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On Generalized Clugter Sets

The paper consists of three parts. In the first we
consider o-~ideals of subsets of the plane adjoint with some
c-ideal J of subsets of the real line. The second part
contains some theorems concerning o-algebras of the form
(51&3}2,' whera £ iz a o-algebra of Borel sets. In the
third part the facts from the two earlier parts are used to
study generalized limit numbers of real function defined in

the upper half-plane.

1. Let H denote the open upper half-plane above the
real line R, S - a o-algebra of subsets of R and 52 -
the smallest o-algebra generated by sets A x B, where
Aes and B € S. L(x,8) is the halfline beginning at
x € R in the direction 68, L(x,9,r) - the segment beginning
at x € R 1in the direction. 8 'having length r. For x € R
let h_ be the real function defined in H such that h (p) =

=y for p &€ H, where r is the distance of p from x.

For any o-ideal J < S and direction 8 ¢ (O;W) we
shall define the o-ideal 72(9) adjoint with J in the

direction 6:

12(9) = (M € 82 :+ there is a set U € J such that

hx(L(x,e) NM €J for each x € R - U}
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The o-ideal Jz(ﬁ/2) was defined by R. Ger in his work (3].

Let us notice that for some o¢-ideals J we obtain:

1y 728,

U

2 ) .
J (62) for 91.92 € (0,m), 91 ¥# 92 .

namely for J = (@), the o0-ideal of measure zerc sets and
the o-ideal of first category sets which follow from the
Fubini theorem and the Kuratowski-Ulam theorem (see [5]},
Chapter XfV, XV) . However it is possible to give an example
of a o-ideal for which(l} is not valid. For instance, let §
be the o-algehra of all subsets of R and 7 - the o-~ideal
cf countable sets. Let A be the set of x € [0,1] the
ternary expansion of which has the form x = 0,a.a,a, ...,

17273
where

O or 2 for i odd

0 for 1 even

and B Dbe the set of y € {0,1] the ternary expansion of

which has the form y = O,blb?b3 ..., Wwhere

[b for 1 odd

l \p or 2 for 1 even

2
Then the set M =A x B € X and M € J°(37/4), but

M £ Jz(v/Z).

Similar to the g-ideal 32(6) we shall define a
o-ideal !2(x) adjoint with J at the point x for an

arbitrary o-ideal J © S and for every point x € R.
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J(x) = M €S there is a set ® € J such that

hx(L(x,B) NM €J for each 8 € (0,7 -@

Let us notice that for such o-ideals as 7 = @', the
family of sets of measure zero and for the family of sets of

first category we have
2 \ = '
(2) THx)) = TP(xy) for x.x, €R, x ¥ %,

It can be shown that for the o-ideal of countable sets the
equality (2) does not hold. It suffices to transform homeo-
morfically the unit square QO onto a tetragon in such a way
that the points of the halflines L(x,v/2) for x € [0,1]
will be transformed into those of the halflines L(0,8) for
8 € [r/4, arc tg 2] and the points of the halflines L(x,37/4)
for x € [0,2) will be transformed into those of the halflines
L(4,9) for & € [37m/4, 7 -arc tg %]. Then the image E of
the set M from the above example, obtained by means of the

2

homeomorphism , belongs to S (assuming that the continuum

hypothesis is true, see [6]), and E € 12(4}, but E £ 32(0).

It follows from those above considerations that we can
define the o-ideal r? adjoint to a given o-ideal J < S

in all directions:

N 72

8e(0,m)

and the o-ideal J% adjoint to a given o-ideal J < S in

all points:
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For the o-ideal J of countable sets one can prove that if
A,BcC (0o,m,ANB=¢g,AUB=0,m, AF@. B¥@, then

there exists a set M C H such that

M ¢ !2(9) for each 6 € A
and

M€ -7'2(8) for each 6 € B

(We assume that the continuum hypothesis is true).

It follows from that, that 72 ¢ J2. similarly 72 ¢ 72.

