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BILINEAR INTEGRATION OF AN EXTREME POINT MULTIFUNCTION

By using a generalized theorem of Lebesgue-Nikodym, we show that under
suitable restrictions the bilinear integrals of a multifunction and the
corresponding extreme point multifunction are equal. Examples are given
showing that the hypotheses of the main theorems cannot be weakened.

1. INTRODUCTION

Various developments in mathematical economics, control theory and
statistics have led to the study of measurable and integrable multifunc-
tions. A beginning of what might be called a calculus of multifunctions
can be found in R.J. Aumann's influential paper [2]. The integration of
multifunctions has been studied extensively in recent years by numerous
authors. The foundations were laid by R.J. Aumann [2], C. Castaing [7],

G. Debreu [10], K. Kuratowski and C. Ryll-Nardzewski [19], C. Olech [20],
A. Plis [22], and others. C. Castaing [8] and C.J. Himmelberg and

F.S. van Vleck [16] showed that under suitable restrictions the measura-
bility of a multifunction F implies the measurability of the multifunction
ext F, where ext F(t) is the set of extreme points of F(t). The main
purpose of this paper is to show, by using a generalized theorem of
Lebesgue-Nikodym, that the bilinear integrals (in the sense of

N. Dinculeanu [11]) of these two multifunctions are equal. This extends

corresponding results on the same topic, see remarks 4.8.

Section 2 of this paper is reserved for some preliminary notes concerning
notation, definition and remarks. The general reference for measure

theoretic properties and the bilinear integral is [11].

In Section 3 we present some results, most of which are known and stated

therefore without proof. All of these will be used later.
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Section 4 is concerned with the integration of multifunctions. The main

results are theorems 4.3 and 4.7.

Section 5 is devoted to some examples showing that the hypotheses of

the main theorems cannot be weakened.

2. PRELIMINARIES

Throughout this paper T will denote a non-empty point set on which no

topological structure is required.
2.1 MEASURES

Let V be a fixed Banach space and C a ring of subsets of T. Recall
that a 6-ring is a ring which is closed under countable intersections.

let m: C >V be a measure. For every set A € C, let

|m| (2) = sup § Uma)ll,
J j€3 J

where the supremum is extended over all finite classes {A,(|j € J} of
disjoint sets of C such that A = ng A.. The number |m|(A) is called the
variation of m on the set A. The function |m| is called the variation

of m on C. If |m|(A) <o for every A € C, then lml is of finite
variation with respect to C. It is known that |m| is a finite measure

on C. Extend the finite measure |m| on C by means of the Carathéodory
method to a measure |m|* on the O-algebra P(|m|) of all |m|-measurable
sets. The class Z(|m|) = {E € P(|m|)||m|*(E) < =} is the &-ring of all
|m|~integrable sets. The restriction of |m|* to Z(|m|) is denoted by

|m|. 1f E € Z(|m|) and |m|(E) =0, then E is called |m|-megligible.

2.1.1 DEFINITION ([11], p. 179). Denote by C(|m|) the collection of all
classes A = {Aili € 1} of disjoint |m|-integrable sets such that

T - igI Ai is Iml-negligible and such that for every set A € C there
exists an |m|-negligible set N <A and an at most countable set J < I
with A - N = igJ‘(A n A;). We say that the measure |m| has the direct
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sum property if c(|m|) # @. A measure of finite variation is said to

have the direct sum property if its variation has this property.

2.1.2 SOME PROPERTIES, (a) The measure m on C can be extended to

a measure, again denoted by m, on Z(|m|) (see [11], p. 76).

(b) 1f C is a O-algebra and if |m| is complete on C, then
C=Z2(m|) = P(|m]). (See section 5). ,

(¢) If T is a countable union of sets of C, then |m|* is a O-finite
and complete measure on P(|m|). Thus |m| on Z(|m|) is also complete.
(d) whenever m is supposed to be non-atomic, it must be understood that
m is non-atomic on 2(|m|), that is, the extended measure m is non-
atomic. This convention is necessary, because the extension of a non-atomic
measure need nof be non-atomic, see [5], p. 2 or [30], p. 67 for examples.
() If m is non-atomic on Z(|m|), so is |m|.

(f) If T is a countable union of sets of the §-ring E(Iml), then m
has the direct sum property. This follows from the fact that C < E(Iml).

2.2 MEASURABILITY

Throughout this paper U will denote a Banach space.

A function £f: T > U is |m|-measurable if f-l(C) € P(Iml) for every
closed set C in U.

A multifunction F: T - U is a function whose doﬁain is T and whose
values are non-empty subsets of U. If A < U, then

F (a) = {t € T|F(t) N A # g}.

A multifunction F: T » U is |m|-measurable (weakly |m|-measurable) if
F (A) € P (|m|) for every closed (open) subset A of U. This definition
of |m|-measurability was formalized by C. Castaing [7], while the term
"weak measurability” was introduced by C.J. Himmelberg, M.Q. Jacobs and
F.S. van Vleck [15].

A function £: T » U is called a selector for F if f£(t) € F(t) |m|-a.e.
on T. The set of all |m|-measurable selectors of F will be denoted by

SF' If f € SF' consider the equivalence class

f = {g: T> Ulg(t) = f£(t) Iml-a.e. on T}. Write SF = {?If € SF}.
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Following R.T. Rockafellar [25], we way that a multifunction F: T - U
admits a Castaing representation if there exists a countable set

M= {fi|i €1} c SF such that M(t) = {fi(t)|i € I} is dense in

F(t) |m|-a.e. on T. (see [7], p. 116).

