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SOME REMARKS ON WEAK COMPACTNESS
IN THE DUAL SPACE OF A JB*-TRIPLE
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Abstract. We obtain several characterizations of relatively weakly compact subsets in
the predual of a JBW*-triple. As a consequence, we describe the relatively weakly compact
subsets in the predual of a JBW*-algebra.

Introduction. The study of relatively weakly compact subsets of the predual of a von
Neumann algebra is mainly due to Takesaki [24], Akemann [2], Akemann, Dodds and Gamlen
[3] and Sait6 [22]. Their results on characterizations of relatively weakly compact subsets in
the predual of a von Neumann algebra were the key tool for the description of weakly compact
operators from a C*-algebra to a complex Banach space found by Jarchow [17, 18]

Every von Neumann algebra belongs to a more general class of Banach spaces known as
JBW*-triples. A JB*-triple is a complex Banach space equipped with a Jordan triple product
satisfying some algebraic and geometric properties (see the definition below). JB*-triples
were introduced by Kaup [19] in the study of bounded symmetric domains in complex Banach
spaces. The class of JB*-triplesrttains all C*-algebras and alB*-algebras. A JBW*-triple
is a JB*-triple which is also a dual Banachesye; thus every von Neumann algebra is a JBW*-
triple.

The study of weakly compact operatdrem a JB*-triple to a Banach space was de-
veloped in [9] and [21, Theorem 10 and the succedent remarks]. However, contrary to the
case of C*-algebras, the characterizatidmeakly compact operators from a JB*-triple to
a complex Banach space was not obtained by describing the relatively weakly compact sub-
sets of the predual of a IBW*-triple. The objective of this paper is to describe the relatively
weakly compact subsets in the predual of a JBi¥fjle. Theorem 1.1 and Corollary 1.4 gen-
eralize the classical description of relativ@eakly compact subsets in the predual of a von
Neumann algebra to the setting of JBW*-triple preduals. The above results are specialized to
JBW*-algebra preduals in Theorem 1.5.

As a consequence of our results, we prove that for every norm bounded sed@ggnce
in the predual of a JBW*-triplé¥, for each norm-one functiongl € W, and for every
e > 0, there exists a tripotert e W such thatp(e) > 1 — ¢ and(¢,) admits a subsequence
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which converges weakly to a functional {fW2(e)),, whereWs(e) is the Peirce 2-subspace
associated te. This result extends [7] to the setting of IBW*-triples.

Let X be a Banach space. Throughout the papgrand X* denote the closed unit ball
of X and the dual space df, respectively. IfX is a dual Banach spac#,. will stand for a
predual ofX.

1. Weakly compact setsin the dual of a JB*-triple. A JB*-tripleis a complex Ba-
nach spaceé equipped with a continuous triple product

{, .} EXEXE—E

(x,y,2) > {x,y,2},
which is bilinear and symmetric in the outer variables and conjugate linear in the middle one
and satisfies:
(@) (Jordan Identity)

L(x,y){a,b,c} ={L(x,y)a,b,c}—{a, L(y,x)b,c}+{a,b, L(x, y)c}

forall x, y,a, b, c € E, whereL(x, y) : E — E is the linear mapping given b¥(x, y)z =
{x,y,z};
(b) ThemapL(x, x) is an hermitian operator with non-negative spectrum for &l E;
(© I{x,x,x}||=|x|3forallx e E.
Every C-algebra is a JBtriple with respect to the triple product

oy b =27y + oyt
Every JB-algebra is a JBtriple with triple product given by
{a,b,c}=(aob™)oc+(cob™)oa—(aoc)ob*.

The Banach spacB8(H, K) of all bounded linear operators between two complex Hilbert
spacedd, K is also an example of a JBriple with produc{R, S, T} = 2~ 1(RS*T+T S*R).

A JBW*-triple is a JB-triple which is also a dual Banach space. The bid&sf, of
every JB-triple, E, is a JBW -triple with triple product extending the product Bf(cf. [11]).

