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 THROW I ¡»G A DART AT FREILING'S ARGUMENT AGAINST

 THE CONTINUUM HYPOTHESIS

 In his article "Axioms of Symmetry: Throwina Darts at

 the Real Number Line." Frei ling [3 J purports to "give a
 simple philosophical 'proof' of the negation of Cantor's

 continuum hypothesis (CH)." The purpose of the present note

 is to show mathematically why Frei ling 's argument is not

 persuasive.

 Frei ling proceeds as follows in his case against CH:

 "Suppose we were to throw a random dart at the real

 number line (i.e., the interval £o,lļ ) and ask whether the
 dart landed on a rational number. The outcome is, of course,

 predictable. '.Je could say in advance that the dart will

 (with probability one) land on an irrational number. Further-

 more, let us agree that the reason does not depend on any

 particular property of the set of rational numbers except

 that it is countable and its members are determined before

 we make our throw.

 "Now suppose we were to throw two random darts and

 ask whether the second dart was a rational multiple of the

 first one. The answer would likewise be no, since by the

 time we throw tne second dart there are only countably many
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 points which it has to miss, and irembership in this countable

 set is predetermined by the first dart.

 "Suppose then that we have a function f: R

 (i.e., f assigns to each real a countable set of reals).

 The second dart will not be in the countable set assigned to

 the first dart. Nov/, by the symmetry of the situation (the

 real number line does not really know which dart was thrown

 first or second), we could also say that the first dart will

 not be in the set assigned to the second one. This leads us

 to the following natural proposition:

 Aa . Vf: (3 X X )x 4f(x ) A* ),
 tfo 1 2 2 1 1 2

 the intuition being that x and x could be found by
 1 2

 independently throwing two random darts."

 Freiling then proves that is equivalent to

 - ' CH. We shall return to this, but we note that he also

 considers, among others, the following propositions (in the

 second of which "null" refers to Lebesaue measure zero) from

 which he derives what could again be considered surprising

 conclusions:

 A . Vf: R^R ... Ox x )x <£f(x ) t' x ¿ f(x ),
 <2>' <2** ... 12 2 1 12

 A . Vf: R-^R 0x x )x <¿f(x)/'x ¿f(x).
 null null 12 1 2 2 r 1

 In each of these propositions, the set that the

 thrown dart has to miss is small in some cardinal or

 measure-theoretic sense and that is avowedly all that Frei linn

 bases his probability argument and intuition upon.
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 Consider nov; the follov/ino proposition, in which

 n.d." stands for "nowhere dense":

 A Vf: R-^R ( ~ 3 x x )x ķ- f(x ) A x <¿ f(x ).
 n.d. n.d. ~ 1 2 2 ' 1 l' 2

 If, for example, v/e consider a countable nowhere dense set,

 then such a set is just as snail in a cardinal sense as the

 set of rational numbers, and if Frei ling* s intuition is correct,

 we should expect a starti inn conclusion to follow from A
 n.d.

 But no such conclusion is forthcoming, because A is true:
 n.d.

 it expresses a theorem in the theory of independent sets ¡jf] ,
 namely, that if the "picture" associated with every real x is

 a nowhere dense set, then there exists an independent pair;

 in fact, there is not only an independent pair, but indeed a

 countable independent set [Y] » and even an everywhere dense

 independent set .

 VJherein lies the fallacy? It is in asking us to

 "agree that the reason does not depend on any particular

 property of the set of rational numbers except that it is

 countable, "for it is precisely the distribution of the rational

 numbers in the unit interval that is decisive: replace the

 set of rational numbers with a countable nowhere dense set,

 and there is no case against CH.

 Intuition and probability arguments can be pitfalls,

 especially in set theory.

 344



 REFERENCES

 [lļ BAGEMIHL , The existence of an everywhere dense

 independent set, Michigan Mathematical Journal, vol. 20 (1973),

 pp. 1-2.

 'z' ERDOS, Some remarks on set theory III, Michigan

 Mathematical Journal, vol. 2 (1954), pp. 51-57.

 ļVļ FREILING, Axioms of symmetry: throwing darts at

 the real number line, The Journal of Symbolic Logic, vol.51

 (1986) , pp. 190-200.