2.3 INTEGRABILITY

Iet W be a third fixed Banach space and consider a bilinear transformation

(u,v) = uv, defined on U X V into W such that || (u,v)I<llull.lvl.

The vector integral being employed is the "bilinear" or "m-integral" of
Dinculeanu. Let
EU(E(lml)) ={f: 7> U|f = z X, X, » x, €U, A, € E(Iml) and I
; 1 ™A, i i
i€r i
is a finite index setl}.
If £= ) x, X, €E (Z(m|)), then [E£(t) dm= ) x.m(A) €w, |£] =
. i "A, U . it
i€I i i€r
Y llxiﬂ_xA and HfHE = f{fl(t) d|m|. The semi-norm H-HE defines on
i€1 i .
the vector space EU(E(ImI)) the topology of the convergence in mean.

A function f: T -» U is m-integrable if there exists a Cauchy sequence
(£) in EU(E(‘mI)) such that f - f |m|-a.e. on T. Then JSf(t)dm € W.

The space of all m-integrable functions £f: T - U will be denoted by
f;(m). The set of all |m|-integrable selectors of F: T - U will be
denoted by IF. Then 'ZF c SF. Write IF = {E}f € IF}’ If f € £é(m)
and A€ P(|m|), then 'foE.ctlj(m) and [ f(t)dm = [£(t)X, (t)dm. If
A€ P(|m|), then the integral of a multifunction F: T - U over A is
defined by

fF(t)dm = {fAf(t)dmlf €1}

We observe that fA F(t)dm exists, even if F 1is not |m|—measurable.

Furthermore, fA F(t)dm may be empty, even if U = IR.

2.3.1 SOME PROPERTIES, (a) If f 1is m-integrable, then £ |is

Iml—measurable. This follows from the definition of m-integrability and
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the theorem of Egorov [11], p. 94.
() [11], p. 122: If f € £é(m) and A € P(|ml)} then fXA € £é(m).

(¢) [11], p. 125: Let f,g € f;(m). Then J[l£(t) - g(t)lld|m| =0
if and only if £(t) = g(t) Iml-a.e. In this case [f(t)dm = [g(t)dm.

(@) £g = £g(|m|) ={f: 7> U|f is Iml—measurable and
9P e gl
TecHI® €L m}.

Also, [11], p. 218: £ € .Cﬁ if and only if f is |m!-measurable and
. P,
HECHI € R

(e) [11], p. 218: If f: T->U is |m|—measurable and if there exists a
positive function g € £§; such that l£(t)l < g(t) |m|-a.e. on T,
then f € £g.

A multifunction F: T - U is said to be p-integrably bounded, 1 < p < =,
if there exists a k € £§k(|m|) such that

sup{llull [u € F(t)} < k(t) |m|-a.e. on T.

If F: T>U is 1l-integrably bounded by k € .c]1R (|m|), we say that F
is integrably bounded by k.

2.4 SCALARWISE MEASURABILITY

Iet P be a property possessed by some subsets of the Banach space U.

A multifunction F: T - U is said to be poitnt-P if for every t € T, F(t)
has property P. Denote the topological dual of U by U~.

Following M. Valadier [28], we say that the point-compact convex multifunc-
tion F: T > U is Scalarwise |m|-measurable (-integrable) if for every

x~ € U°, the function hx,:T - IR, defined by
hx‘(t) = sup{<x,x">|x € F(t)}

is Im|—measurable (-integrable) .

2.5 SIMPLE AND WEAK MEASURABILITY

The definitions given here are all from [11] and are stated in general

terms.
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2.5.1 DEFINITION. If X 1is a Banach space and Z a subspace of X7,

then 2Z is said to be a norming subspace of X~ if
< x,z >|

Ixll = sup {
Izl

Then, X can be imbedded isometrically in 2Z°.

| z€2, z# O}, for every x € X.

If X and Y are linear spaces, then the space of all linear trans-

formations from X to Y will be denoted by L*(X,Y).

2.5.2 DEFINITION. Let X and Y be Banach spaces. We say that a
function U: T - L*(X,Y) is simply |m|-measurable, if for every x € X
the function ¢x: T - Y, defined by ¢x(t) = U(t)x, is Iml-measurable.

2.5.3 DEFINITION. Let X and Y be Banach spaces and Z < Y~ a norming
subspace. We say that a function U: T - L¥(X,Y) is 2-weakly |m|-
measurable, if for every x € X and every 2z € 2, the function

¢x ,° T >R, defined by ¢x L(8) = <U(t)x,z >, is |m|-measurable.

For the properties of simply and Z-weakly |m|-measurable functions, we
refer to [11], pp. 101 - 106.

2.6 OTHER NOTATIONS

Denote by BU the Borel O-algebra of U and by T(P(|m|) x BU) the
O-algebra generated by the class

P(lm]) x B,=1{axs | 2 € P(|m|), BE B,}.
The graph of the multifunction F: T - U is the set

G(F) = {(t,u) ET XU | u€F(t)}.
A topological space is Polish if it is separable and metrizable by a
complete metric; it is Suslinm if it is metrizable and the continuous image
of a Polish space.
If F: T->U is a multifunction, then the multifunction ext F: T -» U,
defined for every t € T by
(ext F) (t) = {u € F(t) | u is an extreme point of F(t)},

is called the extreme point multifunction determined by F. Multifunctions
will be denoted by the capitals F, G and H. If A< U, then co A

denotes the convex Aull of A.
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3. SOME BASIC RESULTS

We state the following propositions in forms which are adequate

for the sequel.