Let E be a JB*-triple. An elemen¢ € E is said to be dripotent if {e,e,e} = e.
The set of all tripotents of is denoted by T(E). Given a tripotent € E, there exists a
decomposition of in terms of the eigenspaces bfe, ¢) given by

1) E = Eo(e) ® E1(e) ® Ea(e),
whereEi(e) := {x € &; L(e,e)x = (k/2)x} is a subtriple ofE (k : 0,1, 2). The natural
projection of E onto E (e) will be denoted byP; (e). The following rules are also satisfied:
{Ek(e), Ei(e), Em(e)} C Ek—i+m(e),
{Eo(e), E2(e), E} = {E2(e), Eo(e), E} =0,
whereEy_; 1, (e) = 0 whenevek — [ + m is notin{0, 1, 2}. It is also known thaE(e) is a

unital JB-algebra with respect to the product and involution giverxkyy = {x, e, y} and
x* = e, x, e}, respectively. Wheit is a IBW*-triple, E2(e) is a JBW*-algebra.
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For background materials about JB- and JBW-algebras the reader is referred to [14].
We recall that JB-algebras (resp. JBW-algebeas)nothing but the sehdjoint parts of JB*-
algebras (resp. JBW*-algebras) [26] (resp. [12]).

Two tripotentse, f in a JB*-triple Tri(E) are said to berthogonal if e belongs taEg( f)
and f belongs toEo(e). Lete, f € E. Following [20, 85], we say that < f if and only if
f — elis atripotent which is orthogonal ta It is also known that < f if and only ife is a
symmetric projection irE2( f).

Let W be a JBW*-triple andp a norm-one element i,. Let z be a norm-one ele-
ment in W such thaip(z) = 1. By [4] the mappingx, y) — ¢ {x, y, z} defines a positive
sesquilinear form o which does not depend on the elementhus the lawx — |x ||, :=
(¢ {x,x,z)Y?, x € W, defines a prehilbert seminorm o#. If E is a JB*-triple andy is
a norm-one element i&*, then||.||, is a prehilbertian seminorm of** and hence orE.
The strong*-topology o#¥, introduced by Barton and Friedman in [5], is the topologyon
generated by the family of seminorniis|l,; ¢ € Sw,}. We use the symbdd* (W, W,) to
denote the strong*-topology V. Wheng1, ¢, are two norm-one functionals .., then we
write || [ly;,, for the hilbertian semi-norm defined by

2

o 2 2
IxI2,,, = Ixl2, + %112, -

If AisaJBW*-algebraregarded as a JB*-triple, thenSheA, A,) coincides with thalgebra
strong* -topology of A generated by all the seminorms of the fatrm-> /¢ (x o x*), where
¢ is any normal state it. Consequently, when a von Neumann algelfrés regarded as a
JBW*-triple, theS* (M, M,) coincides with the strong*-topology af (see [23, Definition
1.8.7)).

A JB*-triple E is said to beabelian if for every x, y, a, b € E, the operatord.(x, y) and
L(a,b) commute. Every abelian JBW*-triple is a triple isomorphic (and hence isometric) to
a von Neumann algebra.

Let W be a JBW*-triple with predualV,. Since the triple product oW is separately
weak*-continuous (cf. [6]), every maximal alan subtriple is weak*-closed and hence a
JBW*-subtriple ofW.

THEOREM 1.1. Let W bea JBW*-triplewith predual W, and let K bea subsetin W,.
Then the following are equivalent :

(a) K isrelatively weakly compact.

(b) There exist norm-one elements ¢1, 92 € W, with the following property: Given
e > 0, thereexists § > 0 such that for every x € W with [x|| < 1and |x|g;,4, < 8, Wehave
|p(x)] < e foreach¢ € K.

(c) Therestriction K|¢ of K to each maximal abelian subtriple C of W is relatively
o (Cy, C)-compact.

PROOF (a)=(b) We assume thak C W, is relatively weakly compact. We may
also assume tha < By,. Let us fixe > 0. LetD = Ico” (K) denote the weakly closed
absolutely convex hull oK in W,. ThenD is an absolutely convex weakly compact subset
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of W,. LetY denote the Banach spaég D) and F the bounded linear operator fromto
W, given by
F({AplpeD) = D _ Apo.
@peD
Clearly, F(By) = D. SinceD is weakly compactF (and henceF'*) is a weakly compact
operator. By [21, Theorem 10] there exist norm-one elements, € W, and a function
N : (0, +00) — (0, +00) such that

IF* ()l < N@)lxllgyg + ellx]l

forall x € W ande > O.
Letx € W. ltis clear that

suplg(x)| = sup|F(y)(x)| = sup|F*(x)(y)| < [F*x)ll
¢€D yEBy yEBy

& &
= N{ 3 ) Ix¥llorpr + 51Xl

Finally, takings = N (¢/2)1- ¢/2, we conclude that for every € W with |lx|| < 1
and|x|ly,,0, < & we havelg(x)| < e for eachy € K.