 Received February /5, 1989

 o /. c


	Contents
	p. 342
	p. 343
	p. 344
	p. [345]

	Issue Table of Contents
	Real Analysis Exchange, Vol. 15, No. 1 (1989-90) pp. 1-418
	Front Matter
	CONFERENCE ANNOUNCEMENTS [pp. 4-4]
	PROCEEDINGS OF THE THIRTEENTH SYMPOSIUM
	THE THIRTEENTH SUMMER SYMPOSIUM ON REAL ANALYSIS [pp. 6-9]
	Density Continuous Functions [pp. 10-12]
	I-density Continuous Functions [pp. 13-15]
	Concerning Two Properties of Connectivity Functions [pp. 16-20]
	Fractional Hadamard Powers of Positive Definite Matrices [pp. 21-25]
	Restriction and Intersection Theorems in Real Analysis [pp. 26-29]
	ON A CERTAIN CONVERSE OF HÖLDER'S INEQUALITY FOR LORENTZ SPACES [pp. 30-32]
	Approximating Hausdorff Measures [pp. 33-34]
	Remarks on Laczkovich's Circle-Squaring Proof [pp. 35-43]
	BOLYAI-GERWIEN THEOREM AND HILBERT'S THIRD PROBLEM [pp. 44-46]
	Lifting: the connection between functional representations of vector lattices (summary) [pp. 47-48]
	SYMMETRIC DERIVATIVES AND SYMMETRIC INTEGRALS [pp. 49-61]
	LIMITS UNDER THE INTEGRAL SIGN [pp. 62-64]
	MEASURABLE DARBOUX FUNCTIONS [pp. 65-66]
	Pitt's dimensionless Cantor set Don Spear [pp. 67-69]
	BOREL MEASURABLE SELECTIONS AND APPLICATIONS OF THE BOUNDEDNESS PRINCIPLE [pp. 70-92]
	"A Lower Bound for the Packing Measure which is a Multiple of the Hausdorff Measure" [pp. 93-95]
	THE ω-LIMIT SETS FOR SELF MAPS OF AN INTERVAL [pp. 96-101]
	RADIAL CLUSTER SET AND INTERPOLATION [pp. 102-105]
	Change of variable in the semigroup valued refinement integral [pp. 106-110]

	RESEARCH ARTICLES
	A MULTIDIMENSIONAL VARIATIONAL INTEGRAL AND ITS EXTENSIONS [pp. 111-169]
	INTERSECTION CONDITIONS FOR SOME DENSITY AND I-DENSITY LOCAL SYSTEMS [pp. 170-192]
	VARIATIONS ON PRODUCTS AND QUOTIENTS OF DARBOUX FUNCTIONS [pp. 193-202]
	THE CHI FUNCTIONS IN GENERALIZED SUMMABILITY [pp. 203-215]
	THE SEMI-BOREL CLASSIFICATION OF THE EXTREME PATH DERIVATIVES [pp. 216-238]
	Differentiability and Density Continuity [pp. 239-247]
	Separate and Joint Continuity II [pp. 248-258]
	ON THE EQUIVALENCE OF HENSTOCK-KURZWEL AND RESTRICTED DENJOY NTEGRALS IN Rn [pp. 259-268]
	Some Higher Dimensional Marcinkiewicz Theorems [pp. 269-274]
	SPECTRAL RADIUS OF NONSINGULAR TRANSFORMATIONS [pp. 275-281]
	POROUS SETS AND ADDITIVITY OF LEBESGUE MEASURE [pp. 282-298]
	Functions with all singular sets of Hausdorff dimension bigger than one [pp. 299-306]

	INROADS
	ON THE DANIÉLL INTEGRAL [pp. 307-312]
	WEIGHTED SYMMETRIC FUNCTIONS [pp. 313-323]
	CONVERGENCE THEOREMS FOR THE VARIATIONS INTEGRAL [pp. 324-332]
	A CHARACTERIZATION OF NON-ATOMIC PROBABILITIES ON [0,1] WITH NOWHERE DENSE SUPPORTS [pp. 333-336]
	ON DISCONTINUITY POINTS FOR CLOSED GRAPH FUNCTIONS [pp. 337-339]
	An Answer to a Question of R.G. Gibson and F. Roush [pp. 340-341]
	THROWING A DART AT FREILING'S ARGUMENT AGAINST THE CONTINUUM HYPOTHESIS [pp. 342-345]
	SOME SYMMETRIC COVERING LEMMAS [pp. 346-383]
	A REMARK ON ABSOLUTELY CONTINUOUS FUNCTIONS [pp. 384-385]
	ANOTHER PROOF OF THE MEASURABILITY OF δ FOR THE GENERALIZED RIEMANN INTEGRAL [pp. 386-389]
	THE RADON-NIKODYM DERIVATIVE IN EUCLIDEAN SPACES [pp. 390-396]
	A DESCRIPTIVE CHARACTERIZATION OF THE GENERALIZED RIEMANN INTEGRAL [pp. 397-400]
	MARTINGALE PROOF OF THE EXISTENCE OF LEBESGUE POINTS [pp. 401-406]
	ON EXTREMAL VALUES OF CONTINUOUS MONOTONE FUNCTIONS [pp. 407-409]
	NOTE ON POINT SET THEORY [pp. 410-412]
	UNPUBLISHED RESULTS OF K. PEKÁR AND H. ZLONICKÁ ON PREPONDERANT DERIVATIVES AND M₄ - SETS [pp. 413-418]

	Back Matter



