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ON THE GROUP GENERATED BY QUASI
CONTINUOUS FUNCTIONS

Summary. Let X be a separable metrisable Baire space without isolated
points. It is proven that every cliquish function f : X — R is the sum of four
quasi continuous functions.

The notion of quasi continuous function was considered in may papers (see, for
example [5]). Some algebraic structures of the family of quasi continuous functions
were studied by Z. Grande ([1],[2]) and E. Stronska ([6]). In this paper, I show
that every cliquish function f : X — R, where X is separable metrisable Baire
space without isolated points, is the sum of four quasi continuous functions.

Let X be a topological space and let R be a real line. A function f: X — R
is said cliquish (quasi continuous) at a point zo € X if for every € > 0 and for
any neighborhood U of the point z¢ there exists an open nonempty set V C U
such that oscy f < e (|f(z0) — f(z)|,€ for every z € V). A function f: X —» R
is cliquish (quasi continuous) iff it is cliquish (quasi continuous) at every point
r € X. Let Cq(X) denotes the family of all cliquish functions f : X — R and let
Q(X) be the family of all quasi continuous functions f : X — R. '

We have obviously:

Remark 1. If f,g € Cq(X) and c € R then cf € Cq(X), f+g € Cq(X) and
fg € Cq(X).

untf.

Remark 2. If f, € Q(X) (n =1,2,...) and f, —" f then f € Q(X).

Remark 3. ([4]). If X is a Baire space then for every function f € Cq(X) the
set of all its continuity points is dense in X.

Remark 4. ([1]). There ezists a topological space X such that all functions
f € Q(X) are constant and there are functions f € Cq(X) which are not constant.

The following lemma is a modification of Natkaniec’s Lemma from [3].
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From now on we shall assume that X is a separable metrisable space without
isolated points. Let H denote a closure of the set H.

Lemma 1. If A is a nowhere dense nonempty set in X and U C X is an open
set such that A C U then there erists a family (K,,m) et of nonempty open sets

satisfying the following conditions:
(1) Kpm CU\A forn=1,2,...,m < n;
(2) K,,NK;;=¢ whenever (r,s) # (3,j) (r,i=1,2,...,s <r and j <i);

(3) for each x € A, each neighborhood V of z and an arbztrarym there exists an
‘'n > m such that I\nm cV;

(4) for each z € X\A there erists a neighborhood V of x such that the set
{(n,m), VN K, m # ¢} has at most one element.

Proof. Let (B,);2, be a countable basis of open sets. Let (W,)2, be a
sequence of open sets such that

Wap1 CWi(n=1,2,...) and ﬂ W, = A;

n=1

we may assume that B
W :)W'n.+l for n=1 2

Let (Gn)5, be the sequence of all sets in the basis (B,)2, such that for every
n=12,..., UNG,NA#¢.

By induction, for every n = 1,2,..., we choose a nonempty open set K, such
that
K,cUNG.nW,\(Au | K»).
i<n
All sets of the family (K,)%, have the following properties:

(i) K, CU\Aforn=1,2,..;
(i) K,NKp=¢forn#m, nm=1,2,...;
(iii) for eachz € A and each neighborhood V of z the set {n; K, C V} is infinite;

(iv) for each z ¢ A there exists a neighborhood V of z such that the set {n; VN
K, = ¢} has at most one element.
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The properties (i) - (iii) are obvious. We shall show that (iv) is also true. Suppose
that z ¢ A. Then there exist an ng and a neighborhood W of z such that WNW,,, =
¢. We have obviously

max {n; WN K, # ¢} < no.
If £ € K., for any m < ng, then the set V. = W \ Un:uo K, is the required

neighborhood some of the point z. If z ¢ K, for every n < ng, then V =
W \ Uncn, K is the required neighborhood of z.

Now, for every n choose in the set K, a family (K m)m<n of nonempty open
subsets such that:

(v) Knm CK,for1<m<n
(vi) Knm NK,; = ¢ form #t and m,t < n.

The construction of (K, m)m<n (for every n = 1,2,...) is following. Fix n and
a point zg € K,. Let (D,)%_, be a basis of the space X in the point zo. By
induction we choose z,, € K, and open sets Vi, (Knm)m<n such that

— z; € K, \{z0}, zo € Vi C V; C K, N D;\{z,},
z, € K1 C Ky C K, \Vi;
- for 1 < m < n we have

ITm (S Vm—l\{xO}, To € Vm C Vm C (V -1 n Dm)\{xm},
zm E I"n,m C I—{n'm C V _I\Vm.

