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Almost Continuity

1 Preliminaries.

1.1 Notations.

Let us establish some of terminology to be used in whole paper. Symbols
X,Y will denote topological spaces. R denotes the real line (or the one
dimensional Euclidean space), I denotes the unit interval [0, 1]. The symbols
N and @ denote the sets of all positive integers and all rationals, respectively.

We use standard topological denotations (see e.g. [19]). If A is a subset
of a topological space X then int(A) (or intx(A)) and fr(A) (or frx(A))
denote the interior of A and the boundary of A, respectively. The closure of
A is denoted by cl(A), clx(A) or A. If X is a metric space, z € X and € > 0,
then Bx(z,€) (or simply, B(z,¢€)) denotes the open ball centered at z and
with the radius €.

For a subset A of X xY we denote by dom(A) and rng(A) the z-projection
and y-projection of A; dom(A) = {z: Jy € Y (z,y) € A}, rng(A) = {y :
dz € X (z,y) € A}. If B is a subset of X then A|B denotes the set
AN(BxY). Moreover, ifz € X and y € Y are fixed, then A, and AY denote
sections of A; A, ={teY : (z,t) € A}, A¥={te X: (t,y) € A}.

We consider a function f : X — Y and its graph (i.e. a subset of X xY)
to be coincident. Symbols Const(X,Y), C(X,Y) and Y* denote the families
of all constant functions, all continuous functions and all functions from X
into Y, respectively. We will write Const and C instead of Const(X,Y)
and C(X,Y) when X and Y are fixed. Symbol C(f) denotes the set of all
continuity points of f. If we consider a function f defined on R then the
symbols C~(f,z) and C*(f,z) denote the left and the right cluster sets of f
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at the point z. If f is a real function defined on X then the notation [f > 0]
means the set {x € X : f(z) > 0}. Likewise for [f = 0], [f # 0], etc.

If A is a set then by card(A) we shall denote the cardinality of A. Car-
dinals will be identified with initial ordinals.

We shall use the following set theoretical assumptions:

A(c) : the union of less than 2* many first category subsets of R is again of
the first category.

A(m) : the union of less than 2 many subsets of measure zero of R is again
of measure zero.

It is well-known that these conditions follow from Martin’s Axiom and there-
fore also from the Continuum Hypothesis (see e.g. [56]). If not explicitly
stated otherwise, we shall work in (ZFC') without further assumptions.

1.2 Basic definitions.

A function f: X — Y is almost continuous in the sense of Stallings iff for
any open set U C X x Y containing f, U contains a continuous function
g: X — Y [60]. The class of all almost continuous functions from X into
Y is denoted by A(X,Y), or A when X and Y are fixed.

Clearly any continuous function is almost continuous. There are, how-
ever, many almost continuous real functions which are not continuous. The
following two examples of non-continuous, almost continuous functions are
“classical”.

Example 1.1 Let fo: [—1,1] — [—1,1] be defined by fo(z) = sin(1/z) for
z #0 and fo(0) = 0. It is easy to observe that f, is almost continuous.

Example 1.2 Let f : [ — I be defined by f(z) = limp—o(a1 +...a,)/n,
where a; are given by the unique nonterminating binary expansion of the
number z = (0.a1a2...). Then f is almost continuous [6].

Note that the last function is dense in 72. Other examples of almost continu-
ous, dense in I? functions are constructed in [40], [21], [3]. One can construct
such examples using the following notion of blocking sets. This notion was
introduced by Kellum and Garret [40], and was used later in many papers,

e.g. in [33], [34], [38], [39], [26] and [47], [48], [49] and [50].
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Observe that if a function f : X — Y is not almost continuous then
there exists a closed set F C X x Y such that FN f =0 and FNg # 0 for
each continuous function g : X — Y. Every such set is called a blocking
set for f in X x Y. If no proper subset of F' is a blocking set of f in X x Y,
F is said to be a minimal blocking set for f in X x Y. If set F' is a (minimal)
blocking set of some function f : X — Y, then F is said to be a (minimal)
blocking set in X x Y.

Remark 1.1 A function f: X — Y is almost continuous iff it intersects
every blocking set in X x Y.

We say that a topological space X has the fized point property iff for any
continuous function f from X into X there exists a point z € X such that
f(x) = z. Stallings introduced the notion of almost continuity in order to
prove a generalization of the Brower fixed point theorem. Note that for a
non-degenerate Hausdorff space X with the fixed point property the diagonal
{(z,z) : z € X} is a blocking set in X x X. Therefore we obtain the following
property of almost continuous functions.

Theorem 1.1 If X is a Hausdorff space with the fized point property then
each almost continuous function f : X — X has a fized point [60].

Theorem 1.2 Suppose that X is a compact space and f : X — Y is not
almost continuous. Then

(1) there exists a minimal blocking set K of f in X x Y, and
(2) dom(K) is contained in a component of X,
(3) if one of the following conditions holds:

(2) X is perfectly normal and Y is an interval in R*, (k€ N),
(¢2) X is an interval in R and Y is a convez subspace of R*, (k € N),
(#2) Y is an e-absolute retract (see [37] for definitions),

then dom(K) is a non-degenerate connected set,

(4) rng(K) =Y.
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Proof. (1)is proved in [36].
(2) Suppose that K is a blocking set for f in X x Y and S;, S are different
components of X with dom(K)NS; # § # dom(K)NS,. Since X is compact,
there exists a clopen set A; C X such that S; C A; and S; C A, = X\ 4
(see e.g. [19], Theorem 8, p. 431). Since K|A; (i = 1,2) are not blocking for
f, there exist continuous functions g; : X — Y such that g; N (K|A;) = 0.
Thus (g1|A1) U (92| Az2) is continuous and disjoint from K, a contradiction.

(3.2) Suppose that dom(K) is not connected. Let (A;, A2) be a partition
of dom(K) into disjoint, non-empty sets which are clopen in dom(K). Let
g1,92 : X — Y be continuous and such that g;N(K|A;) =0 fori = 1,2. Let
C = frx(A;). Since X is perfectly normal, there exists a decreasing sequence
of open sets (U,), such that C = 2, U,. Since g;, g» are bounded, there
exists a cube Jo C Y such that rng(g;) C Jo for i = 1,2. For eachn € N
let h, : X — Jo be a continuous extension of the function (g1|(A4; \ Un)) U
(92/(A2\ Uy)). Since K is blocking, there exists z, € U, Ndom(K) such that
(Zn, hn(zn)) € K. Let (z,y) be a limit point of the sequence (zp, hn(zs))n.
Then z € C Ndom(K) = friomk)(A1), which is impossible.

Proofs of the statements (3.1) and (4) are the same as in [34] (when
X =Y =R). (3.tit) is proved in [37], Theorem 5.2.

Q.E.D.

Corollary 1.1 If f : 8 — R* is not almost continuous then there erists a
blocking set K C R x R* for f such that dom(K) is a non-degenerate interval

(cf. [34])-

Now we try to shed some light on the problem suggested in Remark 3 of
[36].

Theorem 1.3 (on homogeneity of minimal blocking sets.) Assume that K C
I x R* is a minimal blocking set, U; = (a1,a3) C I, U, is an open interval
inR* and Uy x U;N K # 0. Then:

(1) int(dom(K N (U x Uz))) # 0 or K intersects every f € C(Uy,Us),
(2) dom(K N (Uy x U,)) is dense in itself or U; C K, for some z € Uy.

P roo f. (1) Suppose that f : Uy — U, is continuous and f N K = §. It
follows from minimality of K that AN (K \ (U; x U;)) = 0 for some continuous
function h : I — R*. Since K is blocking, h N K N (U; x U,) # 0. Since
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hN K is compact and dom(h N K) C U, we can choose reals by, b; such that
a1 < by < my = min(dom(h N K)) < my = maz(dom(h N K)) < b, < a,.
Since A = rng(f|[b1,b2]) U rng(h N K) is a compact subset of U, there
exists a closed interval J C U, such that A C int(J). Note that AN K C
(b1, b2) x int(J).

Suppose that int(dom (K N (Uy x Uz))) = 0. Since Ko = K N([b1,b2] x J)
is compact, dom(Kjy) is nowhere dense and we can choose intervals [t;, ;] C
(b1, m1)\dom(Ko) and [v1,v2] C (m2,a2)\dom(Kp) such that rng(h|[t, t2])U
rng(h|[vi,v2]) CJ. Thena; <t <t <my <my < v, < vy < ay. Let gy, g
be segments in I x J with end-points (¢1, h(t1)), (2, f(t2)) and (v1, f(v1)),
(v2, h(v2)), respectively. Then the function g = h|(I\ (t1,v2)) U g1 U go U
f|(t2,v1) is continuous and disjoint with K, a contradiction.

(2) Suppose that z is isolated in dom(K N (U, x U;)). Let V C Uy
be an interval such that {z} = V Ndom(K N (U; x Uz)). Then, by (1),
rng(K N (V x U;)) = U, and therefore U, C K.

Q.E.D.

Theorem 1.4 Let f : R — R be a function such that fNcl(u) # O for any
upper semi-continuous function u, defined on non-degenerate interval. Then
f is almost continuous [38].

A pair of topological spaces X,Y will be called a (K,G) pair (Kellum-
Garret pair) iff there exists a family F of blocking sets in X x Y such that

(1) if f € A(X,Y) then in F there exists a blocking set for f,
(2) card(dom(F)) > card(F) for any F € F.

A family which satisfies the conditions (1) and (2) will be called a blocking
family for the pair (X, Y).

Proposition 1.1 The following pairs (X,Y) are of (K,G) type.

(1) X is compact, perfectly normal and Y is a non-degenerate interval
in RF

(2) X is a compact interval in R and Y is a convex subspace of R¥,

(3) X is an interval in R and Y is a convex subspace of R*.
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P r oo f. In the cases (1) and (2) we can take the families of minimal
blocking sets in X x Y as the blocking families for (X,Y’) (cf. Theorem 1.2).
In the case (3), X can be decomposed into a countable sequence (I,), of
closed intervals such that I, N I,;; # @ for n € N. One can prove that if
f ¢ A(X,Y) then f|I, & A(I,,Y) for somen € N (see Lemma 2.3 below).
Let F, be a blocking family for (I,,,Y). Then the union of all F,,, n € N, is
a blocking family for the pair (X,Y).

Q.E.D.

Proposition 1.2 (R*,R™) is a (K, G) pair for all k,m € N.

P r o o f. Obviously card(K) < 2“ for every blocking family K in R* x ®™
(in fact it is easy to see that card(K) = 2¥). Thus it is sufficient to prove
that card(dom(K)) = 2“ for every blocking set K in ®F x ®™. Suppose
that card(dom(K)) < 2¥. Then there exists an increasing sequence (7).
of positive reals such that lim,__r, = oo and S, N dom(K) = @, where
S, denotes the (k — 1)-dimensional sphere in R* centered at 0 and with
radius r,. Fixn € N and put A, = B(0,r,) \ B(0,7n-1). Then for each
i € N, K,; = dom(K N (A, N [—2,2]™)) is compact and card(K, ;) < 2“.
Hence K N (A, N [—4,]™) is not blocking in A, N [—¢,¢]™, so either there
exists a continuous function f : A, — [—z,7]™ such that fN K = 0 or
{z}x[—1,i]™ C K for some z € A,. Note that there exist i, and a continuous
function f, : A, — [—ip,2,]™ such that f, N K = 0. Indeed, suppose that
for each 7 € N there exists z; € A, such that {z;} x [—7,i]™ C K. Let z¢ be
a limit point of the sequence (z;);. Since K is closed {zo} X ®™ C K, which
contradicts the assumption that K is blocking.

Since K, ;, is compact, dist (K ,, Sn—1 U S,) > 0, so we can assume that
fal(Sn=1 U S,) =0. Then f = U2, fa is continuous and disjoint with K, a
contradiction.

Q.E.D.

1.3 Collation with other classes of functions.
1.3.1 Almost continuity and continuity.

T. Husain [28] has introduced another notion of almost continuity. A func-
tion f : X — Y is almost continuous in the sense of Husain (H-almost
continuous) iff for each z € X, if V C Y is a neighbourhood of f(z) then
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f~Y(V) is dense in a some neighbourhood of z. Relationships between conti-
nuity, almost continuity (in the sense of Stallings) and H-almost continuity
are studied in [20], [44], [58], [59]. A function f: X — Y is of Cesaro type
iff there exist non-empty open sets U C X and V C Y, such that f~!(y) is
dense in U for each y € V (cf. [59]). The class of all functions of Cesaro type
for which U = X and V =Y will be denoted by D*(X,Y) (or D* when X
and Y are fixed). Now let (Y, p) be a metric space. A function f: X — Y
is called cliquish iff for each € > 0, every non-empty open set U C X contains
a non-empty open set V such that p(f(z), f(y)) < € whenever z,y € V.

Theorem 1.5 Let X be a regular locally connected Baire space. Then for
every real function f, f is continuous iff f is almost continuous, H-almost
continuous, and not of Cesaro type [58] (and [60] for X = R).

Example 1.3 There ezists an almost continuous and H-almost continuous
function f: 1 — R? which is not of Cesaro type and not continuous.

Indeed, let fi = id;, f2 : I — R be almost continuous, f, € D* and let
f = (f1, f2)- Then f is almost continuous (see Theorem 4.4 below), H-almost
continuous injection (so it is not of Cesaro type) and it is not continuous.

