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Paradoxical Decompositions Using
Lipschitz Functions !

Let Gi denote the group of isometries of IR*. Sets A, B C R* are called
equidecomposable, if there are partitions A = A;U...UA,, B= B,U...UB,
and isometries fi,..., f, € Gk such that f;(4;) = B; (: = 1,...,n). By
a well-known theorem of S. Banach and A. Tarski [2], any two bounded
sets in IR* (k > 3) with non-empty interior are equidecomposable. In R?
such a paradox does not exist [1]. Still, paradoxical sets do exist in IRZ.
S. Mazurkiewicz and W. Sierpiniski showed in [4] that there is a non-empty
set A C IR? which can be decomposed into two disjoint subsets congruent to
A. Sierpinski later showed that such a paradox does not exist in IR. Moreover,
no set A C IR can be partitioned into two subsets which are equidecomposable
to A (see [5], p. 56). In spite of this fact that paradoxical sets do not exist
in IR if only isometries are used, there are paradoxical decompositions in IR
which use Lipschitz functions (in particular, contractions.) This talk presents
some recent results and open problems concerning this type of decomposition.
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1A more complete summary of this talk is in the Inroads section of this issue.
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