3.1 PROPOSITION ([ 19], p. 398). Let U be separable and

F: T > U point-closed and weakly |m|-measurable. Then F has

an |m|-measurable selector.

3.2 COROLLARY. Let U be separable and F: T - U point-closed

and Iml—measurable. Then F has an [ml-measurable selector.

(=]
PROOF. If O is open in U, then O = ngl C,r where the c, are

all closed in U. Then F (0) = U F (c) € P(|m|). Thus, F is

weakly ]m|-measurable and proposition 3.1 holds. v

.3.3 PROPOSITION ([29], p. 868). Let T be a countable union of

sets of the ring C, U separable and F: T -» U point-closed.

Then the following conditions are equivalent:

(1) F_is Iml-measurable;

(2) F is weakly Iml-measurable;
(3) G(F) € T(P(|m]) x B
(4) F admits a Castaing representation.

Note that the assumption on T implies completeness of the mea-
sure space (T, P([m[), |m|*), see 2.1.2(c). This in turn implies
that P(|m|) is a Suslin family (see [27], p. 50 or [29], p. 864),
as is required for proposition 3.3 to hold. It is possible to
show by means of a suitable example that the completeness of

(T, P(|m]), |m|*) is indeed necessary, see for example [1], p. 27.
A further requirement in [ 29 ], p. 868 is that U be Suslin,which
it surely is since it is Polish. These remarks also apply to the
proposition below, originally proved for a complete measurable
space, a Suslin space U and where F need neither be closed-
valued nor Im[—measurable. This proposition is a generalization
of the so-called Von Neumann-Aumann selection theorem, see [ 3] or

[21], p. 69.
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3.4 PROPOSITION ([26], p. 7.11). Let T be a countable union of

sets of C, U separable and F: T » U such that G(F) € T(P(|m|)

X BU)' Then F has an |m]—measurable selector.

3.5 PROPOSITION. If F: T > U is point-compact convex and |m|-

measurable, then F is scalarwise |m|-measurable.

PROOF. The function hx,: T > IR defined in 2.4 is Iml-measura-

ble, see [9], lemma 5, p. 231. Consequently, F is scalarwise

Im]-measurable. v

3.6 PROPOSITION ([ 12], p. 439). A non-empty compact subset of a

locally convex linear topological Hausdorff space has extreme

points.

We now employ a theorem of M. Benamara [ 4 ] which deals with
(i) a point-compact convex F: T = U~ which is scalarwise |m|-
measurable, i.e. if for every x € U, the function ° hx: T » IR,
defined by
h () = sup{< x",x > |x- € F(t)}

is Iml-measurable;

(ii) a complete measure space.
With remark 2.1.2(c) in mind, we now have:

3.7 PROPOSITION ([4], p. 1249). Let T be a countable union of

sets of the ring (C, U separable and F: T - U~ point-0(U~,U)-

compact convex and scalarwise |ml—measurable. Then the set

ext SF of all extreme points of S; is non-empty and equal to the

set Sext F°

3.8 PROPOSITION ([16], p. 725). If F: T > R  is point-compact

convex and |m|-measurable, then G(ext F) € T(P(|m|) x B n)'
IR

Furthermore, if T 1is a countable union of sets of the ring C,

then ext F is |m|-measurable.
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3.9 PROPOSITION. Let (Fn) be a sequence of multifunctions,

F:T~>U, with G(F) € T(P(|m|) x B)) for all n. Define the

multifunctions Gi: T->0, i=1,2,3,4 by the respective equali-

(== B o

(>~ (o]
ties G (t)= U F (t); G,(e)= N F (t); Gyleh= U, .0 F ()

(=]

(o]
and G4(t)= ngO kgn Fk(t). Then we have that

G(s,) € T(P(|m|) x B, i=1,2,3.4.

PROOF. It is a matter of routine to show that

(=] <
GG = Uy G(F), GGy = NJG(F).

Consequently, G(Gi) € T(P(|m|) x BU), i =1,2. The remaining
two equalities follow immediately. v

3.10 PROPOSITION ([24], pp. 166, 167). If dim U < <, then a

compact convex subset A of U equals the convex hull of the set

of its extreme points, in symbols A = co ext A.

The two propositions below are stated in general terms.

3.11 PROPOSITION. Let X and Y be linear spaces. If

f € L*(X,¥Y) and if C is a non-empty convex subset of X and

B an extreme subset of £(C), then f-l(B) N C is an extreme

subset of C.

3.12 PROPOSITION (M. Krein and D. Milman [18]). If A is a com-

pact subset of a locally convex linear topological Hausdorff space

and E is the set of extreme points of A, then A < co E, where

co E denotes the closure of the cohvex hull of E. Consequently,

EE'A = co E. If, in addition, A 1is convex, then each closed ex-

treme subset of A contains an extreme point of A and A = co E.

4. MAIN RESULTS

4.1 THEOREM. If U is separable and F: T - U is integrably

bounded, point-closed and |m|-measurable, then {AF(t)dm # @ for
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every A € P(|m|).