Theorem 1.6 Let X be a regular locally connected Baire space. If a real

function defined on X is almost continuous and not of the Cesaro type then
it is cliquish [58].

Note that there exist almost continuous real functions defined on I which are
of Cesaro type (see e.g. Example 1.2). Clearly such functions have no points
of continuity. Moreover, J. Ceder gave an example (under CH) of an almost
continuous function f : I — R such that f|A is discontinuous whenever A
is uncountable ([15], see also [38]).

1.3.2 Almost continuity, connectivity and other Darboux-like
properties.

Theorem 1.7 If X is a connected Ty space, Y is a hereditarily normal Haus-
dorff space and f : X — Y is almost continuous, then rng(f) is connected.

P r o o f. Suppose that rng(f) is not connected. Since Y is hereditarily
normal, there exist disjoint open sets U,V C Y such that rng(f) cUUV
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and rng(f) NU # 0 # rng(f) NV (see e.g. [19], Theorem 6, p. 96). Fix
z1,z3 € X such that f(z,) € U and f(z;) € V. Then G = X x (U U
I\ (({z1} x (Y \U)) U ({z2} x (Y \ V))) is an open neighbourhood of f
and it includes a continuous function g : X — Y. Since g(z;) € U and
g9(z2) € V, rng(g) NU # @ # rng(g) N V. Hence rng(g) is not connected,
which contradicts the continuity of g. Q.E.D.

Theorem 1.8 If X x Y is a hereditarily normal Hausdorff space, X is con-
nected and f : X — Y is almost continuous, then f is a connected subset

of X x Y [60].

Corollary 1.2 If X is a connected hereditarily normal Hausdorff space and
Y is a discrete space then A(X,Y) = Const(X,Y).

Example 1.4 There ezxists a connected space X and an almost continuous
bijection f : X — X such that f = f~! and f is not connected in X x X
(thus f is not continuous).

Indeed, let X be the unit interval with the topology 7 = {U Cc I : 0 €
U} U {0} and let f : X — X be the function given by f(z) = z for
z € (0,1) and f(z) =1 —x for z € {0,1}. Then f is almost continuous. In
fact, if G is a neighbourhood of f in X x X then (z,0) € G for each z € I
and consequently, G includes a constant function g = 0. Since {(0,1)} is
clopen in f, f is not connected.

Theorem 1.9 Assume that f: X — Y. Then

(1) if Yo is a subspace of Y, rng(f) C Yo and f € A(X,Y)), then f €
A(X,Y),

(2) for any function f : X — Y there exists an extension Y' of Y for
which f € A(X,Y") [36].

(3) if J is an interval in R, f € A(X,R) and rng(f) C J, then f €

A(X,J). (Hence f € A(X,R) if f € A(X,rng(f)) for each real-
valued function f defined on X.)
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Proof. (1)isobvious. To prove(3) assume that f € A(X,R), rng(f) C J
and J is an interval in R, e.g. of the form (a,b|. Let G C X x J be an open
neighbourhood of f in X xJ. Then G; = GU(X x (b, 00)) is a neighbourhood
of fin X xR. Let g; : X — R be a continuous function contained in
X x R. Then g = min(gi,b) is continuous and contained in G. Finally note
that rng(f) is an interval (see Theorem 1.7) and therefore f € A(X,R) iff
f € A(X, rrg(f).

Q.E.D.

Example 1.5 There erist Y and f € A(I,Y)\ A(I,rng(f)) [36].

Indeed, let Y be the space X defined in Example 1.4 and let f : I — Y
be given by f(z) = z for z # 0 and f(z) =1 for z = 0. As in Example 1.4
one can verify that f € A(I,Y). Moreover, rng(f) is a discrete space (of
cardinality 2¥), and therefore only constant functions belong to the family
A(I,rng(f)).

Note that it follows from the above example that there are almost contin-
uous functions defined on connected spaces whose images are not connected.

Almost continuous retractions of cubes [—1, 1]" are described in [35], [36].

Now we shall consider the following classes of functions from X into Y

D(X,Y) — the family of all Darboux functions. f is a Darbouz function iff
f(C) is connected whenever C is connected in X.

Conn(X,Y) — the family of all connectivity functions. f is a connectivity
function iff f|C is a connected subset of X x Y whenever C is connected
in X.

Ext(X,Y) — the class of all extendable functions. f is eztendable iff there
exists g € Conn(X x I,Y) such that f(z) = g(z,0) for each z € X.

We shall write D, Conn and Ezt, respectively, when X and Y are fixed. Now
let X =1,Y =% and

L - the class of Lebesgue measurable functions from I into R.
B - the class of Borel measurable functions from I into R.

Jy1 - the class of pointwise limits of sequences of functions from I into R
which have only discontinuities of the first kind.
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R1 - the class of pointwise limits of sequences of functions from I into R
which are continuous from the right.

B, - the first class of Baire of functions from I into R.
Note that B, C R, C J;, C B C L [52].

Theorem 1.10 In the class of all real functions defined on I the following
relations hold:

(1) Ext C A C Conn C D [60].

(2) A # Conn (see [9] and [18], [32], [53] and [60] for ezamples).
(3) LNExt# LN A and ByNExt =B, N A [7].

(4) BiN A= B, NConn and Ry N A # Ry N Conn [5].

Problem 1.1 For which X € {B,J1,R1} is it true that X NEzxt =X N A?
[7

Note that the inclusion Conn(X,Y) C D(X,Y) holds for each pair of
topological spaces X,Y. However this is not true for all inclusions (1) from
1.10, even for real functions defined on cubes.

Theorem 1.11 Ifk > 1 then Conn(I*,I) C A(I*,I) [60].
Example 1.6 There exists f € A(I%, 1)\ D(1%,1).

Indeed, let Ao be a closed segment with end-points (0,1) and (1,1), and for
eachn € N let A, be a closed segment with end-points (1/n,0) and (1/n,1).
Let A = Uj2oAn and B = AU {(0,0)}. Observe that B is connected
and for each non-degenerate continuum C € I? either C C A or card(C \
B) = 2¥. In fact, let us assume that C is a non-degenerate continuum and
C\A#0. If dom(C \ A)N (0,1] # @ or C C {0} x I then the assertion
is obvious. Otherwise, dom(C) is a non-degenerate interval and there exists
6 > 0 such that (0,6) x {1} C C. Let y < 1 be such that z = (0,y) € C. If
B(z,r)N(0,1| x I = @ for some r > 0 then {0} x J C C for some closed non-
degenerate interval J. Otherwise there exist an increasing sequence (k,), and
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z € (y,1) such that and {1/k,} x [2,1] C C for each n € N and therefore,
{0} x [2,1] € C and card(C \ B) = 2~.

Let (K4 )a<2w be a sequence of all minimal blocking sets K in I% x I such
that dom(K)\ A # 0. Let (z4,Ya)a<c2w be a sequence of points such that
(ZarYa) € Ko, To € dom(K,)\ B and z4 # zp for a # (3. Define f : [? — I
by f(z) =1 for z = (0,0), f(za) = Ya for @ < 2% and f(z) = 0 otherwise.
Observe that f intersects each blocking set in 1?2 x I. In fact, let F be a
blocking set and let K C F' be a minimal blocking set. If K = K, for some
a < 2% then (z4,¥qa) € fN K. If K # K, for each a < 2% then f(z) = 0 for
each z € dom(K). Since rng(K) = I, (z,0) € f N K for some z € dom(K).
Thus f € A(I?,1). Since f(B) = {0,1}, f & D(I%,1).

Let Dp(X,Y) denote the family of all Darboux functions in the sense of
Pawlak [51], i.e. functions f : X — Y such that f(L) is connected whenever
L is an arc in X.

Theorem 1.12 IfY is hereditarily normal, then A(X,Y) C Dp(X,Y).

Proof. Let L beanarcin X and let f: X — Y be almost continuous.
It will be shown in Theorem 2.1, that f|L € A(L,Y). By Theorem 1.7,
rng(f|L) is connected. Q.E.D.

In connection with the condition (3) of Theorem 1.10 we have the follow-
ing Lipinski’s example.

Example 1.7 Let X = [-1,1] x R and Y = [-1,1]. Then By(X,Y) N
(DX, Y)\A(X,Y) #0 [42].

Let f:[-1,1] x 8 — [~1,1] be given by f(z,y) = fo(z), where f; is the
function defined in Example 1.1. Then f has required properties [42].

More information about relationships between almost continuity and other
Darboux-like classes one can found in Gibson’s papers, e.g. [23], [24], [55].

1.4 The local characterization.

Many authors have considered the local property of Darboux (i.e. the inter-
mediate value property) [10] or local connectivity of a real function [22] and
the sets of those points at which a real function of a real variable has the
local Darboux property [43] or local connectivity property [54]. The local
characterization of almost continuity is given in [31] and in that paper one
can find proofs of the next three theorems.
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We say that a function f from R into R is almost continuous at a point
z € R from the right iff

(1) f(z) € C*(f,2),

(2) there is a positive € such that for any neighbourhood G of f|[z,0),
arbitrary y € (lim,__ .+ f(t), lim;_. .+ f(t)), arbitrary neighbourhood U
of the point (z,y) and arbitrary ¢t € (z,z + €) there exists a continuous
function g : [z,z + €] — R such that ¢ C GU U, ¢g(z) = y and
g(t) = f(2).

Analogously we define the notion of almost continuity at a point from the
left. If f is almost continuous at a point  from both sides then we say that
f is almost continuous at z or that z is a point of almost continuity of f.

Theorem 1.13 A function f : R — R is almost continuous iff f is almost
continuous at every point x of R.

For arbitrary function f : 8 — R let A(f), Conn(f) and D(f) denote the
sets of all points at which f is almost continuous, connectivity and has the
Darboux property, respectively.

Theorem 1.14 For every function f : R — R,
(C(f), A(f), Conn(f), D(f))
is an increasing sequence of Gs-sets.

Theorem 1.15 For every Gs-set A C R there ezists a function f : R — R
such that A(f) = A.

Problem 1.2 Find necessary and sufficient conditions for a sequence (A, B,
C, D) of subsets of R to exist a function f : R — R such that (A, B,C,D) =
(C(f), A(f), Conn(f), D(f)).

2 Restrictions and extensions.

Theorem 2.1 If X is a closed subspace of X and f € A(X,Y), then f| X, €
A(Xo,Y) [60].
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The following example is a bounded version of Lipinski’s function from Ex-
ample 1.7 and shows that the assumption about X, is important.

Example 2.1 There ezxists an almost continuous function f from [—1,1] x
[—1,1] into [—1,1] for which the restriction f|(—1,1) x (—1,1) is not almost
continuous.

Indeed, let f : [-1,1] x [-1,1] — [—1,1] be defined by f(z,y) = fo(z),
where fo : [-1,1] — [—1,1] is the function defined in Example 1.1. It
will be proved in Corollary 4.2 that f is almost continuous. We shall ver-
ify that f|A is not almost continuous for A = (—1,1) x (—1,1). Let h :
(=1,1) — R be an increasing homeomorphism. Put By = {(z,y,2) : |z| <
e " /10 and |z] < e **®/10} and B, = {(z,y,2) : ¢ # 0 and |z —
sin(1/z)| < 1/10}. Clearly By and B; are open and f|A C BoU B;. Sup-
pose that there exists a continuous function g : A — [~1,1] contained in
Bo U B;. Then (0,0, ¢(0,0)) € By and |g(0,0)| < 1/10 and therefore there
is a positive § such that |g(z,0)| < 1/10 for z € (—6,6). Fix z, € (0,6)
such that sin(1/z¢) = 1 and yo € (0,1) for which o > e~#*(%)/10. Then
(%o, Y0, 9(T0,Y0)) € B, so g(zo,y0) > 9/10. Observe that the zo-section g,
of g (given by gz,(y) = g(zo,y) for y € (—1,1)) is continuous, g,,(0) < 1/10
and gz,(yo) > 9/10. Moreover, |gz,(y)| < 1/10 for (zo,y, g(z0,y)) € By and
lg:co(y)l > 9/10 if ($o,y, g(-'BOa y)) € Bl- Since 9z, C (BOUBl)zoa 9zo does not
have the Darboux property, which contradicts the continuity of gs,.

Lemma 2.1 If X is a second countable zero-dimensional space then each
function defined on X is almost continuous.

Proof. Fix f: X — Y and an open neighbourhood G C X x Y of
f. Then G = U3, Uy x V,, where the sets U, are clopen in X, the sets V,
are open in Y and U,,V, are non-empty. For any n € N choose y, € V,.
Then g = U2, (Un \ Uicn Us) X {yn} is a continuous function defined on X
and contained in G.

Q.E.D.

Corollary 2.1 Every function defined on a boundary subset of R is almost
continuous (see [{0] for real functions defined on compact subsets of I).

Lemma 2.2 Let A be a subset of I and let f: A — R* be a function such
that flcla(J) € A(cla(J),R*) for every component J of int(A). Then f is
almost continuous.
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Proof. Let GC A xR be a neighbourhood of f. For every component
J of int(A) choose an open interval Uy C I such that cl4(J) C U; and:

(¢) Uy is clopen in A,

(i2) if a is a left (right) end-point of J and a ¢ A then inf(U;) = a
(sup(Us) = a),

(722) if a is a left (right) end-point of J and a € A then there exists a neigh-
bourhood V, of f(a) such that (inf(Us),a) x V, C G ((a,sup(Uy)) x
V. C G),

(2v) if Jy, J, are components of int(A) then Uj, NU,, = @ or Uy, C Uy, or
UJz C [JJI-

Put B = A\ U;Uj;. Then there exist open sets U;,V;, i € N such that
(v) BcUx, U,

(vi) UR,U:; x V; C G,

(vii) U; are pairwise disjoint and clopen in A,

(viii) for any component J of int(A) and for each i € N either Uy NU; =0
or Uy Cc U;.