For every n = 1,2,... the family (Kn m)m<n fulfills the properties (v), (vi) and the
proof is concluded.

Let C(f) be the set of all continuity points of function f.

Now, we assume that X is a separable metrisable Baire space without isolated
points.

Theorem 1. If f € Cq(X) then f = g+ h, where g € Q(X) and h € Cq(X)
satisfies:

(1) for every x € X there exists a sequence (x,)3, of points of C(h) convergent
to z and such that the limit lim,_., h(z,) ezists and is finite.

Proof. Let A be the set of all points z € X such that for every sequence (z,)22,
of points of C(f) convergent to z, if the limit lim, o, f(z.) exists, then it is equal
to +o00 or —oo. We can assume that A # ¢. Of course A C {z € X; osc f(z) > 1}.
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Since f € Cgq, the set A is nowhere dense in X. Let (K, )%, be a family of

m<n
open sets satisfying the conditions of Lemma 1, for the nowhere dense set A and
U = X. Since X is a Baire space, there exists a sequence (z, )%, of points of
m<n

C(f) such that
ZTpm € Kpm foreveryn =1,2,... and m <n.
Let

f(zn1) forze K,;, n=1,2,...
g9(z) =

0 forz € X\UZ, Kn1,

and let A = f —g. Then g € Q(X), h € Cq(X), h satisfies condition (1) and the
proof of our theorem is concluded.

Theorem 2. Let h € Cq(X) satisfies the following condition:

(1) for every x € X there exists a sequence (z,)2, of points of C(h) convergent
to x such that the limit lim,_,o, h(z,) ezists and is finite.

Then h = u+w, whereu € Q(X), w € Cq(X) and for the function w the inclusion
w~1(0) D C(w) holds.

Proof. From the assumption it follows that for every z € X there exists a
sequence (z,)32, of points of C(h) convergent to z, such that there exists a finite
limit lim, oo h(z,) = a(z) € R. Obviously, for any z € X there can exist many
sequences (z,) and the corresponding numbers a(z). Let us now choose for each
z € X only one a(z).

Let

h(z) ifz € C(h)
u(z) =
a(z) ifz & C(h).
and w = h — u.

Then u € Q(X), w € Cq(X) and w™(0) O C(w); thus the proof of our
theorem is concluded.

Theorem 3. Let w € Cq(X) be such that w='(0) is dense in X. Then there
exist functions s,t € Q(X) such that w = s + t.

Proof. If w is a continuous function, then the proof is obvious. In the opposite
case observe that

X\w™(0) C G Ag,

k=1
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where
A= {z € X; oscw(z) > 2%} fork =1,2,....

The set Ax (k=1,2,...) is closed and nowhere dense in X.
In the first step, from Lemma 1 where A = A;, U = X, we obtain a family of
nonempty open sets (Ky m)%-: such that:
m<n

- Kpm C X\A; (n=1,2,... and m < n);

- Kom N K,, = ¢ whenever (n,m) # (r,s), (n,r =1,2... and m < n,
s<r);

- for each z € A, each neighborhood V of z and an arbitrary m there exists
an n > m such that K, ,, C V;

— for each = ¢ A there exists a neighborhood V' of z such that the set {(n,m);
VN K, # ¢} has at most one element.

From the above conditions we conclude that if z € A; and = € U2, Up<n Knm,
then there exists an open set W such that z € W and W N K, , = ¢ forn =
1,2,...,m < n. Arrange all rational numbers in a sequence (wy,1,..., Wi n,--.)
such that wy; # wy; for i # 3 (4,5 = 1,2,...) and define

w(z) forz € A;

gi(z)=1¢ wi;m forr€K,m, m<nandn=1,2,...

0 at the remaining points of X

and

—Wi,m forzel_(n,m, m<nandn=1,2,...
hi(z) = L
0 at the remaining points of X.

