, p is isomorphic to the space of p x g complex matrices z on
which K = K, x Kp actsby (x,y) -z = xzy~ .

Let X, Y, Z € X. For convenience we write X > Y, Z for the pair of statements X > Y
and X > Z,and X, Y > Z for the pair of statements X > Z and Y > Z. Similar notation
will be used for orbits.

We proceed with a series of five lemmas needed for the proof of Theorem 1.
LEMMA 1. Let X = ((ab)™a, (ba)™ 'b), Y = ((ab)™, (ba)™), m > 1. For m even,
we have
Og{ > 1oL, 1ol . Of,} > 1ol IIOIYI;
and, for m odd,
IOX > IOIY? loﬂ; IIOX > Ilol , Hol}} .
PROOF. Assume that m is even. Since s2(Hy) C s2(Hy), Proposition 1 implies that
0% > 10}. Since W leaves O% invariant and permutes transitively the components 'O},
and II(’)IY, we also have O& > HO%,. By using the action of W), we derive now easily that
O > 108, IO The case of odd m can be treated similarly. ]
LEMMA 2. LetX = ((ab)™, (ba)™, (ab)¥, (ba)*), Y = ((ab)™'a, (ab)™ a, (ba)*b,
(ba)*b) where m > k > 0 and m = k mod 2. For m even, we have
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Iogp Iog >1loy, UoL. nog > To, -
and, for m odd,
0%, 10y > 0y, 0%, 0% > OF.

PROOF. We have p = g = 2m + 2k. Let us choose a representative L € p,(Hy) of
Loy (resp. Og,) if m is even (resp. odd) such that its ab-block, Ly, is the {0, 1}-matrix having
1’s at the positions (i, i) for 1 <i < m — k and positions (i,i +2) form —k <i < p—2.To
verify this claim it suffices to check that L € Oy because then Proposition 1 shows that in fact
L € 'Oy. Now we observe that L has a graded Jordan basis consisting of four Jordan chains:
two of type (ab)™ 'a with top vectors e p—1 and e,_, and another two of type (ba)*b with
top vectors e’ cande |- For instance if m = 4 and k = 2, these Jordan chains are:

p—m+ p—m+k—
e1] > —€); > —eg > e7 > es > —e; > —e; > 0,
el0 > —eg — —eg — €4 — €2 — —ey —> —eg — 0,
elo—> es > —eg > —es —> €5 —> 0,
eg —> e7 > —es —> —e3 > €] > 0.
By applying the permutation
a,2,..., m=kp,p—1,... m+3k+1)eW,
to L, we obtain an element of s,(Hy). By Proposition 1 we have L € @TX Hence we deduce

that I(’)g( > 10y for m even, and I(’)& > O{, for m odd. The remaining assertions follow
easily by using the action of W*. m]

LEMMA 3. Let X = ((ab)"a, (ba)*b), Y = ((ba)™ 'b, (ab)*t'a) where m — 2 >
k > 0and m # k mod 2. For m even, we have
Ok >0y, O >O0y;
and, for m odd,
IO IO IIO IIO
X > Y, X > Y.
PROOF. Setm + k + 1 = 2r and define L € sp(Hy) by
>0, e —>eO<i<r—k—1), e _;_|—> er—k—1—e0,
e > e—k—1tey, e —>e_1r—k<i<m+k).
By Proposition 1, L belongs to the closure of the strict orbit (’)g( for m even, and the closure
of 1Oy if m is odd. We claim that L belongs to (’)Iy for m even and to 1Oy for m odd. Indeed,
L has a graded Jordan basis consisting of two chains. One of them has type (ba)™~'b and
top vector e;n ke while the other one has type (ab)¥*'q and top vector e, . This means that

L € Oy. Our conditions imply that r —k > 2. If r —k = 2 then also L € p,(Hy). Otherwise
we transform L by the element of W, which acts on the basis {e;} by two cyclic permutations:
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e) —> er—k—1 —> €r—k—2 —> ** > €] —> €0, Crik > Eryktl > " > €m+tk > €rtk -

The new element belongs to p,(Hy). Now our claim follows from Proposition 1. We deduce
that (9& > Oi, for m even, and 1Oy > 10y for m odd. The remaining assertions follow easily
by using the action of W*. O

LEMMA 4. LetX = ((ab)*a, (ab)™, (ba)™), Y = ((ba)*~'b, (ab)™a, (ab)™a) where
k >m > 0and k = m mod 2. For m even, we have

Ox >0y, Oy >O0y;
and, for m odd,
oy > 1oy, M0y >Toy.

PROOF. Setm + k = 2r and define L € A by specifying the action of L on the basis
elements of V.

We must treat the case m = 0 separately. For m = 0, L is defined by ej — 0, e; — ¢;
(0 <i < k). We have L € p,(Hyx). L has a graded Jordan basis consisting of three chains,
one of type (ba)*~'b and the other two of type a. The respective top vectors are €;_y» o and

ex. Note that, in this case, k = 2r. Let z, € N, N K,? be the element that permutes the basis
vectors via two cycles

€r—] —> €2 —> > €| > €0 > Er—|,€6r4] > Epy) > > €k —> €k —> €r4].
Then Ad(z,)(L) € p is the element defined by
>0, e —>e_1(0<i<r), e —>e, e ey (r<i<k.

Now Ad(z,)(L) lies in the same K 0_orbit as L and one may check that Ad(z,)(L) € p,(Hy)
so that L € O}
Form > 0, L is given by

g0, ei—>e(O<i<r—m 2m+r<i<2m+k),

e _n—>€, € —>e_1(r—m<i<2m+r).

L has a graded Jordan basis consisting of three chains, one of type (ba)*~'b and the other
two of type (ab)™a. The respective top vectors are e}c 1om_1> €k+2m; and eym+r—1. Let z, €
Ng ﬂK,? be the element that cyclically permutes the vectors ey, . .., ¢,—py—1 Viae; — e;—1 and
eo —> e,_m—1 and hence also the vectors ezm+r+1, - - -, €k+2m Via € —> ej+1 and ex42m —

em+r+1- Then Ad(z4)(L) € p is the element defined by
>0, e—>e1(0<i<2m+r), €, ,, = emir,
e, > eiy1 Qm+r <i <k+2m).

Now Ad(z,)(L) lies in the same K ®-orbit as L and one may check that Ad(z4)(L) € p,(Hy).
We conclude that L € 10y if misodd and L € (’)} if m is even.
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Hence !0y > 10y for m odd, and O% > O} for m even. By using the action of W*, we
obtain the remaining two assertions of the lemma. a

LEMMA 5. LetX = ((ab)¥, (ba)¥, (ba)™'b) and Y = ((ba)*~'b, (ba)*~'b, (ab)™a),
where k > m > 1 and k = m mod 2. For m even, we have

oy >0, o} >0k,
and, for m odd,
oy >10y, T0x >10y.

PROOF. Setm + k = 2r and define L € N by specifying the action of L on the basis
elements of V,,

>0, >0, €¢_,. —e, e—>e1(l<i<k-—m)),
e, >eipk—m+1<i<m+2k).

L has a graded Jordan basis consisting of three chains, two of type (ba)*~'b and the other
one of type (ab)"a. The respective top vectors are ey, . », €., and expym—2. Let
Zqg € NgN Kfl) be the element that cyclically permutes the vectors e, ..., ex—,—1 via e —
ei—1 and eg — ex—,,—1 and hence also the vectors ex42m—1, - - -, €2k+m—2 Via ¢; — €41 and
€2%k+m—2 —> €k+2m—1. Then Ad(z4)(L) € p is the element defined by

eg—>0, € >0,¢—>e 01 <i<k+2m),
e, > e (k+2m <i<m+2k,3r <i <m+2k).

Now Ad(z,)(L) lies in the same K %-orbit as L and one may check that Ad(z,)(L) € p,(Hy).
We conclude that L € 10y if misodd and L € Og, if m is even.

Hence 10x > 1Oy for m odd, and (95( > (’)IY for m even. By using the action of W*, we
obtain the remaining two assertions of the lemma. O

PROOF OF THEOREM 1. Let P, Q € & be such that Oy C Op and O, C Op. In
view of Definition 2 and the definition of “>”, without any loss of generality, we may assume
that P — Q. We shall distinguish ten possibilities for the pair (P, Q) according to the cases
(1)—(x) of Definition 2.

In the case (i), Op is connected. Thus O; = Op and the whole orbit Oy is contained in
the closure of 1. Hence the assertion of the theorem holds.

In the case (ii), Og is connected. Then Oy is contained in the closure of at least one
connected component of Op. As W* permutes transitively these connected components (and
leaves O invariant) we infer that the assertion of the theorem holds.

In the case (iii), W, permutes transitively the two components of Op and leaves invari-
ant each connected component of Og. On the other hand, W permutes transitively the two
components of Qg and leaves invariant each connected component of Op. Since each con-
nected component of Oy lies in the closure of at least one connected component of Op, the
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assertion of the theorem holds.

In the case (iv), the argument is similar to the one in the case (iii).

Now assume that P — Q belongs to one of the cases (v)—(x). By symmetry (i.e., by
switching V, and V,, if necessary), it suffices to consider only the cases (v), (vii), and (ix).
Note that in these cases (Hp), has no 0 eigenvalue. Without any loss of generality we may
assume that Hp (resp. Hp) is the characteristic of O; (resp. 0»), i.e., that Ep € O (resp.
Eg € O3). The assertion of the theorem will be deduced from Lemmas 1-5. We can write
P =X+ Zand Q = Y + Z where Z is the ab-diagram made up of the common rows of
P and Q. Then X and Y have no common rows and X — Y. Such pairs (X, Y) are listed
in [8, Table V, p. 182, type (BDI)] (see also [6, formulae (8.9-17)]). The entry (3) in that
table has two misprints: (= X) should be ((ab)P*!a, (ba)?~'b) and & (= Y) should be
((ab)Pa, (ba)?b). We remark that if P — Q belongs to one of the cases (vii) or (ix) then
X — Y belongs to the same case. On the other hand if P — Q belongs to the case (v) then
X — Y may belong to any of the cases (v), (vii), (ix).

By close inspection of Ohta’s list, we deduce that the pair (X, Y) is exactly one of the
pairs treated in Lemmas 1-5. If Z is empty, i.e., P = X and Q = Y, then the assertion of the
theorem follows immediately from Lemmas 1-5. Assume now that Z is not empty.

Let V) (resp. V») denote the ambient vector space of the orbit Oz (resp. Ox) and fi
(resp. f>) its symmetric bilinear form. We set p; = n,(Z), g1 = np(Z), p2 = nqa(X) =
nq(Y), and g2 = np(X) = np(Y). Hence p = p; + ps and g = g1 + q2. The basis vectors ¢;
and elf of these spaces will now be renamed e; (1) and ¢; (1) for V; and ¢;(2) and e§(2) for V5.
As (Hp), is nonsingular, p; and p; are even.

Assume first that g or g2 is even. Then we can choose an isometry ¢ : (V] @ Va2, f1 &
f2) = (V, f) such that {e; (1)} U {e; (2)} (resp {e;(1)} U {e](2)}) is mapped bijectively onto
{ei} (resp. {e}}) and the following conditions are satisfied:

@) if p(eik) = e, i < (pk — 1)/2, then j < (p — 1)/2 and p(ep,—i-1(K)) =
ep—j—1,(k=1,2);

(i) ifp(e;(k)) = e}, i <(qx—1)/2,thenj < (g—1)/2 andga(e;k_i_l(k)) = e;_j_],
(k=1,2);

(ii)) if A; (resp. ;) is the eigenvalue of ¢ o (Hz ® Hx) o ¢~ ! belonging to the
eigenvector e; (resp e;.), then the A j’s (resp. u’s) are non-increasing.