2. We are now going to study the o-algebra £ A J =
= (BAU:BE€F, U EJT}; where B denotes the o-algebra
of Borel subsets of R and J will be a o-ideal in R.
Let & be the family of open sets. We give now some main

properties of the o-algebra & A J.

Theorem 1. If .7'0 is a o-ideal such that BA."O =
= .&A.TO, then for any o-ideal J‘l D J, Wwe have the equality

BAJ’I = .&AJ'I.

It is known that for i;he o-ideal J of sets of the first
category we have the equality A2 AJ = 4AJ. We can construct
a o-ideal, which is proper, movable and essentially 1arge;:
than either the o-ideal of measure zero sets or the o-ideal

of first category sets.

Really, let J’o be the o-ideal of measure zero sets or

the o-ideal of first category sets and E, ©€ R be the

0o
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Sierpinski set; that is , a nonmeasurable set such that
card((Eo-l-x) AEO) { Ry for every x €R ,

(see [7]1, p. 135, c.,o)'. The set Eq does not have the

Baire property either.

J’l={CUD :C€.7'o, DCEO}
and

= ' . J € 3
7y {n:a (E,+x,) :E €7, and x_  €R for every n]

Then !2 is a proper o-ideal with the required properties.

Theorem 2. If J is a o-ideal such that £ 8 J =

=$AJ7, then (B4&N%ci(r/2).

It is known that there exists a set E of the second
category in the plane, no three points of which are on a
line (see [5], th. 15.5). 8o it does not have the Baire
property. Hence we have that there exists a o-ideal J

such that B4 T =4 A7 and & A T72(r/2) & (B8 b N2,

3. We shall consider real functions f defined in the
open upper half-plane H and we shall introduce the concepts
of directional limit numbers of £ with respect tc a o-ideal J

2

and limit numbers of f with respect to the ¢-ideals J° and

Jf. Those concepts are natural generalizations of qualitétive
limit numbers discussed in the papers [8], [2] and [4].
Let x € R. A real number vy 1is called a limit. number of

f at x in the direction 9 € (0,7) with respect to a c-ideal

J, 1if there exists ¢ > O such that
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hx(L(x,B,r)ﬁf-l((y-er y+e))) £J for each r > O

Moreover the number +®, ( -®) 4is called a limit number of
f at x in the direction 8 with respect to the o-ideal 7,

if there exists a € R such that
hx(L (x.e,r)ﬂf'l((a. +o))) &7, (hx(L(x,G.r)ﬂf'l(( -®,a)) ) £7)

for each r > 0. The set of such limit numbers we shall denote

by C,(f.,x,8).

A real number y is called a limit number of f at x
with respect to the o-ideal !2, (Ji), if for each ¢ > O

and r > O

K (x,r) NE L ((y-c,y+e) €72, (R(x, ) NE Y ((y~€,y+e)) €72)

where K(x,r) denotes the circle with the center x and
radivs r. Moreover +« is called a limit number of £ at
x with respect to the o-ideal 12, (Jf), if for each a ¢ R

and r > O
Kix,r) NE 1 ((a, +®)) €77, (Rix,r) NET((a, +=))gs2)

Similarly we define -« as a limit number of £ at x with
respect to the oc-ideal IZ, (Jf). The set of such limit

numbers we shall denote by C ,(£,x), (C ,(£.,x)).
T 72
%*

The following theorem is similar tc the theorem concerning

essential limit numbers proved in the paper [1].

Theorem 3. Let J be a o-ideal which does not include

nonempty open sets and satisfies the conditions:
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(3) 13.’.*J‘= J‘AI
and

(4) Jz(el) = Jﬁ(ez) for any two directions

8,, 0, € (O,m, 8, ¥ 8,

If £f:H <+ R is a measurable function with respect to the
c-algebra (5 A I)z, then for any direction 8 € (O,w)
sup C!(f,x,e) is a measurable function of x with respect

to the o-algebra & 4 7.

