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Three Methods of Constructing wo-Limit Sets!

1. Introduction.

Our main objective is to discuss three methods of constructing w-limit sets
for functions £:[0,1][0,1]. A set K<€ [0,1] is called an w-limit set for f if

there exists xp €[0,1] such that K is the cluster set of the sequence
(xn) = ( M(x0)). Asusual fl= fand M i-fom ,n=123....We write

(X0 ) = K to indicate K is the w-limit set of x under f .

Let's begin by presenting a bit of background material that will be relevent
to our discussion. First, for ¢, the class of continuous functions, every w-
limit set is either a compact nowhere-dense set, or consists of a finite union
of closed intervals. Furthermore, each nonempty set satisfying one of these

two conditions can be realized as an w-limit set for some f€ @. [ABCP], [BS].

For sufficiently well-behaved continuous functions one finds that either
there is a single set that serves as w-limit set for almost all x € [0,1], or there
is some form of chaos (or both). For the typical continuous f, however, there
will exist continuum many pairwise disjoint nowhere-dense perfect sets that
collectively serve as w-limit sets for almost all x € [0,1]. A bit more precisely,
there exists a set of full measure M, such that for every x € M, mf(x) is a

Cantor setKy, and if x, y € M, x » y, then KxnKy =9 [ABL].

I This paper isan expanded version of a talk presented at the FOURTEENTH ANNUAL
SUMMER SYMPOSIUM IN REAL ANALYSIS, SAN BERNARDINO
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Now let A(f) denote the collection of w-limit sets of f. Given a nonempty
family ¥ of nonempty compact sets it is natural to ask whether there exists
f€ C such that K = A(f), or K C A(f). Various well-known results indicate
restrictions on a family ¥ if it is to satisfy ¥ = A(f) for some fe ¢ For
example, if ¥ contains a 3-point w-limit set, it must contain n-point w-limit
sets for every positive integer n. Similarly, a finite w-limit set cannot be a
proper subset of any other finite w-limit set for f € ¢. (If one drops the
continuity requirement entirely, however, there are no restrictions. Given
any nonempty family ¥, there exists a measurable function f for which ¥ =
A(f) [BCP] ).

There are also some positive results. For example, given any nonempty

family ¥ of nowhere-dense compact sets in [0,1], there exists a continuous
f:10,115[(0,1] such that to each K € ¥ corresponds a set K*C [% %] that is

homeomorphic to K, and a number x € [0,1] such that m;(x)n[%. % = K*

[ABCPI.

We shall discuss some methods that seem to be usefull in constructing -
limit sets or families of w-limit sets for functions, but our emphasis will be
on functions in the larger class DB, of Darboux functions in the first class of
Baire. This class arises naturally in connection with Newton's Method. We

discuss this briefly.
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2. Newton's Method

Newton's Method for estimating the zeros of a differentiable function f

o . . (x) , ‘
entails iterations of the function g(x) = x - If'(_x-)-' It is more convenient to

consider a function defined on all of R here since iterations may well take
one out of any predetermined interval I. And some conventions must be
adopted when an iterate hits a point at which f(x) vanishes. Even for
polynomials of degree > 3, some sort of “‘random” behavior is possible for
orbits of certain points and, when all the roots are real, a Cantor set of points
will "escape” R, that is, the orbits of points in that set hit the set on which f

vanishes.

Now, Newton's method makes sense for any differentiable function, not just
for ! functions. The function g need not be continuous. It must be in DB,
however, on any interval on which f does not vanish. This suggests
studying the iterative behavior of functions in OB, or in certain subclasses

of OB that are larger than .

3. Constructions:

Let ¥ be a nonempty family of compact subsets of I = [0,1], and let F be a
family of functions from I to I. For fe F, let A(f) denote the class of w-limit
sets for f. For ¥ and F given, does there exist f€ F such that K C A(f)?
We discuss three methods that have proved useful in approaching this
problem and its varients: A - Arithmetic methods; B - Interval-orbits, and

C - Specifying orbits.
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A - Arithmetic Methods.
We illustrate this method by constructing functions whose iterative patterns
are built into the ternary representations for numbers in I. Let C be the

ordinary Cantor set, let K = % C+ % , and let S consist of those x € [ with

expansions of the form x = .10A;1010A21010A310. . . where each A; is a
block of 0's and 2's. Let g(x) = 1 - 3 dist(x, K). The graph of g over the

complement of K consists of line-segments of slope + 3. On [';; , %] , these

segments form spikes on the intervals contiguous to K. On K itself, g = 1.