By identifying V| and V; with their images in V, we have V = V; @ V, and V| L V,.
Moreover

Va=V1)a ® (V2)a, Vo=V1)s® (V2 »

Hp = Hz7 ® Hy, Hg = Hz ® Hy,
and we may assume that Ep = Ez @ Ex and Eg = Ez @ Ey. Since X — Y, Lemmas
1-5 imply that Ey lies in the closure of the strict orbit of Ex. Consequently, E¢ lies in the
closure of the strict orbit of Ep, i.e., O > O,.

Now let g and ¢, be odd. We can choose an isometry ¢ so that (i) holds as well as the
part of (iii) that refers to the A ;’s, and such that ¢ maps (V1) @ (V2) onto Vj. Although now
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Hp and Hz @ Hx are not equal, they are Kp-conjugate. Consequently, Ep and Ez & Ex
belong to the same K 0_orbit, i.e., to O. Similarly, Ez @ Ey belongs to ;. The rest of the
argument is the same as in the previous case. O
The following example illustrates the argument used in the above proof.
EXAMPLE 5. Let X = ((ab)’a, (ba)?b) and Y = ((ab)?, (ba)?), and let Z be as in
Example 1. Set P = X+Zand Q =Y+ Z. Then P, Q € X(p, q) with p = 12 and g = 10.

Note that Oy has four connected components, while O has only two: 'O¢ and 10,. We
find that

(Hp), = diag(6,6,2,2,2,2, -2, -2, -2, -2, -6, —6),

(Hp)p = diag(4,4,4,0,0,0,0, —4, —4, —4),

(Hp)s = diag(6,5,3,2,2,1, -1, -2, -2, -3, -5, —6),,

(Hp)p = diag(5,4,3,1,0,0, -1, =3, —4, -5).
Let V; (resp. V») denote the ambient vector space of the orbit Ox (resp. Oz). The basis
vectors e; and e,’. of these spaces will now be renamed e;(1) and e;(l) for V| and e;(2) and
e; (2) for V. We embed V| and V; isometrically into V by sending
e0(2) > e, el(2) >es, e2)—>es, e3(2) > ec, ea2) > e7, es(2) > e
(2 > &y, €12 > e, eQ2) e, €22) > e
and
eo(1) > ep, ei(l) > e, exl)—>e3, e3(l) >es, es(1) > e9, es5(1) > enr;
eo(1) > ¢, e1(1) > €], ey(1) > €3, e5(1) > eg, ef(1) > €5, es5(1) — eg.
By identifying V; and V, with their images in V, we have V = V| @ V, and V| L Vs.
Moreover

Va=V1)a® V2o, Vo=V ® (V2)s,
Hp=Hz;® Hx, Hg=Hz®Hy.

Since Ez ® Ex € 'Op, E; ® Ey € IOQ, and Ey € KO- Ex, we deduce that E; @ Ey €
KY.(Ez @ Ex). Thus 'Op > 10 and consequently also 'Op > 10y, O

4. Simplification of the conjecture. In this section we simplify our problem and
prepare the ground for the verification of the conjecture for small values of p or g, to be
carried out in the next section.

We define a path in I' = I'(p, q) to be a sequence of vertices (Xo, X1, ..., Xk) of I"
such that Xo - X; — -+ — Xj. We also say that the length of this path is k and that this
path joins Xg to Xx. If X > Y then there exists a path joining X to Y (by the definition of
Hasse diagrams). We say that a pair (X, Y) of vertices of I" is an a-pair if X > Y and every
vertex Z such that X > Z > Y is an a-vertex. A b-pair is defined similarly. We say that
(X, Y) is a pure pair if it is either an a-pair or a b-pair. We remark that an g-pair cannot be a
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b-pair (see Lemma 7 (iii) below). A maximal a-pair (or ma-pair for short) is an a-pair (X, ¥)
such that there is no a-pair (P, Q) with P > X > Y > Qand P > X or Y > Q. We define
similarly the maximal b-pairs (or mb-pairs). A maximal pure pair (or mp-pair) is an ma-pair
or an mb-pair.

LEMMA 6. Let X,Y € X(p,q). If (X, a),(Y,a)) is a b-pair in I'(p + 1, q), then
(X, Y) is a b-pair in I’ (p, q). The converse holds if p > 2q.

PROOF. Assume that (X, Y) is not a b-pair. Then there exists a vertex Z such that X >
Z > Y and Z is either stable or a proper a-vertex. It follows that (X, a) > (Z,a) > (Y, a)
and (Z, a) is stable. Hence ((X, a), (Y, a)) is not a b-pair. This proves the first assertion.

Now assume that p > 2q and that (X, Y) is a b-pair. Let P be any vertex such that
(X,a) = P > (Y,a). Since p > 2q, P necessarily has the form P = (Z, a). It follows that
X > Z > Y and so Z must be a b-vertex. Consequently, P is a proper b-vertex. The second
assertion is proved. a

REMARK. The hypothesis p > 2q in the above lemma is probably superfluous.

To break the monotony and help the reader digest the above definitions, we give two
examples which will be needed in the next section.

EXAMPLE 6. Let us enumerate the unstable vertices and pure pairs in I"(p, q) for
p > q < 3. (These diagrams are displayed in Figures 1 and 2.)

All vertices of I (p, 1) are stable except for the proper a-vertex A = (aba) when p = 2.

In I" (2, 2), C| is a proper a-vertex, C; a proper b-vertex, and D an ab-vertex. (Cy, D) is
an a-pair, and (C,, D) a b-pair. For p > 2, the unstable vertices of I"(p, 2) are A, C2, and D
(all of them proper b-vertices), and B is a proper a-vertex if p = 4. The b-pairs are (A, C2)
and (C,, D) (both maximal).

We now consider the diagrams I"(p, 3), p > 3. If p is odd, all vertices are stable. If
p = 4 the unstable vertices are A, E, and F (all of them proper a-vertices), and (E1, F) is
the only a-pair. Finally if p is even and > 6 then all vertices are stable except that D is a
proper a-vertex if p = 6. EXAMPLE 7. For large p and ¢ the diagram I"(p, q) is rather

complicated. We shall describe here only the part I, (p, q) of I'(p, q) which consists of the
unstable vertices and the lines between them. We do this only for p > g = 4. In Table 3 we
list all vertices of I" (p, 4) for p > 4.

In the “type” columns, for each p = 4,5, ..., 9 we indicate the type of the vertex X.
The letter a means that X is a proper a-vertex, the letter b stands for a proper b-vertex, ab
stands for an ab-vertex, and s for a stable vertex. The asterisk indicates that the vertex with
that label does not exist for that particular value of p. If p > 9, the type of the vertex is the
same as for p = 9. In the “dim” columns we list the complex dimensions of Oy for each
value of p =4,5,6,7, 8.

In Figures 5 and 6, we display the subdiagrams I',(p, 4) for p = 4,5, 6, 7 and list on
the side all mp-pairs. The subdiagram I, (8, 4) is the same as I', (7, 4) except for an additional
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TABLE 3. Vertices of I'(p, 4).

label X nx type dim
4 5 6 7 8 9/ 4 5 6 71 8
A | (ab)*a 9.1P-5 « b b b b b 16 20 24 28
B | (ab)3a,aba 7.3.1p—6 x % a s s s 19 23 27
C | (ab)?a, (ab)?a 52.1p~6 x % b b b b 18 22 26
D (ab)%a, aba, aba 5.32.1p-7 * *x x S§ S§ 8 21 25
E; | (ab)3a,b 7.1p3 a s s s s s|12 15 18 21 24
E, | (ba)’b 7.1p~3 b b b b b b|12 15 18 21 24
Fi | (ab)?a,aba,b 5.3.1p74 * 5§ s s s s 14 17 20 23
F, | (ab)?a, bab 5.3.1p74 b b b b b b|1l 14 17 20 23
F3 | (ba)?b,aba 5.3.1p74 a s s s s s|11 14 17 20 23
G aba, aba, aba, aba 34.1p-8 *x *x x *x a s 22
H | (ab)%a,ab,ba 5.22.1P5 | « b b b b b 13 16 19 22
I | abab, baba 42 .1p—4 ab b b b b b|10 13 16 19 22
J1 aba, aba, aba, b 33.1p-5 * % a s § § 15 18 21
Jy | aba, aba, bab 33.1p5 x s s s s S 12 15 18 21
K | aba,aba,ab, ba 32.22.1P 6| « % a s s s 14 17 20
L, | (ab)?a,b? 5.1p-1 s s s s s s|10 12 14 16 18
Ly | (ba)?b,b 5.1p-1 s s s s s s|10 12 14 16 18
M, | aba,aba, »? 32.1p2 a s s s § S 9 11 13 15 17
M, | aba, bab,b 32.1p2 s s § § s S 9 11 13 15 17
M3 | bab, bab 32.1p72 b b b b b b| 9 11 13 15 17
Ny | aba,ab, ba, b 3.22.1P73 | g s s s s s| 8 10 12 14 16
Ny | bab, ab, ba 3.22.1773 |'b b b b b b| 8 10 12 14 16
0 | ab,ba,ab, ba 24.1p4 ab b b b b b| 6 8 10 12 14
P, | aba,b’ 3.1p+! s s s s s s| 6 7 8 9 10
P, | bab, b? 3.1p+1 s s s s s s| 6 7 8 9 10
0 | ab, ba,b? 22.1p s s s s s s| 5 6 7 8 9
R | v* 1pt4 s s s s s s| 0O 0 0 0 O

isolated vertex, namely G. If p > 8, it follows easily from Lemma 6 that I, (p, 4) is the same
as I,(7,4).

The following lemma is useful for identification of pure pairs.

LEMMA 7. LetX,Y € X withX > Y. Then:

(1) If X and Y are ab-vertices, there exists a stable vertex Z suchthat X > Z > Y.

(i) If(X,Y) is a pure pair, every path joining X to Y contains at most one ab-vertex.

(iii) If (X, Y) is a pure pair, X or Y is not an ab-vertex.

PROOF. It is clear that (i) implies (ii), and (ii) implies (iii). To prove (i), it suffices
to consider the case X = ((ab)™, (ba)™, (ab)¥, (ba)¥), Y = ((ab)™~!, (ba)™~!, (ab)**!,
(ba)k*1), where m — 2 > k > 0. In that case we can take Z = ((ab)™ a, (ba)™ b,
(ab)a, (ba)*b). ]

In the next lemma we collect some elementary facts concerning the partial order “>".
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LEMMA 8. Let X,Y be vertices of I" suchthat X > Y.
(i) If X is stable, then Ox > O, for each connected component Oy of Oy.
(ii) IfY is stable, then O1 > Oy for each connected component O, of Ox.
(iii) If X and Y are proper a-vertices, then '\Ox > 'Oy and 10y > 10y.
(iv) If X and Y are proper b-vertices, then (’)5( > (’)g, and (’)g > OI}.
(v) If X and Y are proper vertices of different types, then O > O; for each con-
nected component O (resp. O2) of Ox (resp. Oy).
(vi) If X is a proper a-vertex and Y an ab-vertex, then 'Oy > I(Dly, I(’)I}f and "Ox >
Ilol I OH.
y: Yy
(vii) If X is an ab-vertex and Y a proper a-vertex, then I(’)g‘,, IOg > 10y and H(’)fx,
Ilog > HOy. I .
, 1] ) 11
o (I;'gll)l If X is a proper b-vertex and Y an ab-vertex, then Oy > 'Oy, Oy and Oy >
v ; ; ; 1ol I1ol » ol and 10U
- f)gn If X is an ab-vertex and Y a proper b-vertex, then "0y, Oy > O, X
x = Yy
PROOF. Let (X = Xo, Xi,...,Xx = Y) be a path joining X to Y and having the
minimal length k. We prove the lemma by induction on k. If k = 1 all the assertions of the
lemma follow immediately from Definition 2. Now let k > 1 and let Z = X;_;.
To prove the assertion (iii), we consider several possibilities for Z.
Case 1: Z is stable. Then by applying the induction hypothesis (ii) to the pair (X, Z),
we obtain that !Ox, 1Oy > Oz. Since Oz > 10y, 10y by Definition 2, it follows that (iii)
holds.
Case 2: Z is a proper a-vertex. Then !Ox > 10z and 'Oy > 1O by the induction
hypothesis (iii), and 10, =10y and 1O, > 1Oy by Definition 2. Consequently (iii) holds.
Case 3: Z is a proper b-vertex. By the induction hypothesis (v) we have 10y, 10y >
O%, and, by Definition 2, 0%, > 10y, "Oy. Hence (iii) holds.
Case 4: Z is an ab-vertex. By the induction hypothesis (vii) we have 10y > IOIZ and
1oy > 1OL. By Definition 2 we have !0}, > 0y and "0}, > 10y. So, again (iii) holds.
We omit the routine details of the proof for the other assertions. m]

We shall also need the following useful fact.

