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Abstract

In this paper we introduce and study the Stancu type generalization of the integral type op-
erators defined in (1.1). First, we obtain the moments of the operators and then prove the
Voronovskaja type asymptotic theorem and basic convergence theorem. Next, the rate of con-
vergence and weighted approximation for the above operators are discussed. Then, weighted
Ly-approximation and pointwise estimates are studied. Further, we study the A-statistical
convergence of these operators. Lastly, we give better estimations of the above operators using
King type approach.
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1 Introduction

The approximation of functions by linear positive operators is an important research topic in the
classical approximation theory and it also provides powerful tools to application areas such as
computer-aided geometric design, numerical analysis and solutions of differential equations.
In the last five decades, several new operators of integral type have been introduced and their
approximation properties were discussed by several researchers.
For f € C[0,00), Deniz et al. [4] introduced a positive linear operators as follows:

~ e oo

Bn(f7 .2?) = (Tl - 1) an+2,k(x)/0 pn,k+l(t)f(t)dta T < [Oa 00)7 neN (1'1)

k=0

where

_(n+k-1 P
Prk(T) = 3 A+ a)F

and f :[0,00) — R is an integrable function for which the integrals and the series above are con-
vergent. They obtain different approximation properties for these operators.

In the recent years, Stancu type generalization of the certain operators introduced by several re-
searchers and obtained different type of approximation properties of many operators, we refer some
of the important papers in this direction as [1], [15], [18], [19], [22], [31], [32], [34] etc.
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Inspired by the above work, We introduce the Stancu type generalization of the operators (1.1) as
follows:

B = (0D et | st (255 ) ar (12)

Taking o = 8 = 0 in (1.2), we get the operators B, defined in (1.1).

The goal of the present paper is to study the basic convergence theorem, Voronovskaja-type asymp-
totic formula, rate of convergence, weighted approximation, weighted L,-approximation, pointwise
estimation and A-statistical convergence of the operators (1.2). Further, to obtain better approxi-
mation, we also propose the modification of the operators (1.2) using King type approach.

2 Auxiliary results

B)

In this section we give some results about the operators B useful in the main results.

Let e;(t) =t', i =0,1,2.

Lemma 2.1. [4] For 2 € [0,00) and n > 3, the operators B, (f,z) defined in (1.1) have the
following equalities

1. By(eg,x) = 1;

2. En(elvx) = %;
- _ (n+2)(n+3)a®+6(n+2)x+6
3. By(e2,2) = (n—3)(n—2)

Lemma 2.2. For the operators E,(La’ﬁ)(f, x) as defined in (1.2), the following equalities holds for
n>3

1. Eﬁla’ﬂ) (6071‘) = 1’

n+2)z+n(a+2) -2

(n=2)(n+p) ~
n+2)(n+3)z? + (8n® + 10n?)x + 4na(n — 3) + a?(n — 3)(n — 2)
(n=3)(n—=2)(n+p)? ’

Proof. For x € [0,00), in view of Lemma 2.1, we have

2. E,(La’ﬁ)(el,m) = n

_ 2
3. B,(La’ﬁ)(eg,x) _n (

Eff"ﬁ)(eo, x) = L

The first order moment is given by

_ i o0 nt + o
Br(z 7,3)(61,:E) = (n—-1) an+2,k($)/ Prk+1(t) ( > dt
k=0 0

n+ B
_ " o _ n(n+ztnat?) -2
= gl )t g = (n—2)(n+p)
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The second order moment is given by

B@H)(eg,2) = (n—l)i (x)/oo (t)(””“)th
n 2y k=0pn+2,k o Pn,k+1 ’I'L+B

n 2 2na ~ « 2
- (45) B i+ (755)

n?(n+2)(n + 3)z2 + (8n3 + 10n?)x + 4na(n — 3) + o*(n — 3)(n — 2)
(n=3)(n—=2)(n+p)? ’

Q.E.D.