Intuitively, one sees that while all points whose orbits land on K will be
absorbed by 0 two iterations later, there will be many points that repeatedly
narrowly miss this fate: they will land near K, escape near 1, then near 0,
then continually triple in value until they are again near K, and on and on.
One sees this behavior for all x € S. Indeed, simple arithemetic shows that

for x = .10A;1010A21010A310. . . , the smallest integer n; such that
go1(x) € [ 2] teaves gni(x) - .10A21010A510. .. |

In effect, the first block A has been dropped. If M{ is any nonempty closed
subset of Kn[% . g-] we can choose the blocks Ay so that the values

J0A¢1010Ag,(10.. approximate all points in M; and no others, thus the

part of the orbit of x that lies in [% , % clusters exactly on M, ie.

0),(1)0[';' , g = M;.

We cannot use this idea to obtain a continuous f that realizes a
homeomorphic copy of every nonempty nowhere-dense set as an w-limit set.

But we can extend the “first return map” of g that maps S onto S to a
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function G in DB, that maps [% , 3] onto itself. In fact using a theorem in

[PL], we can choose G to be approximately continuous, (and therefore a

derivative). Thus F does realize every nowhere-dense compact set (up to

homeomorphism) as an w-limit set.

B - Interval-Orbits.

Suppose we believe a function f has a certain set M as an w-limit set. We
wish to prove the existence of an x € I such that the sequence { fn(x) ) has M
as its cluster set. We might proceed as follows. We find an interval Ky whose
orbit approximates M at least for a while. Inside Kp we find a closed
interval K; whose orbit approximates M for a longer while and for which the
error tolerance is smaller. We continue in this manner obtaining a nested

sequence of intervals whose intersection does the job.

A recent example of this method [BS] may serve as an illustration. Suppose

M is an uncountable nowhere-dense compact set. (The reader may wish to

use the set (0, 1) vV 3 of the previous section, as a model with Mgy = (1),
1

n-1"
{(ag) = (0), and M, - 3%1]‘ .) Let ag be a condensation point of M. One shows

first that one can express M as a disjoint union of compact sets

M = (ap) U U M, in such a way that there is a function f:I » I with the
n=-0

following properties:
(i) f(Mp) = M,y for all n>0
(ii) f(Mo) = (ap)
(iii) For every u € M and any neighborhood U of u, f(U) is a neighborhood
of f(u).
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One then shows that given u, v € M, U a neighborhood of u, and 9>0, there is
a closed interval Ko € U and a positive integer n such that M™(Kg) is a
neighborhood of v and f i(Kg) is in the 9-neighborhood of M for all i<n.
Letting fn(Ko) play the role of U, decreasing 9, and choosing an appropriate
subinterval K; of Ko, one finds the orbit of K| reaches another point w € M in
a finite number of steps, passing near v on the way. One continues
inductively in the obvious manner and shows that the intersection of the

nested sequence of closed intervals K, obtained is a point having M as

w-limit set.

Varients involving countable compact sets M lead to the general result that
every nonempty nowhere-dense compact set MCI is an w-limit set for some
fe C[BS].

The technique has also been useful for proving that a function in OB, can
achieve certain combinations of sets as w-limit sets. In this connection,
Keller [K] has shown that any jndividua] set M that is an w-limit set for an
fe DB," is also an w-limit set for some continuous function. But the

discontinuities allowable for functions in DB;" permit one to obtain

combinations of w-limit sets not possible for continuous functions.
Intuitively, a discontinuity point can serve as a "distribution” point for
intervals near it. For example, f(x) - [sin gl , (f(0)-0) has for each subset A
of [i n-l,2,3,...} the set (0JUA as an w-limit set. One simply chooses

intervals in the process described above whose orbits alternate between

being near 0 and being near points of A.
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Keller has used a refined version of this argument to show that there is a
function f in OB, (in fact, with only one discontinuity point) that has a
homeomorphic copy of every nonempty, nowhere-dense closed set as an
o-limit set. In addition, for each n = 1, 2, ..., there is a set consisting of n
pairwise disjoint intervals that is in A(f). This improves a result in [BCP]

where a function in OB was found with the same properties.