PROOF. Corollary 3.2 asserts that F has an |m]-measurable se-
lector £. If k € £;R(|m|) is the bounding function, then
£ < k(t) |m|-a.e. By 2.3.1(e), £ € L (m). Consequently,
£€1, and so [ F(t)dm # § for every A € P(|m|) by 2.3.1(b) -y

D. Blackwell [ 6 ] extended Lyapunov's convexity theorem by proving
that the ranges of certain vector integrals with values in R
are compact and, in the non-atomic case, convex. The convexity
part of Blackwell's theorem was generalized by H. Richter [23].
By keeping proposition 3.12 in mind, we state Richter's theorem

in the following form:

4.2 THEOREM ([ 23], p. 86). (1) If F: T-> R and m is non-

atomic, then fAF(t)d m| is convex for every A € E(Iml).

(2) Let T be a countable union of sets of (C, m non-atomic

and F: T » R" integrably bounded, point-compact convex and Iml—

measurable. Then fAF(t)d|m| is compact and convex for every

A€ Z(|m|).

4.3 THEOREM. Let T be a countable union of sets of C, m non-

atomic and F: T » IR" integrably bounded, point-compact convex

and |m|-measurable. Then

[,F(t)d|m|=J, (ext F) (t)d|m]|
for every A € Z(|m|).

PROOF. (1) Let A € Z(|m|) be arbitrary. Theorem 4.1 asserts
that fAF(t)d|m] # @ since SF # #. The integrably boundedness

of F implies that SF =1 By proposition 3.5, F is scalar-

Fr
wise |m|—measurable. Since dim(R") < «, we may conclude from

proposition 3.7 that S # @. Since ext F 1is also integrab-

ext F

ly bounded, it follows that Sext F - Iext P Consequently,

fA(ext F) (t)d|m| # §. If |m|(A) = 0, we obviously have that
[yF(e)d|m| = {0} =, (ext F)(t)d|m].

Henceforth, we suppose that |m|(A) > 0. Since Cc Z(|m|) by

our construction in 2.1, it follows from the assumption on T and
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2.1.2(f) that lml, and hence m, has the direct sum property. By
theorems 4.1 and 4.2, {AF(t)dImI is non-empty, compact and convex.
Proposition 3.6 asserts that the set ext‘fAF(t)dlm] of all ex-
treme points of IAF(t)d|m| is non-empty.

(2) Let x € ext.fAF(t)dlmI. Then there exists afunction £ € IF
such that x ==[Af(t)d|m|. Furthermore, fAf(t)d]ml cannot be
written as a proper convex combination of any two distinct members
of [AF(t)dlmI. We show that fEf(t)d|m| € ext LEF(t)d|m| for
every set E € Z(|m|), E < A. We notice that.'fEf(t)dImI €
fEF(t)d|m] for every set E € Z(|m|), E < A. For such E we
also have that fEF(t)d|m| is compact and convex, consequently
ext,fEF(t)dlml # @; see part (1) above. Consider an arbitrary
subset E € Z(|m|), E = A. We suppose that |m|(E) > 0. That
there are ]ml—integrable subsets of A with positive measure
follows from the non-atomicity of m, hence of |m| (2.1.2(e)) .

Consider the multifunction F_,: T -}»IRn defined by the equality

e
F(t) if t € E
FE(t) = {
{0} if t €T - E.

Let C be an arbitrary closed subset of R". If 0 € C, then

F;(C) (F(C) NE) U (T -E) €P(lm|);

if 0 € C, then

F;(C) F (C) NEEP(m|).

Consequently, F_, 1is ]ml—measurable. Furthermore, FE is inte-

E

grably bounded and point-compact convex. We now have that
I = S_, . Corollary 3.2 and theorem 4.1 show that I and
Fg Fg g

fFE(t)dlmI are non-empty, respectively. We show that

(*) fFE(t)dlmI = IEF(t)dlm

.

Let x € fFE(t)dlml. Then there exists a function fE € IF such

E
that x = ffE(t)dlmI. Define the multifunction G: T -» R by the
equality
{e o0} if t €E
oo -]
F(t) if t€T-E.
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Then G 1is clearly |m|-measurable and point-compact. Another
application of corollary 3.2 shows that G has an |ml-measurable

selector g: T = R®". Then g € SF =1_  and by 2.3.1(b), IXg €

F
1
L. But, g(e)xX,(t) = £.(¢) |m|-a.e. on T. By 2.3.1(c) we

now have that
X = ffE(t)dImI = fg(t)xE(t)dlml’ =/ gt)d|n| € fEF(t)d|m|.

Conversely, if y € IEF(t)d|m|, then there exists a selector f €
I_ such that y = IEf(t)d|m|. But fx; € IF , and so,

F E
y = [pE(t)d|m| = fE()x (D d|n| € [F (t)d|n].
We therefore have that
JEg(t)d|m| = JoF(t)d]m]|.
Suppose now that
fEf(t)dlml g ext fEF(t)d|ml = ext IFE(t)dlmI.