Lemma 2.3. For f € Cp[0,00) (space of all real valued bounded and uniformly continuous func-
tions on [0, 00) endowed with the norm || f ||= sup{|f(z)|: « € [0,00)}), we have

I BEP () I

Proof. Applying the definition (1.2) and Lemma 2.2, we get

BEN < =0 mmeont@) [ mnento|r (G )
< IAIBE e 2) = 11

Q.E.D.

Remark 2.4. From Lemma 2.2 it follows

(4n+28 —nBlx+n(a+2)—2
(n—2)(n+p)

P ()

égza’ﬁ) (t - Z, x) =

and

(n—=3)(n—2)(n+p)?
8n3 +10n% + 2(n — 3)(n + B)(2 — n(a + 2))
“( (n=3)(n— 2)(n+ B)? )-

ET(La,B) ((t—a:)Q,a:) _ <2n3+n2(62 _8ﬂ) —5n62> 2

3 Main results

In this section we give some approximation results in several settings. For the reader’s convenience
we split up this section in more subsections.
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Theorem 1. Let f € C[0,00). Then ILm Eﬁf"ﬁ)(f, x) = f(x), uniformly in each compact subset
of [0, ).

Proof. In view of Lemma 2.2, we get

lim B (e;,2) = at, i =0,1,2,

n—oo
uniformly in each compact subset of [0, 00). Applying Bohman-Korovkin Theorem, it follows that

lim B (f,2) = f(z), uniformly in each compact subset of [0, 00). Q.E.D.
n—oo

3.1 Voronovskaya-type theorem

In this section we prove Voronvoskaya-type asymptotic theorem for the operators Eﬁla’ﬁ ),

Theorem 2. Let f € Cpl0,00). If f/, f” exists at a fixed point = € [0, 00), then we have

lim n (B9 (f,2) = f(@) = (4= Ba+a+2) @) + (@* + 2 - a)) f"(a).

n—oo

Proof. Let x € [0,00) be fixed. By Taylor’s expansion of f, we can write

(t - a)?

S @) ()t - o), (31)

ft) = fla)+ (t—2)f (x) +
where the function r(¢, x) is the Peano form of remainder, r(¢,z) € Cg[0,00) and tlim r(t,xz) =0.
—T
Applying B on both sides of (3.1), we have
~ 1"
n(BED(f0)~ f@) = nf @BE (¢ - za) + LI BEd (- a2)
+nB,(L°"5) (r(t, z)(t — )2, x) )

In view of Remark 2.4, we have

nl;n;onB( At -z x)=(4-B)r+a+2) (3.2)
and
l;m nB(@P) (t—2)% ) =227 + (4 — 2a)z. (3.3)

Now, we shall show that
lim nB*?) (r(t,x)(t - x)2,x> =0.
n— oo

By using Cauchy-Schwarz inequality, we have

1/2

égam(m,x)(t_x)?,x) < (Beoe ) (Benw-otn) . 64
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We observe that r7?(x, ) = 0 and r2(.,x) € Cg[0,00). Then, it follows that

lim B2 (r2(t, z),2) = r?(z,z) = 0. (3.5)

n—oo

Now, from (3.4) and (3.5) we obtain

1 B8 2 )
nh_}rrgo nB\P) (r(t,z)(t — x)*,z) = 0. (3.6)
From (3.2), (3.3) and (3.6), we get the required result. Q.E.D.

3.2 Local approximation

For Cgl0,00), let us consider the following K-functional:
Ko(f,0) = inf {||f—gll+dlg" |},
gew?
where § > 0 and W? = {g € Cp[0,00) : ¢/, g" € Cp[0,00)}. By, p. 177, Theorem 2.4 in [2], there
exists an absolute constant C' > 0 such that
Ks(f,08) < Cua(f,V5), (3.7)
where

wg(f,\/g) = sup sup | f(z+2h) —2f(x+h) + f(z) |
0<|h|<V/6 TE[0,00)

is the second order modulus of smoothness of f. By

wi(f,0) = sup sup | f(x+h)— f(z)],
0<|h|<6 z€[0,00)

we denote the first order modulus of continuity of f € Cg[0, 00).

