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There are many papers and monographs devoted to the maximum
principle for soluéions of partial differential equations (pdes) or
systems of pdes (see for example [PW], [Sp]). If a system of pdes 1is
linear, then, in some cases, a nice geometric interpretation of the
maximum principle can be given. The purpose of the talk is to give
somé properties, from the maximum principle point of view, of solu-

tions of a linear pde in two or three real variables.

Formulation of problems. Let M be a smooth, paracompact,

separable manifold, dim'R ﬁ = m, -wi;h a distinguished & - dimensio-
nal complex subbundle H of CT(M). In the following we assume that
the bundle H 1is formally integrable, i.e. is closed with respect
to the Poisson bracket.

Denote by SH the space of smooth functions u on M annihi-

lated by all sections of the bundle, which means, in local coordina-

tes (xi,...,xm) on U, U < M, that u satisfies the system

*) A summary of the talk given during the lOt:h Summer Symposium
in Real'Analjsis, The University of British Colﬁmbia, Vancouver,

Canada, July 27 - 30, 1986.
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du Ju _ -
Lo(u = adl(x)§§z(x) + ... + adm(x)s}—‘;(x) = 0, o { '1,...,1, xe U,

where L X = 1,...,1, are independent sections of H over U,

d b

and (x) are complex - valued smooth functions on U.

wp T
One of the main frequently required properties of solutions
to such a system is the maximum principle. Of course the maximum
principle is not true for functions from SH , without additional
assumptions on H. Some cases are well - known. For instance if H
is a complex structure on M, or if (M,H) 1is an embeddeﬁ into ¢€°
4 - concave CR manifold, but the general situation seems to be

difficult.

Now we formulate the following problems.

Problem 4. What conditions on H ensure that any function

u €& SH satisfies the maximum principle?
Problem 2. Under what conditions on H does there exist a
constant C S.CH such that for any uw€ S n Li(M)
“a.bH |u(p)| 5; C g |u|dE ,
M

1

where d6 1is a volume element on (M and L (M) 1is the space of

integrable functions on M.

The property (1.4) is stronger than the maximum principle

for functions from SHn Li(M)., If the volume of M 1is finite, then

(1.1) gi?es also

1/,

1.2) Ju(p)] s; T ¢ Slulz dv) for SHr\Lz(M),_
M

the inequality which is needed in the Bergman - Szegl type theory for

CR functions, see [%] 104



In general it is too much to require the maximum principle or
the property given in Problem 2. Very simple example can be giveq
(e.g. a one dimensional bundle H over U<:R3) that these proper-
ties fail. However for some type of linear pdes in three variables
a nice necessary and sufficient condition for the maximum principle
for solutions was given by Hill [H].

Sometimes it is more natural to ask the following:

Problem 3. Under what conditions on H and M does there

exist for an arbitrary compact submanifold N ¢ M of real dimension

m - 24 a constant C = CN such that
(1.3) u dw <: C glu[ds u € S~ Li(M)
\. b H b
N M

where dw 1s a volume element on N generated by d6 .

The last property is a type of maximum principle for the function

S u dw where N varies in M. This property does not seem to be
N

trivial.

The case of a linear pde in two variables.

(1) Let L = ai(x)égi + az(x)gg- y, X € U C Rz, be a vector
2

field on a domain U, where ay , a, are smooth complex - valued
functions. If L, L are linearly independent at each pe€U, then
the maximum principle and inequality (4.4) hold for solutions

of Lu = 0.

(2) Take M, = a% + 1t 2 , (t,x)éRz, k 0,4,2,...



For théese operators the maximum principle fails fdr)odd integers k

and holds for even integers k.

The case of a linear pde in three variables. Let M be a

domain in RB, N 1is a Jordan curve 1lying in M and the bundle H

is generated by a complex vector field L of the form

= =l 2 2 R>
L li(")§x_1" + lz(x)axz + ks(x)axB. , X € MCR’,

where Xd are smooth comﬁlex - valued functions. The maximum principle
for solutions of Lu = 0 in general fails. Under some additional
assumptions on L the inequality (4.3) holds for some curves N,
i.e. the average of solutions of ©Lu = 0 over N can be estimated

by a volume integral over a neighborhood of N (for details see [Di])'
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