It follows then that there exist two distinct elements fgl(t)dknL
fgz(t)dlml € fFE(t)dImI and an a € (0,1), where 9,:9, € IF '
such that E

fEf(t)d|m| afgl(t)dlml + (1 - a) fg2(t)dlml. (i)

We have that

fgl(t)dlml = ngi(t)d|m| + fT_Egi(t)d|m|
= ngl(t)dlmI. : (ii)
Similarly,
fgz(t)dlml =ng2(t)d|m|. ' (iii)

Hence,
ngl(t)d|m| # I g,e)dm].
It follows from (i), (ii) and (iii) that
fEf(t)dlml = angl(t)d|m| + (1 - a) ngz(t)dImI. (iv)
Define the functions hi: T - IfI, i=1,2, by
g.(t) if t €E
h, (t) = { * :
f(t) if te€T-E; 1i=1,2.
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The functions h, and h, are clearly Iml-—measurable and since

1 2
F is integrably bounded, we also have that h,,h, € «C]an (lml) .

1772

Furthermore, hl,h2 € IF' We now have that

b (0alm| =/ h (®)dln] + S (t)d|m]

A-Ehl
= ngl(t)dIml + fA_Ef(t)dIml ,

and similarly,
[ hyvdln] = gy t)dln| +f,  £(t)d|n].

We deduce that

fAhI(t)dlml ;éfAhZ(t)dhnl.

Thus, by using (iv), it follows that

Iyfwaln| = fofwalnl + /4,  f(t)d|n|
=a/f g (0alm| +a s, __ft)d|n]
+ (1 - a) ngz(t)d|m| + (1 - a) fA_Ef(t)d|ml

a fAhl(;)dlmI + (1 -0a) {Ahz(t)dlml.
This shows that
fAf(t)dImI g ext IAF(t)dlm',
which is an absurdity. Consequently,
fEf(t)dIml € ext fEF(t)dlml
for every E € Z(|m|), E <a.

(3) Consider the multifunction FA: T - :IRn defined by

F(t) if t €A
FA(t) = {

{o} if t€T-A
for A € Z(|m|). We have that

[yFt)d|m| = JF, (t)d|u],
hence that

ext [ F(t)d|m| = ext /F (t)d|m].

By the same procedure used to establish (*) in part (2), one can
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IA(ext F)(t)d|m| = [ (ext FA)(t)dlml;

the only difference of significance being that we do not apply

corollary 3.2 but proposition 3.8 to show that ext F and ext F

A

are Iml—measurable and proposition 3.7 to show that Sext F #0
and Sext F # @§. We now show that

A

ext fAF(t)dImI < J, (ext F) (t)d|m|,
or equivalently, that

ext fFA(t)d!ml < J (ext FA)(t)dlm|.
Suppose that x € ext fAF(t)d|m| - fA(ext F) (t)d|m|. Then there
exists a function f € IF such that x = [Af(t)dlml. But then

X = ff(t)xA(t)dlml € ext fFA(t)d|m|
and

SE()X, (t)a|m| € [ (ext F,) (t)d|m].
This means that £X, € Iext FA. Since ext F, is integrably
bounded, we have that Iext F, = Sext FA. For the same reason,
IF = SF . By proposition 3.7, we have that

A A
I =S =extS, =extlI_ .
ext FA ext FA FA FA
~ R
It now follows that £X. € ext I, and hence, fX_ € ext. I_ .
A FA A FA

Since:"fi; €,_.'IF ,_.we deduce that there exist.two classes. E-,E €

SUE Faere 172
S S 21 #F 22 and an a € (0,1) such that

A . .

X = c:dL1 + (1 - 0.)2,2

where 21 € Il and 22 € Ez. Consequently, %, differs from 22

1
on a set of positive |m|-measure. Since 21,22 € IF , it follows

that A
Jpa ¥ ®am| =0 =7/ 2 (t)d|m|.
We now deduce from [ 11 ], p. 188, corollary 2 that there exists a

set E, € Z(|m|) where E, <A and lm](El) > 0 such that
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g Yedlm| #0; 2,(0)d|m].
1 1

n
We have that EIXE '22XE € IF » where F, : T > R  is the mul-

1 1 E1 1

tifunction defined in the same fashion as the multifunction FE
in part (2) of the present proof. It follows that
JE(®) X, (B)d|m] = f_ £(t)d|m|=0a [ 2, (t)d|m]
E1 El E1 1

(1 - Jp L (t)d]mf.
1

Consequently,

S, £(t)d|m| € ext SF_ (t)d|m]
By £y

By what has been achieved in part (2), we deduce that

ext [ F(t)d|m]|.
By

X = fAf(t)dImI £ ext fAF(t)dlml,
which contradicts the fact that x € ext [ AF(t)dlmI . Consequently,

x € J’A (ext F) (t)d|m|, and so,

ext fAF(t)dlml <[, (ext F) (t)d|m|.

(4) By theorem 4.2(1), fA (ext F) '(t)d[ml is convex. From propo-

sitions 3.10and 3.12 and the results obtained above, we now have

that

fAF(t)dIml co ext IAF(t)d|ml < co f, (ext F) (t)d|m|

I, (ext F) (t)d|m]|.
Since

J, (ext F) (£)d|m| CIAF(t)d|m| ,
we obtain the desired equaiity, namely

SyF)a|m| = f (ext F) (t)d|m|. v

4.4 THEOREM ([11], p. 263). If m: C »V c L(U,W) has the di-

rect sum property and Z is a norming subspace of W~, then there

exists a function Um: T » L(U,2°) having, among others, the fol-
lowing properties: '
(1 U el =1 |m|-a.e. on T;
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(2) <U £tz > is |m|-integrable, and

<Sf(t)dm,z > = [<U_(£)£(t),z > d|a],
for £ €£é(m) and z € Z;

(3) We can choose Um(t) € L(U,W) for every t € T in the case

that W =2".