Theorem 3. Let f € Cp[0,00). Then for every = € [0,00) and n > 3, we have

|BEeD (fa)— )| < Con (£,809(@)) +wn (£.607()),

where

2
8P (@) = \/céaﬁ’<x>+(s£“ﬂ><x>).

Proof. For x € [0,00), we consider the auxiliary operators EZ(O‘”@ ) as follows:

nn+2)z +n(a+2)—2
(n=2)(n+p)

Bied(f,) = Eﬁf"ﬁ)(f,x)f< >+f(x)~ (3.8)

(aNB)

From Lemma 2.2, we observe that the operators E; are linear and preserve the linear functions.

Hence

B (t—zx) = 0. (3.9)
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Let h € W2 and x,t € [0,00). By Taylor’s expansion we have

h(t) = h(x) + (t — z)h' (z) + / (t —v)h" (v)dv.

)

Applying E;;(O"B on both sides of the above equation and using (3.9), we get

t
Br@P(h,x) —h(z) = Br@P ( / (t—v)h”(v)dv,x>.

Thus, by (3.8) we get

|BL @A (h,z) — h(z)] < BYD ( / t( v)h" (v)dv x)
B e n(n+2)x +nla+2) -2 y
‘/ ( n—2(n 1 B) v)h (v)dv
2
< (Cffﬁ) (@) + (5&’6) <x>) ) T4l
2
< (82@) 1A

Since | By (f,2)| <|| £ |, it follows,
IBYD (foe) = f@)] < B (f = ho@)| 4+ |(f — k) (@)] + [ By (h, ) — h(x)|
‘f( n+2)x—|—n(a+2) 2) = @)

(- 2n + B)
< I F= (s ) e (MDA 2 )|

Taking infimum over all h € W2, we get

B () - 1] < K (1.(000@) ) e (£680@)
In view of (3.7), we get

|BEA(fe) = fl@) | < Cos (£,609 (@) +wr (£,609()),

which proves the theorem. Q.E.D.

3.3 Rate of convergence

In this section, we compute the rate of convergence of Eﬁf"ﬁ ) in terms of the modulus of continuity.
Let wy(f,d) denote the usual modulus of continuity of f on the closed interval [0,b],b > 0 and it is
given by the relation

wy(f,0) = sup  sup [f(t) = f(z)].

|[t—z| <8 z,te[0,b]
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We observe that for a function f € Cg[0,00), the modulus of continuity wy(f,d) tends to zero.

Now, we give a rate of convergence theorem for the operators E,(La’ﬁ ).

Theorem 4. Let f € Cp[0,00) and wpy1(f,d) be its modulus of continuity on the finite interval
[0,b+4 1] C [0,00), where b > 0. Then, we have

éfﬂkﬁx>f@MS6mwu+b%¢ﬁmw>+z%H(ﬁ ﬁﬁ%w)

where My is a constant depending only on f.
Proof. For x € [0,b] and ¢t > b+ 1. Since t — x > 1, we have

|f(t) — f(z)] < Mp(2+ 2% + %) < My(t — 2)%(2 4 327 + 2(t — 2)?) < 6Mp(1 + b%)(t — 2)°.
For z € [0,b] and ¢t < b+ 1, we have

10~ @) < v (flt-ah < (14557 (20

with 6 > 0.
From the above, we have

0~ @l <oyt - o+ (145 a0,

for x € [0,0] and ¢ > 0.
Applying B,(za’ﬁ ) and then Cauchy-Schwarz inequality to the above inequality, we get
B (f,2) - f(a)]

- 1 ~
< 6Mg(1+ b)BA) ((t — 2)%, ) + wppr1 (f, 6) (1 + 5(37(1@#3)((75 - 11)2,1'));)
< 6Mp(1467)¢\ (b) + 2wp i1 (f, éa’ﬁ)(b))
By choosing § = Cff“ﬁ )(b), we obtain the desired result. Q.E.D.

