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CONTACT PAIRS

GIANLUCA BANDE AND AMINE HADJAR

(Received August 11, 2003, revised June 18, 2004)

Abstract. We introduce a new geometric structure on differentiable manifoldSom
tact Pair on a 21+ 2k +2-dimensional manifold/ is a pair(«, n) of Pfaffian forms of constant
classes 2+ 1 and 2 + 1, respectively, whose characteristic foliations are transverse and com-
plementary and such thatand restrict to contact forms on the leaves of the characteristic
foliations ofy ande, respectively. Further differential objects are associated to Contact Pairs:
two commuting Reeb vector fields, Legendrian curvesvband two Lie brackets on the set
of differentiable functions od/. We give a local model and several existence theorems on
nilpotent Lie groups, nilmanifolds, bundles over the circle and principal torus bundles.

1. Introduction. The aim of this paper is to study some differential Pfaffian forms
of constant class. This notion was introduced by E. Cartan (cf. [4], [6]). Global problems
relative to constant class forms have been efficiently studied in the case of maximal class:
contact forms, symplectic forms and generalized contact forms (cf. [1]).

In fact, we introduce a new geometric structure cafBmmtact Pair. More precisely, a
Contact Pair (C.P.) of type(h, k) on a(2h + 2k + 2)-dimensional manifold is a pair of
Pfaffian forms(«, n) satisfying the following properties:

da"t1 =0, dnk+l =0 and

a Ada" An Adn* s avolume form onV .

The formsa, n have constant classes 2 1 and Z + 1, respectively.

Some differential objects can be naturally associated to such a structureharbeteris-
ticfoliations of & andn are transverse and complementary. Their leavesaatact manifolds
of dimension 2 + 1 and Z + 1, respectively. We give more general notions &eab vector
field andLegendrian curves. We can also associateo Lie brackets on the algebr&>(M).
We show that contact pairs of the same typek) admit a local model, like contact and
symplectic forms.

Given the richness of this geometry, we are interested in the existence of Contact Pairs.
We give several existence theorems for nilpotent Lie groups, nilmanifolds, bundles over the
circle, as well as principal torus bundles wihishowed their utility in contact geometry ([12],
[13], [8], [9], [1]). In the bundleg M*, Bo, T?), where the total space and the base are closed
orientable manifolds of dimensions 4 and 2, we constfifetnvariant contact pairs of type
(1,0).
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All geometric objects in this paper are supposgt. A similar structure calle€ontact-
Symplectic Pair is developed in [2] and [3].

The authors would like to express their gratitude to Y. Eliashberg and N. A Campo
for their interest in this work, to M. Bordemann, M. Goze, R. Lutz and M. Zessin for their
valuable comments. They kindly acknowledge R. Caddeo, S. Montaldo and P. Piu who made
it possible for them to meet.

2. Contact Pairs(C.P). LetM be a(2h + 2k + 2)-dimensional manifold.

DEFINITION 2.1. A pair(«, ) of Pfaffian forms onM is said to be a Contact Pair
(C.P. for short) of typeh, k) if the following conditions are satisfied:

de"t1 =0, dnk+l =0
and o Ada”" AnpAdnf s avolume form oV .

Thus the forms andn have constant classes 2 1 and Z + 1, respectively. A manifold
equipped with a C.P. is clearly orientable.

A C.P. of type(0, 0) in a 2-dimensional manifold/ is a pair of closed Pfaffian forms
with non-vanishing product; iM is closed it follows thaiV is diffeomorphic to the 2-torus.
Therefore we will always suppoge> 1 ork > 1.

The simplest example of C.P.s is the following:

“Darboux” C.P.: Ifx1,..., X254+1, Y1... ., y2ks1 are coordinate functions drék+2i+2,
then the forms

h k
o =dxopy1+ ZXZi—ldXZi . n=dyx+1+ ZYZi—ld)’Zi .
i=1 i=1
(with the convention: iz = 0 ork = 0 the corresponding sum is zero) determine a C.P. of
type (h, k) on R¥+2h+2,

This example is a local model of C.P.'s of type k) (see 83).

2.1. Reeb vector fields of a C.P. In this section, we naturally generalize the notion of
Reeb vector field classically associated to contact forms.