4.5 REMARKS. (a) In the proof of theorem 4.4, the function Um
is defined in such a way that for every u € U and for every

. . . =<
z € Z, the function ¢u,z' T -+ IR, defined by ¢u,z(t) Um(t)u,

z >, is locally |m|-integrable, that is, ¢ is |m|-inte-

X
u,z™A
grable for every set A € C, see [11], p. 163, definition 1. Ac-
cording to 2.3.1(a), ¢u 2Xa is then Iml-measurable for every set

’

A€C., By[11], p. 100, corollary, ¢ is |m|-measurable.

u,zxA
Then, by theorem 4.4(3), we have

-

(b) Suppose now that W = Z°.
that Uﬁ: T -» L(U,W). Definition 2.5.3 and (a) above then show
that Uﬁ is 24weakly lm|-measurable. Suppose further that 2°,
and hence W, is separable. Then Uh is simply |m|~measurable,
see [11], p. 105, proposition 22. If now £: T= U is |m|-mea-
surable, then the function g: T = Z° = W, defined by g(t) =

U (e)E(t), is |m|-measurable, see [11], p. 102, proposition 16.
By theorem 4.4(1), we now have that

HU_e)£e)l < NU_(ol.NE@e)l = £l |m|-a.e. on T.
If f € £é(m), then Uﬁf € ﬂ;(|m') by 2.3.1(d),(e). Under the

conditions sketched above and from theorem 4.4(2) we obtain, for
£ € £é(m) and every z € 2, that

<[f(t)dm,z >

[ <U_(0f(t),z > d|n]

< JU_ (0 f(t)d[m|,z >

The second equality above follows from [ 11], p. 123, corollary to
the proposition 7. We then have that

[E£(t)dm = JU_(£)£(t)d|m|.

4.6 THEOREM. Let T be a countable union of sets of the ring

C, U separable and F: T = U integrably bounded, point-compact
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and Iml-measurable. If W is separable, W = 2" where Z is a

norming subspace of W-, m: C » v < L(U,W) and Um: T-> L(Uu,2°) =

L(u,W) is the function whose existence is guaranteed by theorem

4.4, then

[,F(t)dm = [, U (t)F(t)d|m|, for every A € P(|m|).

PROOF. We observe first that the assumption on T, together with
2.1.2(f) implies that m has the direct sum property. Consequent-
ly, the function Um: T » L(U,W) satisfying the properties of
theorem 4.4 exists. Let k € £iR(|m|) be the bounding function.

Consider the multifunction UmE: T -» W, where
U_(B)F(t) = {Um(t)u| u € F(t)}, for every t € T.

It is clear that UmF is point-compact and that Um(t)F(t) £ 0
for every t € T. If for an arbitrary t € T, w € Um(t)F(t) then

there exists an element u € F(t) such that w = Um(t)u. Hence,
el = NU_(e)al <HU_ ()Tl = flull < k(t) |m|-a.e. on T.

This shows that UﬁF is also integrably bounded by k. We now
show that UmF is |m|-measurable. Since U is separable by as-
sumption, we may apply proposition 3.3 and deduce that there ex-
ists a countable set M = {fi[ i € 1} of |m|-measurable selec-
tors of F such that, for every t € T, F(t) = M(t). Since W

is separable and W = Z~, we obtain from remark 4.5(b) that every
function g9; = Umfi is Iml-measurable. It follows from the de-
finition of UmF that every such 9 is an |m|-measurable selec-

tor of UmF. For every t € T, we have that Um(t).M (t)< Um(t)M(t) .

The converse inclusion follows from:

Um(t)M(t) c Um(t)F(t) = Um(t)M(t) c Um(t)F(t)
= Um(t)F(t) = Um(t)M(t) .

Combining these two inclusions, we have that the countable set

M =UM={Uf| i€1} of |m|-measurable selectors of U F
m m mi m

has the property that

Mm(t) = Um(t)M(t) = Um(t)M(t) = UhF(t), for every t € T.

The space W is separable. From the equivalent conditions (1)
and (4) of proposition 3.3, applied to UmF: T - W, we see that
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UF is |m|-measurable. Let £ € SF' Then U f is |m| -measu-

rable by remark 4.5(b) and so Umf € SU P Conversely, let g €
m

SU pr We show that there exists a function h € SF such that
m

g(t) = U_(t)h(t) |m|-a.e. on T. Define the multifunction

G: T 2 U by the equality

G(t) = {u € F(t)| U (Bu = g(t)}, for every t € T.

Then G is point-closed. In order to show that G is |m|-mea-
surable, consider the function k: T X U -+ W defined by k(t,u) =
Um(t)u, for every (t,u) € T X U. For every t € T, the function
k(t,*) = Um(t)(-): U-2W is continuous on U. By remark 4.5(b),
the function Um is simply |m|-measurable. Consequently, for
every u € U, the function k(-,u) = Up(-Ju: T>W is |m| -mea-
surable. Since U and W are both separable, we may apply [ 7],
p- 97, lemma 3.1 and its corollary to the function k and deduce
that k is T(P(|m|) x BU)-measurable. Since g: T » W is also

|m|-measurable, we have that the set

{(t,w) €1 xu| kx(t,w =g} = {(t,u) €T x Ul
U (thu = g(t)}

is T(P(|m|) x BU)-measurable. Proposition 3.3 asserts that
G(F) € T(P(|m|) x By), and so,

G@ =6 n {(tu) €T x U} U (thu = g(t)}
€ T(P(|m|) x B).