3.4 Weighted approximation

In this section we give some weighted approximation properties of the operators Ey(f“ﬁ ). We do this
for the following class of continuous functions defined on [0, o).

Let B,[0,00) denote the weighted space of real-valued functions f defined on [0,00) with the
property |f(z)| < Myv(x) for all € [0, 00), where v(x) is a weight function and M/ is a constant
depending on the function f. We also consider the weighted subspace C,[0,00) of B,[0,00) given
by C,[0,00) = {f € B,[0,00) : f is continuous on [0,00)} and C}[0,00) denotes the subspace of all
functions f € C,[0,00) for which lim (z)

|z]|— o0 V(SL’)

exists finitely.
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It is obvious that C[0,00) C C,[0,00) C B,[0,00). The space B,[0,00) is a normed linear space
with the following norm:

1 £ l= sup L0

zel0,00) Y(T)

The following results on the sequence of positive linear operators in these spaces are given in [5],
[6].

Lemma 3.1. ([5], [6]) The sequence of positive linear operators (Ly,),>1 which act from C, [0, c0)
to B,[0,00) if and only if there exists a positive constant k such that L,(v,z) < kv(z), i.e. ||
L) |lv< k-

Theorem 5. ([5], [6]) Let (L,),>1 be the sequence of positive linear operators which act from
C,]0,00) to B,[0,00) satisfying the conditions

Jim || Ly (t%) = 2* =0, k=0,1,2,
then for any function f € C}[0,00)
T | La(f) ~ £ =0.
Lemma 3.2. Let v(z) = 1 + 22 be a weight function. If f € C,[0, 00), then
| BEP () o< 1+ M.

Proof. Using Lemma 2.2, we have

n?(n + 2)(n + 3)x? (8n3 + 10n2)x
(n=3)(n=2)(n+p)*>  (n—=3)(n—2)(n+p)
dna(n — 3) + a?(n — 3)(n — 2)
(n=3)(n—=2)(n+p)?

E,&a’ﬁ)(zj,az) = 1+

Then

n%(n+2)(n + 3) + 8n3 + 10n? + 4na(n — 3) + o?(n — 3)(n — 2)
(n=3)(n = 2)(n+5)?

| B W) ll, < 1+

there exists a positive constant M such that
I B D) [l,<14 M
so the proof is completed. Q.E.D.

By using Lemma 3.2 we can easily see that the operators E,(f’ﬁ ) defined by (1.2) act from

C,]0,00) to B,[0,00).

Theorem 6. For every f € C}[0,00), we have

lim || B2 (f) — f [l,=0.
n— oo
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Proof. From [5], we know that it is sufficient to verify the following three conditions

lim || B2 (%) —2* ||,=0, k=0,1,2. (3.10)

n— oo

Since Eﬁla"@)(l,x) =1, the condition in (3.10) holds for k& = 0.
For k =1, we have

|BP) (¢, z) — a

B@P(t)—z|, = su
1B el = s P
An+28 —nf+n(a+2)—2

- (n—2)(n+p)

which implies that lim || B{™7(t) = [, = 0.
Similarly, we can write for k = 2
I B2 (@2) = a2 |,

1BYP (2, 2) — a2
= sup 5
2€[0,00) 1+x
< n%(n+2)(n + 3) B
~ [ =3)(n—-2)(n+pB)?