By similar assumption, we can obtain generalizations of
many theorems concerning the qualitative limit numbers. Those

theorems can be found in the works [8], [2], [4].

Theorem 4. Let J be a o-ideal which does not include
nonempty open sets and satisfies conditions (3) and (4). 1If
f:H=2 R is a measurable function with respect to the o-algebra
(8 A 7)2, then for any two directions 8,, 6, € (0,m, 8, # 62

we have

{x € R : sup C!(f,x,el) £ sup Cj(f,x,ezﬁ € T .

Theorem 5. If J is a c-ideal which does not include
nonempty open sets and if f£:H + R is a continuous function,

then for any two directions 91, €, € (o,m, N # 8, the set
{x € R : sup CI(f‘X'el) < inf Cj(f,x,ez)}

is at most denumerable.
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Theorem 6. If J 1is a o-ideal which does not include
nonempty open sets and satisfies conditions (3) and (4). 1If
f:H 4R is a measurable function with respect to the o-

algebra (& A I)z, then for any two directions 8 62 € (o,m,

ll
01 # 62 we have

(x € R:C,(£,%,0)) ~C,(£,x,8,) # g1 €T .

Theorem 7. Let J be a o-ideal which does not include
nonempty open sets and satisfies conditions (3) and (4). 1If
f:H-+R is a measurable function with respect to the o-
algebra (B A I)z and {Gn} is an arbitrary sequence of

directions from the interval (0,7), then

fx € R: N

(f,x,en) = g) €T .
n=1

Cr
Theorem 8. If a o-ideal J does not include nonempty
open sets and if £ :H # R 1is a continuous function, then for

every direction €& € (O,7) and for every x € R

Cpl£.x,8) <€ H(£,%)

Example. There exists a o-ideal J and a continuous

function f :H =+ R such that for some direction 68 € (0O,w)

8 € (0,1

{x € R :Cjz(f,x) 0.4 CJ.(f,x,B)} € J .
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It suffices to take J = {@] and
f(z) = max((Arg z-7/2), 0) for =z € H

It is easy to prove that for & € (0,7/2) and Xy =0 we

have Cjz(f,xo) Z CJ(f,x ,8) .

Theorem 9. If f :H + R 1is an arbitrary function, then

for every x € R

{8 € (0,m :Cy(f,x,e) cc ,(£,x)} = (O,m -A ,

7

where A € T,

The directional limit numbers of f with respect to a

o-ideal J are related to the limit of the function £ at

X with respect to the o-ideal 7.

Let £f:H -+ R, x €R, 8 € (O,r). The real number y is
called theupper limit of £ at x in the direction 8 with

respect to o-ideal J if

(o)

1 for every ¢ > O there is r > O such that

h (L(x,8,0) NE ([y+e,+e))) € 7,

20 for every € > O and for every r > O

hy (L (x,8,5) NE7 ((y ~e.yD)) £ 7

and it will be denoted by J - lim sup f(p).
p¥x,8

The real number vy is called the lower limit of f at

in the direction & with respect to the o-ideal J 1if
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1 for every € > O there is r > C such that

hy (L (x,6,0) NETH((~=,y -e])) €7,

2o for every € > O and for every r > O

h (L(x,8,r) NET([y,y+e))) €7
and it will be denoted by J - lim inf f£(p).
pax,6
The real number y is called the limit of £ at x in
the direction 8 with respect to the o-ideal J 1if

J - lim sup f(p) = J - lim inf £(p) = y
p-x,8 p*x,0

Theorem 10. Let f:H -+ R, 6 € (O,7), X:¥q €R. If the
g-ideal 7 does not include nonempty open sets, then the

following conditions are equivalent:

1° yo =7 - lim £(p) ,
p=x%,8
20 for every ¢ > O there is r > O such that

-1
m&bmqﬁr)—f (Wo—edo+cﬂ) €T .
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