LEMMA 9. Let X,Y be vertices of I' such that X > Y. If (X,Y) is not pure, then
Oy = O, for each connected component Oy (resp. Oy) of Ox (resp. Oy).

PROOF. If there exists a stable vertex Z such that X > Z > Y, then the assertion
follows from Lemma 8 (i), (ii). We assume from now on that there are no such stable vertices.
Lemma 7 implies that X or Y is not an ab-vertex.

If X and Y are proper vertices of different types, then the assertion follows from Lemma
8 (v). Assume now that X and Y are proper vertices of the same type, say type a. Since the
pair (X, Y) is not pure, there exists a proper b-vertex Z such that X > Z > Y. By Lemma 8
(v) we have O > OIZ and (’)IZ > (0,. Hence the assertion follows.
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Assume now that X is an ab-vertex. Then Y is necessarily a proper vertex, say a proper
a-vertex. Since (X, Y) is not pure, there exists a proper b-vertex Z with X > Z > Y. Without
any loss of generality, we may assume that Oy = 'O%. By Lemma 8 (ix) we have O} = O,
and by Lemma 8 (v) we have O > 5. The assertion follows.

The case where Y is an ab-vertex can be treated similarly. a

Let X be an ab-vertex. Recall that the K-orbit Ox has four connected components I(’)&,
IOE, HO&, and HOI}. In this case we define the sets 10y, 10y, (’)g(, and (9§ by
IOX — 10& U Iog , HOX — Ilolx U 1101} ,
[ Il I _ Il | IHI
o) =oL ulol . o =1of uloY.
It follows from Lemma 8 that if (X, ¥) is an a-pair (resp. b-pair), then
I0x NOy 50y (resp. O, NOy 5 OL),

where the bar denotes the closure in the Zariski topology. Clearly, the superscripts I can be
replaced by II. As we shall see below, our conjecture is equivalent to the assertion that the
above inclusion signs can be replaced by the equality signs. This motivates the following
definition.

DEFINITION 3. We say that an a-pair (X, Y) splits if
10y NOy c 'Oy (o, equivalently, TOx N Oy c "0y).

One defines the concept of splitting for b-pairs similarly (just move the superscripts I and II
from the left to the right).

We can now state the main result of this section.

THEOREM 2. [In order to prove the conjecture, it suffices to prove that every mp-pair
splits.

PROOF. Assume that every mp-pair splits. This clearly implies that every pure pair
splits. Let Oy, @2 C N be K%-orbits such that ©; > ©,. We have to show that
(6) 01 >=0;.

There are unique vertices X, Y € X such that O] C Ox and O; C Oy. As O; > O,, we
have X > Y. Without any loss of generality we may assume that X # Y,andso X > Y. If
(X, Y) is not pure, then (6) follows from Lemma 9.

Now assume that (X, Y) is a pure pair, say an a-pair. Without any loss of generality, we
may assume that O} C 1Ox. Since (X, Y) splits and O; > O,, we must have O, C Ioy.
Now (6) follows from Lemma 8 (vi), (vii). O

5. Special cases of the conjecture. In this section we shall prove that several infinite
families of pure pairs split and verify our conjecture when min(p, q) < 7.
Let B be the Borel subgroup of K° consisting of all upper triangular matrices in K°. We
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have B = B, x By where B, = BN K and B, = BN K,? are the Borel subgroups of K
and Kl(,), respectively.

As in Section 1, for X € X = X(p, q), we shall denote by Ex a representative of the
orbit Ox such that [Hx, Ex] = 2Ex. If X is a proper a-vertex (resp. proper b-vertex, an
ab-vertex), then Ex € 'Oy (resp. Ex € O&, Ex € I(DE‘,).

The following proposition and Proposition 1 play a key role in the sequel.

PROPOSITION 2. Let (X,Y) beana-pairinI" = I'(p,q). If B- Ex N Oy C 1Oy,
then (X, Y) splits. The analogous assertion is valid for b-pairs. (We use the dot to denote the
adjoint action.)

PROOF. Assume that B- Ex N Oy C Oy. By [7, Satz 2, pp. 182-183] we have

K9.Ex = K°. B~ Ex. Hence if X is a proper a-vertex, then
0y NOy =K ExNOy =K°. (B-ExNOy) c'Oy,
ie., (X, Y) splits. If X is an ab-vertex (and sg{is a proper a-vertex) then 1Oy = IO& UIO&I,.
As Ex € IO&, the above argument gives I(’)g( N Oy C 'Oy. As 1Oy is Kp-invariant, by
applying a suitable element of W, we obtain that also IO% N Oy c 'Oy. Hence (X,Y)
splits. a
We note that, by Proposition 1, B - Ex C sp(Hx) C KO- Ey.

LEMMA 10. LetX,Y € X(p1,q1), Z € X(p2,q2), andlet X =X+ Z, Y =Y + Z,
p = p1+q1and q = q1 + q2. Assume that (X,Y) is a b-pair in I'(p1, q1) and (X,Y)a
b-pairin I"(p, q). Then if(f(, 17) splits so does (X, Y).

PROOF. Letn| = p1+q1,n2 = p2+q2,andn = p+q. We consider Oy, (C) x O,, (C)
as embedded in O, (C) in the standard way. We may assume that the bases of the underlying
vector spaces are chosen so that OIY x0L C OI? (and consequently O x 0%, ¢ (’)g). Assume

that (X, Y) does not split. Then (9_§( D Oy, and so (’)g( X OIZ D Oy x (’)IZ. As Oy x OIZ
meets both OI}; and OI;, this contradicts the hypothesis that (X, ¥) splits. o

Recall that for X € X and k > 0 we have defined the diagrams X® (see Section 2).
If k is even then X® is an ab-diagram, but this may fail for odd k. When k is odd, then
na(X®) = ny(X®) and we introduce the parameter ry(X) = n,(X*®). When k is even, we
introduce two parameters: 7 o(X) = ng(X®) and ri »(X) = np(X®). In particular we have
r0,a(X) = p and ro (X) = g for all X € X. The following lemma explains the meaning of
these parameters.

LEMMA 11. IfX € X and L € Oy, then rank (L*), = ry o(X), rank (L%*), =
rakb(X), and rank (L) 4 = rop41(X).

PROOF. This follows immediately by considering a graded Jordan basis for L. O

Let us outline the procedure that we use repeatedly in our verifications below. Let,
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say, (X, Y) be an mb-pair. As usual, Hy denotes the characteristic of Ox. Next let L €
s7(Hyx) N Oy be an arbitrary element. We use Lemma 11 and Proposition 1 to prove that
L must belong to O%,. Then Proposition 2 shows that (X, Y) splits. The arguments use the
vectors v; = L(e,’. ) € Vo, 0 <i < g. The matrix §4 (L?)p is the negative of the Gram matrix
of the sequence vg, vy, ... , vg—1. (Recall that the matrices Sy have been defined in Section 3.)
Hence its rank r; ,(X) is the dimension of the quotient space of L(Vp) = (vo, v1, ... , Vg—1)
modulo its radical. Similarly, in certain cases we may use the vectors v,f = L(ej) € Vp,
0 <i < p. The matrix S p(Lz)a is the negative of the Gram matrix of these vectors. Let us
illustrate this method by proving several useful lemmas. We remark that although we state
these lemmas just for one kind of pure pairs, the analogous assertion is also valid for the other
kind.

In the proofs of these lemmas and Theorem 3 we often use the action of K, or Kj in
order to modify the orbit representative that we are working with. If say p = 2k is even, then
K 3 contains the subgroup isomorphic to GL,(C) which leaves invariant the maximal totally
isotropic subspaces (eg, €1, ... , ex—1) and (e, €k+1, ... , € p—1). Most often we use elements
from this subgroup or from the intersection of it with the Borel subgroup B,. The specific
details for the choice of these “suitable elements” will be omitted.

LEMMA 12. The a-pair (X = ((aba)¥, b*t™), Y = ((ab, ba)*, b™)) splits.

(The notation means that, in X, aba is repeated k times and, in Y, (ab, ba) is repeated k
times.)

PROOF. Note that p = 2k and g = 2k +m. Let L € s,(Hx) N Oy and let v; = L(e;)
for0 <i < p. As (Hx), = diag(2,2,...,2,-2,...,-2,-2) and (Hx)p, = 0, we have
v,f =0fori < k. Asrank L, = r;(Y) = k, the vectors v,f for i > k form a basis of L(V,).

As rank (L?), = r2.qa(Y) = 0, L(V,) is totally isotropic. By applying a suitable element
of K, and by using Witt’s theorem (see, e.g., [1, p. 121, Theorem 3.9]), we may assume
that L(V,) = (e e},...,e,_,). By inspecting the eigenspaces of ad(Hy), we see that
L € s3(Hy). Hence, by Proposition 1, L € 1oy, By Proposition 2, (X, Y) splits. O

LEMMA 13. If X = ((ababa), (bab)",a™) and Y = ((bab)*t", a™*2k), then the
b-pair (X, Y) splits.

PROOF. Note that p = 3k +m + r and g = 2k + 2r. Let L € sp(Hyx) N Oy and
let v; = L(ej) for 0 < i < g. By inspection of the eigenspaces of ad(Hx), we see that
v; € {(ep,€1,...,ek—1)for0 <i <k+randv; € (e,ey,... sep—k—1) fork+r <i <gq.
It follows that the vectors v; for i < k + r belong to the radical of L(V}). Since ri(Y) =
r2,5(Y) = k+r, the subspace L(V}) has dimension k +r and is nondegenerate. Consequently,
v; = 0fori < k 4 r. It follows that L € s,(Hy). By Proposition 1, L € Og,. Hence (X, Y)
splits by Proposition 2. |

LEMMA 14. If X = ((ab)a, (aba)¥, b**™*2) and Y = ((ba)?b, (ab, ba)**!, b™),
then the a-pair (X, Y) splits.
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PROOF. Wehave p=2k+4,9 =2k+m+5, and

(Hx)a = diag(6,2, ... ,2,-2,..., =2, —6),

(Hx)» = diag(4,0,0, ...,0,0, —4),

(Hy)q = diag(2, 1,...,1,—1,...,—1,-2),

(Hy), = diag@, 1,...,1,0,0,...,0,0,—1,..., —1, —4),

with m + 1 zeroes in (Hy)p. Let L € s2(Hx) N Oy and v, = L(e;) for0 < i < p. By
inspecting the eigenspaces of ad(Hx) we see that vy = 0, v; € (ej) for0 < i < k + 1, and
v; € (ep. €, .. ,e;_z) fork+1<i<p-—1.