8n3 4+ 10n? + 4na(n — 3) + a?(n — 3)(n — 2)
(n—=3)(n—2)(n+p)? ’

1|+

which implies that lim || B (#2) — 22 ||, = 0.
n—oo

This completes the proof of theorem. Q.E.D.
3.5 Weighted L,-approximation
Let w be positive continuous function on real axis [0, 00) satisfying the condition

/ r*Pw(r)dr < oo.
0

We denote by L, ,,[0,00)(1 < p < o0) the linear space of p-absolutely integrable on [0, c0) with
respect to the weight function w

Lp,w[0,00) = {f :0,00) = B; || fllp.w = (/OOO f(x)lpw(w)dx> "< 00}-

Theorem 7. [7] Let (L,,)n>1 be a uniformly bounded sequence of positive linear operators from
Ly, ,[0,00) into Ly, ,,[0, 00), satisfying the conditions

lim || L, (t*) — 2% ||,.0= 0, k =0,1,2. (3.11)
n—oo

Then for every f € Ly [0, 00)

T | Lo(f) —

|p7w: 0.
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Now we choose w(x) = m, 1 < p < oo and consider analogue weighted L,-space [4]:
=| J@ [\
€T p
LPaQT[OvoO) = {f : [Oa OO) - R; ||f||19,27” = </ ’1 2r d'r) < OO} :
0 +x

Theorem 8. For every f € Ly 9,[0,00),r > 1, we have

lim || B (f) = f |lp.2r= 0.

n—oo

Proof. Using the Theorem 7, we see that it is sufficient to verify the three conditions (3.11). Since
Bﬁf"ﬂ)(l, x) = 1, the first condition is obvious for k = 0.

By Lemma 2.2, for k = 1, we have
P 5 o
dn + 2,6’ —npf
dz <
(n=2)(n+8) \Jy |14+ mQT

(]
RG] aJrQnIZ (/(]00’1+x2’“

which implies that lim || B (t) — 2 [|.2,= 0.
n—oo

For k = 2, we can write

(I

Bt 2) — x
1 + .’L'QT

N
dx)

W) < () ([l )
+(n—3§7(12t;())?:+5)2 </OOO ‘wadx)p

which implies that lim || E%a,ﬁ)(tz) —z? Ilp,2r=0.
n— oo
This completes the proof of theorem. Q.E.D.

ET(L(LH) (tz ) — 22
14 22

3.6 Pointwise estimates
In this section, we establish some pointwise estimates of the rate of convergence of the operators

E,(f"ﬁ ), First, we give the relationship between the local smoothness of f and local approximation.
We know that a function f € C[0,00) is in Lipas(n) on E, n € (0,1], EC [0, 00) if it satisfies the
condition

lf () — f(x)] < M|t — |7, t €[0,00) and x € E,

where M is a constant depending only on 1 and f.
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Theorem 9. Let f € C[0,00) N Lipp(n), E C [0,00) and 7 € (0,1]. Then, we have

B - 1@ < m( (600@)" 420w B). e ),

where M is a constant depending on n and f and d(z, E) is the distance between x and E defined
as

d(z,E) =inf{|t —z|: t € E}.
Proof. Let E be the closure of E in [0,00). Then, there exists at least one point 2oy € E such that

d(z,E) = |x — x|

By our hypothesis and the monotonicity of B\

B (f,2) — f(@)] < BED(f(t) — flao)l, ) + B (| f(x) — f(zo)],x)

, we get

< M (E,(L"’B)(\t —zo|" ) + |x — x0|”>
< M (E;;*ﬁ)(\t — 2" x) + 20 — :c0|") :

2 2
Now, applying Holder’s inequality with p = — and ¢ = Cp we obtain
n

[BEO)(f,2) = f(a)] < M ((E%Wt o))" 2dﬂ<m7E>) :

from which the desired result immediate. Q.E.D.

For a,b > 0, Ozarslan and Aktuglu [29] consider the Lipschitz-type space with two parameters:

t—
[t — | ;x,t € [0,00))7

. (a,b) _ :
Lipys” (1) = (f € C10,00): [1(8) = f(@)l < M oy yre

where M is any positive constant and 0 < 7 < 1.