Keller's example has homeomorphic copies of all nonempty closed subsets of
a Cantor set P as w-limit sets. A similar construction gives rise to an
f € DB;" that has each such subset as an w-limit set. But such an f must
be discontinuous at each point of P. To achieve even all doubleton sets of the
form (O.p]\and (1,p) (p € P) as w-limit sets, the oscillation of f must be 1 at

each p of P.

How well does this technique carry over when we deal with functions in
DB, that that are not necessarily in D8;"? We're not sure. Suppose we
wanted to construct an f € B, that has a certain collection of sets as as
o-limit sets. Perhaps we conceive a candidate by visualizing where the
distribution points should be. Each distribution point has to be a point of

discontinuity of the function.

If the set is dense in some interval I, our previous argument has problems.
We can't be sure we can map a small interval in [ onto a small interval as
needed. Perhaps we can choose an appropriate set H, residual in some small
interval, and require that f(H) be residual in a small interval where needed.

Perhaps an argument using relative intervals of a residual set can be carried
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out. But what can we say about the intersection of the nested sequence of
relative intervals that arises? How can one be sure it is not empty? And, if
it is nonempty, how can we be sure the point it defines has the desired
orbital behavior? Perhaps some form of the Banach Mazur game could be
usefully applied to the convex hulls of the relative intervals of H. We tried,
without success, to use such an idea to find an fel0B; which had

hoeomorphic copies of every compact (nonempty) subset of 1 as w-limit sets.

The difference between our earlier examples and the example sought here is
that we wish to consider also those sets that have interiors but are not just
finite unions of intervals. No function in DB;" can have such a set as an
w-limit set, but functions in OB; can. It is still an open problem to
determine whether a “universal" function FeB; exists. (Universal up to

homeomorphism, of course).

C - Specifying orbits.

Let's view the idea of the method of the previous section in the following
way. We choose an interval [ whose orbit for a while moves near the
desired w-limit set. Then we improve matters by getting a subinterval of |
whose orbit moves nearer the desired w-limit set for a longer while. In the

limit, we obtain our desired point whose orbit does what we want.

If we are trying to find a function with the desired w-limit set, why not try
to get right to the heart of things - pick the orbit, or orbits, we want, and see
if we can find a function in the desired class ( @, DB,", 0B, etc.) that has

points with these orbits. This approach has been used with some success in
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[ABCP]. One finds a condition on a sequence S = {xn};;° that guarantees the

existence of a function f€ @ such that f(X,) = Xa.g for alln =0, 1, 2, ... . This
condition was then used to prove parts of the theorem that asserts that each

nonempty, nowhere-dense closed set M is an w-limit set for some f€ C.

For the family OB, we already know that every nonempty closed set K C |
is in A(f) for some fe DB;. We wish to address the question: "What families
K are contained in A(f) for some f € D8B,?" The specifying of orbits has
proved useful in attacking the problem when K is countable. The basic tool

is the theorm below.

Theorem: Le! ) be a denumerable subset of [, and let D — D For €0, let
De = (x €D osc(fx) 2 & If the closure of De is denumerable for every

€ > 0 then fcan be extended o a function F e 28, on /.

The theorem is used in the following way. One wishes to find f € 0B, that

has each of the sets Kj, K2, ... as w-limit sets. One tries to find sequences
Sy = (x,"}, Sy = {xi}, ... such that for eachn =1, 2, 3, ... S, has K, as cluster set,

co ©o

and such that the function f defined on U U (x) by f(x;) - xg,, satisfies
n-1 k-0

the condition of the theorem.
For example, if NK, = @, say b € NK; , one can construct sequences S, that

meet the condition rather easily. The point b serves as a "distribution” point

for all the sets K,. Replacing one “distribution” point by two, however,
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causes the result to fail. For example, the collection ¥; of two-point sets
(0, r), r rational, is in A(f;) for some fielDB;. Similarly, the collection
K2:{r, 1) is contained in A(fz) for some f,e08B;. But the collection KUKz

isn't: if KjUK2CA(f) for some f, then f must be discontinuous everywhere.

