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1. Introduction

The strict topology on the set C*(X) of all bounded continuous real-valued
functions on a space X was introduced by Buck [1] for the case that X is a
locally compact Hausdorff space. Other authors have extended and studied this
topology on C*(X) for X an arbitrary Tychonoff space (see, for example, [3],
(4], [8], [9] and [10]). In [4], Gulick introduced the o-compact-open topology
on C*(X), where convergence is uniform on all o-compact subsets of X. This
latter topology was independently studied in [5] where the definition was further
extended to the set C(X) of all continuous real-valued functions on a Tychonoff
space X. In the presence of local compactness, Buck observed in [1] that the
compact-open topology on C*(X) can be generated by a collection of seminorms
induced by the collection of continuous functions with compact support. The
purpose of this present work is twofold. The first one is to extend the strict
topology on C*(X) to C(X) and study it. The second one is to describe the
topology of uniform convergence on o-compact subsets in terms of seminorms
arising from a nice subclass of bounded continuous functions. To do this, we
introduce a new topology 7 (to be defined in the next section) on C(X) and
study it extensively. The studies of the strict and the 7 topologies are closely
related.

Throughout the rest of the paper, we use the following conventions. All
spaces are Tychonoff spaces, and whenever we deal with local compactness, we
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mean a locally compact Hausdorff space. If X and Y are any two spaces with
the same underlying set, then we use X = Y, X <Y and X < Y to indicate,
respectively, that X and Y have the same topology, that the topology on Y is
finer than or equal to the topology on X, and that the topology on Y is strictly
finer than the topology on X. The symbols R and Ndenote the spaces of real
numbers and natural numbers, respectively. Finally, the constant zero-function
in C(X) is denoted by fo.

2. Basic definitions and notations

Let B(X) be the set of all bounded real-valued functions on X. A function f in
B(X) is said to vanish at infinity if for every € > 0 the subset {z € X |f(z)| > ¢}
is compact. Define Bo(X) = {f € B(X) f vanishes at infinity} and Co(X) =
Byo(X) N C(X). Clearly C*(X) = B(X) N C(X).

A subset A of X is called almost o-compact if there exists a o-compact
subset B of A such that B is dense in A. An element f € B(X) has a com-
pact (respectively, an almost o-compact) support if there exists a compact (re-
spectively, an almost o-compact) subset K of X such that f = 0 on X —
K. Let Boo(X) = {¢ € B(X) ¢ has a compact support}, Bi(X) = {¢ €
B(X) ¢ has an almost o-compact support}, Coo(X) = Boo(X) N C(X), and
Cl(X) = Bl(X) n C(X)

By a pseudo-seminorm on a real linear space E is meant a real-valued function
p on E such that

(1) p(0)=0

(2) p(z) = p(—=z) for all z € E, and

(3) p(z+y) < p(z) +p(y) forall z, y € E.
A pseudo-seminorm p is called a seminorm if

(4) p(tz) = |t|p(z) forallz € E and t € R

is also true.
To each ¢ € B(X) define the pseudo-seminorm py on C(X) by

pg(f) = min{1, sup{|$(z)f(z)| = € X}}.

Also for each nonempty subset A of X, define the pseudo-seminorm p4 on C(X)
by
pa(f) = min{1, sup{| f(z)| = € A}}.

On C*(X), however, we can use the seminorms py and p4 defined by

ps(f) = sup{|¢(2)f(z)| z € X} and pa(f) = sup{|f(z)| = € A},
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respectively.

Let Cx(X) denote the space C(X) equipped with the compact-open topology
k which is generated by the collection of seminorms {ps ¢ € Boo(X)}.

The strict topology (or B-topology) on C(X) is generated by the collection of
pseudo-seminorms {py ¢ € Bo(X)} and is denoted by Cg(X). Sentilles [9] and
Summers [10] called this topology on C*(X) the substrict topology and denoted
it by Bo, Gulick [4] called it the strict topology and used the notation t,. The
notation g is due to Buck [1].