Let us write Lgp = (§;j) with1 <i < pand1 < j < q. Since L € s2(Hy), we must
have &) = 0for2 <i < p,&; =0fork+2 <i < pand2 < j < g,and also &,; = 0.
Since rank Lgp = r1(Y) = k + 3, at least one of the entries &4, k +2 < i < p, is nonzero.
As rank(L?), = r2.q(Y) =1and

(L*a = LapLba = —LabSs'LabSp ,
we deduce that £;1&;; = O for k +2 < i < p. Consequently, ;1 = 0, and so L(V,) C
(egr €]s- .- s ";—2)' It follows that ¢;, belongs to the radical of L(V,). The dimension of this
radical is k + 2. By applying a suitable element of X 2, we may assume that &3 4, # 0 and
§ig =0fori > k + 3.

All entries of (L2)b are 0 apart from the non-diagonal entries in the first row or last
column. The (1, j)-th entry of this matrix is —&43 46k+2,j for 2 < j < ¢q. Since this
matrix is symmetric with respect to the side diagonal, it follows that all entries of (LY are 0
except possibly the entry in the upper right hand corner which is equal to Skz +3.q f v 42 v 2)
Since rank (L%), = rs,»(Y) = 1, this entry is not 0. We conclude that the vector v}c ") is
nonisotropic. By transforming L with a suitable element of Kg, we may assume that the
vectors vlf belong to the radical of L(V,) fori > k+2. As a side effect of this transformation,
the entries §; 4 for k +2 < i < p may become nonzero. By transforming L with a suitable
element of K, which fixes the vectors e, and e;_l, we may further assume that the radical
of L(Vq) is (e, €], ... , €, ). Consequently, now v, € {ej, €, ..., €, ,,). Finally, by
transforming L with the element of W, which exchanges the vectors e¢g and e and also
ex+2 and e4, we obtain an element in s3(Hy). By Propositions 1 and 2, (X, Y) splits. O

We can now verify the conjecture when p or g is small. In the proof we shall also use
several lemmas from the next section.

THEOREM 3. The conjecture is true if min(p,q) <7.

PROOF. Without any loss of generality we may assume that p > g. By Theorem 2, it
suffices to show that all mp-pairs split. By Lemma 10, if (X, Y) and (X 4 Z, Y 4 Z) are both
b-pairs and if the latter pair splits then also the former does. We shall use this to reduce the
consideration of b-pairs to large values of p by taking Z = (a¥). (It suffices for us to take
p=2q)

If ¢ < 3 then the pure pairs are listed in Example 6. If g = 1 there are no pure pairs.
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TABLE 4. Unstable vertices of I'(p, 5).

p | label X b15'¢ dim
6| A | @b)ia 11 25
B | (ab)3a,aba,b 7-3-1 23

C | @b)3a,ab,ba 7.22 22

D | (ba)?b, (aba)? | 5-32 21

E | abab,baba,aba | 42 -3 20

F | (aba)3, b? 33.12 18

G | (aba)?,ab,ba,b | 32-22.1| 17

H | aba, (ab, ba)? 3.24 15

8| I | (ab)3a,(aba)® |7-32 32
J | (aba)*, b 3.1 26

K | (aba)?, ab, ba 33.22 25

10| L | (aba)’ 33 35

Let g = 2. The pairs (C2, D) and, for p = 2, the pair (Cy, D) split by Lemma 12. The
pair (A, C3) splits by Lemma 13.

Now let ¢ = 3. Then (see Example 6) there is only one pure pair, namely the a-pair
(E1, F) when p = 4. One can show that this pair splits by using Lemma 12. Indeed,
by that lemma, the a-pair (X = ((aba)?,b%),Y = ((ab, ba)?)) splits. As X > Z =
(aba, ab, ba, b) > Y, it follows that (X, Z) splits. As X = E; + (b) and Z = F + (b),
(E1, F) splits by Lemma 10.

Next let g = 4. The mp-pairs are exhibited in Figures 5 and 6. If p = 4 there are three
ma-pairs and three mb-pairs and, by symmetry, it suffices to show only that the mb-pairs
split. The a-pair (J1, K), for p = 6, and the b-pair (M3, O) split by Lemma 12. The b-pair
(C, M3) splits by Lemma 13, (A, E;) by Lemma 15, and (E,, H) by Lemma 14. In the case
of (A, E») this may not be so obvious, so we give a few more details. By taking k = 2 and
r = p — 5 in Lemma 15, we see that the b-pair (X, Y), with X = (((ab)*a)?, a?~5) and
Y = (((ba)3b)?, aP~ 1), splits. Since

X = (A, @b)*a) > (E3, (ab)*a) > (E2, (ba)*h,a®) = Y,
it follows that the pair (A, (ab)*a) > (E3, (ab)*a) splits. Now, by Lemma 10, the b-pair
(A, E») splits.

Now let ¢ = 5. In Table 4 we list the unstable vertices of I"(p, 5). They exist only for
p = 6, 8, and 10 and they are all proper a-vertices. The notation in this table is the same as
in Table 1. If p = 6, the ma-pairs are (B, D), (D, F), and (F, H). To prove the maximality
of these pairs, it suffices to observe that

C > (ababa, aba, bab) > E > (abab, baba,a,a,b) > G .
The subdiagram I, (6, 5) is exhibited on Figure 7. If p = 8 there is only one a-pair, (J, K),
and for p = 10 there are no a-pairs.

The pairs (F, H) and (J, K) split by Lemma 12, the pair (D, F) splits by Lemma 13,
and (B, D) by Lemma 14. Perhaps the last claim needs an explanation. Let B = (B, b?),
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Iy(6,5) Iy (12, 6)

FIGURE 7.

D = (D,b%, and Y = ((ba)?b, (ab, ba)?). Then the a-pair (B, Y) in I"(6,7) splits by
Lemma 14. Since B > D > Y, the a-pair (B, D) also splits. Consequently, (B, D) splits by
Lemma 10.

Now let ¢ = 6. We first list in Table 5 all a-vertices X in the diagrams I'(p, 6). They
exist only for p = 6, 8, 10, and 12. We also list there the corresponding partitions wy, the
complex dimensions of the orbits Oy, and introduce labels for the vertices, except that the
isolated a-vertex in case p = 12 is not labelled. The b-vertices in the diagrams I"(p, 6)
are listed separately in Table 6. We reuse the letters A-V to label the b-vertices. The orbit
dimensions are now given only for p = 12.

When p = 6, because of symmetry, it suffices to prove only that the mb-pairs split,
which will be dealt with later. The other ma-pairs are: (Q, S), (S, U), and (U, W) for p = 8,
and (Y, Z) for p = 10. The pairs (U, W) and (Y, Z) split by Lemma 12, the pair (S, U) by
Lemma 13, and (Q, S) by Lemma 14.

We consider now the mb-pairs. As explained in the beginning of this proof, we may
assume that p > 12. By using Table 6, one can determine these pairs. For fixed p > 12,
there are eight of them: (A, C), (B, L), (C, G), (D, S), (F,K), (L, R), (N, Q), and (S, V).
(Some of them should be omitted or modified if 6 < p < 12.) The maximality of these pairs
follows from
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TABLE 5. a-vertices of I'(p, 6).

p | label X Tx dim
6| A | (ab)a,b 11-1 30
B | (ba)*b, aba 9.3 29

C | (@b)3a, (ba)?b 7-5 28

D | (@b)3, (ba)? 62 27

E | (ab)3a,aba, b? 7.3.12 27

F | (ab)3a,ab, ba,b 7-22.1 26

G | ®a)?b, (@ba)?,b | 5-32-1 25

H | abab, baba,aba,b | 42.3-1 24

I | (ba)?b,aba,ab,ba | 5-3-22 24

J | abab, baba,ab,ba | 42 .22 23

K | (aba)3, b3 33.13 21

L | (aba)?,ab,ba,b* |32.22.12| 20

M | aba, (ab,ba)?, b 3.24.1 18

N | (ab, ba)® 26 15

8| O | (ab)’a,aba 11-3 41
P | ((ab)3a)? 72 39
0 | (ab)3a,@ba)®,b | 7-32-1 37

R | (ab)3a,aba,ab,ba | 7-3-22 36

S | (ba)?b, (aba)3 5.33 34

T | abab, baba, (aba)? | 42 .32 33

U | (aba)*, b? 34.12 30

vV | (aba)3,ab, ba,b 33.22. 29

W | (aba)?, (ab,ba)? | 3%2.24 27

10| X | (ab)3a, (aba)® 7.33 48
Y | (aba)’,b 35.1 40

Z | (aba)*,ab, ba 34.22 39

12 (aba)® 36 51

A > ((ab)’a,aba,a? 8 > E, B > ((ab)*a, (aba)? a?~®) > G,
C > ((ba)*b,aba,a?=% > F, D > ((ababa)?, (aba)? a?~'%) > K,
E > ((ab)3a, babab,aP=% > H, F > ((ba)’b, (aba)? aP~ ") > M,
H > (ababa, babab, aba, a?~") > J > (ababa, (aba)?, bab, aP~8) > P,
M > (babab, aba, bab, aP~%) > O > ((aba)?, (bab)?,a?=%) > T.
The subdiagram I, (12, 6) is exhibited on Figure 7. It contains a single isolated a-vertex,
((aba)®).
The pair (A, C) splits by Lemma 15, (D, S) by Lemma 13, (S, V) by Lemma 12, and (L, R)
by Lemma 14. The pairs (C, G) and (F, K) split by Lemma 16, and (B, L) by Lemma 18
(see the next section). It remains to consider the b-pair (N, Q).
For the reader’s convenience we list the relevant characteristics:
Hy = diag(4,0,0,...,0,0,-4,2,2,2, -2, -2, -2),
Hgp = diag(3,1,1,0,0,...,0,0,-1,-1,-3,3,1,1, -1, -1, =3).
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TABLE 6. b-vertices of I'(p, 6).

label X Ty dim
A | @b)la,aP~7 13177 66
B | (ab)*a, (ab)?a,aP~? 9.5.17—8 64
C | (ba)db,aP™> 11.1P75 60
D | (ababa)3,aP™d 53.1P79 60
E | (ab)*a,bab,aP=® 9.3.1P—6 59
F | (ba)3b, (ab)?a,aPb 7.5.1P—6 58
G | (ab)*a,ab,ba,aP™" 9.22.1p~7 58
H | (ab)3, (ba)3,aP~6 62.1p6 57
I | (ababa)?, bab,aP~" 52.3.1p77 56
J | (ab)?a, abab, baba,aP~"7 | 5.42.1P~7 55
K | (ababa)?,ab, ba,aP=8 52.22.1p-8 55
L | (ba)3b, bab,aP™* 7.3.1p~4 51
M | (ba)3b,ab, ba,aP=> 7.22.1P-5 50
N | (ab)2a, (bab)?, aP~3 5.32.1P75 49
O | abab, baba, bab, aP~> 42.3.1P-5 48
P | ababa, bab, ab,ba,aP~% | 5.3.22.1P=6 | 48
O | abab, baba,ab, ba,aP=® | 42.22.1P~6 47
R | (ab)la, (ab,ba)?,aP~7 | 5.24.1P77 46
S | (bab)3,aP-3 33.1p3 39
T | (bab)?,ab, ba,aP~* 32.22.1p-4 38
U | bab, (ab, ba)?, aP~3 3.24.1P-5 36
v | (ab, ba)3,a?=® 26.1p—6 33

We choose a representative Ey € O}V such that (En)gp is the {0, 1}-matrix having 1’s
at the positions (1, 2), (2,4), (3,5), (p —2,5), and (p — 1,6). Let L € B-EnyN Og
and let v; = L(e]) for 0 < i < 6. As the Borel subgroup B consists of upper triangular
matrices, we have vg = 0, vy, v2 € (ep), v3 € (eo, e1), va € (eo,€1,...,€p-3), and vs €
(eo, €1, ... , ep—2). Assume that the vector vy is isotropic. By applying a suitable element of
K, which fixes the four vectors e, e, ep—2, and e, 1, we may assume that v4 € (ep, e1, 2).
By inspecting the eigenspaces of ad(Hg), we see that L belongs to s2(Hp). Hence (N, Q)
splits by Propositions 1 and 2.

