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 There are many papers and monographs devoted to the maximum

 principle for solutions of partial differential equations (pdes) or

 systems of pdes (see for example [PW], [ S p ] ) - If a system of pdes is

 linear, then, in some cases, a nice geometric interpretation of the

 maximum principle can be given. The purpose of the talk is to give

 some properties, from the maximum principle point of view, of solu-

 tions of a linear pde in two or three real variables.

 Formulation of problems. Let M be a smooth, paracompact,

 separable manifold, ^111^ M ■ m, with a distinguished X - dimensio-
 nal complex subbundle H of CT(M). In the following we assume that

 the bundle H is formally integrable, i.e. is closed with respect

 to the Poisson bracket.

 Denote by S„ the space of smooth functions u on M annihi-

 lated by all sections of the bundle, which means, in local coordina-

 tes (x^,...,x ) on U, U c M, that u satisfies the system

 £ tl
 *) A summary of the talk given, during the 10 Summer Symposium

 in Real Analysis, The University of British Columbia, Vancouver,

 Canada, July 27 - 30, 1986.
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 L^u - a^i (x)ij- (x) + ••• + ao<m^x^lj" = 0 , o< = 1,...,JL, xsU,
 1 m

 where , oL * 1,...,A, are independent sections of H over U,

 and a. 3 a^fl(x) are complex - valued smooth functions on U.
 r r

 One of the main frequently required properties of solutions

 to such a system is the maximum principle. Of course the maximum

 principle is not true for functions from S , without additional ri

 assumptions on H. Some cases are well - known. For instance if H

 is a complex structure on M, or if (M,H) is an embedded into <En

 1 - concave CR manifold, but the general situation seems to be

 difficult.

 Now we formulate the following problems.

 Problem 1. What conditions on H ensure that any function

 u £ S„ satisfies the maximum principle?
 £1

 Problem 2. Under what conditions on H does there exist a

 1
 constant C » C„ such that for any u€ S„n L (M) n H

 (l'i) ļ u. ( p ) ļ ^ C J ļ u ļ d S' ,
 M

 i
 where d6" is a volume element on .M and L (M) is the space a-f

 integrable functions on M.

 The property (1.1) is stronger than the maximum principle
 1

 for functions from SH^L (M) . . If the volume of M is finite, then
 (1.1) gives also

 f 1/
 (4- • 2 ) |u(p)| ^ C ( ^|u|2 dV) 2 for SHr>L2(M),

 M

 the inequality which is needed in the Bergman - Szegö type theory for

 CR functions, see [Û,] 104



 In general it is too much to require the maximum principle or

 the property given in Problem 2. Very simple example can be given
 3

 (e.g. a one dimensional bundle H over U C IR ) that these proper-

 ties fail. However for some type of linear pdes in three variables

 a nice necessary and sufficient condition for the maximum principle

 for solutions was given by Hill [H] .

 Sometimes it is more natural to ask the following:

 Problem 3. Under what conditions on H and M does there

 exist for an arbitrary compact submanifold N C M of real dimension

 m - 2flL a constant C ■ C„ such that
 N

 (1.3) ^ u dw ^ C ^ |u| dff , u£SHnL1(M),
 N M

 where doJ is a volume element on N generated by dS .

 The last property is a type of maximum principle for the function

 ^ u dcJ where N varies in M. This property does not seem to be
 N

 trivial .

 The case of a linear pde in two variables.

 (1) Let L = al^x^5x"" + a2^X^3x~" ' x € U C IR^ , be a vector

 field on a domain U, where a^ , a ^ are smooth complex - valued
 functions. If L, L are linearly independent at each p€U, then

 the maximum principle and inequality (1.1) hold for solutions

 of Lu » 0.

 (2) Take Mfc= ^ + itk ^ , (t,x)€R2, k = 0,1,2,... .
 105



 For thèse operators the maximum principle fails for, odd integers k

 and holds for even integers k.

 The case of a linear pde in three variables. Let M be a

 3
 domain in (R , N is a Jordan curve lying in M and the bundle H

 is generated by a complex vector field L of the form

 L * V*>ãt[. + +
 where are smooth complex - valued functions. The maximum principle

 for solutions of Lu » 0 in general fails. Under some additional

 assumptions on L the inequality (1.3) holds for some curves N,

 i.e. the average of solutions of Lu » 0 over N can be estimated

 by a volume integral over a neighborhood of N (for details see [D^]).

 [D^] R. Dwilewicz, Some remarks on maximum type principles for
 solutions of linear pdes in two and three variables.

 Preprint #1403, Centre de recherches mathématiques,

 Université de Montréal, (1986).

 [ D 2 3 R« Dwilewicz, Bergman - Szegtf type theory for CŘ structures.
 Preprint of thé Centre de recherches mathématiques, Université

 de Montréal (August 1986) .

 3
 [H] C.D. Hill, A PDE in IR with strange behavior. Indiana

 Univ. Math. J. 22 (1972), 415 - 417.