Keller [K] has obtained a number of conditions that imply that a countable

family % is contained in A(f) for some feld8B; . But a characterization of

such families has not yet been obtained.

We end by mentioning that the theorem in this section can be extended to
sets D that are nondenumerable. In general, one can then conclude only
that the extended function F is a Baire | function. If, however, the closure
of D has measure zero, F can be chosen to be approximately continuous.
Thus, the methods of this section sometimes can be applied to deal with
uncountably many specified orbits. As an illustration, consider the set S in
section 3A. Each x € S has the representation x = .10A;1010A21010A310... .
We can define orbits for all x € S by defining f(x) = .10A21010A310... . The
resulting function maps S onto S and is continuous on S. Since
S u(Kn[';- , ;—]) the closure of S, has measure zero, f can be extended to an

appoximately continuous F on I. The function F has each nonempty closed
subset of Kn[% , %] as an w-limit set. Observe that f is simply the first-

return map of the function g that we discussed in section 3A.

371



[ABCP]

[ABL]

[BCP]

[BS]

K]

[PL]

References

S.). Agronsky, A.M. Bruckner, JG. Ceder and T.L. Pearson, The
structures of w-limit sets for continuous functions, KRea/ Analysis
£rxchange (o appear.

S.J. Agronsky, A M. Bruckner,and M. Laczkovich, Dynamics of typical
continuous functions, 10 appear.

AM. Bruckner, JG. Ceder and T.L. Pearson, On w-limit sets for
various classes of functions, Kea/ Analysis Erchange 1o appear.

AM. Bruckner and ]. Smital, The structure of w-limit sets for
continuous maps of the interval, to appear.

P. Keller, Doctoral dissertation, UCSB, to appear.
G. Petruska and M. Laczkovich, Baire | functions, approximately

continuous functions and derivatives, Acta Math Acad Sci. Hung,
25(1974),189-212.

Received Oclober 21, 1990

372



	Contents
	p. 362
	p. 363
	p. 364
	p. 365
	p. 366
	p. 367
	p. 368
	p. 369
	p. 370
	p. 371
	p. 372

	Issue Table of Contents
	Real Analysis Exchange, Vol. 16, No. 1 (1990-91) pp. 1-376
	Front Matter
	EDITORIAL MESSAGE [pp. 4-4]
	LETTERS to the EDITOR [pp. 5-6]
	ERRATA: A CRITERION FOR MEASURABILITY OF COUNTABLE-TO-ONE FUNCTIONS [pp. 7-7]
	CONFERENCE ANNOUNCEMENTS [pp. 8-8]
	REPORT OF THE FOURTEENTH SUMMER SYMPOSIUM
	THE FOURTEENTH SUMMER SYMPOSIUM ON REAL ANALYSIS, California State University, San Bernardino, June 20-12, 1990 [pp. 9-14]
	DESCRIPTIVE SET THEORETIC PHENOMENA IN ANALYSIS AND TOPOLOGY [pp. 15-16]
	DENSITY TOPOLOGY AND COMPLETELY RAMSEY SETS [pp. 17-19]
	A short proof of a theorem of Jasinski and Weiss [pp. 20-20]
	THE FAMILY OF COMPACT POROUS SETS [pp. 21-22]
	A GLIMM-EFFROS DICHOTOMY FOR BOREL EQUIVALENCE RELATIONS [pp. 23-23]
	Non—Uniformization Results for the Projective Hierarchy [pp. 24-25]
	AN INTEGRAL IN GEOMETRIC MEASURE THEORY [pp. 26-28]
	Henstock and Lebesgue integration [pp. 29-29]
	Transfinite Induction and Integrals [pp. 30-31]
	CONVERGENCE THEOREMS FOR THE HENSTOCK INTEGRAL [pp. 32-33]
	Integration by Parts in the SCP Integral [pp. 34-34]
	First Return Selections and Block Selections [pp. 35-36]
	Three Methods of Constructing ω-limit Sets [pp. 37-38]
	Some results and problems about ω-limit sets [pp. 39-40]
	Countable Collections of ω-limit sets for Darboux Baire 1 Functions [pp. 41-41]
	Differentiable-, continuous-, and Derivative-Restrictions of Measurable Functions [pp. 42-43]
	[Extendable Functions with a Dense Graph] [pp. 44-44]
	APPROXIMATE HIGH ORDER SMOOTHNESS [pp. 45-46]
	Proofs of the Uher and Freiling Covering Theorems [pp. 47-49]
	SOME INTERPOLATION PROBLEMS IN REAL AND HARMONIC ANALYSIS [pp. 50-50]
	On category bases: Abstract [pp. 51-52]
	REFINEMENTS OF THE DENSITY AND I-DENSITY TOPOLOGIES [pp. 53-54]
	EXTREME POINT SELECTORS [pp. 55-56]
	Parametric I-approximate derivatives are in Baire class one [pp. 57-58]
	(ε,η)-Approximating Partitions [pp. 59-59]