Fix an arbitrary component J of int(A). Since f|cl4(J) is almost continuous,
there exists a continuous function gy : cla(J) — R* such that g; C G and
gilfra(J) = flFra(J). Let g5 : Uy — R* be an extension of g; given by
g5 = (inf(Us),inf(J)| x {f(inf(J))}UgsU[sup(J), sup(Us)) X { f(sup(J))}.
Observe that A = U2, U; U Usey,v. Us. For each n € N choose y, € V,,.
Then g = UR, U: x {y:}UU Jg|J,v: 9 is a continuous function defined on A
and contained in G.
Q.E.D.
The following lemma is proved in [30] for real functions defined on the
real line.

Lemma 2.3 Let an interval J C R be a union of countably many of closed
intervals I, such that int(I,) Nint(l,) =0 form #n and [, N Inyq # 0 for
n € N, and let Y be a convex subspace of R*. For any function f: J — Y
if f|I, is almost continuous for each n then f is almost continuous, too.
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P r o o f. This proof is analogous to the corresponding proof in [30].

Corollary 2.2 A function f : R — R is almost continuous iff f|[k,k + 1]
is almost continuous for each integer k [34].

Note that the analogous result does not hold for functions of two variables.
Indeed, if f : [-1,1] x ® — [—1,1] is Lipinski’s function from Example 1.7
then f|[—1,1] x [k, k+1] is almost continuous for any integer k (see Theorem
4.6 below) but f is not almost continuous.

Theorem 2.2 If f : | — R* is almost continuous and A is a subset of I
then f|A is almost continuous.

P roof. By Lemma 2.2 it is sufficient to prove that f|cl4(J) is almost
continuous for any component J of int(A). If cls(J) is compact then, by
Theorem 2.1, f|cla(J) is almost continuous. Otherwise, cl4(J) can be rep-
resented as a union of countably many of compact intervals satisfying the
assumptions of Lemma 2.3. Thus, almost continuity of f|cl4(J) follows from
that lemma.
Q.E.D.
On the other hand it is easy to find a set A C I and a continuous function
f: A — R which cannot be extended to an almost continuous real function
defined on the entire interval 1.

Theorem 2.3 For any non-void subset A of I and positive integer k the
following conditions are equivalent:

() each almost continuous function f : A — R* can be extended to an
almost continuous function f*: I — RF,

(17) each continuous function f : A — R* can be extended to an almost
continuous function f*: I — Rk

(42) the set I\ A s bilaterally c-dense in itself,

(2v) there exists a function g : I\ A — R* such that f U g is almost
continuous for each almost continuous function f : A — R*.
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P r o o f. Obviously only two implications need to be proved.

(i1) = (4i7). Assume that zo is a point of I \ A and card((zo,zo +
e) \ A) < 2“ for some positive e. We define a function f : A — R* by
f(z) = (0,0,...,0) for z < 2o and f(z) = (1/(z — 0),0,...,0) for z > zo.
Then f is continuous and it has no Darboux extension on whole interval I.

(112) = (tv). Let (J»)n be a sequence of all components of int(A). Note
that J, C A for eachn € N. Let (F,)a<2« be a sequence of all minimal
blocking sets F C I x R* such that dom(F,) C J, for non € N. Then
card(dom(Fy) \ A) = 2¥ for every a < 2¥. We choose (zq,ys) € Fu such
that z, # zp for a@ # 8. Put g(z) = yo if £ = 24, @ < 2¥ and g(z) = 0 for
other z € '\ A.

Let f : A — R* be an arbitrary almost continuous function. Then fUg
is almost continuous, too. Indeed, let F' be a minimal blocking set in I x R*.
Then either dom(F,) C J, for some n € N or F = F, for some a < 2¥. In
the first case F is blocking in J,, x R* and therefore f N F' # (. Otherwise
(ZarYo) € FNg. Thus FN(fUg) # 0 and consequently f U g is almost
continuous.

Q.E.D.
The following simple but useful fact is proved in [30] (for k = 1).

Theorem 2.4 Assume that h : (a,b) — R* is almost continuous and y,z €
R*, by = AU {(a,y)}, ha = RU{(b,2)} and hz = hy U hy. Then hy, hy, k3
are almost continuous iff y € C*(h,a), z € C~(h,b) and y € C*(h,a),
z € C~(h,b) respectively.

Theorem 2.5 For any non-empty subset A of I and positive integer k the
following conditions are equivalent:

(1) each bounded almost continuous function f : A — R* can be extended
to an almost continuous function f*: 1 — R*,

(i2) any bounded continuous function f : A — R* can be extended to an
almost continuous function f*: I — R¥,

(i22) the set I\ A is c-dense in itself.

Proof. (i) = (it7). Assume that zo € I \ A and card((zo — €,z0 +
e) \ A) < 2“ for some positive €. Then the function g : A — RF given by

477



g(z) = (0,...,0) for z < zg and g(x) = (1,0,...,0) for z > z¢ is continuous
and it has no Darboux extension on whole 1.

(ii1) = (i). Let f: A — R* be a bounded almost continuous function
and J be a k-dimensional closed cube containing f(A)U {0}. Fix t € J. Let
(J»)» be a sequence of all components of int(A). It follows from Theorem
2.4 that for each n € N the function f|J, can be extended to an almost
continuous function f* : J, — J. Let (Fy)a<2+ be a sequence of all minimal
blocking sets in I X J. As in the proof of Theorem 2.5 we choose a sequence of
points (T, Ya)a<ze such that (zq,ys) € Fy for eacha and {(z4,y.) : o < 2}
is a function which agrees with f on the set A. Put f*(z) = fi(z) forz € J,
and n € N, f*(z4) = yo for z = 24, a < 2¥ and f*(z) = 0 otherwise.
Then f*|A = f and f* € A(I,J). From Theorem 1.9,(1) we obtain that
f* e A(1,R*).

The implication (z) == (i¢) is obvious.

Q.E.D.

3 Compositions.

Obviously the class D(R,R) of all functions having the Darboux property
is closed under compositions. Thus the following fact follows from Theorem

1.10,(1).

Theorem 3.1 The composition g o f of almost continuous functions f,g :
R — R has Darbouz property.

On the other hand, there exists a function f € A(I,I) such that fo f
has no fixed point and consequently is not almost continuous [39] (see also
[33], where for arbitrary positive integers n, m almost continuous functions
f:I"— I™ g:I™ — I™ are constructed such that the composition go f
has no fixed point). The foregoing suggests also the following question.

Problem 3.1 Is any Darbouz function from R into R a composition of (two)
almost continuous functions ? [39], [49]

Theorem 3.2 Assume A(c). Then any function from the class D*(R,R) s
the composition of two almost continuous functions [{9].
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Now we shall prove a similar result concerning (K, G) pairs of topological
spaces.

Proposition 3.1 Suppose that X is a Ty space, (X,Y) and (Y, Z) are (K, G)
pairs with blocking families F and K, respectively. If card(F) = card(K) =
card(X) = card(Y) = k and any F € F satisfies the following condition:

(1) the set dom(F) cannot be decomposed into less than k subsets which are
nowhere dense in dom(F),

then every function f: X — Z such that

(2) card(GN f~1(z)) = & for any F € F, z € Z and any non-empty set G
open in dom(F),

can be expressed as a composition of two almost continuous functions f; €

A(X,Y) and f, € A(Y, Z).

Proof. Let (z4)acns (Fa)a<x and (Kq)acxk be sequences of all points of
X, and all sets from F and K, respectively. We choose for each a < & points
(@a,a,) € Fa, (ba,b,) € Ky and ¢4 € Y such that

(2) an # ag, ba # bg and cq # cg for a # B,

(i1) if a, = aj for a, B < &, then f(aq) = f(ap),
(i42) if a, = bg for a, B < K, then f(aq) = by,
(iv) if a, = cp for @, B < k, then f(as) = f(zp),
(v) by # cg for a,B < k.

We shall verify that it is possible to choose such points. Assume that a < &
and (ag,ap), (bg,bp), cs are chosen for B < a. Fix for each z € dom(F,) a
point y(z) such that (z,y(z)) € Fa. Put Ag = {z € dom(F,) : y(z) = agz},
Bg = {z € dom(Fy,) : y(z) = bg}, Cs = {z € dom(Fy) : y(z) = cg} for
B < a. Now, if D = dom(Fy)\Up<a(AsUBgUCgU{ag}) has cardinality «, we
choose any a, € D and put a,, = y(a,). Otherwise, intyom(Fo)(Claom(Fy) (AU
BgUClp)) is non-void for some 8 < a. Let, e.g., G = intyom(Fa)(Cldom(Fa)Ap) 7
0. Then G x {az} C Fy, s0 G C Ag. Choose aq € GN f~1(f(ag))\{ay: v <
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a} and put a, = aj. Next we choose b, € dom(K,)\({bs,a5: B < a}U{a,})
and ¢, € Y \ ({bg,a5,¢c5: B < a}U/{a,,bs}). Let fi, f be defined by

filz) = a, forz=a,, a<k,
=1 e forc=z,and z & {ag: B <k}

flay) fory=a,, a<k
_ )b, fory =b,, a <k
faly) = flzg) fory=cp, B<k

f(zo) otherwise.
Then fi € A(X,Y), f, € A(Y,Z) and f = fy0 f;.
Q.E.D.

Now we shall consider under which conditions for f; and f, the composed
map f, o f; is almost continuous.

Theorem 3.3 For each f € A(X,Y) and g € C(Y,Z) the composed map
go f is almost continuous [60].

Theorem 3.4 Ifh : X — Y is a homeomorphism and f : Y — Z is
almost continuous then the composition f o h is almost continuous [27].

Proof. Let G C X X Z be an open neighbourhood of f o A. Then
Go = {(h(2),2) : (z,z) € G} is an open neighbourhood of the function f in
Y xZ. Let g: Y — Z be a continuous function contained in Gy. Then
goh: X — Z is a continuous function contained in G.

Q.E.D.

Corollary 3.1 Suppose that h is a homeomorphic injection from X into Y
such that rng(h) is closed in Y. Then foh € A(X,Z) for any f € A(Y, Z).

P r oo f. It follows from Theorem 2.1 that flrng(k) € A(rng(h), Z).
Since h is a homeomorphism between X and rng(h), foh = (f|rng(h))oh €
A(X, Z).

Q.E.D.

Theorem 3.5 If a space X is compact, Y is a Hausdorff space, g € C(X,Y)
and f € A(Y,Z), then foge€ A(X, Z).
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P r o o f. This theorem is proved in [60]. We give here only the sketch of

the proof which is based on the notion of blocking sets. Suppose that fog

is not almost continuous. Let K be a blocking set for fo g in X x Z. Then

{(9(z),z) : (z,z) € K} is a blocking set for f|rng(g), which contradicts
Theorem 2.1.

Q.E.D.

Note that the assumption about X is important. Indeed, let f : [—1,1] x

® — [-1,1] be Lipiniski’s function from Example 1.7 and let g : [—1,1] X

R — [—1,1]x {0} be a continuous function given by g(z,y) = (z,0). Then f

is not almost continuous, f|([—1,1] x {0}) is almost continuous (by Corollary

3.1) and f = (f|[-1,1] x {0}) o g.

Theorem 3.6 If A is a subspace of R, f € C(A,R) and g € A(R, R¥) then
go f € A(A,RF).

P r o o f. This is a consequence of Theorem 3.5 if A is a compact interval,
of Lemma 2.3 if A is an interval and, finally, of Lemma 2.2 for arbitrary

subset A of R.
Q.E.D.

Lemma 3.1 Suppose that C is a closed, dense in itself and nowhere dense
subset of I and f : I — R satisfies the following conditions:

(1) rng(f) is an interval,
(2) f|J is almost continuous for any component J of the complement of C,

(8) both unilateral cluster sets of the function f at the end-points of com-
ponents of the set I\ C equal rng(f).

Then, f is almost continuous.

P r o o f. Suppose that f is not almost continuous. Let I be a minimal
blocking set for f in I x rng(f). Conditions (2) and (3) and Theorem 2.4
imply that f|J is almost continuous, for arbitrary component J of I\ C.
Therefore, dom () is contained in the closure of no component of I\ C and
consequently there exists a component J contained in dom(K). Suppose
J = (s,t). Since (K|[0,s]) and (K|[t,1]) are not blocking in I x rng(f),
there are continuous functions g,h : I — rng(f) such that (g|[0,s]) N
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K = 0 = (h|[t,1]) N K. Finally it is easy to observe that the function
k = g|[0,s] U f|(s,t) U h|[¢t,1] is almost continuous and disjoint from K, a
contradiction.

Q.E.D.
Theorem 3.7 Let f; € A(I,R), f2 € A(R,R), the set D of all points at

which f; is not continuous is nowhere dense and adequate unilateral cluster
sets of the function f, at the end-points of components of the set I\ D coincide
with rng(fi). Then f, o f1 is almost continuous.