THEOREM 2.2. Let (a, n) be a C.P.of type (h, k) on M. Then there exists a unique
vector field X, satisfying

a(Xe) =1, i(Xe)(da" AnAdnf)y=0
and a unique vector field X, satisfying
77(X17) =1, i(Xn)((X/\d(Xh/\dr)k)zo_

PROOF. For the uniqueness, suppose the existence of two vector fgldsdY, veri-
fying the first two equations. Then the volume fosm do” A n A dnF vanishes ok, — Y.
HenceX, = Y,.

For the existence af,, let us consider the forn? = do” A n A dn*. Its characteristic
space is 1-dimensional at every point, beca@sis a non-vanishing2k + 2k + 1)-form on
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a(2k + 2h + 2)-dimensional manifold. Consider a tangent veatgr# 0 at a pointp such
thati (u,)$2, = 0. We set(Xy), = up/a,(u,). This defines a smooth vector fiel, on M
which satisfies the required conditions. ]

For theDarboux C.P., the Reeb vector fields akg = 9/0x2,4+1 andX,, = 3/9y2x+1.
A simple computation shows the following additional properties of Reeb vector fields of
aC.P.

PROPOSITION 2.3. The Reeb vector fields X, X, of a C.P.(«, ) commute and satisfy
the following conditions:

N(Xe) =0, i(Xg)da=i(Xy)dn=0,
a(X,) =0, i(Xy)da=i(X,)dn=0.

HenceX, (resp.X,) is tangent to the characteristic foliationip{resp «), and coincides
on every leaf with the Reeb vector field (in the classical sense) of the contact form induced by
a (resp.n) on the leaf.

COROLLARY 2.4. AC.P.isinvariant by the flows of its Reeb fields.

The following theorem shows that Reeb fields of C.P. have properties similar to Reeb
fields of contact forms (cf. [14]):

THEOREM 2.5. The Reebfield X, (resp. X,)) of a C.P.(«, n) of type (h, k) on M with
h > 1(resp. k > 1) does not admit any closed transverse hypersurface.

PROOF. Ash > 1, we havela” A nAdn* =d(a Ada"=1 An Adnb). If there exists
a closed transverse hypersurfatahen the form

i(Xo)aAda" AnpAnd) =daAda" 1 An Adn)
is an exact volume form ofi, which is impossible by Stokes’ Theorem. O

The formsda anddn are absolute integral invariants &f, andX,,. The formsa andyp
are relative integral invariants (cf. [4]).

2.2. Examples of C.P’s. (1) LemZ*1 o) and(M3*™, ;) be two contact mani-
folds andM = M12h+1 X M22k+1. The pair(a, 1) is a C.P. of typeh, k) on M and it will
be calledProduct C.P. Its Reeb fields are those of the two contact forms considered as vector
fields onM.

For example, leby, 62, 03, ¢ be coordinate functions oR*. Then the paire =
Sinfsdf1 — costadbo, n = d¢ is a C.P. of type(l, 0) on the torusI'* and its Reeb fields
areX, = sinf3d/d61 — cosh3d/d62, X, = 8/3¢.

(2) LetMZ"*2pe amanifold with a C.Ra, ) of type (i, 0) andM2* an open manifold
with a volume form(d#)*, whered is a Pfaffian form. The paife, n + 6) is a C.P. of type
(h, k) on M2 % M2,

2.3. Characteristic foliations af andn. Let («, n) be a C.P. of typdh, k) on M.
We can naturally associate to it the distribution of vectors on whiendd« vanish, and the

O — ©



——

250 G. BANDE AND A. HADJAR

one of vectors on which anddn vanish. These distributions are involutive becausadn
have constant classes. They determinecti@acteristic foliations of« andy, notedF and
g, respectively.

The foliationsF andgG are of codimension/2+ 1 and Z + 1, respectively, antheir
leaves are contact manifolds. This justifies the name of the structure. MoreovErndg are
transverse and complementary.

3. Local model of contact pairs. To construct a local model for C.P., we use the
existence of characteristic foliations just described. One can easily show the following (see

[2]).