It remains to consider the case where v4 is nonisotropic. Write v; = £ep, v2 = neg, and
v3 = aeg + Bey. As Lgp has rank 4, B # 0. The entry in the upper right hand corner of the
matrix (L*), is equal to —& 2 f(vs, v4). Since L* = 0, this entry must be 0. This forces £ = 0.
As Ly, has rank 4, we must have  # 0. The 6 x 6 matrix (L), has all entries zero except
those in the 3 x 3 block in the upper right hand corner which has the form:

fvs,v3) f(vs,v4) f(vs,vs)
- 0 f(va,va)  f(va,vs)
0 0 f(v3, vs)

As ry5(Q) = 2, this block must have rank 2. Since f(vs, v4) # 0, we have f(vs, v3) = 0.
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As B # 0, this implies that vs € (eg, ey, ... , €p—3). By subtracting a suitable scalar multiple
of v4 from vs, we may assume that vs is isotropic. By transforming L with the element of W),
that exchanges ¢;, and ¢ and also ¢} and e, we reduce this case to the previous case where
v4 is isotropic.

This completes the proof of the assertion that the b-pair (N, Q) splits.

Finally let g = 7. Then every unstable vertex is necessarily a proper a-vertex. They exist
only for p = 8, 10, 12, and 14. The subdiagrams I',(p, 7) for p = 8 and p = 10 are shown
in Figure 8. If p = 14, then there is only one a-vertex, namely ((aba)’), and so there are no
a-pairs. If p = 12, then there are three a-vertices:

A = ((ab)%a, (@ba)*), B = ((aba)®,b), C = ((aba)’,ab,ba),

and only one a-pair, namely (B, C). This pair splits by Lemma 12. If p = 10, then there are
nine a-vertices:

oA
B
c
D
E
F
G
H
1
r,@8,7 r,(10,7)

FIGURE 8.



CLOSURE ORDERING OF ADJOINT NILPOTENT ORBITS 427

TABLE 7. Unstable vertices of I"(8, 7).

label X F15' dim

A (ab)’a 15 49

B (ab)Sa, aba, b 11-3-1 47

c (ab)Sa, ab, ba 11-22 46

D (ba)*b, (aba)? 9.32 45

E ((ab)3a)?, b 721 45

F (ab)3a, (ba)?b,aba | 7-5-3 44

G (ab)3a, abab, baba | 7-42 43

H ababab, bababa,aba | 6% -3 43

I (ab)3a, (aba)?, b2 7-32.12 | 42

J (ab)3a,aba,ab,ba,b | 7-3-22.1| 41

K (ab)3a, (ab, ba)? 7.24 39

L (ba)?b, (aba)>, b 5.33.1 39

M | (ba)?b, (aba)?,ab,ba | 5-32.22 38

N | abab, baba, (aba)?,b | 42.32.1 38

O | abab,baba, aba, ab,ba | 42 .3 .22 37

P (aba)*, b3 3.3 34

0 (aba)?, ab, ba, b* 33.22.12 | 33

R (aba)?, (ab,ba)%, b | 32.2%.1 31

N aba, (ab, ba)? 3.26 28
A = ((ab)’a, (aba)?) B = (((ab)*a)?,aba)  C = ((ab)3a, (aba)?, b)
D = ((ab)3a, (aba)?, ab, ba) E = ((ba)?b, (aba)*)  F = (abab, baba, (aba)?)
G = ((aba)’, b?) H = ((aba)*, ab, ba,b) I = ((aba)3, (ab, ba)?)

and three ma-pairs, namely (C, E), (E, G), and (G, I). To prove the maximality of these
pairs, it suffices to observe that

D > (ababa, (aba)3, bab) > F > ((aba)4,bab, a,b)> H.

The pair (C, E) splits by Lemma 14, (E, G) by Lemma 13, and (G, I) by Lemma 12.
It remains to consider the case p = 8. Then there are nineteen a-vertices and we list all
of them in Table 7.
There are seven ma-pairs: (B, D), (D, I), (E, H), (I, M), (L, O), (L, P), and (P, S).
The maximality of these pairs follows from
C > ((ab)*a, aba,bab)y > F, D > ((ba)3b, (ab)?a, aba) > H ,
E > ((ab)3a, (ab)?a, bab) > G > ((ab)3a, aba, bab,a,b) > J ,
J > ((ababa)?, aba, ab, ba,b) > N > ((aba)3, (bab)?) > Q,
K > (ababa, aba, bab, ab, ba) > O .
The pair (P, S) splits by Lemma 12, the pair (L, P) by Lemma 13 (with a and b switched),
and the pair (I, M) by Lemma 14.
We consider first the pair (B, D). We have
Hp = diag(10, 6, 2,2, -2, -2, —6, —10, 8,4,0,0, 0, —4, —8) ,
HD = dlag(6, 2, 2, 2, _2, _2, _21 _61 8y 4v 0’ 09 O’ —47 _8) .
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We choose the representative Eg € IOp such that (E)ap is the {0, 1}-matrix having 1’s at the
positions (4, 5), (5, 6), and at the positions (i, {) fori = 1,2,3,6,7. Let L € B- HgNOp
and let
v = L(e;) = &i0e + &i,1€) + - + Ei6eg -
We have vy = 0; &, =0for j > 0;& ; =0fori =2,3and j > 1,&,; =0forj > 2;
&s,j=0for j =5,6;and &6 6 = 0. As r;(D) = 6, the subspace L(V,) has dimension 6, and
$0 &4 # 0. The condition rank (L%), = rg »(D) = 1 implies that &) o, £2,1, and &g 5 are all
nonzero. As &1 and £ 5 are nonzero, we may assume that £3 1 = &7,5 = 0. Now the same
condition implies that the vector vg is nonisotropic. The condition rank (LY, = ra(D)=5
implies that &5 4&76 = 0. Next the condition rg (D) = 0 implies that (L¥), = 0. By
computing the (1, 7)-entry, we find that £&7 ¢ = 0. By applying the permutation (1, 2)(7, 8) €
W, to L we obtain an element of s5(Hp). We now invoke Proposition 1 to conclude that
L €'O0p. Hence (B, D) splits by Proposition 2.
Next let us consider the pair (D, I). We have

HD = diag(6, 2s 2a 2$ _2’ _2$ —2’ —65 8’ 4a 0, 09 Oy —4$ —8) )
H; = diag(6,2,2,2, -2, —2, —2, —6,4,0,0,0,0,0, —4).

Let L € s2(Hp) N Oy and let v = L(e;) for 0 < i < 8. We have v € (g;); v}, vy, v5 €
(es €1); vy, Vs, vg € (e, €], €5, €5, €4),and v, € (e, €], €, €5, €5, €5). Asri(I) =rpq(I) =
5, the subspace L(V,) has dimension 5 and is nondegenerate. Since e6 is orthogonal to L(V,,),
it follows that vy = 0. By transforming L with the element of W}, that exchanges e, and e
and also e; and eg, we obtain an element in s(H;). Hence (D, I) splits by Propositions 1
and 2.

We consider next the pair (E, H). Let X = (E,b) and Y = ((ab)3, (ba)?, ab, ba). As
X > (H, b) > Y, it suffices to prove that (X, Y) splits. We have

Hy = diag(6,6,2,2, -2, -2,-6,—-6,4,4,0,0,0,0, -4, —4),
Hy = diag(s,3,1,1,-1,-1,-3,-5,5,3,1,1, -1, -1, =3, =5) .

We choose the representative Ey € IO such that (Ex)gp is the {0, 1}-matrix having 1’s at
the positions (1, 1), (2, 2), (3, 3), (4, 6), (5,7), and (6, 8). Let L € B - Hx N Oy and let

v = L(ei) = & 0eo + &i1e) + -+ + &i7¢7 .

We have vy = v} = 0; & ; =0fori =2,3,4and j > i —2,& ; = 0for j =6,7; and
&6.7 = 0. The condition rank (LY = r4p(Y) = 2 implies that & o, £3,1, £4,2, and &5 5 are all
nonzero. The condition rank (L?), = r2,4(Y) = 4 now implies that & 67,7 = 0.

If&6.6 = Othen rg 4 (Y) = 2 implies that £7 ¢ or £7,7 isnot 0. As &5 5 # 0, we may assume
that also & 5 = 0. As r1(Y) = 6, the vectors v,f for 2 < i < 8 form a basis of L(V,). Since
r2,a(Y) = 4, L(V,) has 2-dimensional radical. Hence the maximal totally isotropic subspaces
of L(V,) have dimension 4. Let M be such a subspace containing (v5, v}, v;) = (e, €], €3).
Thus M = (e, €], €5, v), where v is a linear combination of v, vg, and v;. Since v is
orthogonal to e(/) and e’, and at least one of &7,¢ and &7.7 is not 0, it follows that v must be
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a linear combination of v5 and vg only. Since v is also orthogonal to ¢} and &5 5 # O, it
follows that in fact v is a scalar multiple of vg. This proves that vy is isotropic, i.e., one of the
coordinates £ 3 and & 4 must be 0. By using the transposition (4, 5) € Wy’ (if necessary),
we may assume that £ 4 = 0, and, consequently, & 3 7# 0. If £&77 # 0, we may assume that
&76 = 0. By applying the permutations (2, 3)(6,7) € W, and (1,2)(7,8) € Wy to L, we
obtain an element of sy (Hy).

If 6.6 # O, then &7 7 = 0 and we may assume that §7 5 = §7,6 = 0. We now repeat the
argument from the previous paragraph to show that v}, must be isotropic. We also may assume
that £7 4 = 0, and, consequently, &7 3 # 0. By applying the permutation (3, 2, 1)(6, 7, 8) €
W, to L we obtain an element of s, (Hy).

By Proposition 1, this proves that (in both cases) L € 10y. Hence (X,Y) splits by
Proposition 2.

Finally, we consider the pair (L, O). Let X = (L, b) and Y = (abab, baba, (ab, ba)?).
As X > (0, b) > Y, it suffices to prove that (X, Y) splits. We have

HX = dlag(2, 2, 2, 2, —'2, —2, _27 _27 47 0, Ov 09 Oy 09 O, _4) ’
Hy = diag(3,1,1,1,-1,-1,-1,-3,3,1,1,1, -1, -1, -1, =3)..

Let L € s2(Hx) N Oy and let v; = L(e;) for0 < i < 8. We have v] € (e) for0 <i < 4
and v; € (ej, e},...,eq) ford <i < 8. Asri(Y) =5, the subspace L(V,) has dimension
5, and so at least one of the vectors vy, v{, v, vj is nonzero and ey, v}, vs, vg, v form a
basis of L(V,). As rp 4(Y) = 2, this subspace has 3-dimensional radical and e(/) obviously
belongs to the radical. By applying a suitable element of Kg which fixes e; and 5, we may
assume that (e, vy, vg) is the radical of L(V,) and that (e, v}, Vg, Vg) is a maximal totally
isotropic subspace of L(V,). Next, by applying a suitable element of K}, we may assume that
v € (e, ..., e_5) fori =4,5,6. Now the radical of L(V,) is (eg €], €3). Consequently,
vy = Eoeq + - - - + &aey with &4 # 0. If vy = 0, then L € sp(Hy). Assume now that vy, # 0.
Then we may assume that v} = v; = vj = 0. The condition rank (LY = rap(Y) =0
implies that v is isotropic, i.e., &3 = 0. We now apply the permutation (1, 2)(7,8) € W,
and then the permutation (4,5) € W,. The new element L then belongs to s(Hy). By
Proposition 1 we conclude that L € Oy. Hence (X, ¥) splits by Proposition 2.

