
 Real Analysis Exchange
 Vol. 19(2), 1993/94, pp. 616-619

 Krzysztof Ciesielski, Department of Mathematics, West Virginia University,
 Morgantown, WV 26506-6310, (kcies@wvnvms.wvnet.edu)

 ON RANGE OF UNIFORMLY

 ANTISYMMETRIC FUNCTIONS

 Abstract

 In this note it is proved that the range of uniformly antisymmetric
 function must have at least four elements. This generalizes the results
 from [3] and [2] that the range of such function must have at least three
 elements. The problem whether the range of uniformly antisymmetric
 function can be finite remains open.

 For a linear space K C IR over Q a function /: K - ► R is uniformly anti-
 symmetric if for every x G K there exists g(x) G (0, 1) such that

 'f(x - h) - f(x + h)' >g(x)

 for every 0 < h < <?(x), x G K. It is easy to see that f:K Z is uniformly
 antisymmetric if there exists a function g:K - ► (0, 1), called a gage function ,
 such that

 f(x - h) f(x + h )

 for every 0 < h < g(x ), h G K.
 Uniformly antisymmetric functions has been studied by Kostyrko [3], Cie-

 sielski and Larson [2], and Komjáth and Shelah [4]. In [2] it has been proved
 that there exists an uniformly antisymmetric function /:M - ► N. It has
 been also shown there that there is no uniformly antisymmetric function
 /: K - ► {0, 1} for any uncountable linear space K C M over Q, generalizing the
 result form [3]. The main open problem from [2, Problem 1] is whether there
 exists a uniformly antisymmetric function /:M - > M with finite or bounded
 range. In this note we will reformulate this problem in terms of n- coloring of
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 some infinite graphs on M and show that there is no uniformly antisymmetric
 function /: K - » {0, 1, 2} for any uncountable linear space K C M over Q.

 We need some definitions and facts. Let K Clbea linear space over Qã
 For a gage function g:K - > (0, 1) define a graph Gg = (K, Eg) by considering
 K as its set of vertices and defining the set Eg of its edges as the set of
 all unordered pairs {a, 6} from K such that g(x) > 'x - a' = 'x - b' for
 X = (a 4- b) /2. Notice that for B C Z there exists a uniformly antisymmetric
 function f'K - > B with a gage function g if and only if / is a coloring
 of the graph Gg such that no two vertices connected by an edge have the
 same color. In other words, there exists a uniformly antisymmetric function
 f:K - ► {0, 1, . . . , n - 1} with gage g if and only if the graph Gg is n-colorable.

 Since graph Gg is n-colorable if and only if every its finite subgraph is
 n-colorable (see [1]) we conclude the following theorem.

 Theorem 1 For any linear space K C M over Q and any natural number n
 there exists a uniformly antisymmetric function f:K - > {1, 2, . . . ,n} if and
 only if there exists a function g:K - > (0, 1) such that every finite subgraph of
 Gg is n-colorable.

 In particular , there is no uniformly antisymmetric function f:K - ► M with
 finite range if and only if for every g:K - > (0, 1) and every natural number n
 the graph Gg contains a finite subgraph which is not n-colorable. □

 Now, we are ready to prove the following theorem.

 Theorem 2 Let K be an uncountable linear space over Q. If f: K - ► {1, 2, 3}
 then f is not uniformly antisymmetric function.

 Proof. Choose arbitrary gŘ.K -> ( 0,1). By Theorem 1 it is enough to show
 that G g contains finite subgraph which is not 3-colorable. To this order we will
 show that G g contains Ką, i.e., graph with 4 vertices and all possible edges.

 We denote vertices of by A , B , C and D. We will think of this K 4 as
 on 3-dimensional tetrahedron with base formed by vertices A, B and C. (See
 figure.) Let a, 6 and c denote the mid points of intervals (edges) BC , AC
 and AB, respectively. (Thus, in triangle ABC , point a is a center of the side
 opposite to A, etc.) Also, centers of sides AD , BD and CD are denoted by
 a', b' and c', respectively.

