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A NOTE ON ABSOLUTE SUMMABILITY
METHODS

In this paper a generalization of a theorem of Bor [2] has been proved.

1. Introduction

Let Ya, be a given infinite series with partial sums s,, and v, = na,. By
28 and tg we denote the nth Cesard means of order a (@ > —1) of the
sequences (s,) and (u,), respectively. The series Xa, is said to be summable
IC,alk, k>1,if (see [4])

[=<]

En"'llz,‘,’ —22_,|* < oo (1.1)

n=1
But since t2 = n(23 — 22_,) (see [5]), condition (1.1) can also be written as
— 1
E;It‘;l" < co. (1.2)

n=1

Let (pn) be a sequence of positive real constants such that

n
Pn=zpu—>oo as n — 0o, (P_,-:p_,-zo, ,’21)_ (].3)

v=0

The sequence-to-sequence transformation

Tn = —Ep.,s., (1.4)
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defines the sequence (T,) of the (N, p,) means of the sequence (s, ), generated
by the sequence of coefficients (p,). The series Ta, is said to be summable
[N, pale, k> 1,if (see [1])

[e¢]
Y (Pa/pa)* ATy ¥ < oo, (1.5)
n=1
where
ATny = - P" IZP 18y, (n>1). (1.6)

In the special case when p, = 1 for all values of n (resp. k = 1), IN, Pnlk
summability is the same as |C, 1|i (resp. |N, pn|) summability.

2.

It is known that the summability |N,p,|r and summability |C,a|; are, in
general, independent of each other. For a = 1, Bor [2] has established a
relation between the | N, p, | and |C, 1|x summability methods by proving the
following theorem.

Theorem 2.1 Let (p,) be a sequence of positive real constants such that as
n — oo
npp X P, (that is np,O(P,) and P, = O(np,)). (2.1)

If La, is summable |N, p, |, then it is also summable |C,1|i, k > 1.

Notice that, to see the hypothesis (2.1) in Theorem 2.1 is satisfied by at
least one p, # 1, it is sufficient to take p, = n for all values of n.

In the present paper we shall prove the following theorem, which is a
generalization of Theorem 2.1.

Theorem 2.2 Let (p,) be a sequence of positive real constants such thal con-
dition (2.1) of Theorem 2.1 is satisfied and let (T,) be the (N, p,) mean of the
series La,. If

o0
> (Pa/pa)= -1 AT,y |* < co. (2.2)
n=1

then the series Ta,, is summable |C,alk, k> 1, 0<a < 1.

It should be noted that if we take @ = 1 in this theorem, then we get
Theorem 2.1.
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3.
We need the following lemma for the proof of our theorem.

Lemma 3.1 . See ([3]). Ifa > -1 and a— 3> 0, then

o 48
PR T . (3.1)
n=v nA" vAy
where
_(a+1)(a+2)...(e+n) _ n® a_ a _
o _F(a+1),Ao_landA__,,—Oforn>0.

(3.2)

4. Proof of Theorem 2.2

Let t2 be the nth (C, a) mean of the sequence (na,), where 0 < @ < 1. Then
we have

ZA,,_,,va.,, (4.1)

ﬂu_

where AZ is as in (3.2). By (1.6), we have

an= 2T, 4 Dr2aT, . (4.2)
Pn DPn-1
Hence
n
R = "17; A:::v(_&ATu 1+Pv-2ATu-2)
noy=1 p Dy-1
1 X P, nP,
= — —V)ATYYAT, - —2 AT,
An =1( ) n—upv 1 pnA,? n-1
n
=3 A;‘::,‘,P" 2AT,
” v=1
1 n-1
—_ " -1 v
= - A — AT,_ 1+Z;(—v)Aﬁ_, AT,

+— E(v +1)A2-! | ”"AT.,_l
v

”01
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— AT,
= —nP"aATn_1+LaZ v- 1( vP, ASZY 4 (v+ )AL P,_y).
pnA“ A"‘ v=1

Since
—0P, AZZ 4 (v4+1)Py 1 ASZ)_ = 0P, AASZ  —up, ASZ)_ 4+ P,_1A%TE_ |,

we have

@ = _ nP,

P,y sa-1
n poAe A1~ 4o Z S AATTIAT,

n y=1

Aa
ny=1 noy=1

1 n-1 l ﬂ-—lP 1
- = waszl IATV-1+74;Z ; AT AT,

= {5 +tRHtg s+ 4, say.