P r o o f. By Theorem 3.6 we obtain that (f; o fi)|J € A(J,R) for any
component J of I\ D. Since f, o f; has the Darboux property, rng(fs o f1)
is an interval. Note that unilateral cluster sets of the function f; o f; at
the end-points of components of the set I\ D equal rng(f; o f;). Almost
continuity of the composition f; o f; now follows from Lemmas 3.1 and 2.3.

Q.E.D.

Lemma 3.2 Let Fo,Ko be families of subsets of X and Y respectively such
that maz(card(Fo),card(Ko)) < k and card(M) > k > w for all M €
FoU Ko. Then for every injection f : X — Y there exist sets A,C C X
and D C Y such that:

(1) A,C and f~Y(D) are pairwise disjoint,,

(2) card(ANF) = & for each F € Fo and card(K \ (f(A)U f(C)UD)) > &
for each K € K,,

(3) card(C) = k and card(D) = &.

Proof. Let (Fy)ack, (Ka)acx be sequences of sets from classes Fp and
Ko respectively, such that card({a : F, = F}) = & for each F € Fy and
card({a : K, = K}) = & for each K € K;. Choose sequences (aa)a<x)
(ba)a<rs (€a)acs and (da)acx of points such that the following conditions
hold for each a < «:

(¢) @arca € Fo \ ({ag,cs} U f1({b5,ds: B < a})) and a, # ca,
(1) baydo € Ko\ ({83 B < @} U {f(ag), flcs) : < a}) and by # do.
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Put A ={an: a< &k}, B=1{bs: a<k},C={c: a<k} and
D = {da : a < k}. Then the conditions (1) and (3) are obvious. Since
{aa: Fo =F}CANF,card(ANF) =k for all F € Fy. Similarly, for each
K € Ko we have {b, : K, = K} C K\ (f(A)U f(C) U D) and therefore
card(K \ (f(A)U f(C)U D)) > &.

Q.E.D.

Proposition 3.2 Suppose that (X,Y) and (Y, Z) are (K, G) pairs with bloc-
king families F and K, respectively, card(Y) = card(F) = card(K) = k > w
and card(Z) < k. If a function f : X — Y satisfies the following condition:
card(f(dom(F))) = k for each F € F, then for every surjectiong:Y — 2
there exist almost continuous surjections hy : Y — Z and hy : X — Y
such that hy o f = go h;.

Proof. Let (Fy)a<k and (Kqu)a<x be sequences of all sets from the classes
F and K, respectively. Let (ya)a<x and (z4)a<x be sequences of all points of Y’
and Z, respectively (the sequence (z4), may not be one-to-one). Let ~ be the
equivalence relation in X induced by f, i.e. z; ~ z; iff f(z1) = f(z2). The
equivalence class of £ with respect to relation ~ is denoted by [z]. For A C X
let A~ = {[z]:z € A} and let f~: X~ — Y be defined by f~([z]) = f(z).
Let Fo = {(dom(F))~ : F € F} and Ko = {dom(K) : K € K}. Note
that all assumptions of Lemma 3.2 are satisfied for f~, Fo and Ko. Let
A,C C X~ and D be as in that lemma. Moreover, let {A, : @ < £} and
{Ba : @ < £} be partitions of the sets A and B =Y \ (f~(AUC)U D)
into subsets which intersect each set from Fy and Ko, respectively and let
he : C — Y and hp : D — Z be arbitrary surjections. Now we define
surjections hy : Y — Z and hy : X~ — Y such that hy o f~ = go k3.

(a) h3|C = h¢ and hy|D = hp.
() Let [z] € A. Then [z] € A, for some a < k. If [z] € Ax N (dom(Fy))™,

then we choose y € Y such that (s,y) € F, for some s € [z] and define
h3([2]) = y. If [z] € Ao \ (dom(FL))™, we put A3 ([z]) = ya-

(c) Let y € B. Theny € B, for somea < k. Ify € B,Ndom(K,), we choose
z € Z such that (y,2) € K, and define hy(y) = 2. If y € By \dom(K,),
put hy(y) = za.

(d) If [z] € AU C then f~([z]) € (BU D). Since g is a surjection, there
exists y € Y such that g(y) = h;(f~([z])) and we define k3 ([z]) = y.
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(e) Ify € f~(AUC) then y = f~([z]) for exactly one z € AU C and we put
hi(y) = g(h3 ([=]))-

One can verify that the definition of and k3 is correct and hy o f~ = go k7.
Now define h, : X — Y by ha(z) = h3([z]). Then h, is a surjection and
hio f = go hy. Moreover, hy and h; intersect all blocking sets from F and
K, respectively, so they are almost continuous.

Q.E.D.

Corollary 3.2 For any bijection b: I™ — I™ there exist almost continuous
surjections h : I™ — I™ and k : I" — I™ for which the compositions bo k
and h o b are almost continuous.

P r o o f. Using Proposition 3.2 for f = b and g = id;m we obtain almost
continuous surjections A : I™ — I™ and hy : I® — I™ such that h, = hob.
Similarly, for f = id;» and g = b there exist almost continuous surjections
hy: I™ — I™ and k : I® — I™ such that h; = bo k. The functions A and
k have the required properties.

Q.E.D.

For a given family F of functions from X into X we define two classes:

M;(F) — the class of all function f: X — X such that g o f € F for any
g from F,

M,(F) — the class of all function f: X — X such that fo g € F for any
g from F.

Problem 3.2 Characterize the classes M,(A(I,I)) and M;(A(I,I)).
Finally remark that there exist a continuous surjection f from I onto I

and g & A(/,I) such that go f € A(I,I) [41].

4 Cartesian products and diagonals.

Theorem 4.1 Assume that X; is a compact space, f; € A(X;,Y1) and f, €
C(X2,Y2). Then the cartesian product h = (f1, f2) : X1 x Xo — Y1 x Y; of
f1 and f; (given by h(z1,z2) = (fi(x1), f2(x2))) is almost continuous (cf. [1]
if all Xy, X,,Y1,Y2 are compact).
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Pr oo f. Suppose that K C X; x X; x Y] x Y2 is a blocking set for
h. We shall verify that F = {(z1,41) € X1 x Y1 : (21,Z2,¥1, f2(z2)) €
K for some z, € X3} is blocking for f; in X; x Y;.

(1) F is closed. Indeed, fix (z1,y1) € X1 X Y1\ F. Then for each z; € X,
(z1,22,91, f2(z2)) € K. For every z € X, choose open neighbourhoods
Ui(z2) of 1, Uz(x2) of 3, Vi(z2) of y1 and V,(z2) of f(z2) such that Uy(z2) %
Ua(z3) x Vi (23) x Va(z5) is disjoint with K. Let W(z3) = Uz(z2)Nf5 (Va(z2))-
Then Uj(z2) x W(z2) x Vi(z2) x Va(z2) C X1 x X2 x Y1 x Yz \ K is an
open neighbourhood of the point (z1,z2,y1, f(z2)). Let W(t1),..., W(tn)
be a finite subcovering of X; chosen from the covering {W(z,;) : z; €
X,}. Denote U = N~, Ui(t;) and V = N}, Vi(t;). Then U x V is an open
neighbourhood of (z,,y:1) disjoint with F.

(2) Since K and h are disjoint, F is disjoint with f;.

(3). If g: X; — Y, is continuous then (g,f2) : Xi x X —m Y1 x Y,
is continuous, too. Since K is blocking, (z1,z2,9(z1), f2(z2)) € K for some
T, € X1, 2 € X3, and therefore (z;,9(z,)) € F.

Q.E.D.

Note that the assumption about X is important. Indeed, let X; = Y; =
Y; = [-1,1], X; = R, fo:[~1,1] — [-1,1] be the function from Example
1.1, f be Lipinski’s function from Example 1.7 and f; = 0. Suppose that
h = (fo, f1) is almost continuous. Since f is a composition of A and the
projection m; from [—1,1] x [-1,1] into [—1,1], Theorem 3.1 implies almost
continuity of f, a contradiction.

Theorem 4.2 Let M,(A(I, 1)) be the class of all functions f from I into R
such that (f,g) € A(I x I, R x R) when g € A(I,R). Then My(A(I,I)) =
C(I,R).

P r o o f. The inclusion “ D" follows from Theorem 4.1. Now assume that
f: I — R is not almost continuous. It will be proved in Theorem 6.2 that
there exists g € A(I,R) such that f + g & A(I,R). Suppose that (f,g) €
A(I x I,R?). Then f+ g, as the composition (f, g) with the “addition” map
is almost continuous, a contradiction.
Q.E.D.
Now we shall consider functions f, g defined on the same space. Assume
that f: X — Y and g: X — Z. The map fAg: X — Y x Z defined
by fAg(z) = (f(z),9(z)) for any z € X is called a diagonal of f and g. It
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is obvious that fAg = (f,g) od, where d : X — {(z,z): =z € X} is given
by d(z) = (z,z). The following fact follows from Corollary 3.1.

Theorem 4.3 If X is a Hausdorff space and (f,g) € A(X x X,Y X Z) then
fAg e A(X,Y x Z).

Theorem 4.4 If f € A(X,Y) and g € C(X,Z) then fAg € A(X,Y x Z)
[30].

P roof. If Xis compact, this theorem follows from Theorems 4.1 and
4.3. In the case of metric spaces X,Y and Z it is proved in [48] (see also [1]
for X, Y, Z metric and compact).

In the general case assume that fAg is not almost continuous. Let K be
a blocking set for fAgin X x (Y x Z). It is easy to verify that F = {(z,y) :
(z,y,9(x)) € K} is blocking for fin X x Y.

Q.E.D.

For arbitrary topological spaces X,Y, Z let M4(A(X,Y x Z) be the family
of all functions from X into Y such that fAg is almost continuous provided
g : X — Z is almost continuous. As in Theorem 4.2 one can prove the
following equality.

Corollary 4.1 M (AR, R x R)) =C(R,R)

Lemma 4.1 Suppose that D is a closed and nowhere dense subset of I, (I,,),
is a sequence of all components of the complement of D and f : | — R*
satisfies the following conditions:

(1) f|I, is almost continuous for everyn € N,
(2) f|D is continuous.

Then f is almost continuous.

P r oo f. Wecan assume that 0,1 € D. Let G be an open neighbourhood
of fin I X R*. For each z € D we choose open intervals Uy, V, such that:

(a) (z,f(2)) €U xV, CU, x V. CG,
() fiPNT:) C U, x Vs,
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(¢) inf(U;) < inf(DNTU,) < sup(DNU,) < sup(U,) (this condition must
be interpreted unilaterally at the points 0 and 1).

Since f|D is compact, there are points zy,...,z, € D such that f|D C

* Uz, x Vi;). We can assume that 0 € U, 1 € U, and inf(U;;) <
inf(Us;) for i < j. If Uy; NUz,,, # 0 then there exists a continuous function
g defined on W = U, U Uy,,, such that ¢ C G and g(z) = f(z) for z €
{inf(D N W),sup(D N W)}. Let Wy,...,W,, be components of the union

%, Usz. For every i = 1,...,m there exists a continuous function g;_;
defined on W; such that g,;_; C G and g(z) = f(z) for ¢ € {inf(D N
W), sup(D N W;)}. Additionally, for i < m there exists n; such that I, =
(sup(D NW;),inf(D N W;41)). Since f|T,, is almost continuous, there exists
a continuous function gy; : I, — RF such that g,; C G, and gsi(z) = f(z)
for z € {inf(I,,),sup(Il,;)}. Then U*7 ! g; is a continuous function defined
on all of I and contained in G.

Q.E.D.

Theorem 4.5 Suppose that fi, f; are almost continuous real functions de-
fined on I and D is the set of points at which f, is discontinuous. If fi|D is
continuous and D C C(f2), then fiAfz is almost continuous.

P r o o f. This is a consequence of Lemma 4.1 and Theorem 4.4.

Note that the assumption “D C C(f,)” is important. Indeed, let fi, f2 :
[-1,1] — [~1,1] be defined by fi(z) = (—1)'sin(1/z) for z # 0, i = 1,2
and fi(z) = fa(z) = 1. Suppose that fiAf, € A([—1,1],[—1,1]?). Then, as
in Theorem 4.2, f; + f2 € A([-1,1],[~1,1]), but this is impossible because
fi1 + f2 does not have the Darboux property.

Theorem 4.6 Suppose that X, is compact, fi € A(X1,Y), f2 € C(X,,Y),
and F € C(Y x Y,Y). Then the function F(fi, f2): X1 X Xo — Y defined

by F(fi, f2)(z1,22) = F(fi(z1), fa(z2)) for (z1,72) € X3 x X is almost
continuous.

P r o o f. The function (fi, f2) : X1 X X — Y x Y is almost continuous
by Theorem 4.1. Hence F(fi, f2) is almost continuous by Theorem 3.1.
Q.E.D.

Corollary 4.2 If X; is compact, f; € A(X1,Y) and f, € C(X2,Y), then
(1) F: X, x Xy — Y given by F(z,z;) = fi(z1) is almost continuous,
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(2) if Y =R then Fi(z1,22) = fi(21) + fa(x2), Faz1,72) = fiz1) f2(z2),
Fs(z1,22) = maz(fi(z1), fa(x2)) and Fy(z1,2,) = min(fi(z1), f2(z2))

are almost continuous.