(b)=(c) Suppose thatthere exists a maximal abelian subifi@eW such thaiX |¢ is
not relativelyo (Cy, C)-compact. Sinc€ is a maximal abelian subtripl€, is weak*-closed
and thus is isomorphic (and hence isometric) to a von Neumann algebra, provided the latter is
considered as a JB*-triple. By [2, Theorem II(8ke also [25, Theorem 5.4]) there exists an

orthogonal sequendg,) of symmetric projections i€ and a sequendg,) < K satisfying

(2) lon(pn)| = © > 0.

By hypothesis, there are norm-one elementsp, in W, ands > 0 such that for every
x € Wwith |lx]| <1and|xlly,e, <3, we havelp(x)| < @/2 foreachp € K.

Lety be a normal state &. Sincey (p, p;+ piipn) = 2 (p,) tends to zero, it follows
that (p,) is a strong*-null sequence i@i. By [8, Corollary] we conclude thatp,) — 0 in
the S'(W, W,)-topology of W. In particular,|| p,[l¢,,4, — 0. Therefore, there existé € N
such that for every € N,n > N, we have

”pn”gal,gag <34.

As a consequencep (p,)| < ®@/2 for eachp € K, which contradictg2).

(c)=(a) Suppose that the restrictidfi ¢ of K to each maximal abelian subtripieof
W is relativelyo (C, C)-compact. Letc € W. Since the JBW*-subtriple oV generated
by x is abelian, by Zorn's Lemma there exists a maximal abelian subitipé W contain-
ing x. By hypothesis,K|¢ is relatively o (C,, C)-compact, and hencg(x) ;¢ € K} is
bounded. It follows from the uniform boundedness theoremihitbounded. LeK denote
theo (W*, W)-closure ofK in W*. Sincek is boundedk is o (W*, W)-compact.
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We claimK C W,. Indeed, letp € K. Let C be any maximal abelian subtriple @f.
Theng|c¢ is in theo (C*, C)-closure ofK|¢. By assumptionsK |¢ is relativelyo (Cy, C)-
compact and thug|c € C.. Now, by [15, Theorem 3.23], it follows thgt € W, as claimed.

SinceK ¢ W,, K coincides with ther (W,, W)-closure ofK in W, and henceX is
relativelyo (W,, W)-compact. O

The following corollary extends [10, Lemma 4] (see also [1, Lemma 1]) to general
JBWH*-triples, and it is in fact a natural extension of [25, Lemma I11.5.5] to the setting of
JBW*-triples.

COROLLARY 1.2. Let W bea JBW*-triple. Let (¢x) be aweakly convergent sequence
in W, and (x,) a strong-*-null sequence in W. Then

lim sup|ei(xa)| = 0.

n—-+00 keN
PROOF. Suppose thalpy) — ¢ weakly inW,.. The setk = {¢x ; k € N} is a relative
weakly compact subset &F, by the Eberlein-Smulian theorem. Let- 0. By Theorem 1.1,
there are norm-one elememts ¢2 € W, ands > 0 such that for every € W with |x|| < 1
and||xly,,4, < 8, We havelg (x)| < ¢ for eachy € K. Since(x,) is strong*-null, there exists
N € N such that for every > N it follows that||x,||¢1, 92 < 8. Thus, for every: > N, we
have|p(x,)| <eforall f € K. O

REMARK 1.3. LetW be a JBW*-triple. Suppose th&t € W, is a relatively weakly
compact set. Then, similar arguments to those given in the proof of Corollary 1.2 show that
for each strong*-null sequence,) in W we have

lim ¢(x,) =0

n—-+00

uniformly forg € K.

Using Theorem 1.1, we now generalize to the setting of JIBW*-triples some known char-
acterizations of weak compactness in thedpid of a W*-algebra (compare [25, Theorem
5.4]).

COROLLARY 1.4, Let K beabounded subsetinthe predual of a JBW*-triple W. Then
the following assertions are equivalent:

(8) K isrelatively weakly compact.