THEOREM 3.1. Let (o, ) bea C.P.of type (h, k) on M, with h > 1. For every point p
of M, there exists an open neighborhood V of p and a coordinate system on V' such that the
pair («, n) can be written:

h k

ay =dxpp1+ ) xzi1dxa, nv =dyxii+ Y vai-adya,
i=1 i=1

with the convention: ny = dy1 if k = 0.

Thus every C.P. is locally a product C.P. The openvsetill be called aDarboux neigh-
borhood.

4. Further differential objects associated to a C.P. Let («, ) be a C.P. of type
(h, k) on a manifoldM, 7 andg the characteristic foliations of andn, respectively. We can
naturally associate to it the following differential objects:

4.1. Characteristic foliations afa anddn. Sinceda anddn have constant classes
2h and %, they determine two characteristic foliatio/s andG’of codimension 2 and Z,
respectively.

Each leaf ofF’ (resp.g’) is a union of leaves af (resp.G). Furthermore, it is clear that
the pair induced by, ) on a leafF of ' (resp.G’) is a C.P. of typ€0, k) (resp.(k, 0)) on
F. These foliations also have the following interesting properties:

PROPOSITION 4.1. Suppose that the characteristic foliation 7’ of da (respectively G’
of dn) has a closed leaf F. Then all the leaves of F (resp. G) lying in F are diffeomorphic,
and F fibers over thecircle.

PrROOF The forma induces onF a non-zero closed Pfaffian forme. Then if F is
closed, it fibers over the circle (cf. [15]) and the characteristic leaveg afre diffeomorphic.
But these leaves are exactly thosefolying in F. O

4.2. Lie brackets o> (M) associated to a C.P. Using the contact forms induced
on the leaves ofF andg, the algebra* (M) can be endowed with a pair of Lie brackets.
Precisely, to every functiorf on M, we can associate two vector fields, andX s, as
follows:
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On each leat; of G, there exists a unique vector fieltangent toG such that:
ag(X) = fic and (Lxag) Aag =0,

wherea is the contact form induced kyon G (cf. [11]).
The vector field we obtained a¥ is well defined, smooth and will be notéd) . In a
similar way, we construcX ¢, ,. Now we can introduce the two Lie brackets.

DEFINITION 4.2. The Lie bracket of, g € C*°(M) alongu is the function:

{f’ g}Cl = a([Xf,Cta Xg,l)[]) )

and the Lie bracket alongis the function

{f, g}n = U([Xf,m Xg,n]) .

The usual properties of Lie brackets hold.
4.3. Legendrian curves. They are defined as follows:

DEFINITION 4.3. A Legendrian curve of the C.@, n) with respect ta is a piecewise
differentiable curve,, on M such that
a(y,) =0 and i(y,)(n Adn*) #0 everywhere.

Similarly, we define a Legendrian curve with respecgtorhe curves must be tangent
to F (resp.G), but transverse tg (resp.F). They can join the points as in connected contact
manifolds (see [1]):

PROPOSITION 4.4. Any two points on a connected manifold M equipped with a C.P.
(a, ) can be joined by a Legendrian curve with respect to « and by a Legendrian curve with
respect to 7.

5. Topological obstructions. Let («, ) be a C.P. of typé&h, k) on a manifoldM.

PrROPOSITION 5.1. If M is a closed manifold, then HZ*1(M,R) # 0 and
H%**+1(M,R) # 0.

PrROOF. If HZ*+1(M,R) = 0 or HZ*Y(M, R) = 0, the volume formx Ada” AnAdn*
is exact, which is impossible whée¥ is closed. ad

An immediate consequence (which also follows from the existence of a non-vanishing
vector field on a C.P. manifold) is the following:

COROLLARY 5.2. Thereisno C.P.on even-dimensional spheres.
By using [15], we have the following result:

PROPOSITION 5.3. If M is closed and equipped with a C.P. of type (&, 0), then M
fibers over the circle.

Here are some properties concerning Reeb vector fields:
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PrROPOSITION 5.4. The Reeb vector fields of a C.P.determine a locally free action of
R2. Every closed orbit is a 2-torus.