 The algebraic relation between these points is given by equations

 A + B = 2c, £ + C = 2a, A + C = 26, (1)

 A + D = 2 a7, B + D = 2b', C + D = 2c'. (2)
 Solving (1) we obtain

 A - - a 4- 6 + c, B - a - b c, C - a -'- b - c. (3)
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 Figure 1: Ką embedded into Gg.

 In particular, to insure that graph generated by triangle ABC is in Gg it is
 enough to make sure that there exists e > 0 such that

 'a - B' = 'b - c' < £, 16 - C' = 'a - c' < e, 'c - A' = 'a - b' < € (4)

 and

 £ < g(a), e < g(b), e < g(c). (5)

 Notice also, that adding each of the equations (1) to an appropriate equation
 from (2) we obtain

 2(d + ď) = 2(6 4" 6') = 2 (c + c') - A Ą- B Ą- C -1- D. (6)

 So, intervals [a, a'], [b,bf] and [c, c'] have a common center. Denote this com-
 mon center by X. Then,

 a' = 2X - a, b' = 2X- b, Ć = 2X - c. (7)

 Let 6 denote the diameter of the set {a, 6, c, a', ó', c'} and notice that, by (2)
 and (3),

 'a' - D' = 'A - a'' = | - a + b + c - a'' < ' - a + b' + 'c - a'' < 26.

 Similarly we can show that 'bf - D' <26 and 'd - D' < 26. Thus, in order to
 insure that edges AD , BD and CD are in Gg it is enough to choose ABC D
 such that

 g(a') > 2¿, g (b') > 26 , g(ć) > 26. (8)
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 Now, we are ready to make the choice of our K'. First, choose d G (0, 1/4)
 and an uncountable S C K such that g[S] C (4 d, 1). Pick X G K such that
 SO(X- d, X+d) is uncountable and define T = {2X-s:s G Sfi(X-d, X+d)}.
 Thus, T C (X - d, X 4- d) is uncountable. Choose uncountable subset T' C T
 and e > 0 such that g[T'] C (£, 1). We can pick a, 6, c G Ti such that a <b <
 c < a+e. Now, from points a, 6, c and X we can reconstruct A , B , C, a', c'
 as described above.

 Edges AB, BC and -AC are in Gg , since a, 6, c satisfy (4) and (5).
 To see that edges AD , and CD are in Gg notice that a', 6', c' G 5,

 i.e., ^(a') > 4d, <7(6') > 4d and g{cf) > Ad. To finish the proof it is enough to
 notice that a, 6, c, a', Ď', c' G (X - d, X + d), i.e., that <5 < 2d, since this implies
 (8). □
 The following questions seems to be intriguing in light of the previous

 theorem.

 Problem 1 Can we embed K$ into Gg for every g:R-+R?

 References

 [1] N. G. de Bruin, P. Erdös, A colour problem for infinite graphs and a
 problem in the theory of relations , Proc. Amer. Math. Soc. 54 (1951),
 371-373.

 [2] K. Ciesielski, L. Larson, Uniformly antisymmetric functions , Real Anal-
 ysis Exch. 19(1) (1993-94), 226-235.

 [31 P. Kostyrko, There is no strongly locally antisymmetńc set , Real Analysis
 Exch. 17(2) (1991-92), 423-425.

 [4] P. Komjáth and S. Shelah, On uniformly antisymmetric functions , Real
 Analysis Exch. 19(1) (1993-94), 218-225.