(b) Therestriction of K to Wa(e) isrelatively o (Wa(e)),. , Wa(e))-compactin (Wa(e)),
for every tripotente € W.

(c) For any monotone decreasing sequence of tripotents (e,,) in W with (e,,) — 0in
the weak* -topology, we have lim,,_, ; » ¢ (e,) = O uniformly for ¢ € K.

PROOF. (a)=(b) Suppose is relatively weakly compact ifv,.. Lete be a tripotent
in W. Since the mapy — ¢|w,() is a weakly continuous operator froWi, to (Wa(e)),., it
follows thatK |w, () is relativelyo (W2(e)).. , Wa(e))-compact in(Wz(e))..
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(b)=(c) Let (e;) be a monotone decreasing sequencéVirwith (e,) — 0 in the
o (W, W,)-topology. Since for each € N, we havee; > ¢, it follows that (e,) is a
monotone decreasing sequence of projectionsWp(e;) with (e,) — 0 in the
o (Wa(e1), (Wa(e1)),)-topology. It is not hard to see th&t,) — O in the strong-* topol-
ogy of Wa(e1). Since, by assumptionk |, .,) is relativelyo ((Wa(e1)),. . Wa(e1))-compact,
we conclude from Remark 1.3 that im . ¢ (e;,) = 0 uniformly for¢ € K.

(c)=(a) To obtain a contradiction, suppose tlkats not relatively weakly compact.
By Theorem 1.1 there exists a maximal abelian JBW*-subtiiplgf W such thatk | ¢ is not
relativelyo (Cs, C)-compact. As remarked abowvé,is a triple isomorphic to an abelian von
Neumann algebra, provided the latter is regarded as a JBW*-triple. By [25, Theorem 5.4]
there exists a monotone decreasing sequépgeof projections inC with (p,) — 0 in the
o (C, Cy)-topology and lim_, +« ¢ (pn) # 0 uniformly for¢ € K|c. Therefore there exists a
monotone decreasing sequelipg) of tripotents inW with (p,) — 0 in the weak*-topology
of W and lim,_ 4 ¢ (p,) # 0 uniformly for¢ € K, which is a contradiction. a

We do not know if the semi-norin ||y, o, appearing in Theorem 1.1 (b) could be replace
by a semi-norm of the fornj.||,, for a suitable norm-one functional € W,. This problem
is connected with a problem on Grothendieck’s inequalities for JB*-triples (compare [21,
Remark 3]). We next show a positive answer to the above problem in the particular case of a
JBW*-algebra.

Let M be a JBW*-algebra with predud,.. Let ¢1, ¢2 be two norm-one functionals in
M,. For each € {1, 2} we take a tripoten¢; € M such thaip;(¢;) = 1. Lety; denote the
norm-one functional i, given by; (x) := ¢; (x o ¢;) foranyx € M. From the expression

{x,x,ei} + {x*, x* ei} = 2¢; 0 (x 0x¥),
we conclude that; is a positive normal state @ff. Moreover, the identity
I l1Z, + 1x*112, = 24 (x 0 x*) = 2l|x[13,
holds for allx € M. Setyr = 1/2(y1 + ¥2). Theny is a normal state o#/ satisfying

Ixlgr00 < 20y
for all x € M. We can now reformulate Theorem 1.1 to the setting of JBW*-algebras.

THEOREM 1.5. Let M be a JBW*-algebra. Let K be a norm bounded subset in M,.
Then the following assertions are equivalent:

(a) K isrelatively weakly compact.

(b) Therestriction K |¢ of K to each maximal associative subalgebra C of M isrela-
tively o (Cy, C)-compact.

(c) Thereexistsanormal stateys € M, with thefollowing property: Givene > 0, there
exists § > 0 such that for every x € W with |lx|| < 1and |x|ly < &, we have [¢(x)| < ¢ for
each¢ € K.