Proposition 3.3 asserts that G is |m|-measurable and corollary
3.2 in turn that G has an Iml-measurable selector h, say.
Since h(t) € G(t) |m|-a.e., it follows that h(t) € F(t) |m]|-
a.e. and so Um(t)h(t) = g(t) |m|-a.e. Since F and UﬁF are
both integrably bounded, we have that SF = IF and SUmF = IUmF'
We show that S[F(t)dm = fUh(t)F(t)dlm]. Let x € [F(t)dm. There
exists a function f € IF such that x = [f(t)dm = fUﬁ(t)f(t)dIm]
€ fUﬁ(t)F(t)dlm[ by remark 4.5(b) and since U f € IU p- Conver-
m

sely, if y € JU (t)F(t)d|m| then there exists a function g €
IU p Such that y = Jg(t)d|m|. By what has been shown above,
m
there exists a function h € IF such that Um(t)h(t) = g(t) |m|-

151



a.e. From 2.3.1(c) and remark 4.5(b) we have that y = fg(t)d|m| =
fUm(t)h(t)dIml = fh(t)dm € [F(t)dm. This shows that

JF(t)dm = fUm(t)F(t)dImI.

Let A Dbe an arbitrary set in P(Iml) and define F : T = U by

A
F(t) if t€a
{o} if t €T - A.
Then
U, (E)F (L) if t €A
Um(t)FA(t) = {
{o} if t €T - A.
Now, FA is integrably bounded, point-compact and FA(t) # @ for

every t € T. Also, FA is lml-measurable, as shown in the proof

of theorem 4.3. We may repeat the above procedure to show that
[F,(t)dm = JU_(t)F, (t)d|m].

As established in the proof of theorem 4.3, we have the equalities
J’AF(t)dm =IFA(t)dm - and
IAUm(t)F(t)dImI = fUm(t)sjA(t)dlmI.

We conclude that
[yF(t)dm = [, U_(t)F(t)d|m]

and this completes the proof. v

We now extend theorem 4.3 to the case that the integration is per-
formed with respect to the vector measure m.
Suppose that U = R, Vv =RP, w= R"P, fE.Cln(m) and

m: C » RP. We write R

[£(t)an = (£(t)am, [E(t)dmy, ..., [E(t)Am) € rP,

where m = (ml,mz,...,mp). We have that dim L(IRn, ]Rnp) = nzp.

We may consider ®r® L(]Rn, rP ) and the natural bilinear trans-
formation B: R® x IRF - IRnp, where B(u,v) = v(u), u € ]Rn,
v € R’P < L(IRn, IRnp) . We shall follow this line of thought in

the theo below. '
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4.7 THEOREM. Let T be a countable union of sets of the ring

C, F: T~ IRn integrably bounded, point-compact convex and |m|-

measurable and let m: Z(|m|) » B’ be non-atomic. Then

IAF(t)dm = fA (ext F) (t)dm, for every A € Z(|m|).

PROOF. (1) Put 2 = R™P; hence Z is a norming subspace of
(R™P) - = R™. consider ®° < L(R", R"P); hence m: Z(|m|) -
® < L(R®, ®"P). It is clear that m has the direct sum pro-
perty. Since all the conditions of theorem 4.4 are satiéfied,
there exists a function Um: T - L(IRn,Z‘) = L(IRn,IRnp) having
all the properties mentioned in that theorem as well as in remarks
4.5. As was seen in the proof of theorem 4.6, the multifunction
UF: T-= R™  is integrably bounded, point-compact, [m| -measura-
ble and Um(t)F(t) # @ for every t € T. It also follows that
UhF is point-convex, since F has this property. We now apply

theorem 4.3 to UﬁF and we obtain
fAUh(t)F(t)dlml = {A(ext UﬁF)(t)d|m|,

for every A € Z(|m|).
This equality combined with the equality obtained in theorem 4.6
shows that

[,F(t)dm = LU (F®)d|m| = [ (ext U F) (t)d|m]|,

where A € Z(|m|).

(2) In order to show that [AF(t)dm c:fA(ext F) (t)dm for an ar-
bitrary A € E('ml), it suffices to show that {A(ext UﬁF)(t)dlml
C:IA(ext F)(t)dm for such A. We may suppose that Im](A) > 0.

Now, Iext F Sext F # 9 and Iext UﬁF = Sext UﬁF # @ Dby the

integrably boundedness of ext F and ext UhF, respectively, and
by proposition 3.7.

(3) Let £ €1 We show that there exists a function h €

ext UﬁF'
Iext F such that Um(t)h(t) = f(t) |m|—a.e. on T. Now, f €
Iext UmF implies that £(t) € (ext UF)(t) for every t €T - N,

where N c T and lm|(N) = 0. This means that {£f(t)} is a clo-
sed extreme subset of Um(t)F(t) for t € T - N. Define the mul-
tifunction G: T » IR by the equality
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G(t) = {u € F(v)| Um(t)u = £(t)}, for every t € T.