PROOF. As Reeb vector fields commute, thgenerate a locally free action Bf. Ev-
ery orbit admits two non-vanishing (Reeb) fields and then its Euler-Poincaré characteristic
vanishes. O

This action will be called th&eeb action.

THEOREM 5.5. The Reeb action does not admit a closed transversal submanifold of
codimension 2.

PrROOF If h = k = 0, it is obvious. Supposg > 1 and letN be a 2-codimensional
closed transversal submanifold. Then

iY)i(X)(a Ada" A Adn*) =da” Adyp* = d(a Ada™ A dnb)
induces an exact volume form av, which is impossible by Stokes’ Theorem. O

REMARK 5.6. If every orbit of the Reeb action is a closed manifold, then we have a
locally free action of the torus. If this action generates a principal fibre bundle, the C.P. (which
is invariant) has an empty singular set (see 88 for details).

6. C.P’son nilpotent Lie groups and nilmanifolds. Nilpotent Lie groups and nil-
manifolds provide further interesting examples of C.P.s. Below we present some examples
of constructions in dimensions 4 and 6 which can possibly be extended to higher dimensions.
We use the classification of nilpotent Lie algebras of dimensions 4 and 6 in [7].

6.1. C.P’sonnilpotentLie groups. Inorderto describe the Lie algebra of a Lie group,
we give only the non-zero ordered brackets of the fundamental fi€ldg heir dual forms
will be notedw; .

ExaAMPLE 6.1. Consider the 4-dimensional Lie algebﬁagiven by
[X1, X4l = X3, [X1, X3] = X>.
The pair(w?, »*) determines a C.P. of typd, 0) on the corresponding Lie group.
EXAMPLE 6.2. On the 6-dimensional Lie algebfé2 given by
[X1, Xel = X5, [X1, X5]1= X4, [X2, X3]= Xa,
the pair(w®, »®) determines a C.P. of typ&, 0) on the corresponding Lie group.

ExXAMPLE 6.3. Onthe group corresponding to the 6-dimensional Lie aIg%ﬁrgiven
by
[X1, X6l = X5, [X1,Xs]=Xa, [X1,X4]= X3, [Xs5, X6]= X2,
the pair(w?, »%) determines a C.P. of typd, 1).

6.2. C.P’sonnilmanifolds. We remark that in the previous examples the Lie algebras
are rational; thus the unique connected and simply connected Lie groups corresponding to
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them admit cocompact discontinuous subgroups (cf. [7]). Thenith@nifolds, obtained as
quotients by these subgroups, alesed manifolds equipped with C.P.’s of the same type.

7. Existence theorems of C.P’s of type (#,0). As we have seen in 85.3, a closed
manifold equipped with a C.P. of tyge, 0) fibers over the circle. By using Feldbau’s theorem
(cf. [5]), we construct non-product C.P(s, ) of type (k, 0) on manifolds that fiber over the
circle, in such a way that the characteristic foliatiomafoincides with the bundle foliation.
We recall Feldbau’s theorem:

Equivalence classes of differentiable fiber bundles over the circle with closed, connected
fiber M and structural group Diff ™ (M) arein one-to-one cor respondence with o (Diff *(M)).

If f e Diff*(M), the bundle is obtained as the quotientMt 1—e,1+¢[, ¢ > 0
by the equivalence relation which identifies the poiatst) € M x]— ¢, g[ with h(x,t) =
(f(x),1+1) € Mx]1—¢,1+ ¢[. The total space will be denotéd; and’ will be called
thegluing diffeomorphism.

THEOREM 7.1. Let (B2;+1, w) be a connected, closed contact manifold. If f €
Diff ¥ (Bon41) and f*w = w , then there exists a C.P. (@, n) of type (i, 0) on (Boj41) s -
Moreover the pair can be chosen in such a way that every contact leaf of the characteristic
foliation of » is a contact embedding of (B2j+1, w) .