In the second step, arrange all sets K, ,» (m < n and n = 1,2,...) from the
first step and the set

X\ U U I_(n,m\A2
n=1m<n

in a sequence Z1,1, 21,2, - -5 Z1,n, - - - - For every Zyx (k=1,2,...) with Z; y N A, #
¢ from Lemma 1, where A = A; N Z,x and U = Z, 4, we obtain a family of
nonempty open sets (Kj kn,m)%=1 such that:

n=1
m<n

- Rl,k,n,m C Z1x\A2 (n=1,2,... and m < n);
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—if Kignm N Kikrs # ¢, then (n,m) = (r,s), where n,r = 1,2,... and
m<n, s<r;

- for each z € A2 N Zy 4, each neighborhood V of z and an arbitrary m there
exists an n > m such that K s, C V;

- for each z ¢ A, there exists a neighborhood V of z such that the set
{(n,m); KygnmNV = ¢} has at most one element.

As in the first step, we see that if
[e o] o] _
T ¢ A2 U U U U I"l,k,n,ma
k=1 n=1 n<m

then there exists an open set W such that z € W and W N I;,l,k,n,m = ¢ for every
k,n,m and n > m. Arrange all rational numbers from the interval [-21,2-1]
in a sequence (wz1,...,Wan,...) With wy; # ws; for i # j, 4,5 = 1,2,.... If
Zl,k n A2 74 ¢ (k = 1,2, .. .), then let

w(z) forz € (A\A1) N Zy

ak(z) =9 womy forze I;’l,k,n,m, n=12,...,1<m<n

0 at the remaining points of Z; ;
and _
—Wym—1 forr € Kignm,n=2,3,...,1<m<n
hl,k(m) = . . . 5
0 at the remaining points of Z 4.

fZi,NAy=¢ (k=1,2,...), then let
91k(z) =0 and hyx(z) =0 for z € Z;4.
Finally, in the second step, we define the functions g,, &, as follows:
qi(z) forz € Ziy (k=1,2,...)
92(z) = .. .
0 at the remaining points of X
and _
hii(z) forz € Kk, (k=1,2,...)
ha(z) = .. .
0 at the remaining points of X.
In general, in the (n 4 1)-st step (n > 1), we arrange all open sets of the form

Zl,k\ U ZZ,m\An+1, Z2,k\ U Z3,m\An+la--',

m=1 m=1
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Zn-2,k\ U Z —l,m\An+1, Zn—l,k\ U U I_( —1,k,i,j\An+1

m=1 i=1 j<i
and Kp_14;; (k,t=1,2,... and j < 1)

in a sequence Zn1yZn2y-- s Lnmy - _
If Kok N Apy1 # ¢, then by Lemma 1, where U = Z,x and A = Anp1 N Zpg,
there exists a family of open nonempty sets (Kpx,i )2, such that
i<i

- I_{n,k,i,j C Zn,k\An+1 (:=1,2,... and j <13);

— if Kpgij N Knkyrs # ¢, then (i,j) = (r,s), where i,r = 1,2,... and
J<i, s<r;

- foreachz € A1 N Zy 4, each neighborhood V of z and an arbitrary j there
exists an ¢ > j such that K, ;; CV;

— for each z ¢ An41 there exists a neighborhood V of z such that the set
{(3,7), Knk,ij NV # ¢} has at most one element.

Remark that

(*) if z ¢ Any1 U UL, U2y Ujei K, ;> then there exists an open set W such
that z € W and W N K, ki ; = ¢ for every k,1, j, where j < 1.

Arrange all rational numbers from the interval [-27",27"] in a sequence wn41,1,
ceeyWntl,my - - .) With Wnt1,i ;é Wn41,5 fOl‘ ) # j, 2,] = 1,2, .o oo If Zn,,k N An+1 #
é(k=1,2,...), then let

w(:t) for z € (An+1\An) n Zn,k
gn’k(z) = Wnt1,j-1 forz € I_{n,k,i,j, 1= 1,2, ...and 1< _] < 1

0 at the remaining points of Z,,,k,
and

—Wn41,j-1 forz € I_('n.,k,i,j, 1= 1,2, ...and 1< ] <1
hn k() =

at the remaining points of Z,, .
If there exist k = 1,2,... such that Z,,,k NApy1 = @, then let

Gnk(T) = hni(z) =0 for z € Z,y.
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Furthermore define functions g,4+; and h,4; as follows:

gni(z) forz € Z,p (k=1,2,...)

