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On the Derivative of a Nondecreasing Saltus Function

A nondecreasing saltus function is defined to be a

function of the form

o 0 for x« a,

f(x) = thn(x) , where o (x) ={b, for x=a
n=1

bn+ ch for x>a,,

a, is an arbitrary sequence of vnoints, bn and ¢, are non-nega-

tive such that b +c, > O and = (bn+ cn) converges.

In [2], Piranian solved Zahorskis seventh problem given

in (6] by oroving the following.

If A is countable and A€ G6 , then there is a discontinuous

function f such that

£ (x)

[
8

for xe A

= 0 for x£A.

The funciion constructed there is in fact a nondecreasing

saltus function.

A function that is 2 nondecreasing saltus function having

derivative O or ® at each poin%t is said to ve of type (*) in
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[4] and also in this note. Let D(f) denote the set of points
of discontinuity and A (f)={x:f'(x)= ©}. It is clear, for
a function f of type (*), that D(f) is countable, D(f)C ASLT)
and the Lebesgue measure IA@(f)l = 0. Also, from known results
([5], [3]), we can get A (f)E€ F.NGg . In (4], the authors
study the existence of a function f of type (*) for given sets
with the above properties to be D(f) and A _(f). Two theorems

are obtained.

Theorem 1. If EéFanG6 and |E| =0, then there is a
function £ of type (*) such that A (f)=E.
This theorem is proved by modifying Lipinski's work [1],

Piranians technique in [2] is also used.

Theorem 2. Let A be a countable set , EeFon G6 s |E|l=0
and ACE. Then there exists a function f of type (*) such
that D(f)=4 and A(f)=E if and only if EcA and ENI(Z)caA,
where A is the closure of A and I(Z) is the set of x€¢ A such
that (x-8,x)nA =@ or (x,x+8)nA =@ for some §>0.

The proof is based on two lemmas:

Lemma.l. For a countable set A, there is a function f of
type (*) such that D(f)=A and A (f)=A if and only if
|A]=0 and ADI(A).

Lemma 2. Let A be countable, ACE cA, ENI(A)C A and
|[El=0. If F is any closed subset of E, then there is a closed
set K such that FCKCcE, K=KnA and I(K)c KNnA. Moreover, X

can be chosen bounded if ¥ is bounded.
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