Theorem 10. For f € Lz'pg\‘/l[’b) (n). Then, for all > 0, we have

9 ) ) "

ax? + bx

B (f,x) - f(z)| < M (

Proof. First we prove the theorem for 7 = 1. Then, for f € Lipg&’b)(l), and z € [0,00), we have

|B&A) (o) — f(@)] < B f(t) - fla)], )
~ t— x|
< MB®™?) |
B " ((t-FaJc2—|—bnc)1/2’JC
< BeA(ft - al,).

(ax? + bx)t/2



110 A. Kumar and Vandana

Applying Cauchy-Schwarz inequality, we get
1/2

BEf) — @) € s (B (= )

o 1/2
I T(L B) (x)
ax? + bx '
Thus the result holds for n = 1.
(a,b)

Now, we prove that the result is true for 0 < < 1. Then, for f € Lip;,;”(n), and x € [0,00), we
get

IN

M -
BleA (|t — x|, z).

B(a.8) — -
|Bn (f7 .’1?) f($)| (axz + bx)n/g n

Taking p = % and ¢ = %, applying the Holder’s inequality, we have

M

B (f, ) — fz)] < (az? 1 bo)1/2

(E,(L“’B)(\t—x\,w))n.

Finally by Cauchy-Schwarz inequality, we get

a, /2
IBEO) (f,z) - fx)] < M(C(%)> :

ax? + bx

Thus, the proof is completed. Q.E.D.

3.7 A-statistical approximation of Korovkin type

Let A = (ank),(n,k € N), be a non-negative infinite summability matrix. For a given sequence
x := (x)p, the A-transform of z denoted by Az : ((Ax),) is defined as

00
(Ax)n = Z AnkTk
k=1

provided the series converges for each n. A is said to be regular if lim(Ax),, = L whenever lim z,, =
n n

L. The sequence x = (), is said to be a A- statistically convergent to L i.e. st4 — lim(z), = L if
n

for every ¢ > 0, lim Z anr, = 0. If we replace A by Cy then A is a Cesdro matrix of order
" k:|lz,—L|>e

one and A- statistical convergence is reduced to the statistical convergence. Similarly, if A = I, the
identity matrix, then A- statistical convergence coincides with the ordinary convergence. It is to
be noted that the concept of A-statistical convergence may also be given in normed spaces. Many
researchers have investigated the statistical convergence properties for several sequences and classes
of linear positive operators (see [3], [8], [19], [24], [26]). In the following result we prove a weighted
Korovkin theorem via A-statistical convergence.
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Theorem 11. Let (a,x) be a non-negative regular infinite summability matrix and = € [0, c0).

Then, for all f € C};, we have
sta—Tim | BED(F) = f =0,
Proof. From ([3] p. 195, Th. 6), it is enough to show that
sta—lim | B@A (k) —2* |,=0, k=0,1,2.
From Lemma 2.2, result holds for k£ = 0.

Again by using Lemma 2.2, we have

dn+ 26 —np < x n(a+2) —2 - 1
= =2 48) scome) 1422 | (n—2)(n+B) sejone) 1+ 22
dn+20 —nf+n(a+2)—2
= (n—2)(n+B)

For any given € > 0, let us define the following sets:

I B2 (t) = |

S = {n ) BB () — 2 ||, > 5} 7

S - {nﬁm”ﬂ—nﬁzg}
n—2)(n+f)

(n—2)(n+p)
Then, we get S C S7 U .Sy which implies that

Zankg Zank+ Zank

kesS keSS, keSs

and

52::{71:(71(04—&-2)—2>

| ™

and hence

sty —lim || B (&) — 2 ||,= 0.