0 at the remaining points of X

gnt1 (w) = {

and

hnk(z) forz € Z,x (k=1,2,...)
n+l($) = . . .
at the remaining points of X

Finally, we put

s(z) = i_o:lgn(:c) and t(z) = f: hn(z) for z € X.

n=1

Observe that series are uniformly convergent. Since for everyn = 1,2,..., each of
the functions gn41 and A,4; is continuous at each point

o0
the functions s — g; and ¢t — h; are continuous at each point

e AU D s v 1

U I\nk 4,7 (X\ G G U Rn,k,i,j\An-{-l))

15<1 k=11=1 ;<i

uCg

U Rn,k,i,j\An+l)} =M

1 5<i

||Cg

The functions g1, h; are quasi continuous at every z € X. Consequently, the
functions s and ¢ are quasi continuous at each point £ € M, because they are sums
of everywhere quasi continuous functions gy, k; and the functions s — g;, ¢ — h, are
continuous at this point.

Now let £ € X\M. Then

€ € Kppij\Knp,i;\ | An for some k,i,j (j <1),

n=1

or oo
T E U A,.
n=2

Let = € Knk,i,j\Knk,ij\ U An, let € > 0 be a number and let V be a neighbor-
hood of z. Since all functions gy, hy, ..., gn, h, are continuous in the point z, there
exists an open nonempty neighborhood U C V of the point z such that

| 22 o) = 3 ge(u)| < 7 20d | 20 he(z) = 3 hy(u)] < 7

k<n k<n k<n k<n

584



for all points u € U. Observe too, that the functions gnt1,hn41 are constant on
the set K,k ;, and that

Un Kn,k,i,j ;é ¢, zeUN I(n,k'i,j-

Since series Y22, gn, Y02, h, are uniformly convergent, there exists a natural
index N > n + 1 such that

| Z gi(u)| < 1 and | Z hi(u)| < 1
i=N+1 i=N+1

for every u € X. Since z € K, 4 ;\Knk,ij, we havez & K yrs for m > n, Ir =
1,2,...and s <.

From the condition (*) it follows that there exists an open set W containing z
such that form=n+1,...,N

WNKpirs=¢ (Lr=1,2,... and s <r).
Finally, foru e WNUN K, ;, we have

Is(z) — s(u)| = |§gl($) - igz(un <
< Zgl(x) - Zgl(u)l + |gn+l($) - gn+l(u)| +

I<n I<n
N N 00 oo
+1 2 a@) = Y a@l+] XY alz)— X a(w)l<
l=n+42 l=n+2 I=N+1 I=N+1

€ €
< H0+0+ <

which shows that s is quasi continuous at z. It may be shown similarly that the
function t is quasi continuous at z € Ky ;\Knk,i;\UZ; An. In an analogous
way one shows that functions s and ¢ are quasi continuous at all points

€ Kpm\Knm (n=1,2,... and m < n).

Now let £ € A,\A,-; for any natural number n > 1. Fix an € > 0 and an
open neighborhood V of the point z. Observe, that for 1 < n all functions, except
maybe one which we denote by g;,, are continuous at x. Moreover, if there exists
l; < n such that the function g, is discontinuous at z, then z € I_(lz,k',,,\l(lz,k,,,,,
where l; = I; — 1. Consequently there exists an open neighborhood U C V of z

such that c
1> a(z) = Y ai(u)| < 1 for every u € U.

I<n I<n
1#£1; 1#1
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Since the series "2, g; is uniformly convergent, there exists a natural index N > n
such that
- €

| Y a(u)| < = for every u € X.

I=N+1 4
Observe, moreover, that g,(z) = w(z) and osc w(z) < 27" for n > 2. There
exists a rational wy, € [-27"*1,27"+!] such that |gn(z) — wam| < §. Since
z € AnN Ky, k,r,s, there exists an open set Ky—1k,,r,m C Kiykrs NU (m > 1). Of
course,

19n(2) = ga(w)] = [w(2) = wam| < 5

for u € Kn-1kyram- If Knoikyram N Ang1 # ¢ then there exists an open set

I(n,k,.,r",l C I(n—l,kg,rz.m, and lf I(i,k.'.r.-,l n A,’+2 # ¢ for 1 = n, n + 1, ey N — 1,
then we choose successively open sets Kk, 1 (¢ =n+1,...,N) such that

I{i,k;,r,-,l C I<t'—l,k.'_1,r.‘_1,l for e=n+1,...,N.