	RESEARCH ARTICLES
	ON THE BOREL HIERARCHIES OF COUNTABLE PRODUCTS OF POLISH SPACES [pp. 60-66]
	Martin's Axiom implies a stronger version of Blumberg's Theorem [pp. 67-73]
	ON GENERALIZED DOMINATED CONVERGENCE [pp. 74-78]
	A Theory of Integration for Cardinal Algebras [pp. 79-118]
	On non-differentiable measure-preserving functions [pp. 119-129]
	On Riemann summable trigonometric series [pp. 130-153]
	THE INVERSION OF APPROXIMATE AND DYADIC DERIVATIVES USING AN EXTENSION OF THE HENSTOCK INTEGRAL [pp. 154-168]
	ALGEBRAIC STRUCTURES GENERATED BY Td-QUASI CONTINUOUS AND ALMOST CONTINUOUS FUNCTIONS ON Rm [pp. 169-176]
	Separation of points by families of intervals [pp. 177-186]
	Convexity and Symmetric Derivates of Measurable Functions [pp. 187-196]
	An Analytic Study of Functions defined on Self-Similar Fractals [pp. 197-214]
	Upper and Lower Generalized Riemann Integrals [pp. 215-237]
	Pseudo-Orbit Shadowing on the Unit Interval [pp. 238-244]
	CHARACTERISTIC FUNCTIONS AND PRODUCTS OF DERIVATIVES [pp. 245-254]
	Topologies generated by porosity and strong porosity [pp. 255-267]
	A Global Implicit Function Theorem [pp. 268-272]

	INROADS
	Asymmetry of all Countable orders of a real function [pp. 273-278]
	Solution of two problems concerning F-sigma sets of measure zero [pp. 279-283]
	A note on topologies related to (xα )-porosity [pp. 284-291]
	ON DECOMPOSITIONS OF QUASICONTINUITY [pp. 292-305]
	ANOTHER APPROACH TO THE CONTROLLED CONVERGENCE THEOREM [pp. 306-310]
	PATH DIFFERENTIATION IN BOREL THE SETTING [pp. 311-318]
	S-NULL FUNCTIONS [pp. 319-321]
	BAIRE MEASURES ON [O, Ω] AND [O, Ω]. II [pp. 322-328]
	A Symmetric Approximate Perron Integral for the Coefficient Problem of Convergent Trigonometric Series [pp. 329-339]
	ADDITIVITY OF POROUS SETS [pp. 340-343]
	THE CONSTRUCTION OF A LEBESGUE MEASURABLE SET WITH EVERY DENSITY [pp. 344-348]
	A MINIMAL FAMILY OF OPEN INTERVALS GENERATING THE BOREL SETS [pp. 349-352]
	Some interpolation problems in real and harmonic analysis [pp. 353-361]
	Three Methods of Constructing ω-Limit Sets [pp. 362-372]

	QUERIES [pp. 373-376]
	Back Matter