PROOF. Let (By,41, ) be a connected, closed contact manifofde Diff 7(B) such
that f*w = w. Consider > 0 andl, =]— ¢, 1+ ¢[. Let p1, p2 be the projections oB x I,
on B andl,, respectively, and: the canonical volume form at. The pair(p3 (), p5(dt))
is a product C.P. of typé:, 0) on B x I, invariant by thegluing diffeomorphism. Thus it
induces a C.Ra, n) of type (k,0) on By. Letx : By — ST be the canonical projection,
d6 the form onS? induced byd:. By construction, we have = 7*d# and its characteristic
foliation coincides with the one defined by Let F = 7~1(z) be any fiber and € I, a
representative modulo 1 af As a contactomorphism betweé€éAa, ) and(F, @r), one can
take the one which sends a pojne B to (p, 1) € B x I, modulo the gluing diffeomorphism
h. O

We shall say that the C.Rb, ) constructed above isduced by w and f. It is a product
C.P.if and only iff is isotopic to the identity map jgl

REMARK 7.2. Thistheorem gives a method to construct non-product C.P.'s on a bundle
over the circle where the fibe? is endowed with a contact form and a diffeomorphisny
leaving w invariant. But not all C.P.s are obtained in this way, as the following example
shows.

Indeed, consider the forms
@ = COSH3dO1 + Sinfzdh, and n = dbs+ AdOy

on 74, wherex is an irrational number chosen sufficiently small to ensure the(pain) to
be a C.P. ang irrational. Therefore, the characteristic leaveg afe open. Thus they cannot
be the compact fibers of a bundle over the circle with total sgdce
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REMARK 7.3. Ifthe formp is irrational it is close to a rational for. Then if (w, 1)
is a C.P. of typdh, 0), so is(w, 8). This shows that any C.P. of tygé, 0) is close to a C.P.
as in the previous theorem.

7.1. Non-product examples. Here are some fundamental examples ofqpafison
a manifoldBz;,+1 which give C.P.'s on the associated Feldbau’s buaig 1) ;.

(1) On the torusr'3, for each integer # 0, we consider the contact form, =
cogndi3)db + sin(nbz)do2 and the diffeomorphisnf;, (61, 62, 63) = (62, 61, (t/2n) — 63).

(2) We can also consider the contact fo#m= cosf3d61 + sindzdbd» and the diffeo-
morphismf (01, 62, 83) = (61, —62, —H3) on T3,

(3) On the torug'®, we have the contact form (see [13])

w = Sinf@ coshrdBH; — sinh1 cosh1db,
+ €c0sH1 c0SHad B3 + (Sinf1 cosH3 — Sinb2 SiNB3)db4
+ (Sinf1 sinf3 + sind2 cosH3)dbs

and the diffeomorphism

T
f(01,02,03,04,0s5) = (JT — 01, —02, 5" 03, 05, 94) .

(4) LetU*M be the unit cotangent bundle of ardimensional Riemannian manifold
(M, g), « the Liouville contact form o/ * M. If f e Diff *(M) has finite ordep, we choose
the isomorphisn¥ of the bundleU*M defined by

F(x,m0) = (£, FH* 00 /11D 0o llg)

for eachx € M andn, € U;M. Clearly, its order isp and F*a = Aa where(x, n,) =
1/||(f_l)*(nx)||g- Hencew = ,f:l(Fk)*a is a contact form orU*M which satisfies
F*w = w. The C.P. we obtain iqU*M)r is of type(n — 1, 0).

The diffeomorphisms considered in (1)) éhd (3) do not induce the identity map on the
first homotopy group of the manifold. Hence, they are not isotopic to id. In (4)isfchosen
non-isotopic to id, so ig". In this way we obtain non-product C.P.’s.

7.2. Constructions otiM3) ; where M3 is the total space of a principai-bundle.
Let B, be a closed, connected, orientable surface of genu<. First, we construct a family
D(By) of orientation preserving diffeomorphisms 86 which are of finite order and not
isotopic to the identity map igl Next, we intend to lift these diffeomorphisnyfsto certain
principal S-bundlesM3 over B,, as isomorphismg of the bundle (also of finite order).
Finally, we construcs!-invariant contact forms on M3z satisfying f*w = w. Therefore, we
will have non-product C.P. of typg, 0) on each bundIeMg)f:

7.2.1. Thefamily D(B2). LetA(g) ={20U{m e Nym >2,m | (¢ — 1)} andn €
A(g) . We embedB; in R® and give diffeomorphismgy,, of ordern which are not isotopic
to idg, as follows:

Firstcase(n | (¢ — 1) withg > 3): Letl = (¢ — 1)/n. We consider a 2-torug of
revolution. LetC1 be a meridian circle of . By iteratingn times the(2r /n)-rotation around
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the revolution axis, the images 6f, aren new circlesC; (exceptC,+1 = C1). We gluel
handles on one of the connected componenti of 7 —  J; C; (after removing 2 disks).
By each iteration of the same rotation, we will hdweew handles glued ofi. Let S be the
surface so obtained am®} = {f : B, — S | f is a diffeomorphismh For eachf € P,, this
rotation induces a orientation preserving diffeomorphism on B> of ordern.

Second case (n = 2 with g even): Consider the unit spher&. Let C1 be a circle
containing the poled, = ¢g/n, andT; the two connected components $f C1. We glue
[ handles orr; after removing 2 disks, and by ther-rotation sendingl; to 7>, we have
[ new handles orf»>. As in the first case, we obtain a surfaﬁ‘% and we putP, = {f :
By — Sg | f is a diffeomorphisth The surfacesg is also invariant by the above symmetry,
which therefore induces for everyy € P, a diffeomorphismy > of order 2 onB;. We put
C2 = ¢2(C1) = C1 whereg is ther -rotation.

By construction, for eaclf € P, By = f‘l(Ul. X)) whereX; aren 2-dimensional
compact connected submanifolds with bound@ry C; 11, and interior7; with the/ handles.
Foreach andf, ftogs,o f(Z) = Ziy1and X1 = Z1.

We setD(B2) = {pfn | n € Alg), f € Py).

7.2.2. How to lift these diffeomorphisms? In the trivial bundi x S1, By, 1), we
can evidently lift any diffeomorphisnf of B2 by 7 (x, 6) = (f(x), 8). However, itis possible
to find non-trivial principals-bundles(M3, B, S1) on which the elements db(B,) can be
lifted as isomorphisms (of finite order) of the bundle. For example, sihoceas considered
as a Riemannian submanifold Bf, the elementg of D(By) are isometries (see 7.2.1). So,
their tangent mapg induced on the unit tangent bundiéB, are isomorphisms. We can
also consider for each integer# 0 the bundle(E ), B2, $1) associated taU By, Bo, 1)
with total spaceE, = UB, x g S* quotient ofU B, x St by the St-action(z, (p, 7)) —
(pz,z7%Z') (see [10, p.54]). This bundle is still a principst-bundle. Every element e
D(B>) can be lifted as foIIowsfk([p, z1) = [f(p), z] for each representativ@, z) € U By x
st of an equivalence clagy, z] in E,. For eachf e D(By), the orientation preserving
isomorphismsf and f; have the same order &s and are not isotopic to the identity map.

7.2.3. Construction of contact forms diz. Let M3(B>, S, g) be a principals!-
bundle where the total spadé; is a closed, connected and orientable 3-manifblt f be
any element o (B2). Assume that is a orientation preserving isomorphism of the bundle
with finite order inducingf on the base. Then we have:

THEOREM 7.4. There exists an St-invariant contact form w on M3 such that F*w =

PROOF. In the above notation, let€ A(g) and f = ¢,,.

Firstcase (n | (¢ — 1) with ¢ > 3): Letn; be a germ of arst-invariant contact form
along the torus;~1(C1). Next, we putyy = (F~1)*n1. Then we have a germ of ast-
invariant contact form along(¢—1(X1)). According to [8, Lemma 1.3 and Theorem 3.3],
this extends to at-invariant contact fornw; ong~1(X1). Letw be the form om/3 whose



——

256 G. BANDE AND A. HADJAR

restriction to eacly ~1(X;) is w;=(F~"t1)*w,. It is well defined,S1-invariant and satisfies
Frfo = w.

Second case (n = 2 with ¢ even): First, let us construct a germof an St-invariant
contact form along the torus 1(C1) such that*n = 5. There exists a tubular neighborhood
U of this torus isomorphic to/ = T2x] — 1, 1[, such thatF induces the isomorphism
Fy : (61, 62,1) — (81, 1 — 6, —1) Of V. The Si-invariant contact fornj = d61+td6> onV
satisfiesFy; i = 7. Hence we have. This germ also extends to ai-invariant contact form
w1 0ng~1(X1). Setwy = (F~Y)*w1 ong~1(X»), to get a global contact form alfz which
coincides withw; ong~1(X;) fori = 1, 2. O

Thus(M3)F is endowed with a C.P. of typd, 0).