This completes the proof of the theorem. a

6. Disjoint minimal pure pairs. We say that the ab-diagrams X, Y € X = X(p, q)
are disjoint if they have no common rows. In general, if X, Y € X' then we have X = P + Z,
Y=0Q+ Z, where P, Q € X(p1.91), Z € X(p — p1,q9 — q1), and X and Y are disjoint. If
(X,Y) is a pure pairin I" = I"(p, q), then (P, Q) is also a pure pair (of the same kind). We
say that a pure pair (X, Y) is minimal if X — Y. (Recall that the last condition means that
there are no vertices U in I" suchthat X > U > Y)If X =P+ Z,Y = Q + Z, as above,
and (X, Y) is a minimal pure pair in I', then (P, Q) is necessarily a minimal pure pair in
I'(p1, q1). The converse of this statement is false as shown by the following counterexample:
P = ((ba)®b, a), Q = ((ab)2a, bab), and Z = ((ab)?a). Then (P, Q) is a minimal b-pair
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TABLE 8. Disjoint minimal b-pairs in I"(p, q).

No. X Y

1| (@b)*a, (ba)2k—1p (ab)?*, (ba)% k>1
2 (ba)2k+1b, (ab)Zka (ab)2k+1, (ba)2k+l k>0
3 | (ab)?k, (ba)?k, (ab)?™, (ba)?™ (ba)®*~1b)2, ((ab)?>™a)? |k >m >0
4 (ab)2k+l , (ba)2k+l, (ab)2”‘+1 , (ba)2m+1 ((ab)Zka)Z, ((ba)2'"+1b)2 k>m>0
5 | (ab)*a, (ba)?™~1p (ba)?*~1p, (ab)?™a k>m>1
6 | (ba)?*+1p, (ab)?™a (ab)*a, (ba)?m+1p k>m=>0
7 | (ab)**a, (ab)?™, (ba)?™ (ba)®*~1b, ((ab)?™a)? k>m>0
8 (ba)2k+1b, (ab)2m+1 , (ba)2m+1 (ab)Z"a. ((ba)2m+lb)2 k>m>0
9 | (ab)?*, (ba)?*, (ba)?m—1p (ba)*~1b)2, (ab)?™a k>m>1
10 | (ab)(*1, (ba)2kt!, (ab)2mq ((ab)*a)2, (ba)?m+1p k>m>0

in I'(4, 4). On the other hand (X = P + Z,Y = Q + Z), which is a b-pair in I" (7, 6), is not
minimal. Indeed, we have X > U > Y with U = ((ab)?, (ba)3, a).

In this section we consider the minimal pure pairs (X, Y) in I" that are disjoint. To be
specific, we shall consider only the disjoint minimal b-pairs in I". The list of all such pairs
(X, Y), which can be extracted from [8] or [6], is given in Table 8. It consists of 10 one- or
two-parameter families. The parameters are the nonnegative integers k and m.

If our conjecture is true, then all pure pairs must split. In particular all the pairs listed in
Table 8 must split. In order to provide some additional evidence for the conjecture, we prove
below that this is indeed the case.

THEOREM 4. All disjoint minimal pure pairs split.

The proof is contained in the series of lemmas that follow. Some of these lemmas are
stronger than what is needed for this theorem. (Some of them have been used in the proof of
Theorem 3 in the previous section.)

LEMMA 15. IfX = (((ab)*a)?,a") and Y = (((ba)*~'b)2, a"+*), then the b-pair
(X, Y) splits. Consequently the b-pairs of the first family of Table 8 split.

PROOF. We have p =4k +r + 2, g = 4k, and
(Hx)q = diag(q, 9,9 — 4,9 —4,...,4,4,0,...,0,—4,-4,... ,4—q,4—q,—q,—q),
(Hx)p = diag(¢ — 2,9 — 2,9 — 6,9 —6,...,2,2,-2,-2,...,6—¢q,6—¢q,2—q,

2—-¢q)),

(Hy)q = diag(q — 4,9 —4,...,8,8,4,4,0,...,0,-8,-8,—4,—-4,...,4—q,4—q),
and (Hy)p = (Hx)p. (All the eigenvalues of Hy and Hy have multiplicity 2 except that O has
multiplicity » + 2 in Hx andr 4+ 6 in Hy.)

Let L € sp(Hyx) N Oy and let v; = L(e,’. ) for 0 <i < q. Let us introduce the subspaces
Vi = (vo, v1,...,v;) for 0 < i < q. By inspecting the eigenspaces of ad(Hy), we see that
Vait1 C(eo, €1, ... ,e24+1)for0 <i < kand Vy; 41 C (e, e1, ... ,e2,-+,+1) fork <i < 2k.
This implies that V,; ] is orthogonal to V; j+1if i + j < 2k. In particular, V; is contained in
the radical of L(Vp) = V,_1. Asri(Y) = ry5(Y) = q — 2, this subspace is nondegenerate
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and has dimension ¢ — 2. It follows that V; = 0, i.e.,, vo = v; = 0, and that the vectors

V2,3, ..., vg—1 are linearly independent. By Witt’s theorem, there exists an x € K, such
that x(Vi+1) = (eo, €1, ..., e2i—1) for 0 < i < k. The above orthogonality conditions then
imply that x (V2;+1) C (eo, e1, - .. , e2i+r+3) for k < i < 2k. By inspecting the eigenspaces

of ad(Hy), we conclude that Ad(x)(L) € sy(Hy). Hence L € (’); by Proposition 1. So,
(X, Y) splits by Proposition 2.
The b-pairs in the first family of Table 8 split because for r = 0 we have

X > ((@ab)*a, (ba)**~1b, a%) > ((ab)*, (ba)*,a?) > Y . O

LEMMA 16. If X = ((ba)**t1b, (ab)*a,a’*?) and Y = (((ab)*a)?, ab, ba, a”),
then the b-pair (X, Y) splits. Consequently, the b-pairs of the second family of Table 8 split.

PROOF. We have p = 4k +r + 4, g = 4k + 2. The eigenvalues of (Hy), are the
integers 4i for —k < i < k. Each of them has multiplicity 2, except that 0 has multiplicity
r + 4. The eigenvalues of (Hy); are the integers ¢ — 4i for 0 < i < 2k + 1. Each of them
has multiplicity 2, except for +g which are simple. Hence

(Hx), = diag(4k, 4k, 4k — 4,4k — 4, ... ,4,4,0,...,0, -4, —4, ..., —4k, —4k),
(Hx)p = diag(q,q — 4,9 —4,...,2,2,-2,-2,... ,4—q,4—q,—q).

We choose the representative Ex € O& such that (Ex)gp is the {0, 1}-matrix with 1’s at the
positions (i,i + 1) for 1 <i <2k + 1, positions (p —i,q —i + 1) for 1 <i < 2k, and also
at the position (p, g). Let L € B - Ex N Oy and let

vi = L(e)) = &i0eo+ &ij1e1 + -+ + & p—1€p—1

for 0 <i < g. Since the Borel subgroup B = B, x By, consists of upper triangular matrices,
we see thatvg =0, &, j =0ifi < jand1 <i <2k +1,andalsothat§, ; ,_; =0ifi > j
and 1 <i < 2k.

It is easy to check that L% (e;) =0fori < p—2, L‘“‘(ep_z) = \eo, and L‘”‘(ep_l) =
Aey, where A is the product of the coefficients &; ;) for 1 <i <2k +1and &,_; ,_;_ for
1 < i < 2k. (The fact that these two coefficients A are the same follows from the symmetry
property of (L?), mentioned in Section 3.) From the fact that rank (L*), = raka(Y) =2
it follows that A # 0 and so all of the mentioned coefficients are nonzero. Since ra (YY) =

0, we have (L*), = 0. By computing L** (e;_3), we find that £,_1 ,—; = 0. Then, by
computing L% (e;_l), we see that also £, ,—» = 0. By subtracting from v, a suitable
linear combination of vog+2, V2k+3, - . . , Vg—2, We may assume that also &, ,—;—1 = O for

1 < i < 2k. This means that v, is orthogonal to v; for 0 < i < 2k + 1. Asdim L(V) =
r1(Y) = g — 1 and rank (L?), = rp,5(Y) = q — 4, the maximal totally isotropic subspaces of
L(Vp) have dimension 2k + 2. Let M’ = (M, v) be a maximal totally isotropic subspace of
L(V}p) containing the totally isotropic subspace

M = (vi,v2,...,v%+1) = (€0, €1, ... , €2%) -
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We may assume that v = g—1vg—1+{3-2V4-2+" - - +{2k+2V2k+2. Since v is orthogonal to M
and&;—; p—i—1 # Ofor1 <i < 2k, we must have {;—; = O for the same i’s. Hence ;1 # 0
and v,_| must be isotropic. By using Witt’s theorem and by applying a suitable element of
K, which fixes the vectors ¢; and e,—;—1 for 0 < i < 2k + 1, we may assume that&,_;; =0
fori > 2k + 1. Since §;—1,2¢+1 and &2;42, p—24—1 are nonzero, we may assume that &, _1 2
and &2¢ 42, p—2k—2 are 0. Next we apply the permutation (2k+1, 2k+2)(p—2k—1, p—2k) €
W, to L. After this modification, &;_1 2k, &2x+1,2k+1, and &2¢42, p—2¢—2 are nonzero, while
§q4—1,2k+1 = §2k+2, p—2k—1 = 0. Finally we apply to L the permutation

(1,2k+1,2k,...,2)2k+2,2k+3,...,9) € Wp.

By inspecting the eigenspaces of ad(Hy), we find that the new L belongs to s2(Hy). By
Proposition 1 we conclude that L € (9;. Hence (X, Y) splits by Proposition 2.

For r = 0 we have X = ((ba)**'b, (ab)*a, a®) > ((ab)**!, (ba)**!,a%) > V. It
follows that the b-pairs in the second family of Table 8 split. ]

LEMMA 17. The b-pairs of the third and fourth family of Table 8 split.

PROOF. Let us switch the letters a and b in X and Y of the fourth family. We then
combine the resulting a-pairs with the b-pairs of the third family. We obtain a single family
of pure pairs (X, Y) with

X = ((ab)¥, (ba)¥, (ab)™, (ba)™), Y = (((ba)*~'b)?, ((ab)"a)?),

where k > m > 0 and k = m (mod 2). Thus p = g = 2k + 2m is divisible by 4, and
the difference r = k — m is even. The eigenvalues of (Hy), are the odd integers 2i — 1
for —k < i < k. Those for —m < i < m have multiplicity 2, while the other eigenvalues
are simple. As matrices, (Hyx), = (Hx)q,. We choose the representative Ex of IO& such
that (Ex)ap is the {0, 1}-matrix having 1’s at the positions (i,i + 1) for 1 < i < r and
p —r <i < p, and also at the positions (i,i +2) forr <i < p —r.

Let L € B- Ex N Oy and let

vi =L(e)) =&oeo+&iter +- -+ &ip_1ep—1

for0 <i < p. As B consists of upper triangular matrices, we have vo = 0, &; ; =0if j > i
andO<i <rorp—r <i<p,andalsoif j >i —1andr <i < p — r. For simplicity, we
shallwrite ; = & ;j_1 forO<i <rorp—r <i<p,andBi =& ;rforr <i <p—r.

Asri(Y) = p — 2, it follows that 8; # O forr + 1 < i < p — r. Furthermore, at
least one of &, B,+1 and at least one of &, B is not 0. By performing some elementary
row and column operations belonging to Kg and/or K g, we may additionally assume that
Ek+m+2i+1 k+m+2i—2 = 0 for —m < i < m. One can easily check that L2"_2(e;) = 0 for
i < p—2 and that L2k‘2(e;,_2) = Ae; and L2k‘2(e;_1) = Me| + e for some scalars
A and u'. As rog—25(Y) = 2, A is not 0. Similarly, we have L2k‘2(e,,_2) = Aeg for some
scalar A. As rank (L%*~2), = rk—2,4(Y) = 0, A must be 0.
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We shall now compute the coefficient A’. Set V; = (eo, ..., e;) and V/ = (ep, ..., €}).
The above conditions on the structure of L show that
L*t'wv)=0, 0<ic<r,
LMW ,)=0, 0<i<2m,
Lk+m+1+i(v;,_r+i) — O , 0 5 l <r,
and that the same relations hold for V;.
We will determine L2—2 (e’p_z) in stages. First, we have
L(e;,_z) =ap-ep-3 (modVp_4),

L(e},_p) = —apaaze, 4 (modV, s).