To prove the theorem, by Minkowski’s inequality, it is sufficient to show that

(e o]
Z % ¢ |¥< oo, forr=1,2,3,4, by (1.2). (4.3)
Firstly, we have
m 1 m
Z —ltgalt = D et (Pa/pa) (A AT
n=1 n=1

= 0(1) i n*=Y(Pa/pa)* n= AT, |*

n=1

= 0(1) i(Pn/pn)(’-")"-’lATn_m =0(1)

n=1
as m — oo, by virtue of the hypotheses.
Now, when k > 1, applying Hélder’s inequality, with indices k¥ and &,
where } + & =1, we get

m41 m41 k
2 ;ltg""lk <Y A n(Aa)k (Z” AAnT |ATv—l|)
n=1 e
n-1 R net k-1
m+1 (E”k (FP:‘) |AAsZ| |ATu-1|") (ZIAAﬁ:H)
= 0(1) E v=l e v=1

n=2



A NOTE ON ABSOLUTE SUMMABILITY METHODS 541

n-1 k-1
m+1 (Ev ( ) (11 - v)" 2IAT., lll) (Z(n - v)a-z)
= 0(1) 2 v=l e v=1

m+1 a-—
= 0(1)2 ( ) AT, oF ) % when (0 < a < 1)

n=v+41
m+1

- O(I)Zv"-“ (2 ) AT S (n—v)*-?

n=v+l
= 0(1)2 k-ok- 1(5) |AT, 4|5,

Thus when 0 < a < 1, we have

m+1 1 m
> oltaalt =0(1) Y J(P/po)C=*HAT, o[ = 0(1) as m — oo,
n=2 v=1

by virtue of the hypotheses.

Remark 1 It should be noted that when a = 1, the summation equals zero as

AASY =0,

Again using Lemma 3.1, we get

m+1 mil n-1 k
> ~lta fF <) n(A2)F {Z vARZ, 1 |AT: —ll}
n=2 n=2 n v=1

m+1 n-1 k
—_ a-1
= O(I)Z n(Aa)k {Z"An— |AT, - 1'}
m+1 1 n-1 n— IAC' 1 k-1
- o3 L B wamnan ) {5421
n

n=2 v=1 v=1
m+1
1 -
= o)) Agz vFAZTY AT,y |F
n=2 v=1

m+1 a-1

AnZ
= O(I)kalATu_llk Z -r-{;-{a—”
n

v=1 n=v+l
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m 1
—_ k k_
= 0(1)2_:11 AT, .

Since 1 —a > 0 and k > 0, we have all=®)* < p(1-2)k Hence as in 13, we
get

m+1 1 m
Z—It sl = oMY vHAT,,
n=2 v=1
m
= 0(1)) vl k|AT, ) |F
v=1

m
0(1) Y (Po/py) 3= #}AT, 1 |* = O(1) as m — oo,

v=1

by virtue of the hypotheses.
Finally, we have

m+1 Ita Ik m+1 1 n-1 P k
n,4 v-1 -1

2 : Ind’ z _ ASZ, _1|AT, -
n n=2 n(Ag)k Pv no ll ll

<
n=2 v=1
m+1 n-1 k
1 Pv 1 P -
= A" AT,
3 v (5 peasaan)

m+1

_ k
= 0(1)2 (Aa)k (E A°-‘|AT,,_,|)

k-1
- - AR,
m+1 (E?:f (;,’3") ANZUAT,- 1I") (Zuf 7:')
= 0(1)2 nA2
n=2 “'n

m+1 1 Pv
= oY (EZ(W) A::tlATu-II*)
m+1 a-1
A

= L (Pp AT S A
v=1 "

n=v+l

= O() Y (P/p ) IATucs 1,
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by the lemma. Hence, as in tj 35, we have

m+1 m
Z %|t§’4|’° = 0(1)Z(Pv/l’u)k|ATo_1I"v("°’)"v"
n=2 v=1

= 0(1)) (Py/p,)?=%-1|AT, _,|*

v=1

= 0O(1) asm — co.

by virtue of the hypotheses. Therefore, we get that

™Ms
3|

te |¥*=0(1) as m — o0, for r=1,2,34.

n=1

H

This completes the proof of the theorem.
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