Of course Knt,rn1 C UN K grs C V (if_I_(,-,k..,,,.,l N Aiy2 = ¢ for any ¢ =
n,n+1,...,N —1, then g;}; =0 on the set K, . 1)-

For each u € Ky, ry,1 We have
ls(z) —s(w)] = 1D a(2) =D a(u) <Y () — X a(u)] +
=1 =1 I<n i<n
l#£ £l

+ lgn(2) — g, (w)| + lgn(z) — gn(u)| +

N N oo 0o
+ 1 a@- Y a@ +1 Y a@- X a@l<

I=n+1 I=n+1 I=N+1 I=N+1
€
4
so that the function s is quasi continuous at z.

Now let z € A;. Fix an € > 0 and an open neighborhood V of the point z.

There exists a rational number wy,, € R such that [w; m —w(z)| < £. There exists
also an open set K, m CV such that

€ €
< Z+0+ +0+Z<€,

191(2) = 91(w)] = o1, — w(2)| < 5

for every u € Ky, m. Theseries 32, g; is uniformly convergent, so that there exists
a natural index N > 1 such that

| > auw)| < € for each u € X,
I=N+1 4
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If I;’,.l_,m N A, # ¢ then, similarly as before, there exists an open set K , r,1 such
that Kj x, r,10 C Kn, m and if, fori =1,2,..., N — 1, we have K;4, »,1 N Aiy1 # ¢,
then we choose successively open sets K;x; r.1 (1 = 2,3,...,N) such that

I"nlvm D I{lvkl 1,1 3 I"zvkzﬂ'?yl D e D I"N,kN,TN,l

Then, for u € Knxy,ry,1, We have

Is(z) — s(u)] = |§g,(z)—§;gz<u)|s|gl(x)—gl(u)| +

N N oo 00
+ 1 a@) = a@)] + 1 X az) - X a(w)]<
=2 1=2 I=N+1 I=N+1

< 40+«
1 1<°

Consequently, s is quasi contmuous at each z € U2
is quasi continuous at z € |52, A,.

Now observe, that from the definition of the functions g; and h; it follows that
forl=1,2,... we have

A,. Similarly, the function ¢

n=1

hi(z) + gi(z) = w(z) for every z € Aj\Ai—1

and
hi(z) + gi(z) = 0 for every = € X\(Ai\Ai-1).
Finally, for [ = 1,2,... we have
! w(z) if z€ A
+ hi(z)] =
2,104(=) + hu()] { 0 if zeX\A

and

oo

s(z) + t(z) =i z)+lzhz =3 loe) + (o)) =

= Jlim kz_j [9x(z) + he(2)] = w(z),

for each z € X; thus the proof is concluded.

From Theorems 1, 2 and 3 we obtain:
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Theorem 4. If f € Cq(X), then f = g+ m + s+ t, where g,m,s,t € Q(X).

Remark 5. If f € Cq(X) is a locally bounded function then f = g+ h + t,
where g,h,t € Q(X).

Let B,(1 < a < wi, where wy is the first uncountable ordinal number) be the
set of all functions f: X — R of the Baire class a.

Remark 6. If f € Cq(X) then f is the sum of functions g,u,s,t € Q(X),
with g,u,t € B;.

Proof. From the proof of Lemma 1 it follows that g € B;. Since in the proof
of Theorem 3 t = Y{2, h;, where h; € B, for each [ =1,2,..., t € B,.

Finally, observe that if A from Theorem 2 is the function A from the proof of
Theorem 1, then in the proof of Theorem 2, u can be defined by the formula
( h(z) if z € C(h)

limsup h(t) if z ¢ C(h) and

u(z) = 3 t—«z z € {t € X; osc h(t) < 1}
te C(h)
{ 0 at the remaining points z € X,

so that u € By, and thus the proof is concluded.

Let M(X) be the family of all functions f : X — R which are measurable
relative to a o-ring containing all Borel sets in the space X.

Corollary 1. If f € Cq(X)N B, (or f € Cq(X)N M(X)) then f is the sum
of four functions g,u,s,t € Q(X)N B, (f is the sum of four functions g,u,s,t €
Q(X) N M(X)). Moreover, if f € Cq(X)N By (or f € Cq(X)N M(X)) and
f is a locally bounded then f is the sum of three functions g,h,t € Q(X) N B,
(9,h,t € Q(X) N M(X)).
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