As L2"‘4(V[’,_5) = 0, we obtain that
L*72(el, ) = —ap2a3L* (e, ).

By repeating this argument, we obtain that

Lz"‘z(e;,_z):(—l)’( I a,,-z,~a1+2,)L2’<—2—2’(e;,_2_2,), 1<t<r/2.

lsjst
By using the above formula for t = r/2 — 1, we obtain that
L*72(el, ) = (=1)%a - (@pr Br+2L?* 27 (€} _3) + Bp—rBri3sL* 27 (€, _0),
where
a= 1—[ Ap-2j0142) -
I<j<r/2

For1 <t < m, we have

2k=2. —(_1\/2+t, . I | . 7 2k—2—r—2t, s
L (ep_z) =(=1) a I:ap—rﬂr+2 ,Bp—r+1—41ﬂr+2+4JL (ep_,_3_4j)
I<j=t

+Bp—rBri3 ] ,gp_,_4jﬂ,+3+4jL2’<-2—"2’(e;_,_4_4,-)].

I<j=t
Let
b= l_[ Bp-r+1-4jBr+2+4j, €= I_[ Bo—r—4jBr+3+4j -
I<j<m I<j<m
Then, by using the above formula with t = m — 1, we obtain that

L2k—2(e;_2)

= (=D* ™2 ap_ Bri2 b Brr1@p—rtt + Bp—rBri3 - ¢ - tratp—r 1 ILK el ).
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For1 <t <r/2, we have

k 2t k 2
LA (e ) =(=1)*+m/ *‘a~[ap_rﬂr+z-b-ﬂr+1ap_r+x [T ep-rervajor—j
I=j=<t

k—m—=2t=2, 1
+ ﬂp—rﬁr+3 *COrp—r41 1—[ ap—r+1+2jar—2j]L " (er_n_2) -

I<i<t

By taking t = r/2 — 1, we see that

)\l =(—1)k_1ap—]< I—[ aiap—i)

l<i<r

-(ap-r l—[ Br+4i+1Br+4i+2 + ar 1_[ ﬂr+4i+3;‘3r+4i+4)-

O<i<m O<i<m

Similar calculations show that A has the same expression as A" except that the factor ap_1 is
replaced by «;.

Assume first that a,_, # 0. It is not hard to see that we can then assume that 8,_, =0
without spoiling the zero entries which we have already claimed. Observe that r +4(m — 1) +
4 = p — r and so the last product in the above formula for A is 0. Hence

k-1
V= (D" apjap, l_[ Aty - l—[ Br+4i+1Br+4i+2 -

l<i<r O<i<m

Since A" # 0 and A = 0, we deduce from the expressions above that the «;’s are nonzero for
i #1,r and that @) = 0.
Assume now that o, = 0, and consequently B,—, # 0. In this case the formula for A’
becomes
V= (=t l—[ ®ilp—iy] - 1_[ Bp—r—4iBp—r—4i-1-
I<i<r O<i<m
Recall that the coefficient A has the same expression except that the factor a,_; should be
replaced by «;. Since A’ # 0 and A = 0, we deduce that «;’s are nonzero fori # 1, p—r and
that ¢; = 0.

Hence «; = 0 in both cases. If r = 2 then L € sp(Hy). Assume now that r > 2.
Since o; # O for 1 < i < r, by subtracting a linear combination of the rows with indices
2,3,...,r —1from the first row of L, we may assume that & o = O fori < r. We now apply
the permutation

r—1,r—2,...,2,)(p—r+2,p—r+3,...,p) W,

to L. Then this modified L belongs to 5o (Hy). We can check this (using the fact that r is even)
by listing the eigenvalues of Hy and by inspecting the eigenspaces of ad(Hy). By Proposition
1 we conclude that L € Og, for k even and L € Oy for k odd. By Proposition 2, (X, Y)
splits. |
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LEMMA 18. IfX = ((@ab)*a, (ab)*"a,a”), Y = ((ba)*~'b, (ba)*"~'b,a’+%), r >
0, and k > m > 0, then the b-pair (X, Y) splits. Consequently, the b-pairs of the fifth family
of Table 8 split.

PROOF. We have p = 2k + 2m + r 4+ 2 and g = 2k + 2m. The eigenvalues of (Hx),
are the integers 4i, —k < i < k. Those for —m < i < m have multiplicity 2 except that O
has multiplicity r 4+ 2. The other eigenvalues are simple. The eigenvalues of (Hx);, are the
integers 4i — 2, —k < i < k. Those for —m < i < m have multiplicity 2, while the other
ones are simple. Let L € so(Hy) N Oy and let v; = L(e,f), 0 <i < g. Let us introduce the
subspaces V; = (vp, v1,...,v;) for0 <i < g. Since r1(Y) = r2 5(Y) = q — 2, the subspace
V4-1 = L(V}) is nondegenerate and has dimension g — 2. By inspecting the eigenspaces of
ad(Hy), we see that

vi=¢&peo+&irer+---+&iei, 0<i<k-—-m,

Vik+m—2i—1 C (€0, €1, ... , €k+m—2i—1), 0=<i <m,
Vitm42i+1 C {eo, €1, ..., €ktmyr+2i+1), 0=<i<m,
Vg—i—1 C{eo,e1,...,ep—i—2), O0=<i<k-—m.

As vp € (ep) and eg is obviously orthogonal to L(Vp), it follows that vg = 0. As rax—2 »(Y) =
1, we have (L*~2), # 0. From this fact one can deduce that & ; # 0for0 < i < k — m.
Hence the vectors v;, 0 < i < k — m, are linearly independent. The subspace Vi_p+1 is
orthogonal to Viy3,,—1. Itis clear that Vi_,,+| has dimension k —m or k — m + 1. Hence its
subspace that is orthogonal to the vectors v; for k 4+ 3m < i < g is contained in the radical
of L(Vp), and so it is 0. It follows that Vi_,,+1 has dimension kK — m. Consequently, V; has
dimension i fori < k — m and dimensioni — 1 fori > k — m.

By Witt’s theorem, there exists an x € K, such that x(V;) = (eg,e1,...,ei—1) for
0 <i <k—m,and x(Vkrm—2i—1) = (€0, €1,...,€k+m—2i—3) for 0 < i < m. Since V;
is orthogonal to V;—j—; for 0 < i < k —m, and Viym—2i—1 is orthogonal to Viym42i+1
for 0 < i < m, it follows that x(V;-1—;) C (eo,e1,...,ep—i—1) for 0 < i < k —m, and
X(Vigm+2i+1) C (€0, €1, ..., ekemirs2i43) for0 <i < m.

Now the eigenvalues of (Hy), are the integers 4i for —k < i < k. Those for —m <
i < m have multiplicity 2 except that 0 has multiplicity » 4 6, and the other ones are simple.
The eigenvalues of (Hy), are the same as those of (Hy), (with the same multiplicities). By
inspecting the eigenspaces of ad(Hy), we conclude that Ad(x)(L) € sa(Hy). By Proposition
1, L € O}. Hence (X, Y) splits by Proposition 2.

The second assertion follows from the first by taking r = 0 because then

X > ((ab)*a, (ba)™"'b, a*) > ((ba)*~'b, (ab)*a,a®) > Y .
]
LEMMA 19. The b-pairs of the sixth family of Table 8 split.

PROOF. Wehave p = q =2k +2m+2andletr =k —mands = k+m+ 1.
The eigenvalues of (Hy), are the integers 4i for —k < i < k. Those for —-m < i < m
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have multiplicity 2, while the other eigenvalues are simple. The eigenvalues of (Hy), are
the integers 4i + 2 for —k — 1 < i < k. Those for —m < i < m have multiplicity 2 and
the other ones are simple. We choose the representative Ex € (9& such that (Ex)gp is the
{0, 1}-matrix having 1’s at the positions (i — 1,i) for | < i < p — r, and the positions (i, i)
forp—r<i<p.

Let L € B- Ex N Oy and let

vi = L(ej) = &i0e0 + &ij1e1 + - + & p—1€p—1

for 0 < i < gq. As B consists of upper triangular matrices, we have vo = 0, & ; = 0 if
j=2iand0 <i <g—r—1,andalsoif j >iandq —r — 1 < i < g. For simplicity,
we shall write ; = &;;_1for0 <i <g—rand B =& ;forqg—r—1<i <gq. As
rank L, 5 = ri(Y) = g — 1, we conclude that the vectors v; for 0 < i < g form a basis of
L(Vp). It follows that o; # 0 for 0 <i < g —r — 1. By applying suitable elements from B,
and Bp, we may further assume that the coefficients & 4241 s4+2i—1 are 0 for —m <i <m. A
simple computation shows that L* (e;) = 0 fori < p — 1 and L*(e,—1) = Aep where

2
A= 2a%ﬁq_,_1( [1 a,-ﬂq_,-) - T e
l<i<r r<i<g-r
As rank (L‘“‘)a =ra,a(Y) =1, Aisnot 0. Hence g,y #0and B; # Oforg —r — 1 <
i < g — 1. Now the condition rank (L*), = rak.5(Y) = 0 implies that (L*), = 0. By
computing the (1, g — 1) entry of (L*), we find that it is equal to the above expression for A
except that the factor a% should be replaced by a1 8,—1. As this entry must be 0, we infer that
Bg—1 = 0. Finally we apply the permutation

r+1Lr....,2,1)(@q—r,gq—r+1,...,9) €W,

to modify L further. By listing the eigenvalues of Hy and by inspecting the eigenspaces of
ad(Hy), we see that L € s7(Hy). Proposition 1 shows that L € Oly, and so (X, Y) splits by
Proposition 2. ]

LEMMA 20. The b-pairs of the seventh and eighth family of Table 8 split.

PROOF. Let us switch the letters @ and b in X and Y of the eighth family. We then
combine the resulting a-pairs with the b-pairs of the seventh family. We obtain a single
family of pure pairs (X, Y) with

X = ((ab)ta, (ab)™, (ba)™), Y = ((ba)*~'b, ((ab)™a)?),

where k > m > QO and k = m (mod2). Set k —m = 2r. Thus p = k + 2m + 1 and
q = k + 2m. The eigenvalues of (Hy), are the odd integers 2i — 1 for —m < i < m and
the even integers 2k — 4i for 0 < i < k. Those of (Hy), are the same odd integers and
the even integers 2k — 4i — 2 for 0 < i < k. All these eigenvalues of Hy are simple. We
choose the representative Ex of (’)& if k is even and of 1Oy if k is odd such that (Ex)gp is the
{0, 1}-matrix having 1’s at the positions (i,i) for 1 <i <randg —r < i < g, and also at
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the positions (i,i + 1) forr <i <g—r.Let L € B- Ex N Oy and let

vi = L(e}) = &ipeo+ &ite1 + -+ Ei p—1€p—1

for 0 < i < q. As B consists of upper triangular matrices, we have £ ; = 0if j > i and
O<i<rorgq—r<i<gqg,andalsoif j > iandr <i < g — r. For simplicity, we shall
write; = & ; forO <i <rorq—r <i<gqg,andB; =& ;_1forr <i <q—r.