Similarly, we have

n%(n+ 2)(n + 3) B ) . 8n3 + 10n?
(n—=3)(n—2)(n+p)? (n—3)(n—2)(n+B)?
+4no¢+a2(n—2)

(n=2)(n+pB)*

Now, we define the following sets:

| BEO@) —a? |, < (

U= {nill BED@) - a? |2 e},
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o= (o (e ) 2},

W] ™

%

and

Y

N 8n3 + 10n2 €

UQ'{ NS o) 3}
. n.4na+a2(n—2)

U3"{ NCET e

€
3 ("
Then, we get U C Uy U Uy U Uz which implies that

Zankg Zank"" Zank+ Zank

keU kel keUsy keUs
and hence
sta —lim || B&A () — 22 ||,= 0.
n
This completes the proof of the theorem. Q.E.D.

4 King’s approach

To make the convergence faster, King [20] proposed an approach to modify the classical Bernstein
polynomial, so that the sequence preserve test functions ey and e, where e;(t) = t*,i = 0,1,2.
After this approach many researcher contributed in this direction.

As the operator Bs )( f,x) defined in (1.2) preserve only the constant functions so further mod-
ification of these operators is proposed to be made so that the modified operators preserve the
constant as well as linear functions.

For this purpose the modification of (1.2) is defined as

BB f ) = (DS o [ nt +a .
BN = =0 mmeontra@) [ o 0f (55 )@@

(n=2)(n+p)z—n(a+2)
n(n+2)

2 for z € I, = [-2, 00).

where r,(z) = p

Lemma 4.1. For every x € I,,, we have
1. E;‘L(a’ﬁ)(eo,x) =1;

2. Eﬁ(a’ﬁ)(el,x) =ux;

BrB) (o oy = (n—2)(n+3) 22 4n? — 2n’a — 6na + 12x dna
3. Bu ez w) (n—3)(n+2) (n—3)(n+2)(n+p) * (n—2)(n+ B)2
(6n? — n?a — 3na +6)(2 — n(a +2)) a?

T e —mt)m B (n+ B
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Consequently, for each x € I,,, we have the following equalities

BP)(t -z 2) =0

= (e, o2 ) — 2n 22 4n2—2n2a—6na—|—12x dna
R e e () i ey e T e e e [ e
Jr(6n2 —n2a —3na+6)(2 —n(a+2)) a?
(n=3)(n =2)(n+2)(n+ p)? (n+p5)?
= A (g).

Theorem 12. For f € Cp(I,) and x € I,. Then for n > 3, there exists a positive constant C”

such that
BEeP(f.2) - F(x)] < Cleon (ﬁ y A%“"’)(m)) .

Proof. Let h € W2 and z,t € I,,. Using the Taylor’s expansion we have

t

h(t) = h(z) + (t — z)h'(z) + / (t —v)h" (v)dv.

x

Applying EZ(Q’B) on both sides and using Lemma 3.1, we get

t
By (h,x) — h(x) = B;<aﬂ>( / (t—v)h”(v)dv,x)-

Obviously, we have < (t—2)?||n".

Therefore

/z (o) ()

| B (hy) = h(w) |< BYO (6 =) ) | 1]
Since | B (f,2) |< | £]], we get

| Bi@A (foa) = f(x) | < | BYD(f —hoa) |+ (f = B)() | + | By (h,z) = h(z) |
< S = Rl AP @) ).

Finally, taking the infimum over all h € W2 and using (3.7) we obtain

| BD (f,2) — fla) |< C'ws (f, N A%“@(sc)) ,

which proves the theorem. Q.E.D.

Theorem 13. Let f € C(I,,). If f” exists at a fixed point x € I,,, then we have

lim n (E,*L(O‘”B)(ﬁ x) — f(a:)) =z(x+2—a)f(z).

n—oo

The proof follows along the lines of Theorem 2.
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5 Conclusion

In this paper, we introduce the Stancu type generalization of the integral type operators defined in
(1.1). The results of our lemmas and theorems are more general rather than the results of any other
previous proved lemmas and theorems, which will be enrich the literate of classical approximation
theory. The researchers and professionals working or intend to work in areas of analysis and its
applications will find this research article to be quite useful. Consequently, the results so established
may be found useful in several interesting situation appearing in the literature on Mathematical
Analysis and Applied Mathematics.
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