8. Existence of C.P’sof type (1, 0) on principal torusbundles (M4, By, T?). Sev-
eral existence problems for contact forms have been solved using an additional invariance con-
dition under which the space carries geometrically useful structures (see [12], [13], [8], [9],
[1]). We proceed along the same lines. Let us consider principal torus bunifes,, 72, )
where the base and the total space are connected, closed and orientable.

Letd = Y2, 6' ® ¢; be a connection formp = Y2, 27 ® ¢, its curvature form and
X1, X2 the fundamental vector fields generateckbyes.

Let («, n) be a pair of Pfaffian forms om*. These forms ar@&?-invariant if and only if
they can be written as follows:

a =% (B) + 7 (f0o + 7 (f2)62,
n=nm*(y) + 7 (g0t + 7* (92062,

whereB andy are Pfaffian forms ang;, ¢; functions on the base space.
The pair(a, n) is an invariant C.P. of typ€l, 0) if and only if the following three condi-
tions are satisfied oB>:

CONDITION 8.1.

B A (gedfs — q1df2) + (g2/1 — g1.f2) - (dB + f121 + f227)
+(fodfL — f1df2) Ay #0 everywhere 0B,

CONDITION 8.2.
dfi Adfs =0.
CONDITION 8.3.
dg1 =dg» =0 (thusgs andgp are constants),
and dy + 121 + % =0.

We call the singular set afr, n) the setS on which the function

(. An)(X1, X2) =7 (g2/1 — 91./2)
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vanishes or equivalentl§ = 7~1(X), where ¥ is the set of zeros of the function =
g2 f1 — g1f». Geometrically S is the set of points o8/ where the forms: andy induced on
the fibersT'2 are proportional.

8.1. Nature of the singular set. ¥ is not empty and does not coincide wia, one
of the constantsgs, g2 is not zero. We supposg # 0, and by the condition 8.1, we have

(928 — fov) Adh + goh - (B + LR + 222 —dfa Ay) #0.

Where#h vanishes, we havépg — fay) A dh # 0, which implies that™ is a closed
orientable embedded submanifold of By of codimension 1, and therefore a finite disjoint union
of circles.

The sety, whenX # ¢ andX # By, verifies the following obvious property:

CONDITION 8.4. To every connected component®f — X we can attach a sig#
or — (the sign of the functiot), in such a way that two adjacent components have opposite
signs.

If S = 7~1(X) is the singular set of an invariant C.E,satisfies necessarily one of the
three following properties:

(1) X coincides withBz,

(2) X isempty,

(3) X is a 1-codimensional closed orientable embedded submanifabd sétisfying
the condition 8.4.

We shall see in the next paragraph that each of these cases is possible.

8.2. Existence theorems ¢M*, B, T2). We shall show that for every s&t in each
one of the three cases of the previous paragraph there exists an invariat, G)Phaving
n~1(X) as singular set.

8.2.1. Thecase ¥ = B,. The base space is necessarily the 2-torus. In fact:

THEOREM 8.5. Let (M*%, B, T?) be a principal torus bundle where total and base
space are closed, connected and orientable. There exists an invariant C.P.of type (1, 0) with
singular set M* if and only if B, isthe 2-torus.

PROOF. Suppose the existence of such a C.PMsh Then we haves, y, f;, ¢; on B>
satisfying the conditions 8.1, 8.2, 8.3 al@= 0. These conditions become

(1) (fadfi— fadf2) Ay #0,

(2) dfindf2=0,

(3) 9g1=g2=0anddy =0.

This implies thaty is a non-singular closed Pfaffian form. ThBsis a torus.

