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SUMS OF CONTINUOUS AND DARBOUX
FUNCTIONS

1 Introduction

The class C + D of the real functions that are the sum of a continuous and
a Darboux function has received some atention, [2, 5, 6, 7], due to the fact
that its exact characterization is not known. The results obtained so far
yield comparisons with some classes of functions having generalized Darboux
properties. For instance, one knows that C+D C U, the class of uniform limits
of Darboux functions and the inclusion is strict.

Given an interval I and a set A C R, denote by D*(I, A) the set of all
f : I — R such that range(f) = A and cl(f~(y)) = I for any y € A (we will
frequently omit I from this notation in the case I = R). In their paper [5]
Natkaniec and Kircheim have provided an f € D*(R\Q) such that f € C+D.
The following question arises naturally: characterize those sets A C R such
that D* (I, A) C C+D. Refining the result from [5], we will settle this question.

2 Our result

Clearly any interval (including R or singleton sets) is a solution of the previous
problem. The interesting fact is that there are no other solutions:

Theorem 1 The only sets A C R for which D*(I, A) C C + D are the inter-
vals.

PROOF. Suppose there were a set A, other than an interval, having the
desired property. Then D*(I,A) C U[I]. Since the functions from U[I]
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are characterized (cf. [1]) by the following property: for any subinterval
J C I and every set C of cardinality less than c the set f(J\C) is dense
in [infzesf(z), supzes f(z)], it follows that A is c-dense in co(A), the convex
hull of A.

Indeed, suppose there were an interval (a, b) C co(A) such that card((a, b)N
A) < c. By restricting ourselves to a subinterval of (a,b) we may suppose
that A meets both (—00,a) and (b,00). We will construct a function f €
D* (I, A)\U. There are two cases:

e card(A) =c.
Let ~ be the mod Q equivalence on I. Since card(I/ ~) = c, there is a
bijection f : I/ ~— A. Take f(z) = f(T), where T is the equivalence
class of z. Then f € D*(I,A)\U (to see the second part take C =
£ ((a, ) N A)).

e card(A) < c.

We proceed analogously. Take K C I/ ~ such that card(K) = card(A),
take f: K — A and zo € A\(a,b). Now define _

(1) f(z) = { f@) ifTek,

20 otherwise.

Since either case leads to a contradiction, it follows that A is c-dense in co(A4);
in particular card(A) = c. We will construct (in the hypothesis that A is not
an interval) a function f € D*(I, A)\C +D. The construction is a variation of
the one from [5].

Let M be the family of continuous nowhere constant functions g defined
on intervals, together with their domains. Since any continuous g : J — R
is uniquely determined by its values on J N Q, it follows that card(M) = c,
hence (using the Axiom of Choice) we may well-order M:

(2) M = {(ga, Ia)|e < c}.

Let {U; : i < w} be a countable basis for the Euclidian topology and {z, :
a < c} be a well-ordering of R. We will define the sequences t,; € Ui, yo €
R,pq € 9a(la), 2o € A, for any a < c,and 7 < w, such that:

3) tai =1tp; = (@,1) = (B,7)
(4) tpi € In = 25 + ga(tp,i) # Ve

(5) zp € Io => 25 + gu(2p) # Ya
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(6) Ya — Do € int(co(A))

Note that p, can be constructed simply by the Axiom of Choice. Let a < ¢
and suppose that we have already defined t5,yg, zs for any # < a and any
i < w. Asthe set {8]|3 < a} is at most countable, {ysg—gs(za)|8 < a,z € I}
is at most countable too, hence we may choose zo € A\{yp — g5(za) : B < a}
(for A is uncountable).

Let us now consider the set EP = {z € Is|gs(z) = yp — T} for a fixed
B < a. It is a closed set, and, since gs is nowhere constant, it is a nowhere
dense set. Hence Eq = Uy, EP is a set of the first Baire category.

Fix now i < w and define the set Fo; = {tg;|f < aorf = aandj <
i}. Fq, is at most countable, hence E, U F,; is of the first Baire category.
Therefore we may choose tq; € U;\(EqU Fq,i). Let us finally consider the set
Ko = Upca{zs +9a(ts:) 1 tpi € Ia}U {2 + ga(zp) : zp € Ia}). Kaisat
most countable, hence we may take y, & Ko verifying (6).

Consider «, 8 < ¢ and i < w. We must verify (3)-(5):

(3) This is true because of the way we have chosen t4 ;.

(4) Suppose that tg; € I,.
Case 1 f < a => ya # 25+ 9a(tp,i) (from the way we have chosen y,).
Case 2 f > a = gu(tpi) # Y« — g (from the way we have chosen
tp,i).

(5) Case 1 8 < a=>yq # 23 + ga(zpg) (from the way we have chosen yq).
Case 2 f > a = ga(Ts) # Ya — 2z (from the way we have chosen zg).

Hence (3), (4) and (5) are verified. Now define F : R — R.:

) T(z)— To if £ =t4,; and z, € A for some a < ¢,1 < w,
T za fe=zo¢{tpi:z2p€Ai<w,f<c}

It is clear that range(f) = A. Take f = f|;. Since for any fixed a < c the
set {ta,i}i<w is dense in R, it follows that f € D*(I, A). Let us suppose that
f = g + h with g continuous and h Darboux:

Case 1 g is constant on a subinterval [a,b] C I. It follows that f is Darboux
on [a,b]. But this is false, since f([a,b]) = A, which is not an interval.

Case 2 g is nowhere constant. Then there exists o < ¢ such that I = I,
and g = —g,. We will show that:

(8) Yo € h(1)

(9) Yo € (inf(h(I)), sup(h(I))),



SumMs oF CoNTINUOUS AND DARBOUX FUNCTIONS 845

hence h is not a Darboux function, a contradiction. Indeed, suppose that
Ya = h(z) for some z € I.

Case 1 z=tgsel=1, and zg € A.

Then f(z) = x4, hence g(z) = f(z)—h(z) = 2p—Yo => zp+9a(t5,;i) = Ya,
contradicting (4).

Case2z=z,¢{tgi:zp €A i<w,f<c}

Then f(z) = Zy, SO g(z) = f(z) —h(z) =2y — Yo => Yo = Zy +ga(z»1),
contradicting (5).

Hence (8) holds. Since A is dense in int(co(A)), we may choose v,w €
A, v < Yo — Pa < w. Since py € go(I), we may find s € I such that p, =
9a(s) = —g(s). As f € D*(1, A), we may find a;, b; € I with lim; a; = lim; b; =
s such that f(a;) = v, f(b:) = w. It follows that

(10) li‘mh(ai) =—g(s)+ li’mf(a;) =v—g(s) =v+pa < Yo

(11) li’mh(b,-) =W+ Ppa > Ya,

hence (9) also holds. Since we reached a contradiction, f cannot be in C + D,
so feD*(I,A\(C+D). O

Remark 1 Our proof yields slightly more: for any disconnected uncountable
set A C R dense in its convexr hull there exists f € D*(I, A) such that f|; is
not in C + D for any subinterval I.

Remark 2 QOur result does not follow from the theorem in [5]. That result
implies only that any non-interval set A having the desired property must be of
the first Baire category. But there are sets which are c-dense in R and of the
first Baire category. P. Erdés has given [3] an ezample of an additive subgroup
of R which is of the first Baire category but is not a Lebesgue null set. Such
a subgroup is the required counterexample.
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