(d) For any monotone decreasing sequence of projections (e,,) in W with (e,,) — 0in
the weak* -topology, we have lim,,_, 1~ ¢ (e,) = O uniformly for ¢ € K. |
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2. Applications. Let (¢,) be a bounded sequence in the predual of a JBW*-triple
W. It is known that, in generalip,) needs not admit a weakly convergent subsequence. In
the setting of von Neumann algebras we can say more about bounded sequences of normal
functionals. Indeed, in a recent paperpBks, Saité and Wright [7] have shown that each
bounded sequence in the predual of a von Neumann algebra has a subsequence which is nearly
weakly convergent. More concretely, for each bounded sequentén the predual of a von
Neumann algebra/, for each normal stat¢r and for eaclke > O, there exists a projection
e € M such thaty (1 — ¢) < ¢ and the restriction of¢, ) to eMe has a subsequence which
converges weakly to a normal functional eme. The aim of this section is to obtain an
analogue of the above fact in the setting of JBW*-triples.

The following lemma provides sufficient conditions to assure relative weak compactness
in the predual of a JBW*-triple. It is also a natural extension of [7, Lemma 2] to the setting of
JBWH*-triples.

LEMMA 2.1. Let (¢,) bea bounded sequence in the predual of a JBW*-triple W. Let
¢ be a norm-one element in W, such that the following property holds; for each ¢ > 0 there
exists n > 0 such that for every tripotent e € W with |lel|, < 7, the set

{m e N ; thereexistsu € Tri(W) withu < e and |¢,,, ()| > ¢}
isfinite. Then {¢, ; n € N} isrelatively weakly compact in W,.

PROOF. Let (e,) be a weak*-null, monotone decreasing sequence of tripoterits.in
Letc > 0 and lety > O be the positive number given by the property stated above.

Since for eachn € N, e1 > e¢,, we conclude thate,) is a weak*-null, monotone
decreasing sequence of projectiond¥ig(e1). As remarked in the above section, it is not hard
to see thate,) is strong*-null in W2(e) and from [8, Corollary](e,) is strong*-null in W.

In particular, e, |, — 0. Then there existg; € N such that for each > m1 we have
llenlly < 1. Since the set

{m € N ; |¢pm(en)| = c for somen > m1}

is finite by hypothesis, we conclude that there exisjse N such that for each: > mg we
have|¢,, (e,)| < ¢ for eachn > m1.

Since for each k j < mgthe sequenc@p;(e,)).en tends to zero, we deduce that there
existsmy € N such that for each > mp and 1< j < mq we havelg;(e,)| < c. Therefore,
for eachn > max{m1, m2}, we havel¢,,(e,)| < c for allm € N. Corollary 1.4 then yields
the desired statement. O

When, in the proof of Lemma 2.1, Theorem 1.5 replaces Corollary 1.4, we obtain the
following

LEMMA 2.2. Let M be a JBWr-algebra and (¢,) a bounded sequence in M,. Let ¢
be a normal state of M such that the following property holds; for each ¢ > 0 there exists
n > 0 such that for every projection e € M with e, < 7, the set

{m € N ; thereexistsa projection p € M with p < e and |¢,, (p)| > ¢}
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isfinite. Then {¢, ; n € N} isrelatively weakly compact in M.. O

Let M be a JBW*-algebra. Leat be a positive normal functional o and(¢, ) a norm-
bounded sequence M, . We shall denote by the set of alc € R such that for each > 0
there exists a projection, € W such thatle, ||, < n and the set

{m € N ; there exists a projectiop € M with p < e, and|¢,,(p)| > c}

is infinite. Following [7, Definition in page 162], we call the anti-compactness set of (¢,)
with respect to the functional. It is clear thata is bounded.

REMARK 2.3. LetM be a JBW*-algebra. Lap be a positive functional i, (¢,)
a norm-bounded sequencef,, and A the anti-compactness set @f,) with respect tap.
We claim that(¢g,) is relatively weakly compact inf,, wheneverA = @. Indeed, let € RT.
Sincec ¢ A, there existg) > 0 such that for every projectiane M with |le||, < n, the set

{m € N ; there exists a projectiop € M with p < e and|¢,,(p)| > ¢}

is finite. We conclude from Lemma 2.2 th@,) is relatively weakly compact i,

We recall that a positive functiongl of a JB*-algebrai is said to bdaithful if and only
if ¥(x) > O for every positive element € A\{0}. Suppose that a JBW*-algebnd has a
faithful normal state). Then the strong*-topology in the closed unit ballMfis metrized by
the distance

dy(a,b) := (Y ((a —b) o (a — b)) "2,
More precisely, a bounded nét;);c; in M converges in the strong*-topology &f to an
elementr € M if and only if dy (x;, x) — 0 (cf. [16, p.200]). WhenV is regarded as a
JBW*-triple, we havely (a, b) = |la — by
The following lemma is a verbatim extension of [7, Lemmma 3] to the setting of JBW*-
algebras.