	Contents
	p. 616
	p. 617
	p. 618
	p. 619

	Issue Table of Contents
	Real Analysis Exchange, Vol. 19, No. 2 (1993-94) pp. 351-662
	Front Matter
	EDITORIAL MESSAGES [pp. 351-351]
	JAN MAŘÍK — OBITUARY [pp. 352-356]
	CONFERENCE ANNOUNCEMENTS: SUMMER SCHOOL ON REAL FUNCTIONS THEORY [pp. 357-357]
	TOPICAL SURVEY
	ADVANCES IN GEOMETRIC INTEGRATION [pp. 358-393]
	CONTINUITY OF MULTIFUNCTIONS [pp. 394-413]
	BEHAVIOR OF CONTINUOUS FUNCTIONS WITH RESPECT TO INTERSECTION PATTERNS [pp. 414-432]

	RESEARCH ARTICLES
	CONVERGENCE THEOREMS FOR APPROXIMATE MEAN CONTINUOUS INTEGRAL [pp. 433-456]
	HAUSDORFF DIMENSION OF THE GRAPHS OF SOME PERTURBED RADEMACHER SERIES [pp. 457-464]
	ON THE SET OF FUNCTIONS POSSESSING THE PROPERTY (TOP) IN THE SPACE OF DARBOUX AND SWIATKOWSKI FUNCTIONS [pp. 465-470]
	THE LATTICE GENERATED BY DERIVATIVES [pp. 471-477]
	SOME REMARKS ON DIFFERENCE SETS OF BERNSTEIN SETS [pp. 478-490]
	CHARACTERIZATIONS OF AC* G∩C, A͟C* G∩Ci, AC AND A͟C FUNCTIONS [pp. 491-509]
	A FIRST RETURN CHARACTERIZATION FOR BAIRE ONE FUNCTIONS [pp. 510-515]
	ON SOME REPRESENTATION OF BOUNDED U.S.C. FUNCTIONS [pp. 516-520]
	A – SETS [pp. 521-528]
	ON THE POINTS OF BILATERAL QUASICONTINUITY OF FUNCTIONS [pp. 529-536]
	BÔCHER'S THEOREM IN ℝ² AND CARATHÉODORY'S INEQUALITY [pp. 537-539]
	TWO-DIMENSIONAL PARTITIONS [pp. 540-546]
	ON CONTINUOUS AND QUASI-CONTINUOUS FUNCTIONS [pp. 547-563]

	INROADS
	CONCERNING FUNCTIONS WITH A PERFECT ROAD [pp. 564-570]
	CLOSED MAPPINGS [pp. 571-574]
	A NOTE ON THE O'MALLEY DENSITY PROPERTY [pp. 575-578]
	A FUNDAMENTAL LEMMA FOR MONOTONICITY [pp. 579-588]
	ON FUNCTIONS HAVING THE PROPERTY OF BAIRE [pp. 589-597]
	ON THE INVERSE MULTIFUNCTION [pp. 598-603]
	THE RIGHT-HAND DERIVATIVE OF A CERTAIN INTEGRAL FUNCTION [pp. 604-607]
	ON THE EXISTENCE OF FUNDAMENTAL REPRESENTATIVES OF CYCLIC PERMUTATIONS IN MAPS OF AN INTERVAL [pp. 608-611]
	NO b-CONCENTRATED MEAUSRES WITH b < 1.01 [pp. 612-615]
	ON RANGE OF UNIFORMLY ANTISYMMETRIC FUNCTIONS [pp. 616-619]
	AN OPEN SET WITH INTERMEDIATE YET SMOOTH MEASURE [pp. 620-624]
	HAUSDORFF MEASURES OF SETS WHICH INTERSECT SUFFICIENTLY MANY LINEAR SUBSPACES [pp. 625-638]
	REPAIRING THE PROOF OF A CLASSICAL DIFFERENTIATION RESULT [pp. 639-643]
	RECTANGULAR AND ITERATED CONVERGENCE OF MULTIPLE TRIGONOMETRIC SERIES [pp. 644-650]
	A NOTE ON FUNCTIONS DETERMINED BY DENSE SETS [pp. 651-655]
	A POTENTIAL THEORETIC PROOF OF AN INEQUALITY OF C. D. CUTLER AND L. OLSEN [pp. 656-659]
	ON HBV AND THE GARSIA-SAWYER CLASS [pp. 660-662]

	Back Matter