Note that the assumption about X5 in the last results is important (see e.g.
Lipinski’s function from Example 1.7). As it was remarked by Grande [26],
continuity of all sections of f : I x I — I does not imply almost continuity

of f.

Example 4.1 There ezists a function f : I x I — I such that f., f¥ are
continuous for each x,y € I but f is not almost continuous .

Indeed, let f : I x I — I be defined by f(z,y) = 2zy/(«* + y?) if
(z,y) # (0,0) and f(0,0) = 0. Then all sections of f are continuous but
for a connected set D = {(z,z) : z € I} we have f(D) = {0,1}. Thus
the function f, from I into I given by fo(z) = f(z,z) does not have Dar-
boux property. Suppose that f is almost continuous. Then f|D is almost
continuous, in contradiction with Corollary 3.1.

Lemma 4.2 Assume that m € N, F € C(R%L,R), f € AR™,R), g €
C(R,R) and h : R™t1 — R is defined by

h(a:la ceeyTim, $m+l) = F(f(.’tl, e $m)ag(xm+l))-

If there exists a compact subset K of R such that [h # 0] C R™ x K then h
is almost continuous.

P r o o f . Fix reals a,b such that K C (a,b) and an open neighbourhood
G C R™*? of h. Let (Sk)r be a sequence of all m-dimensional cubes of
the form [[72,[k:, k: + 1], where ki,...,k, are integers. For each k € N
choose positive reals ry, qr such that Sy x [@a — rg,a + 1] X [=re,7i] C G
and Sy x [b— qx,b + qk] X [—qk.qx] C G. By Theorem 4.6, h|R™ X [a, b]
is almost continuous and therefore there exists a continuous function ¢ :
R™ x [a,b] — R contained in G \ U2, (Sk % {a} x ((—o0, —7&| U [k, 00)) U
S x {b} x ((—o0,—qk] U [gk,00))). Let t, be a surface consisting of all closed
segments in ®™*2 with end-points (z, a,t(z,a)) and (z,a — |t(z, a)|, 0) for all
z € R™. Analogously, let ¢, be a surface consisting of all closed segments
in ®™*? with end-points (z, b,t(z, b)) and (z,b + |t(z,b)|,0) for all z € R™.
Then one can easily see that t Ut, Uty U (R™*!\ dom(tUt,Uts)) x {0} is a
continuous function contained in G. Q.E.D.
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Corollary 4.3 If f € A(R™,R), g € C(R,R) and the support of g is bounded
then the function h : R™*! — R, defined by

h(z1,...Tmy1) = f(21,- .- Tm) - 9(Tm41),

1s almost continuous.

Theorem 4.7 Each almost continuous function f : R — R can be ez-
tended to almost continuous function f* : RF*! — R such that f*(z,0) =
f(z) for all z € R* (cf. [37], Theorem 5.6.).

Proof. Put g(z) = maz(l —|z|,0) for £ € R and f*(z1,...,Tk41) =
f(z1,...,zk) - g(zk41). The almost continuity of f* follows from Corollary
4.3. Moreover, f*(z,0) = f(z) for all z € R*.

Q.E.D.

Corollary 4.4 Assume that k,m are positive integers and k < m. Then
each almost continuous function f : R¥ — R can be eztended to an al-
most continuous function f*: R™ — R such that f*(z,...,2,0,...,0) =
f(z1,-..z4) for (z1,...,2k) € RF.

5 Limits of sequences.

Lemma 5.1 Suppose that (X,Y) is a (K,G) pair, F is a blocking family
for (X,Y) and maz(w,k) < XA = card(F). Then there exists a partition of
X into k many sets X, (a < k), such that card(dom(F)N X,) > X for each
a<kand FeF.

Proof. Let (Fa)a<) be a sequence of all sets from the family F,
let p: X — £ x A XA ¢ = (¢1,p2,93) be an arbitrary bijection. For
each a@ < A we choose z, € dom(F,,)) \ {zp : B < a}. Then the sets
Xo={z5:B<\¢p1(B)=a} for 0 < a < kand Xo =X \ Upcacs Xa form
the required partition.
Q.E.D.
Recall that a function f : X — Y is a discrete limit of a net (f;)sex,
where (X, <) is a directed set, iff for each z € X there exists oo € ¥ such
that f,(z) = f(z) whenever o¢ < 0.
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Proposition 5.1 Suppose that (X,Y) is (K, G) pair, F is a blocking family
for (X,Y) and (£,<) is a directed set such that card(F) > card(X) > w.
Then each function f : X — Y is a discrete limit of a net of almost
continuous functions from X into Y.

Proof. Let card(F) = A and F = {F, : a < A}. By Lemma 5.1
there is a partition {X, : 0 € £} of X such that card(dom(F)N X,) > A for
every 0 € ¥ and F' € F. For each 0 € ¥ and a < A choose (24,4, Ys,a) € Fu
such that z,, € X, \ {z,3 : B < a}. Let f, be defined by f,(zs,a) = Yoo
for a < XA and f,(x) = f(z) for X \ {z,4 : @ < A}. Then any f, is almost
continuous and for every z € X there exists 09 € ¥ such that f,(z) = f(z)
for all o > oy.

Q.E.D.

Corollary 5.1 Suppose that (X,Y) is (K,G) pair with an infinite blocking
family F. Then each function f: X — Y is a discrete limit of a sequence
of almost continuous functions in X x Y.

In particular each function f : R — R is a discrete limit of a sequence
of almost continuous functions (fn)n [34].

Remark 5.1 If f : ® — R is Lebesgue measurable (has the Baire property),
then f is a discrete limit of a sequence of measurable functions (with the Baire

property) from the class A(R,R) [26].

Recall the following notion. A sequence (fa)a<w, of functions from X
into Y converges to a function f : X — Y if for each £ € X and each
neighbourhood U of f(z) there exists @ < w; such that fg(z) € U for all
a< B <w [57).

Corollary 5.2 Suppose that (X,Y) is (K,G) pair and F is an uncountable
blocking family for (X,Y). Then each function f : X — Y is a limit of a
transfinite sequence (fo)a<w, of almost continuous functions in X x Y.

In particular every function f : R — R is a limit of a transfinite sequence
(fo)a<w, of almost continuous functions.

Remark 5.2 Suppose A(c) (A(m)). If f : R — R is measurable (has
the Baire property) then it is a transfinite limit of a sequence of measurable
functions (with the Baire property) from the class A(R,R) (see [26]).
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Suppose that Y is a metric space and F is an arbitrary family of functions
from X into Y. The class of all limits of uniformly convergent sequences of
functions from F will be denoted by F. Note that:

(1) The class A(R, R) is not closed with respect to uniform limits [34], [38].
(2) AR, R) C D(R,R) = U, where the class U is defined in [13].

(3) There exists a connectivity function f from I into I which is not a limit
of uniformly convergent sequence of almost continuous functions [29].

Thus U \ AR, R) # 0.

Suppose that (X,Y) is a (K,G) pair with a blocking family F, (Y, py) is
a metric space and ky is the least cardinal for which there exists a family
of ky many sets of the first category in Y which union is of the second
category (or ky = 0 if Y is of the first category on itself). For arbitrary
f : X — Y and positive ¢ we define an e-hull S(f,e) of fin X x Y as
S(f,e) = {(z,y) € X xY : py(f(x),y) < €}. We define two conditions
for f:

(a) for sufficiently small ¢ > 0 and for every blocking set K € F either
card(dom(K N S(f,€))) > card(F) or By(f(z),e) C K, for some z €
X,

(B) for each € > 0 and for every blocking set K € F either card(dom(K N
S(f,€))) > ky or inty(K N S(f,€))r # 0 for some z € X.

Under the assumptions and denotations above the following implications
hold.

Proposition 5.2

(1) For every function f from X into Y we have:

(o) = f € A(X,Y)

(2) Moreover, if (Y,+) is a topological group and it is a Baire space then

feAX,)Y)=(B)
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P r oo f. (1) For sufficiently small positive € we shall find an almost
continuous function g from X into Y contained in S(f,€). Let card(F) = A
and let (K4)a<r be a sequence of all blocking sets from F. For each a < A
we can choose a point (Za,¥a) € Ko N S(f,€) such that for a,8 < A the
condition r, = rg implies y, = yg. Indeed, assume that (zg,yg) are chosen
for 8 < a. There are two possible cases. If card(dom(K, N S(f,€))) > A
then we choose (za,ya) € Ko N S(f,€) such that z, # z5 for all B < a. In
the other case, By (f(z),e) C (Ka). for some z € X and we put z, = r and
Yo = Yp Whenever z = z for some 8 < a or y, = f(z) otherwise. It is easy
to verify that the function g : X — Y defined by g(z,) = y, for a@ < X and
g(z) = f(z) for other z is almost continuous and g C S(f,¢).

(2) Suppose that (f,)n is a uniformly convergent sequence of almost con-
tinuous functions and f is the limit of (f,).. Fix K € F, a positive € and sup-
pose that card(dom(K N S(f,€))) < ky. Then f, C S(f,€/2) for some posi-
tive integer n. Additionally there exists a positive § such that f,+y C S(f,¢)
whenever y € By (0,6). By Theorems 4.4 and 3.3, f, +y € A(X,Y) for any
y € By(0,8). Thus f, + y intersects K, i.e.

Vy € By(0,6) 3(zyty) € KN (fat+y) CS(fe)

Since card(dom(K N S(f,€))) < ky, the set A = {y € By(0,6) : z, = z}
is of the second category in By (0,6) for some z € X. Then (z,t,) € f, +y
for y € A and therefore, t, = f.(z) +y. Thus the set {t, : y € A} is
of the second category in f,(z) + By(0,6) and consequently there exists a
non-empty open set U C By(0,6) such that f.(z)+ U C cl({t,: y € A}).
Since K is closed, f,(z)+ U C K, and we obtain ().

Q.E.D.

Corollary 5.3

(1) If for sufficiently small positive € and for every blocking set K in R?
either card(dom(K N S(f,€))) = 2¥ or (f(z) — ¢, f(z) +€) C K, for
some z € R then f € AR, R).

(2) Assume A(c). If f € A(R,R) then for each positive € and blocking set
K in R? either card(dom(K NS(f,¢€))) = 2% orint((KNS(f,€)).) # 0
for some r € X.

Corollary 5.4 Every function f: I — R which satisfies the condition:
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(*) card({z € J: |f(z)—q| L €}) =2 for each subinterval J C I, rational
q and positive € ,

is a limit of uniformly convergent sequence of almost continuous functions.

In particular, D* C A(I,R).

P r o of. By Proposition 5.2 it is sufficient to verify that f satisfies condition
(a). We shall prove that card(dom(S(f,e))) = 2¢ for every blocking set
F C I x R, positive € and f satisfying the condition (*). Indeed, fix n € N
such that 2/n < €. For every integer k define Fry = {x € I: Iy € R (z,y) €
F and |y — (2k — 1)/n| < 1/n} = dom(F N (I x [(2k — 2)/n,2k/n])). Note
that each Fj is closed and the interior of the set Uiz Fx = dom(F’) is non-
empty (see Theorem 1.2 (3)). Hence there exists a non-degenerate interval
J which is contained in F}, for some integer ko. Put m = 2k; — 1 and
A={z e J:|f(z) —m/n| < 1/n}. By (%), card(A) = 2*. Moreover, for
each z € A there exists y, such that (z,y:) € F and |y, — m/n| < 1/n.
Hence |f(x) — yz| < 2/n < € for € A and the condition (a) holds.

Q.E.D.

Problem 5.1 Characterize the class of all uniform limits of almost contin-
uous functions from I* into I [3]].

Note that the analogous problem is open for the class Conn(I,I) [11]. For
k > 1 the class Conn(I*,I) is closed under this operation [25]). This is not
true for the class A(I*,I).

Example 5.1 For any k there erists a uniformly convergent sequence of
almost continuous functions from I* into I which limit is not almost contin-
uous.

Indeed, let (f,). be a uniformly convergent sequence of almost continu-
ous functions from I into I which limit f is not almost continuous. Let
gn,g be functions from I* into I defined by gn(z1,...,7x) = fa(z1) and
g(z1,...,zk) = f(z1). Then g is a uniform limit of g,, by Corollary 4.2 all
gn are almost continuous and, by Theorem 2.1, g is not almost continuous.

Now we shall consider the notion of almost continuous approximation
which was introduced in [1]. A sequence (fn). of functions from X into
Y almost continuously approximates a function f : X — Y if for every
sequence (z,), of points from X, either there exists n such that fi(z,) =
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f(zn) or there exists a subsequence (z,,) of (z,) and z € X such that z,, —
z and fu,(zn;) — f(z) (here X and Y are metric) [1].

Theorem 5.1 The sequence (f,)n almost continuously approzimates f iff
for each open neighbourhood U of f there exists n € N such that f, € U [1].

Corollary 5.5 If (fu)n is a sequence of functions from the class A(X,Y)
and (fn)n almost continuously approzimates f, then f € A(X,Y) [1].

Theorem 5.2 Assume that X and Y are compact metric spaces. Then
f € A(X,Y) iff there exists a sequence (f,)n of continuous functions which
approrimates almost continuously f [1].

6 Operations.

6.1 Sums.

Proposition 6.1 Suppose that (Y,+) is a topological group, (X,Y) is a
(K, G) pair, K is a blocking family for (X,Y) and & is a cardinal such that
maz(w, k) < A = card(K). Then for any family F of functions from X into
Y with card(F) = & the following condition holds:

Us(F) : there exists g : X — Y such that g+ f € A(X,Y) for all f € F.