Asri(Y) = g — 1, it follows that 8; # O forr < i < g — r. One can easily check that
sz'z(e;) =0fori < g — 1 and that L2k‘2(e;_1) = Me(, where

2
[T eiag-ici- ] ﬂr+3i+1> -

N = (—1)’<—‘a§_l(
O<i<r 0<i<m

As rok—25(Y) = 1, A is not 0. We conclude that o; is not O for i # 0. Similarly, we have
L*2(e p—2) = Aeg, where the scalar A is given by the same expression as A’ except that the
factor “2—1 should be replaced by the product apag—1. As r2g—2,4(Y) = 0, A must be 0. It
follows that aig = 0.

If r = 1 then L € sp(Hy). (This can be checked by listing the eigenvalues of Hy and
inspecting the eigenspaces of ad(Hy).) Assume now thatr > 1. Asa; #0for0 <i <r,we

may assume that &; o = O for the same i’s. We now apply the permutation
r,r=1,....2,)(p—r+1L,p—r+2,...,p)eWw,

to L. Again we can check that we obtain an element of s;(Hy). By Proposition 1 we conclude
that L € (’)IY for k even and L € 'Oy for k odd. By Proposition 2, (X, ) splits. 0O

LEMMA 21. The b-pairs of the last two families of Table 8 split.

PROOF. Let us switch the letters @ and b in X and Y of the tenth family. We then
combine the resulting a-pairs with the b-pairs of the ninth family. We obtain a single family
of pure pairs (X, Y) with

X = ((@b)k, (ba)k, (ba)™~'b), Y = (((ba)*~'b)?, (ab)™a),

where k > m > 1 and k = m (mod 2). Thus p = 2k +m — 1 and ¢ = 2k + m. We set
r = k — m. The eigenvalues of (Hy), are the odd integers 2i — 1 for —k < i < k and the
even integers 2m — 4i for 0 < i < m. Those of (Hy), are the same odd integers and the
even integers 2m — 4i — 2 for 0 < i < m. All these eigenvalues of Hy are simple. We
choose the representative Ex of Og( if k is even and of 'Oy if k is odd such that (Ex)gp is the
{0, 1}-matrix having 1’s at the positions (i,i + 1) for 1 < i < r and the positions (i, { + 2)
forr <i<p-—1.LetL € B- ExNOy and let

vi = L(e)) = &ipeo+&Eiter + -+ & p-1€p-1

for 0 <i < gq. As B consists of upper triangular matrices, we have vg = 0, and &; ; = 0 for
O<i<randj>iandalsoforr <i < gqand j > i — 1. For simplicity, we shall write
a=§&i-1forO<i<randf; =& ;-2forr <i <gq.
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Asri(Y) = q — 2, it follows that 8; # 0’s forr + 1 < i < g. One can easily check that
L2k—2(e§) = 0fori < g — 2 and that sz‘z(e;_z) = Ve and L2k—2(e;_l) = MNe| + u'e
for some scalars A’ and p’. A computation gives the following formula for A:

V=D T aiBgivi s ] BresivaBrasies.

I<i<r 0<i<m

As rye—25(Y) = 2, 1 is not 0. We conclude that «; is not O for i # 1. Similarly, we have
L%*=2(¢;) =0fori < p—2and L2k—2(ep_2) = Aep, where the scalar A is given by the same
expression as A" except that the factor B, should be replaced by ;. As ry—2,4(Y) =0, A
must be 0. We conclude that o} = 0.

If r = 2 then L € sp(Hy). (This can be checked by listing the eigenvalues of Hy and
inspecting the eigenspaces of ad(Hy).) Assume now thatr > 2. Asa; #Oforl <i <r,we
may assume that &; o = O for the same i’s. We now apply the permutation

r—Lr=2,....2,)k+2m+1,k+2m+2,...,peW,

to L. Again we can check that we obtain an element of s, (Hy). By Proposition 1 we conclude
that L € (’)'Y for k even and L € Oy for k odd. By Proposition 2, (X, Y) splits. a

7. Appendix. Define three commuting real involutory symmetric matrices of order

(S, 0 (1, 0© (s, 0
i=(B8) am(80) me=(T )

where Sy is the matrix of order k defined in Section 3 and I is the identity matrix of order k.
By viewing G as a matrix group, we have

G ={xeGL,(C) :"xJix = Ji},
g={X egl,(O): tXJ] + 1 X =0}.

Xa Xab
X = ,
(Xba Xb )

g=1{X €9l (C):'XuSp+ SpXa =0,"XpS; + S Xp = 0," Xu5Sp + Sg Xpa = 0} .

If we partition X as in Section 3:

then

The involution 6 of G (see Section 1) is given by 0(x) = Jox J2, and its differential do
is the involutorial automorphism of g given by d9(X) = J,X J;. The eigenspaces ¢ and p of
do are

t={Xeg:Xm=0,Xp, =0},
p={Xeg:X,=0,X,=0}.
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We also use the standard definitions:

0n(C) = {x € GL,(C) : "'xx = I},

50,(C) = {X € gl,(C) : "X + X =0},
O(p, q) = {x e GL,(R) : 'x Jox = o},
s0(p,q) = (X € gl,(R) : "X Jr + 1LX = 0}.

The map o : G — G, defined by o(x) = JxJ, is an antiholomorphic involutory
automorphism of G. Its differential do : g — g, given by do'(X) = J X J, is a conjugation of
g. We introduce the real forms of G and g:

Go={xeG:o(x)=x}, go={Xe€g:do(X)=X]}.

Since 6 and o commute, Gg (resp. g) is stable under 6 (resp. d9). We denote by 6y (resp.
dép) the restriction of 6 (resp. d9) to Go (resp. gg).

One can easily verify that Go = O(p, g), and, consequently, go = so(p, q¢). An explicit
isomorphism can be constructed as follows. Choose a matrix P of order n which commutes
with J; (and, consequently, also with J and Jj) and such that P2=J =P P 1tis easy to
construct such a matrix. For instance, if p = 4 and g = 3, then we can take P to be the block
diagonal matrix

£ 0 0 &

0 ¢ £ O

0 £ £0
P=]|E 0 0 & ,
& 0 ¢
0 i 0
£ 0 ¢

where £ = (1 — i)/2. It is now straightforward to check that P~!GP = 0,(C) and
P1GoP = O(p, q), and, consequently, P‘lgP = 50,(C) and P‘lgoP = s0(p, q). Hence,
as our desired isomorphism we can take the map Go — O(p, ¢) sending x — P~ !xP.

It is easy to verify that

go =1{X Gg:X:’,< =—-Xg, XZ = —Xp, Xpa =X:b},

where the asterisk denotes the transpose conjugate of a matrix. As 6 and o commute, G
(resp. gp) is O-stable (resp. df-stable). We have the Cartan decomposition gy = & + Py,
where &g = €N gy and py = p N go are the eigenspaces of the restriction df|g, for the
eigenvalues +1 and —1, respectively. Hence

bh={Xet: X, =-X,, X; =-Xp}={X€gy: Xap =0},
po={Xep: Xpa=X}}={Xegy:Xa=0,X,=0}.

The subgroup Ko = {x € Go : 8(x) = x} has ¥y as its Lie algebra. K¢ is a maximal compact
subgroup of G and is isomorphic to O(p) x O(g).
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Let us also introduce the conjugation 7 : V — V, i.e., an involutory real linear map
satisfying t(iv) = —it(v) for all v € V, by stipulating that t(e;) = ep—j—1 for0 <i < p

and 7(¢}) = —e;_,._l for0 <i < q. Thus if

v=~£oeo+Ere1 + -+ Ep_tep—1 +noey + mep + -+ nq—le;_l

then
T(v) =&p-te0+Ep-2e1 + - + Eoep_1 — fig-1€0 — flg—26] — - — Tloe,_; -

If we identify v € V with the column vector of its coordinates with respect to the basis
{eo, ... ,ep_l,e(’), ,e;_l}, then we have t(v) = Ju. We have V = Vp @ iV, where
Vo = {v € V : 7(v) = v} is the real form of V defined by z. For the v given above, v € Vp
holds if and only if & = ép_l_,- for0 <i < pand n; = —7jg—i—1 for0 < i < gq. The
conjugation t induces the conjugation L > 7 o L o 7~ on GL(V). Our group G is stable
under the latter conjugation, and its restriction to G coincides with o.

By restricting the symmetric bilinear form f : V x V — C, we obtain a nondegenerate
real valued symmetric bilinear form fp : Vo x Vo — R of signature (p, q). Indeed, if we set
VO+ =WNVsand V; = VyNV,, then Vp = V0+ eV, VO+ is orthogonal to V", and the
restriction of fp to Vo+ X V0+ (resp. V,, x V') is positive (resp. negative) definite. If p = 2k
is even, then the vectors

1 i .
E(é’j-}'ep—j—l), :/—E(ej_ep—j—l)v 0<j<k,

form an orthonormal basis of V0+. If p = 2k + 1 is odd, then we have to add also the vector
ex. One can similarly construct an orthonormal basis of V,;".
We have one more interpretation of the real forms G and gy:

Go = {x € GL(Vp) : fo(x(v), x(w)) = fo(v, w), for any v, w € Vp},
go = {X € gl(Vo) : fo(X(v), w) + fo(v, X(w)) =0, for any v, w € Vp},

provided that we identify a linear operator on the real vector space Vo with its complex exten-
sionto V.

Recall that standard triples and normal triples were defined in Section 3. We say that
a normal triple (E’, H', F') is a complex Cayley triple if do (E') = —F’. A standard triple
(E, H, F) in the real form g is called a real Cayley triple if d9o(E) = F (and consequently
d6p(F) = E and d8g(H) = —H). The Cayley transformation maps the real Cayley triples
(E, H, F) to the complex Cayley triples (E’, H', F') according to the formulas

1 1
E = 5(H +iF —iE), H =i(E+F), F = 5(—H+iF-iE).
The inverse Cayley transformation is given by
E=Z(-H'+E+F), H=E-F, F=-_(H+E+F).

Assume that the complex Cayley triple (E’, H’, F’) is the Cayley transform of the real
Cayley triple (E, H, F). The Kostant-Sekiguchi correspondence associates to the nonzero
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nilpotent GY-orbit G- E in g the nilpotent K ®-orbit K- E in p. This establishes a bijection
from the set of nonzero nilpotent Gg-orbits in gy to the set of the nonzero nilpotent K *-orbits
in p.

EXAMPLE 8. Let us find a representative of the nilpotent Gg-orbit in g, that corre-
sponds to the nilpotent K 0_orbit IOy in p, where X = (babab, aba). Thus p = g = 4 in this
example. The characteristic Hy of the orbit IO is given by

Hy = diag(2,2, -2, -2,4,0,0, —4).

We need a nonzero element E’ € p,(Hy) such that the element F’ defined by F’ = do (E’) =
JE'J satisfies the equation [F’, E'] = Hx. A simple computation produces such a matrix:

0 1L 1 0\
0 V3 =V/3 0
0 0 0 2
0 0 0 O
,_
E=10 2 0o o
0 0 3 -1
0 0 -3 -1
koooo )
Consequently, F’ is given by:
0 0 00\
2 0 0 0
0 —v3 /3 0
0 1 1 0
/—
F=1o o o o
-1 =v/3 0 0
-1 &3 0 0
\o 0 -2 0

Hence we have a complex Cayley triple (E’, H’, F') with H' = Hy. By applying the inverse
Cayley transformation, we find the representative

(-2 0 0 0 0 1 O\
0 -2 0 0 2 3 =30
0 0 2 0 0 —/3 V3 2
E—i 0 0 0 2 0 1 1 o0 g
210 -2 0 0 -4 0 0 0 0
-1 =3 /3 -1 0 0 0 0
-1 /3 =V3 -1 0 0 0 0
4

0 0 -2 0 O 0 0

of the nilpotent Gg—orbit in g that corresponds to IOy by the Kostant-Sekiguchi bijection. O
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