It is clear that G is point-closed. For every t € T - N we
have that G(t) # @, G(t) is an extreme subset of F(t) by pro-
position 3.11 and G(t) N (ext F)(t) # § by proposition 3.12. To
see that G(G) € T(P(|m|) x Bnél)' we refer to the proof of theorem
4.6 and the definition of the multifunction G in that theorem..
Proposition 3.8 asserts that G(ext F) € T(P(|m|) x Bnﬂl)' Consi-
der the multifunction H: T = nfl, defined by the equality

H(t) G(t) N (ext F)(t), for every t € T.

Then,

G(H)

G(G) N G(ext F) € T(P(|m|) x B en)

by proposition 3.9. Also, H(t) # § for every t € T - N. Put

=T-N and H, = H|T1. Consider the 0o-algebra P(T1,|m|) of

Ty 1

all Iml-measurable subsets of T, We now have that

G(H)) € T(P(T,,|m|) x B_n) © T(P(|m]) x B n)-

It is clear that Hl(t) # @ for every t € 'I'1 and that the mea-
sure space (T, P(Tl,lml), |m|*) is o-finite and complete. An
application of proposition 3.4 leads to the existence of a P(Tl'
|m|) -measurable function hy: Ty = R"  such that h, (£) € H, (t)

for evexry t € Tl’ Let xo be an arbitrary element of nﬁ‘ and

define the function h: T - nf‘ by

hl(t) if t € T1

X if t € N.
o

h(t) = {

Then h(t) € H(t) for every t € T, and h is clearly |m|-
measurable. It follows that h € S =1 and that
ext F ext F
U (&)h(t) = £(t) |m[-a.e. on T.
(4) Suppose now that x € ﬂA(ext UﬁF)(t)dlmI. Then there exists

a function £ € Iext U such that x = [Af(t)dlml. By what has

t

been shown in part (3) above, there exists a function h € Iext F

such that U (t)h(t) = £(t) |m|-a.e. on T. Consequently,
x = [, f(t)d|m| = [, U (£)h(t)d|m]
= JU_(£)h(t)x, (t)d|m]
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= fh(t)XA(t)dm‘
= {Ah(t)dm € IA(ext F) (t)dm
by using the observations made in remark 4.5(b). This ‘'shows that
[ F(t)dm = [, (ext U F) (tdm| [, (ext F) (t)dm.
Since the converse inclusion
f, (ext F) (t)dm < J, F(t)dm
obviously holds, we now have the required equality

fAF(t)dm = fA (ext F) (t)dm. v

4.8 REMARKS. Theorem 4.7 has also been proved by:

(a) A. Dvoretzky, A. Wald and J. Wolfowitz [ 13] for the case that
F: T - IRn+1 is such that F(t) = A for every t € T, where A
is an n-dimensional simplex; (b) S. Karlin and W.J. Studden [17]
for the case that F: T = nﬂi is such that F(t) = C for every

t € T, where C is a fixed compact convex subset of IRn;

(c) C. Castaing [8] for the case that T is a compact metric
space and F: T = X c ®" point-compact convex where X is a
non-empty compact convex metrizaﬁle subset of IRn, and

(d) M. Valadier [ 28] for the case that F 1is scalarwise integra-
ble (see 2.4), and |m| = |m1| + |m2| + ...+ |mp| where m =

(ml, m,,
respect to which the integration is performed is vector-valued and

ceer mp). In each of the cases (a)-(d), the measure with

non-atomic.

5. EXAMPLES

The main purpose of this section is to show by means of illustra-
tive examples that parts of the hypotheses of theorems 4.3 and 4.7

cannot be weakened.

5.1 EXAMPLE. Let T = {to}, Z ={g, 7} and m: Z > IR be defi-

ned by m(T) =1, m(f) = 0. Then m is an atomic measure and

m = |m|. Define F: T> R by F(t) =[1,2]. Then F satisfies
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the conditions of theorems 4.3 and 4.7. Furthermore,
(ext F) (t) = {1,2} = [ (ext F) (t)dm.

If £: T> IR is defined by £(t) =1
[£f(t)dm = 1% € [F(t)dm. Thus,

N

, then f € IF and

JF(t)dm # [ (ext F) (t)dm.

5.2 EXAMPLES. Let T =[0,1], £ be the Lebesgue 0-algebra of
subsets of T and m the Lebesgue measure on T. Then m is
non-atomic and m = |m|. (a) Define F: T > IR by F(t) = R
for all t € T. Then F is point-convex, but neither integrably
bounded nor point-compact. Clearly, (ext F)(t) = @ for all

t €T and

S (ext F)(t)dm = @ # [F(t)dm.

(b) Define F: T IR by F(t) = (0,1) for all t € T. Then F
is integrably bounded and point-convex but not point-compact. As

in (a) above we have that

[ (ext F)(t)dm = @ # [F(t)dm.

5.3 EXAMPLE. The space <, is the Banach space of all sequences
X = (xn) converging to zero. The space cq is infinite dimen-
sional and the closed unit ball A of 5 is non-compact and
convex. Let T, £ and m be as in 5.2 and consider ¢, = L(1R,
co). Define F: T = , by F(t) =A for all t € T. Then F is
clearly |m|-measurable and integrably bounded. Since ext A =@

(see [14 ], p. 709), we have that

J(ext F)(t)dm = @ # [F(t)dm.
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