In particular, each function f from X into Y can be expressed as a sum of
two almost continuous functions in X x Y.

Proof. Let {X,: a < k} be a partition of the space X such that
card(dom(K) N X,) > X for each @ < k and K € K (such partition exists
by Lemma 5.1). Let (Kg)s<r be a sequence of all blocking sets from the
family K. For every a < k and § < A choose (z4,8,Ya,3) € Kp such that
Tag € Xoa \ {Tary : 7 < B}. Let g : X — Y be defined by g(z,5) =
Yo,8 — fa(Za,p) for a < k and B < X and g(z) = 0 otherwise (0 denotes the
neutral element of the group (Y,+)). Since (za,8,Ya,5) € (9 + fa) N Kp for
B<A g+ fa € AX,Y).

Now assume that fo = 0. For an arbitrary function f : X — Y and the
family F = {f, fo} let g be a function such that h = g + f € A(X,Y) and
g+ fo € A(X,Y). Then f = (—g) + h, g € A(X,Y) and by Theorem 3.3,
—g € A(X,Y).

Q.E.D.
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Corollary 6.1 IfF is a family of functions from R into R and card(F) < 2%
then U,(F) holds. In particular, any function f from R into Rcan be written
a sum of two almost continuous functions f1, f2 [34].

Remark 6.1 If a function f : R — R is Lebesgue measurable (has the
Baire property) then it can be represented as a sum of two almost continuous
functions which are measurable (have the Baire property) [26].

The foregoing results suggest the question of how “big” can be families F
for which the condition U,(F) holds. For arbitrary topological space X and
topological group (Y,+) let a(X,Y) denote the least cardinal « for which
there exists a family F of functions from X into Y such that card(F) = «
and U, (F) is false (or a(X,Y) = 0 if the condition U,(Y*) holds). Note that
Proposition 6.1 implies the inequality a(X,Y) > card(K) for any (K, G) pair
(X,Y) with blocking family K. In particular, a(®,®) > 2“. Additionally, it
is easy to see that the condition U,(R®) is false. Indeed, for every function
g : ® — R there exists a function f such that f + g does not have the
Darboux property. Therefore a(®,R) # 0. Hence the assumption (2¢)* =
22 (which is a consequence of the Generalized Continuum Hypothesis for
example) implies the equality a(R, R) = 22°.

Problem 6.1 Can the equality a(R,R) = 2% be proved in ZFC?

Now we shall prove the condition U, (F) for some families of real functions
of the power 22°. Suppose that « is a cardinal, 7 is a fixed family of subsets
of I and F is a fixed family of real functions defined on I. We shall say that
F is (Z, k) regular if there exists a subfamily Fo of F such that card(Fo) = &
and for each f € F there exists fo € Fo with [f # fo] € . A family T of
subsets of I has the property (B) if:

(1) if A€ Z and B C A then B€ I,

(2) if A € T then J \ A includes a non-empty perfect set for every subin-
terval J of I.

Lemma 6.1 Assume that F is a family of real functions defined on I and
card(F) = 2%. Then there ezists a function g such that for each f € F and
minimal blocking set K, dom(K N(f+g)) intersects every non-empty perfect
set contained in dom(K).
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Proof.Let F={fa: a<2},let {Kg: B < 2%} be the family of all
minimal blocking sets in I xR and let ¢ : 2¥ — 2“Xx2“ %2, © = (1, Y2, ¥3)
be an arbitrary bijection. For # < 2 arrange all nonempty perfect subsets of
dom(Kp) in a sequence (Fp,)y<2v. For each a < 2% choose (Zq,ya) € Ky (a)
such that £o € Fly,(a)ws(a)) \ {Zy : 7 < a}. Then the function g defined
by 9(Ta) = Ya — for(a)(Za) for @ < 2¢ and g(z) = 0 for other z satisfies the
conditions of the lemma.

Q.E.D.

Theorem 6.1 Assume that I is a family of subsets of I with the property
(B) and F is an (I,2*) regular family of real functions defined on I. Then
the condition U,(F) holds.

P roof. Let ¢ be a subfamily of F such that card(F,) = 2“ and for each
f € F there exists fo € Fo such that [f # fo] € Z. Fix f € F and fo € Fo
such that [f # fo] € Z. Let g be the function defined in Lemma 6.1 for the
family Fo. Then (g + f) N K # @ for any blocking K. Indeed, suppose that
(9g+ f)NK = 0. Then C = dom((g9 + fo) N K) C [f # fo] and therefore
C € I. Thus dom(K) \ C includes a non-empty perfect set, in contradiction
with the choice of g.

Q.E.D.

Corollary 6.2 Let F be the family of all Lebesgue measurable functions (all
functions with the Baire property) from R into R, Fo be the family of Borel
measurable functions and I be the ideal of measure zero (of the first category)
subsets of R. Then there erists a function g from R into R such that f+¢g €
A(R,R) for each f € F.

For arbitrary families X', Y of real functions defined on a topological space
X let M,y(X,)) denote the maximal additive class of X’ with respect to Y,
le.

M (X, Y)={feX: f+g€Yforeachge X}.

We shall write M,(X') instead of M, (X, X) and call this family the mazimal
additive class of X.
Theorem 6.2

M (AR, R),Y) =C(R, R)
whenever Y € {A(R, R),Conn(R,R),D(R,R)} .
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Proof. For)Y = A(R,R) see [30]. The same arguments work for other ).
Q.E.D.

Theorem 6.3 For any positive integer k we have
M (ARF,R)) = C(R*, R).

P r o o f . This equality follows for £ = 1 from Theorem 6.2. For any k the
inclusion C(R*,R) C M, (A(R*,R)) follows from Theorems 4.4 and 3.3. Now
assume that a function g : R — R is discontinuous at a point zo € R*. Let
h be a homeomorphic injection of R into R* such that rng(h) is closed in
R*, h(0) = zo, go h is discontinuous at 0 and there exists a homeomorphism
hy : R — R* such that hy(z,0,...,0) = h(z) forz € R. Let fo: R — R
be an almost continuous function such that fo+goh ¢ A(R,R). By Theorem
4.7, there exists an almost continuous extension f; : RF — R of f; such that
fi(z,0,...,0) = fo(z) for any z € R. By Theorem 3.4, f = fyoh7! is almost
continuous. Suppose that f + g is almost continuous. Then (f + g)|h(R) is
almost continuous (by Theorem 2.1), and therefore, (f+g)oh € A(R,R). But
(f+g)oh = foh+goh = fo+goh, a contradiction. Thus g € M,(A(R*,R)).

Q.E.D.

Corollary 6.3 For any positive integers k and m,
M (ARF,R™)) = C(R*, R™).

P r o o f. The inclusion C(R*,R™) C M, (A(RF,R™)) follows from Theo-
rems 4.4 and 3.3. Assume that a function g : R — R™, g = (g1,...,9m),
is discontinuous at a point zo € R*. Then g; is discontinuous at zo for
some ¢ < m. By Theorem 6.3, f + g¢; is not almost continuous for some
almost continuous function f from RF into ®. By Theorem 4.4, the function
h=(h1y..., hy) : RF — R™, where h; = f and h; = 0 for j # ¢, is almost
continuous. Observe that m; o (h + g) = f + ¢g; (where =; denotes the pro-
jection onto z** axis) is not almost continuous and, by Theorem 3.3, h + g is
not almost continuous.

Q.E.D.
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6.2 Products.

Proposition 6.2 Suppose that F is a topological field, (X, F) is a (K,QG)
pair with an infinite blocking family K and k > 1. Then each function f :
X — F can be expressed as a scalar product of two almost continuous
functions fi, fo: X — F* (i.e. f=Y%, fii fai, where fy = (fin,..., fix)
and f3 = (fan,---, fax))-

P r o o f. By Proposition 6.1 f: X — F' can be expressed as a sum of al-
most continuous functions g;, g, : X — F. Now define fi, f : X — F¥ in
the following way: fi(z) = (¢1(2),1,0,...,0) and fi(z) = (1, g2(),0,...,0)
for z € X. By Theorem 4.4 f; and f, are almost continuous and, clearly,
f=h-tfa

Q.E.D.

Corollary 6.4

(1) for eachm € N, k> 1 and f : I™ — R there ezist fi, f, € A(I™,RF)
such that f = fy - fo.

(2) for each k > 1 and f : R — R there ezist fi, f € AR, R*) such that
f=h-ta

Note that the condition above is false for £ = 1. Indeed, it is well-known
that a function f : R — R may not be a product of Darboux functions [45]
and therefore, of almost continuous functions. J. Ceder proved in [16] that
a function f : 8 — R is a product of two Darboux functions iff it possesses
the following property:

(JC) : f has a zero in each subinterval in which it changes sign.

In particular, if rng(f) C (0,00) or rng(f) C (—o00,0) then f is a product of
two Darboux functions.

Theorem 6.4 Suppose A(c). A real function f defined on R is a product of
two almost continuous functions iff it has the property (JC) [48].

Proposition 6.3 Suppose that (X, R) is a (K, G) pair, K is a blocking family
for (X, R) and k is a cardinal such that maz(w,k) < X = card(K). If F is a
family of real functions defined on X, card(F) = k and rng(f) C (—o00,0) or
rng(f) C (0,00) for all f € F, then there ezists a function g : X — (0, 00)
such that g - f is almost continuous for each f € F.
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P r o o f. By Proposition 6.1 there exists a function go : X — R such
that go + b € A(X,R) for any h € {Ilno|f|: f € F}. Put g = exp(go)-
Then g(z) > 0 for each z € X and for every f € F we have:

g-f = sgn(f)-exp(go)-expolnol|f| = sgn(f)-expo(go+Ino|f]) € A(X,R).
Q.E.D.

Corollary 6.5 If (X,R) is a (K,G) pair with an infinite blocking family
and f is an arbitrary function from X into (0,00) then there exist almost
continuous functions f1, f2 : X — (0,00) such that f = f1-fa. In particular,
every function f : R — (0,00) can be exrpressed as a product of two almost
continuous functions [26].

For an arbitrary family F of real functions defined on a topological space
X let us define the following condition:

Un(F) : there exists a non-zero function g : X — R such that f.g €
A(X,R) whenever f € F.

Theorem 6.5 Suppose A(c). Then every family F of real functions defined
on R with card(F) < 2“ satisfies the condition Un,(F) [50].

Example 6.1 Let F be the family of all characteristic functions of singletons
and g : R — R be a function such that f-g € AR, R) for all f € F. Then

g =0 [50].

For an arbitrary topological space X let m(X,R) denote the least cardi-
nal k for which there exists a family F of real functions from X such that

card(F) = & and U, (F) is false (or m(X,R) = 0 if U,,(RX) holds).
Corollary 6.6 A(c) implies the equality m(R,R) = 2v.
Problem 6.2 Can the equality m(R,R) = 2% be proved in ZFC ?

For arbitrary families X', Y of real functions defined on a topological space
X let M, (X,)) denote the maximal multiplicative class of X with respect
to ), i.e.

Mo(X,YV)={f€eX: f-geYforallge X}.
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We shall write M,,(X) instead of M, (X, X') and call this family the mazimal
multiplicative class of X.

For arbitrary interval Y of R™ let us define the family M(I,Y) of all
functions f : I — Y having the following property: if zo is a right-hand
(left-hand) side point of discontinuity of f, then f(zo) = 0 and there is a
sequence (z,), converging to zo such that z, > zo (z, < 7o) and f(z,) = 0.
If X is any space then M(X,Y) denotes the class of all functions f : X — Y
such that foh € M(I,Y) for any homeomorphic injection h : I — X. This
class was introduced by Fleissner [21] (for X =Y = R).

Theorem 6.6
whenever Y € {A(R, Z),Conn(R, Z),D(R,Z)} and Z € {R,[0,00)}.

Proof. For Z=%and Y = A(R,R) see [30]. The proof is analogous
for other Z and ).
Q.E.D.

The similar theorem can be considered for scalar products of functions
with values in R*.

Theorem 6.7

(1) Supposethat Z € {R,[0,00)}, g € M, (A(RX,Z™)) and g = (g1,...,9x).
Then:

(1.1) g; € M, (A(R*,Z)) for everyi=1,...,n,

(1.2) C(g) C[g=10],
(1.3) ifn =1 then g € M(RF, R).

(2) Moreover, if Z = [0,00), then:

(2.1) Mo (AR, Z7)) C M(RF, Z7),

(3) If Z = (0,00) then M,(A(RK, Z")) = C(R*, Z").
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Proof. (1.1) Suppose that g; & M,.(A(R*, Z)) for some i < m. Then
there exists h € A(RF, Z) such that g; - h ¢ A(R*,Z). By Theorem 4.4 the
function f : R — R, f = (f1,..., fa), where f; = h and f; =0 for j # 1,
is almost continuous and f - g = h - g; is not almost continuous, contrary to
g € My (A(Rk,RM)).