LEMMA 2.4. Let M be a JBW*-algebra with a faithful positive normal functional .
Let (¢,) be a norm bounded sequence in M, and let A be the anti-compactness set of (¢,,)
with respect to v, considering M as a JBW*-triple. Then (¢,) is relatively weakly compact
in M, ifandonly if A = @.

We sketch the main ideas of the proof famepleteness. We have already shown that
A = ¢ implies(¢,) being relatively weakly compact i, (cf. Remark 2.3).

To prove the necessity we suppose, contrary to our claim,Ahgt . There is no loss
of generality in assumingjy|| = 1. Letc € A. Then for eactk € N there exists a tripotent
ex € M satisfying|lex|ly, < 2% and the set

3) {m € N ; there exists: € Tri(M) with u < ¢ and|¢,, ()| > ¢}
is infinite. Thus(ex) is a bounded sequence M satisfying

dy (ex,0) = |lexlly — 0.
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Sincey is a faithful normal state o#Z, and the strong*-topology a¥ is determined by the
metricdy, we deduce thaiey) tends to zero in the strong*-topology &f.

Since, by assumptionsg,) is relatively weakly compact, by Theorem 1.1 there exist
norm-one functional®i, 2 € M, ands > 0 satisfying that for every € M with ||x|| < 1
and||lx]ly;,, < 8 We have|g,(x)| < ¢/2 foralln € N. Since(er) — 0 in the strong*-
topology, there existsg € N such that for each > ko we havellei|ly,,4, < 8. Letk > ko.

It is not hard to see that (from the orthogonalitywofinde; — u) for each tripotentt < ¢
we havelullp;.p, < llekllg,e, < 8. Consequently|p, ()| < c¢/2 for alln € N, which
contradicty(3). ([

Having the above facts in mind, the proof of [7, Proposition 4] can be slightly adapted to
prove the following result.

PROPOSITION 2.5. Let M be a JBW*-algebra with a faithful positive functional .
Let (¢,) be a norm bounded sequencein M.. Then, for every ¢ > 0, there exists a projection
p € M such that ¥ (p) < & and a subsequence of ¢,, (8,), such that the sequence (8,)
restricted to P>(1 — p)(M) isrelatively weakly compact.

Let ¢ be a norm-one functional in the predual of a JBW*-trifife By [13, Proposition
2], there exists a unique tripotent= e(¢) € W such thatp = ¢ P2(e) andyp|w,(.) is a faithful
normal state of the JBW*-algebi# (e). This unique tripoternt = e(y) is called thesupport
tripotent of ¢.

We can now state an analogue of [7, Theorem 8] in the setting of JBW*-triples.

THEOREM 2.6. Let W be a JBW*-triple. Let ¢ be a norm-one element in W, and
(¢,) a norm bounded sequence in W,.. Then, for each 1 > ¢ > 0, there exists a tripotent
e € W suchthat |lell, > 1 — ¢ and a subsequence (¢4 (»)) such that (¢q ()l w,(e)) isrelatively
o ((Wa(e)), , Wa(e))-compact in (Wa(e)),.

PROOF. Lets = s(p) be the support tripotent @f. Lete > 0. By Proposition 2.5,
there exists a projectiop € W(s) such thatp(p) < ¢ and a subsequence, (,)) such that
(o (n)) restricted taPa (s — p) (W) is relatively weakly compact. We take= s — p to obtain
the desired statement. O

Replacing [7, Theorem 8] by Theorem 2.6 in the proof of [7, Corollaries 9, 10] we obtain
the following

COROLLARY 2.7. Let ¢ beanorm-one functional in the predual of a IBW*-triple W.
Let (¢,) be a norm bounded sequencein W, and let s = s(¢) be the support tripotent of ¢.
Then there exists a sequence of tripotents (ex) (with ¢x < s for each k € N) which converges
in the strong* -topology to s and a subsequence of (¢,,), (¢sx)). such that
—“)Too ¢U(n) Po(er)(x)

n

existsfor eachx € W.
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