Conversely, if the base space is a torus with “pseudo-coordinatesihd9?, we can
choosey = d6t, f1 = sin6?, f> = cosh? to get an invariant C.P. with singular set*. O

8.2.2. Thecase X empty. There is a constraint on the bundle. In fact:
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THEOREM 8.6. Let (M*, By, T?) beaprincipal torusbundlewith total and base space
closed, connected and orientable. There exists an invariant C.P. of type (1, 0) with empty
singular setif and only if the characteristic classes of the bundle do not vanish simultaneously.

Hence in the trivial bundl€é72 x T2, T2, T2), there is no such C.P.

PROOF. Suppose that there exists an invariant CeP8) with empty singular set. In
the notation above, at least onegqf g2 is not zero. Ifg> # 0, we haveft = (g1.f2 + h)/g.
Condition 8.1 becomes

g2h?d(B/h) + goh - (121 + f22°) + (fadh — hdf2) Ny #0,
which gives
g2h -d(B/h) = h-d((f2/h) - ) + g2+ (121 + f22°) + fady #0.
Sincedy = —g121 — 922, we have
d(g2B/h) —d((f2/h) - y) + R #0 everywhere.

This condition implies thaf £2* # 0 and thug21] # 0.
Conversely, suppose that there is a non-vanishing characteristic class (for epafpie
0) and consider the pair

a =" (B) + 7 (g2)0t + ¥ (—g1)6?,
n=n%y) + 7 (g0 + 7% (92062,

wheregi, g2 are constants angl, y Pfaffian forms onB,. This determines a C.P. of type (1,0)
with empty singular set if and only if

dy + 121+ 2%?=0 and
(G2 + ¢2) - (dB + 21 — 12%) #0 everywhere.

As [ 2% # 0 we can find(g1, g2) # (0,0) such thatgs [ 2 + g2 [ 22 = 0. Thusl =
g [ 2 — g1 [ 22 # 0, and there exists a form satisfyingdy + ¢g122* + 9222 = 0. Now
choose a volume forn® whose integral is 1. Then we hayd® = g, [ 21 — g1 [ 22,
which implies the existence of sonsesatisfyingdp + ¢2221 — g1022 # 0 everywhere. O

8.2.3. XY is a submanifold of codimension 1. There is no obstruction on the bundle
and we have:

THEOREM 8.7. Consider a principal torus bundle (M*#, B, T2, 7r) with closed, con-
nected, orientable total and base space. Let X be a closed orientable 1-codimensional imbed-
ded submanifold of Ba, satisfying the condition 8.4. There exists an invariant C.P. («, n) of
type (1, 0) on M* having 7 ~1(¥) asthe singular set.

An example is given in Remark 7.2 where the singular set is the union of two 3-tori.
Before proving the theorem, we give a technical lemma which will be useful in the
following constructions (see [12, p. 5] for a proof).
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LEMMA 8.8. Le B be a closed orientable 2-dimensional manifold and X a 1-co-
dimensional compact orientable embedded submanifold satisfying the condition 8.4. Then
there exists a function # and a Pfaffian form g on B such that ¥ = 4 ~1(0) and the form
h-dB+ B Adhisavolumeformon B.

PrRoOOF. (of Theorem 8.7) We have to fingl, y, fi, g; such that the conditions 8.1, 8.2
and 8.3 are satisfied.
First step: By Lemma 8.8, there exigt and 8o such that

BoAdh+h-dfy#0, h~ 0 =x.

Second step:  We construct constantg and a formy satisfying the condition 8.3. If
the characteristic classe®’] vanish, them2! = dy1, 222 = dy,. We take(g1, g2) # (0, 0)
arbitrarily andy = —(g1y1 + 9272).

If there is a non-vanishing characistic class, we can always firigh, g2) # (0, 0) such
that: g1 [ 21+ g2 [ 2% = 0. This implies that there exisjssatisfyingdy + 1921 4 g202? =
0.

Third step:  We construct the functiong . We set:

f=h/kigz —kag1), fi=kif, fa=kaof,

wherek; are constants such thatgo — k291 # 0. Then the condition 8.2 is satisfied.
Last step:  We setB = rBo wherer is a real number sufficiently large such that the
condition 8.1 is satisfied. ]

REMARK 8.9. By Remark 7.2, if in the previous three theorepisirrational then the
C.P.(a, n) cannot be obtained as in Theorem 7.1.
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