(1.2) Suppose that g is discontinuous at zo. Then g; is discontinuous at
for some t < n. By (1.1), gi(zo) = 0 if g; is discontinuous at zo. Assume that
gi(zo) # 0 for some ¢ < n. Then g; is continuous at zo. Consequently g;+g; is
discontinuous at zo and (g;: + gi)(xo) # 0. Therefore g; + gi & Mm(A(RF, R))
and (g: + ¢:) - h & A(RF,R) for some h € A(R*,R). By Theorems 4.4 and
3.3 the function f : Rk — R, f = (f1,..., f) defined by f; = f; = h and
f; =0for j & {t,i}, is almost continuous and g- f = (g: + g:) - h & A(RF, R),
a contradiction.

(1.3) Assume that n = 1 and g € M,(A(R*, Z)) \ M(R*,Z). Let h :
R — R* be a homeomorphic injection such that go h g M(R, Z), rng(h)
is closed in R* and there exists a homeomorphism h; : £ — R* such
that hy(z,0,...,0) = h(z) for £ € R. Then fo- (g o h) ¢ A(R,R) for some
fo € A(R,R). By Theorem 4.7, there exists an almost continuous extension
fi : R — R of fo such that fi(z,0,...,0) = fo(z) for any z € R. By
Theorem 3.4, f = f, o hy! is almost continuous. Suppose that f - g is almost
continuous. Then (f - g)|h(R) is almost continuous (by Theorem 2.1), and
therefore, (f-g)oh € A(R,R). But (f-g)oh =(foh)-(goh) = fo-(goh),
a contradiction.

(2.1) For n = 1 see (1.3). Assume that g = (g1,...,9.) € M, (R, Z").
We shall verify that g € M(RF, Z"). Let h : I — R* be a homeomorphic
injection such that g o h is discontinuous at 0. We can assume that g; o h is
discontinuous at 0. Let h(0) = zo. From (1.2) it follows that g(z¢) = 0. Note
that ", ¢; € M, (A(R*, Z)). Indeed, this follows from the fact that fo =
(f,--.,f) is almost continuous for any f € A(R, [0, 00)) (as the composition
of f and continuous function d from ® into R defined by d(z) = (=, ..., z)),
and (X, 0:)-f =g fo € A(R*, Z). Hence (7, ¢:) - b is almost continuous
whenever so is h. Observe that the function (31, ¢i) o h is discontinuous at
0. Since (I, 9:) o h € M, (A(I,Z)), there is a sequence (z;); converging
to 0 such that (%, ¢:)(k(z;)) = 0 for each j. Since g; > 0 for each : < n,
gi(h(z;)) =0 for all j € N and i < n. Hence go h € M(I,Z").

(2.2) The inclusion M,,(A(R,Z")) C M(R,Z") follows from the con-
dition (2.1). Now assume that ¢ € M(R,[0,00)"). Then for arbitrary

501



f € AR, Z") the product f - g satisfies all assumptions of Lemma 4.1, so it
is almost continuous. Therefore g € M,,,(A(R, Z™)).

(3) The inclusion M,,(A(R*, Z")) D C(R*, Z") follows from Theorems
4.4 and 3.3. Now suppose that f = (fi,..., fm) € Mn(A(R*, Z")). Fix
i < n and observe that fo = Ino f; € M, (A(R*,R)). Indeed, if g € A(R*,R)
then go = ezpo g € A(R*,Z) and consequently h = (hy,...,hy,), where
hi = go and h; = 0 for j # ¢, is almost continuous. Thus f;-go = f-h is
almost continuous and therefore fo+ g = In(f;-go) is almost continuous, too.
Hence fo € M,(A(R*,R)) and, by Theorem 6.3, it is continuous and so is
fi = expo fo. Thus f is continuous.

Q.E.D.

Lemma 6.2 Let F' be a compact subset of a metric space X, f € A(X,RF)
and f|F be continuous. Then each open neighbourhood G of f in X x R*
includes a continuous function g : X — R* such that g|F = f|F.

P r oo f. First suppose that f|F = 0 and G is a neighbourhood of f. Since
F x {0} is compact, there exists a positive € such that Bx(z,e) x Bg(0,€) C
G for all z € F. Since f C Gy = G\ (F x (R*\ Bxk(0,¢))), there exists
a continuous function h : X — RF contained in G,. For every ¢ € F
choose 6, such that 0 < 6; < €/2 and ||h(z)|| < € for 2 € Bx(z,6,). Let
0 be Lebesgue number of the covering {Bx(z,8;) : = € F} of F and let
A = Uer Bx(z,6). Then ||h(z)|| < € for 2 € A, A X Bg(0,e) C G and the
function g(z) = min(6,dist(z, F))- h(z)/6 is continuous, g C G and g(z) = 0
forz e F.

Now we consider an arbitrary f € A(X,R*) such that f|F is continuous.
Let G C X xR* be a neighbourhood of f and let f* be a continuous extension
of f|F onto whole X. Then the function h : X x ¥ — X x R* defined
by h(z,y) = (z,y — f*(z)) is a homeomorphism. Therefore G; = h(G) is
an open neighbourhood of an almost continuous function f; = f — f* and,
moreover, fi|F = 0. Thus there exists a continuous function ¢; : X — RF
such that g; C Gy and ¢4|F = 0. Then g = h~'0g; = g, + f* is a continuous
function contained in G and g|F = f|F.

Q.E.D.

Lemma 6.3 Suppose that X is a locally compact metric space, F is a com-
pact subset of X and f: X — R* satisfies the following conditions:
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(1) fIF =0,
(2) f|U is almost continuous for every component U of the set X \ F.

Then f is almost continuous.

P roof. Let G be an open neighbourhood of f and U be a component of
X \ F. Then f|U is almost continuous, f|fr(U) =0 and fr(U) is compact.
By Lemma 6.2 there exists a continuous function gy : U — RF such that
gu C G and gy|fr(U) = 0. Since F x {0} is compact, there exists a positive
e such that V x {0} C G, where V = {z € X : dist(z,F) < €}. Since X is
locally compact, there exists an open set W such that F C W C W C V and
W is compact (cf. [19], Theorem 2, p. 193). Then E = W\ W is compact
and EC X\ F. Let {U,...,U,} be a finite subcovering of E chosen from
the family of all components of X \ F. Note that for each component U of
X \ F one of the following cases holds: U C X \W or U = Ui for some i < n
or U C W. Hence the function g : X — R* given by

gu(z) ifzeUCX\W
g(z)=1¢ gu(z) fzel;, 1<i<n
0 otherwise

is continuous. Clearly, g C G.

Q.E.D.

For any topological space X and Y C R* we shall denote by M*(X,Y)

the family of all functions f : X — Y such that [f = 0] is compact and f|U
is continuous for each component of U of the set [f # 0].

Theorem 6.8

(1) M*(X,R®™) C A(X,R™) N M(X,R™) for each locally compact metric
space X.

(2) M*(I,®™) = M(I,R™).
(3) A(I2,R) N M(I2,R) \ M~(I%,R) # 0.
(4) M(I*,R)\ A(I*,R) # 0.
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P r o o f. The inclusions M*(X,R™) C M(X,R™) (for any X) and
M(I,R™) C M*(I,R™) are easy to observe. By Lemma 6.3, M*(X,R™) C
A(X,R™) for any locally compact metric space X.

(3) For n € N put J, = {1/n} x I and define the continuous function
fn i Jn — I such that:

(?) if n is even then f,|J, =1,

(i2) if n =1 (mod 4) then [f, = 0] = {1/n} x [0,1 — 1/n] and rng(f,) =
[0,1/n],

(#i) if n = 3 (mod 4) then [f, = 0] = {1/n} x [I/n,1] and rng(f,) =
[0,1/n].

Moreover let fo : {0} x I — I be the function defined by fo = 0. Let
g :(0,1] x I — I be a continuous extension of the function U2, f, such
that [g = 0] = U2,[fn = 0] and let f = foUg. Then f € A(I%I)N
M1, 1)\ M*(I%,1).

(4) Let fo: I x [—2,2] — R be defined by:

_J 1—|y—sin(l/z)| ifz>0and|y—sin(l/z)| <1
fo(w,y) = { 0 otherwise

Obviously fo € M(Ix[—2,2],R). Suppose that fo € A(Ix[—-2,2],R). Then
A= {(z,y): z=00r (z > 0and y = sin(1/z))} is a continuum, fo|A is
almost continuous and rng(fo|A) = {0,1}, contrary to Theorem 1.7. Thus
Jo € M(I x [-2,2],R)\ A(I x [-2,2],R). Now let h: I? — I x [-2,2] be
a homeomorphism and f = fyo h. Then f € M(I%,R)\ A(/%R).

Q.E.D.

Theorem 6.9
(1) M*(X,R) C Mn(X,R) for any locally connected metric space X.
(2) M*(I*,R) C Mu(I*,R) C M(I%, R).

Proof. (1) Assume that f € M*(X,R), g € A(X,R) and put F = [f =
0]. Then F C [f-g = 0] and, by Theorems 4.4 and 3.3, (f - ¢)|U is almost
continuous for each component U of the set X \ F. By Lemma 6.3 f - g is
almost continuous.
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(2) We need only to prove the second inclusion. Suppose that g €
M (A(TF,R)) \ M(I¥,R) and h : I — I* is a homeomorphic injection
such that go h & M(I,R). Let h; : I¥ — h(I) be a retraction. Since
goh & M(I,R), there exists fo € A(I,R) such that fo-(goh) & A(I,R).
Then fi = foo h~' o hy € A(I*¥,R) and therefore f; - g € A(I*,R). Hence
(- 9)lA(I) € ACK(I),R) and (fy - g) o h € A(TR), but (- g) o h =
(fioh)-(goh) = fo-(goh) & A(I,R), a contradiction.

Q.E.D.

Problem 6.3 Charactcrize classes M,(A(R¥andR")), M, (A(I*,R")) for

positive integers k,n.

6.3 Maxima and minima.

Suppose that Y is a lattice. If F is a family of functions from X into Y then
the symbol L£(F) denotes the lattice generated by F, i.e. the smallest lattice
of functions containing F.

Proposition 6.4 Suppose that (X,Y) is a (K,G) pair with infinite blocking
family K and Y is a lattice. Then L(A(X,Y)) =YX.

More precisely, any function f from X into Y can be expressed as

min(maz( fi, f2), maz(f3, f1)),
where f1, fa, f3, f4 are almost continuous.

P r o o f. Assume that card(K) = X and {X;, X3, X3, X4} is a partition
of X such that card(X; N K) > ) for each K € K and ¢ = 1,2,3,4 (such a
partition exists by Lemma 5.1). Fix f : X — Y and i € {1,2,3,4}. For
each a < X choose (Z;a,¥ia) € Ko such that z;, € X; and ;4 # z;p for
a # B and B < X. Now we define the function f; by fi(zis) = yia for a < A
and f;(z) = f(zx) for other z. One can easily verify that all f; are almost
continuous and f = min(maz(fi, f2), maz(fs, f1)).

Q.ED.

Remark 6.2 If f1, fa, f3 are defined as above, then f = maz(hy, h,), where
hy = min(maz(f1, f2), f3) and by = min(maz(f1, f3), f2)-
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Corollary 6.7 Each function f : R — R can be expressed as
min(maz( f1, f2),maz(fs, fs)),

where f1, f2, f3, f4 are almost continuous [47].

Remark 6.3 If f :  — R is measurable (has the Baire property), then
the functions fi, fa, f3, fa from Corollary 6.7 may be chosen measurable (with
the Baire property).

For arbitrary topological space X and lattice Y we shall denote by ¢(X,Y)
the order of the lattice L(.A(X,Y)), i.e. the least positive integer k such that
for any f € L(A(X,Y)) there exists a subset Fo C A(X,Y) such that
card(Fo) = k and f € L(Fo).

Corollary 6.8 {(R,R) = 3.

P roof. By Remark 6.2, {(X,Y) <3 for any (K, G) pair with an infinite
blocking family. On the other hand, the function f : 8 — R defined by
f(z) =z for z € {—1,1} and f(z) =0 for = & {—1,1} cannot be expressed
as the minimum or the maximum of two Darboux functions, so (R, R) > 2.

Q.E.D.

Proposition 6.5 Suppose that (X,Y) is a (K, G) pair with an infinite block-
ing family K and < is a partial order in Y. If a function f : X — Y satisfies
the condition:

(%) card({z € X : f(z) >y for somey € K,}) > card(K) for every K € K,
then f can be represented as a mazimum of two almost continuous functions.

Proof. Let card(K) = A. Note that the condition (*) implies the
existence of two disjoint subsets A, B of X such that card({z € A: (z,y) €
K and f(z) > y forsome y € Y}) > X and card({z € B : (z,y) €
K and f(z) > y for some y € Y}) > A for each K € K. Let (Ka,)a<cx be
a sequence of all blocking sets from the family K. For every a < X choose
points (aa,a;), (ba,b;) € K, such that:

(1) aa € A\ {as: B < a} and f(a,) > a,,
(2) b, € B\ {bg: B < a} and f(b,) > b,.
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Define fi, f, in the following way: fi(a,) = a, for & < A and fy(z) = f(z) for
other z. Similarly, f2(b,) = b, for @ < X and f(z) = f(z) otherwise. Since
f1, f2 meet all blocking sets from the family K, they are almost continuous.
Moreover, f = maz(fi, f2)-

Q.E.D.

Theorem 6.10 FEach function f : I — R satisfying the following condition
() [f > n] is c-dense in I for any positive integer n

can be represented as a mazimum of two almost continuous functions fi, fa.
Moreover, if f is measurable or has the Baire property, then fi, f2 may be
chosen measurable or with the Baire property as well.