 [PW] M..H. Protter and H.F. Weinberger, Maximum principles, in diffe-

 rential equations. Prentice -r Hall, Englewood Cliffs, N.J., 196'

 [Sp] R. S.perb, Maximum principles and their applications. Math, in

 Science and Engineering, vol. 157, Acad. Press, New York 1981.

 106


	Contents
	p. 103
	p. 104
	p. 105
	p. 106

	Issue Table of Contents
	Real Analysis Exchange, Vol. 12, No. 1 (1986-87) pp. 1-393
	Front Matter
	CONFERENCE ANNOUNCEMENTS [pp. 4-4]
	PROCEEDINGS OF THE TENTH SYMPOSIUM
	THE TENTH SUMMER REAL ANALYSIS SYMPOSIUM JULY 27 - 30, 1986, UNIVERSITY OF BRITISH COLUMBIA [pp. 5-9]
	SOME ASPECTS OF DYNAMICAL BEHAVIOR OF MAPS OF AN INTERVAL [pp. 10-33]
	Recent Developments in Fourier Analysis and Generalized Bounded Variation [pp. 34-41]
	ON THE FUNDAMENTAL THEOREM OF CALCULUS [pp. 42-42]
	EXTREME POINT MULTIFUNCTIONS AND A GENERALIZED RADON-NIKODYM THEOREM [pp. 43-54]
	INTEGRATION IN FUNCTION SPACES [pp. 55-58]
	Generalized Integrals in the Theory of Trigonometric, Haar, and Walsh Series [pp. 59-62]
	ITERATES FOR A RESIDUAL CLASS OF FUNCTIONS [pp. 63-66]
	CHARACTERISTIC FUNCTIONS THAT ARE PRODUCTS OF DERIVATIVES [pp. 67-68]
	CLASSICAL PROBLEMS IN ANALYSIS AND NEW INTEGRALS [pp. 69-84]
	CONCERNING EXTENDABLE CONNECTIVITY FUNCTIONS, A CONTINUATION [pp. 85-93]
	Limits under the integral sign [pp. 94-96]
	Chaotic Behavior and Equicontinuity of Iterates of an Interval Map [pp. 97-99]
	Generalized Riemann Complete Integrals [pp. 100-102]
	Integral inequalities for solutions of some partial differential equations [pp. 103-106]
	Generalized Riemann Derivatives [pp. 107-112]
	CONVERGENCE THEOREMS IN INTEGRATION THEORY [pp. 113-117]
	DERIVATION BASES AND THE HAUSDORFF MEASURE [pp. 118-120]
	Monotonicity and the Approximate Symmetric Derivative [pp. 121-123]
	ON CONVEXITY [pp. 124-125]
	BANACH ALGEBRAS OF FUNCTIONS HAVING GENERALIZED BOUNDED VARIATION [pp. 126-134]
	Generalizations of bounded variation for 1 ≤ p < ∞ and k ≥ 1 [pp. 135-141]
	Functional analysis and generalized integrals [pp. 142-142]

	Letter to those interested in σ-porous sets [pp. 143-143]
	TOPICAL SURVEY
	A CONCEPT OF DIFFERENTIAL BASED ON VARIATIONAL EQUIVALENCE UNDER GENERALIZED RIEMANN INTEGRATION [pp. 144-175]

	RESEARCH ARTICLES
	Perfect level sets in many directions [pp. 176-179]
	A General Approach Leading To Typical Results [pp. 180-204]
	THE SINGULARITY OF EXTREMAL MEASURES [pp. 205-215]
	Borel measurability of extreme path derivatives [pp. 216-246]
	THE LATTICE GENERATED BY DIFFERENTIABLE FUNCTIONS [pp. 247-251]
	ON A RESULT OF S. KUREPA [pp. 252-264]
	D# Derivation Basis and the Lebesgue-Stieltjes Integral [pp. 265-281]
	LENGTHS OF RECTIFIABLE CURVES IN 2-SPACE [pp. 282-293]
	SOME REMARKS ON DIFFERENTIAL EQUIVALENCE [pp. 294-312]
	POROSITY, I-DENSITY TOPOLOGY AND ABSTRACT DENSITY TOPOLOGIES [pp. 313-326]
	LEBESGUE POINTS OF FRACTIONAL INTEGRALS [pp. 327-336]
	L-POINTS OF TYPICAL FUNCTIONS IN THE ZAHORSKI CLASSES [pp. 337-348]
	Construction of a finite Borel measure with σ-porous sets as null sets [pp. 349-353]

	INROADS
	DERIVATIVES OF TYPE 1 [pp. 354-360]
	ON A THEOREM OF SHIZUO KAKUTANI [pp. 361-365]
	Generalized Differentiation and Summability [pp. 366-371]
	THE RESTRICTIONS OF A CONNECTIVITY FUNCTION ARE NICE BUT NOT THAT NICE [pp. 372-376]
	ON THE GENERAL THEORY OF POINT SETS, II [pp. 377-386]
	SOME REMARKS ON CATEGORY PROJECTIONS OF PLANAR SETS [pp. 387-392]

	QUERIES [pp. 393-393]
	Back Matter