Pr oo f. Suppose that f : I — R satisfies the condition (). Let
K be the family of all minimal blocking sets in I x R. It is sufficient to
verify that the condition (*) from Proposition 6.5 is satisfied. Fix K € K.
Since dom(K) = U2, K,, where K, = dom(K N (I x [—-n,n])), Ky, is of
the second category for some positive integer ng. Since K, is closed, it has
non-empty interior. Let J be a non-empty open interval contained in Ky,.
By (#), card({z € J : f(z) > no}) = 2. Since for each z € J there exists
y € [—no,no| such that (z,y) € K, J C {xr € I: (z,y) € K and f(z) >
y for some y € R} and therefore, (*) holds.

Finally, remark that if f is measurable (has the Baire property), then we
can choose disjoint sets of measure zero (of the first category) A, B such that
for any real r the sets AN[f > r] and BN [f > r] are c-dense in I. Now
we can choose elements a,, by (as in the proof of Proposition 6.5) from such

sets A and B. Then fi, f, will be measurable (have the Baire property).
Q.E.D.

Corollary 6.9 Every f € D* can be represented as a mazimum of two al-
most continuous functions.

For arbitrary function f : 8 — R and = € R let KF(f,z) denote
the right hand c-cluster set of f at z, i.e. KX(f,z) = N{C*(f|R\ B,z) :
card(B) < 2*}. Similarly we define the left hand c-cluster set of f at z
(denoted by K- (f,z)). It is known that a function f :  — R is a maximum
of two Darboux functions iff it satisfies the following condition:

(®)  f(z) < min(maz(KZ}(f,z)), maz(K;(f,x))) for each z € R [12].
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Problem 6.4 Is every function f : R — R satisfying (#) a mazimum of
two almost continuous functions ¢

Let X be a topological space and X, ) be arbitrary families of real func-
tions defined on X. We define the following classes of functions:

Mpoz(X,Y) = {f € X : maz(f,g) €Y for all g € X},
Mpin(X,Y) ={f € X: min(f,g) € Yforallg € X},
M(X,Y) = {f € X : maz(f,g),min(f,g) € Y for allg € X}.

Clearly, M|(X,)) = Mpar( X, Y) N Mpin(X,Y). We shall write M ,.(X),
M nin(X) and M, (') instead of Mypor( X, X), Mpin(X, X) and M (X, X),

respectively. The last family is called the magimal lattice class for X.
Theorem 6.11 If X € {A(R, R), Conn(R,R), D(R,R)} then

(1) C(R,R) C Mpaz(AR,R), X) C Dusc(R, R),

(2) C(R,R) C Mnin(AR,R),X') C Disc(R,R),

(3) Mi(AR,R),X)=C(R,R)

P r o o f. Those relations are proved in [30] for X = A(R,R). The proof
is analogous for other X'.
Q.E.D.
Arguments similar to those used in the proofs of Theorem 6.3 and Corol-
lary 6.3 imply the following theorem.

Theorem 6.12 The equality M(A(R*,R™)) = C(R*,R™) holds for all pos-

itive integers k, m.

Problem 6.5 Describe the classes Moo (A(RF, R™)) and Mpin(A(RF, R™))

for positive integers k, m.
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7 Insertions of functions.

Example 7.1 There erist almost continuous, measurable functions f,g :
R — R with the Baire property such that f < g and f,g admit no Darboux
function between them.

Indeed, let (K4)a<2w be the sequence of all blocking sets in ® x R. Let
Zo, 2y, Z, be pairwise disjoint, c-dense subsets of R of measure zero and of
the first category. Choose sequences (&;a,¥ia)a<c2w for ¢ = 1,2 such that
(ZiosYia) € Ky and ;4 € Z;\ {zig: B < a} fori =1,2 and a < 2“.
Define the functions f, g in the following way:

[ Y10 fr =12, a<2¥
Yoo —1 2 =224, Y2 <0, a <2¥

f(2) =% ¥24/2 ifzx=1x20, Y2 >0, a <2¢

-2 lf.’IJ € Zo
| 1 otherwise
[ Yoo ifz =290, a<2¥

-1 ifz € Zy
| 2 otherwise

Y, + 1 ifz= T1,09 Y1,0 > 01 a<2¥

Then f and g are almost continuous, f < g and there is no Darboux function
h between them (cf. [12]). Indeed, if h is a function such that f < h < g
then h(z) < 0 for z € Zy, h(z) > 0for z € R\ (ZoU Z, U Z;) and h(z) #0
for all z € R.

Theorem 7.1 Assume that f,g € A(X,R), f < g and at least one of f,g
is continuous. Then there exists an almost continuous h between f and g.

P r o o f. Obviously the function h = (f + ¢)/2 has the required property.

Proposition 7.1 Assume that (X,Y) is a (K, G) pair with infinite blocking
family K and (Y, <) is a partially ordered set. If F is a family of functions
from X into Y satisfying the following conditions:

(1) functions from F are commonly bounded, i.e.

Vze X 3(z) Ju(z) VfeF l(z)< f(z) L u(z),

509



(2) for each K € K we have:

ecard({re X: IyeY Vfe F (z,y) € K and f(z) > y}) >
card(K),

and

ecard{zr€ X: IyeY VfeF (z,y) € K and f(z) < y}) >
card(K),

then there exist almost continuous functions g;,g, : X — Y such that g; <

f<gyforal feF.

Proof. Let card(K) = A. Let (K,)a<cr be a sequence of all sets from
K. By (2) we can choose disjoint sets A;, A, C X such that card({z €
Ay : JyeYVfe F (r,y) € K and f(z) > y}) > X and card({z € A, :
dy e YVfe F (r,y) € K and f(z) < y}) > X for each K € K. Let
(@ay @, )a<r, (bay b, )acr be sequences of points such that (aa,a;),(ba,b;) €
Ko, a, < f(z), f(ba) < b, for each f € F and @ < ), and moreover, a, # ag,
bs # bs whenever a # B. Then the functions g, g, defined by g/(a,) = a,,
gu(ba) = b, for @ < X and gi(z) = I(z), gu(z) = u(z) for other z, have the
required properties.

Q.E.D.

Theorem 7.2 For each function f : I — R for which {—o00,00} C K.(f,z)
for each x € I there exist almost continuous functions g, h such that g < h
and f = (9 + h)/2 (hence g < f < h). Moreover, if f is measurable (has
the Baire property), then g and h can be taken measurable (with the Baire

property).

Proof. Let (F,)ac2v be the sequence of all minimal blocking sets in
I x R. For each ordinal a < 2 there exist a positive integer n, and a non-
degenerate interval J, such that J, C dom(F, N (I X [—n4,na])). For every
a < 2¥ choose subsets A, C J, N[f < —n4), Ba C Jo N[f > ng4] such that
card(Ay,) = card(B,) = 2. Note that A, N Bs = 0 for a,8 < 2¥. Let
(@ @y )ac2vs (bas by )aczs be sequences of points such that (ay,a.), (ba, b,) €
FoN (I X [-Nayna]), a0 € A\ {ag: B<a}and by, € B, \ {bs: B < a} for
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any a < 2*. Now define the functions g and A in the following way:

a, forz =a,, a <2¥
h(z) =3 2f(bs) — b, forz =bs, a<2¥
f(z)+1 otherwise

b; forr =b,, a<2¥

g(z) = { 2f(as) —a, forz =a,, a<?2¥
f(z) -1 otherwise

Clearly, g, h are almost continuous and f = (g + h)/2.

Finally observe that if f is measurable (has the Baire property), then sets
[f > n] and [f < —n] are measurable (have the Baire property) for every
positive integer n and we can choose c-dense in I sets of measure zero and
of the first category A, C [f > n] and B, C [f < —n]. Sets A = U2, 4,,
B = U, B, have measure zero (are of the first category) and we continue
as in the proof of general case with a, € A, by, € B for a < 2*. Since
[g # flU[h # f] C AUB, g and h are measurable (have the Baire property).

Q.E.D.

Corollary 7.1 For every function f from D*(R,R) there ezxist almost con-
tinuous functions g and h such that g < f < h.

8 Stationary and determining sets.

Let F be a family of functions defined on X into Y. A subset E of X is
called stationary for F provided that each member of F which is constant
on E must be constant on all of X. We shall denote by S(F) the collection
of all stationary sets for the class F. A set F is called a determining set
for F provided that each two functions from F which coincide on E must
coincide on whole X. The class of all determining sets for F will be denoted
by D(F). A set E C X is called a restrictive set for the pair (F;,F32) of
families of functions from X into Y provided that f; = f, whenever f; € F;,
f2 € F, and fi|E = fo|E. The class of all restrictive sets for (F7,F2) will be
denoted by R(F1,F;) [9]. Note that

(1) if Const(X,Y) C F then D(F) C S(F),
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(2) R(F,F)= D(F) and R(Const,F) = S(F)
(3) if F1 C F;2 then S(F;) C S(F1) and D(F,) C D(F),

(4) if /1 C F, then R(F,, F) C R(Fy,F) for every family F of functions
from X into Y.

Theorem 8.1 A necessary and sufficient condition for E C I to be a sta-
tionary set for the class A(I,R¥) is that card(I \ E) < 2¢.

Proof. Since AC D, S(D(I,R)) C S(A(I,R)). It is known [2] (and
easy to obtain, see e.g. [9], p. 200) that E € S(D(I,R)) iff card(I\ E) < 2v.
Thus card(I \ E) < 2 implies E € S(A(I,R)) C S(A(I,R¥)).

Now assume that K = I\ F and card(K) = 2*. Let Kj be the set of
all points of bilateral c-condensation of K. Obviously K; is non-empty and
bilaterally c-dense in itself. Arrange all minimal blocking sets in I x ®* such
that dom(F) N Ko # @ in a sequence (F,)ac2o. Note that card(dom(F, N
Ko)) = 2¢ for a < 2. Fix arbitrary z € K, and choose a sequence of points
(ZTayYa)acze such that (z4,yq) € Fu, 2o # z for all @ < 2¥ and z, #
for a« # 8. Let f : I — R* be the function defined by f(z) = (1,...,1),
f(za) = yo for @ < 2¥ and f(z) = 0 for other z. Observe that f intersects
each minimal blocking set F in I x R*. Indeed, if F = F, for some a < 2*
then (z4,y.) € fNF. In the other case dom(F) C J, where J is a component
of the set I\ Ko. Since rng(F) = R*, (z,0) € f N F for some z € dom(F).
Thus f is almost continuous, f|E = 0 but f # 0, therefore E is not stationary
for A(I,R*).

Q.E.D.

Corollary 8.1 E € S(A(R,R¥)) iff card(R \ E) < 2v.

Corollary 8.2 Since A(R,R) C Conn(R,R) C D(R,R), and S(A(R,R)) =
S(D(R,R)), E € S(Conn(R,R)) iff card(R \ E) < 2~.

Theorem 8.2 The only determining set for the classes A(R, R¥), Conn(R, RF)
is R.
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P r oo f. For k =1 this follows from the inclusions DB; C A(R,R) C
Conn(R,R) C D(R,R), the condition (3) before Theorem 8.1 and the equal-
ities D(DB,) = D(D) = {R} [14]. For k > 1 this is a consequence of the in-
clusions D(A(R, ®*)) c D(A(R, R)) and D(Conn(R, R*)) C D(Conn(R,R)).

Q.E.D.
The following equalities are easy consequences of Theorems 8.1 and 8.2
and the conditions before Theorem 8.1 (cf. [9], Theorem 2.1, p. 207).

Corollary 8.3 In the class of real functions defined on R the following equal-
ities hold:

(1) E € R(C,X) iff card(R\ E) < 2¢, for X € {A,Conn, D},
(2) R(Conn,D) = R(A,D) = R(A,Conn) = {R}.

Assume that g is an arbitrary function and F is a family of functions
from X into Y. We say that A C X is (g,F)-negligible if every function
f: X — Y which coincides with g on X \ A belongs to F (see [4] and [38]).

Theorem 8.3 Let M be a subset of I. There exists an almost continuous
function g such that M is a (g, A(I,R))-negligible iff I \ M is c-dense in I
[38].

Theorem 8.4 Assume that g is an almost continuous real function defined
on I. Then the following statements are equivalent:

(1) g € D*(1,R),
(1) every nowhere dense subset of I is (g, A(I,R))-negligible,
(iii) there ezists a dense subset of I which is (g, A(I, R))-negligible [38].

Example 8.1 There erists an almost continuous function g : I — R such
that all subsets of I which are small in the sense of cardinality (i.e. with the
cardinality less than 2) or of measure (i.e. of measure zero) or of category
(i.e. of the first category) are (g, A(I, R))-negligible.

Indeed, as in the proof of Lemma 6.1 one can construct a function g € A(I, R)
such that card(P N dom(K Ng)) = 2 for each minimal blocking set K and
every non-empty perfect set P C dom(K). Then g is OK.
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Theorem 8.5 Suppose that f,g € D*(1,I) and there ezists a finite subset

A of I such that f~'(y) = g7 (y) for all y € I\ A. Then f and g are both
almost continuous or both not almost continuous [38].

Recall that a class F of real functions is said to be characterizable by asso-
ciated sets if there exists a family of sets P so that f € F iff for all y € R
the sets [f < y] and [f > y] belong to P [8].

Corollary 8.4 The class A(1,R) is not characterizable by associated sets
[38].
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