The uniform topology u on C(X) is generated by the complete metric p,
where for f, g € C(X),

A(f,9) = px(f — g) = min{1,sup{|f(z) — 9(z)| = € X}},

and the corresponding topological space is denoted by Cy(X). It is easy to see
that u can also be generated by the collection of pseudo-seminorms {p, ¢ €
F} where F is either B(X) or C*(X). The topology u on C*(X) is actually
generated by the complete supremum norm.

Let C,,4(X) be the space equipped with the topology of uniform convergence
on o-compact subsets of X. This topology, denoted by (o, u), is generated by
the collection of pseudo-seminorms {pa A is a o-compact subset of X}, and is
studied in [5]. For each A C X and € > 0, let V4, = {f € C(X) pa(f) < €}.
Then the collection

{Va,c A is a o-compact subset of X and ¢ > 0}

forms a neighborhood base at fo for (,u). The subspace C; ,(X) was intro-
duced in [4], where it was shown that Cj(X) < C; ,(X). The following two
facts can be found in the papers [4] and [5].

(1) C; 4(X) = Ci(X) if and only if X contains a dense o-compact subset.
This is also true if C*(X) is replaced by C(X).

(2) Cr(X) = Co,u(X) if and only if every o-compact subset of X has compact
closure.

It may be mentioned here that in [5] a set-open topology on C(X) is intro-
duced called the o-compact-open topology, and this space is denoted by C, (X).
In general, C,(X) < Co,u(X), and C,(X) = C, «(X) if and only if X is pseu-
docompact. Since C3(X) = Cj ,(X) is always true, the topology of uniform
convergence on o-compact subsets C*(X) may be called the o-compact-open
topology, as was done in [4].

It is not difficult to show that the topology (o, u) on C(X) is generated by
the collection of pseudo-seminorms {py ¢ € B1(X)}. For the justification, see
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Theorem 3.3 of the next section. We would like to describe it in terms of pseudo-
seminorms arising from a subclass of bounded continuous functions. While
probing this possibility, a new topology 7 on C(X) naturally crops up. The
space C(X) equipped with the topology generated by the collection of pseudo-
seminorms {pg ¢ € C1(X)} is denoted by C;(X). For each ¢ € B(X) and ¢ > 0,
let Vg, = {f € C(X) pg(f) < €}. Then the collection {V4 . € € D, € > 0} forms
a neighborhood base at fy for 8 or 7 according as D = By(X) or D = Cy(X),
respectively.

We call a space locally almost o-compact if it is a Tychonoff space such
that each point has an almost o-compact neighborhood. It can be shown that
Ci(X) < C;(X) if and only if X is locally almost o-compact. The property of
local almost o-compactness ensures the non-triviality of C;(X), so that whenever
needed, we assume X to be locally almost o-compact while working with 7.
Let us observe that if X is almost o-compact, then C;(X) = C*(X), which
implies that C;(X) = Cyu(X). Thus the proper setting for the study of C;(X)
should be on a space X which is not almost o-compact but at the same time is
locally almost o-compact. Note that a locally compact space is locally almost
o-compact. In the next section we give an example of a space which is locally
almost o-compact, but is neither almost o-compact nor locally compact.

3. Comparison of topologies

From the definitions it is evident that Cx(X) < Cp(X) < Cy(X). The com-
parison of the neighborhood systems at fo shows that Cs(X) < Cy,,u(X) and
Cr(X) £ Co,u(X). It has been observed by Giles [3], Gulick [4] and others that
in the presence of local compactness, the strict topology 8 on C*(X) can also
be generated by the collection of seminorms {py ¢ € Co(X)}. Since for a locally
compact space Cp(X) C Ci(X), from the previous observation it follows that
for such a space Cp(X) < C;(X). In this section, we determine when these
inequalities are equalities and give examples to illustrate the differences. The
proofs of (a), (b) and (c) of the next theorem can be found in [4].

Theorem 3.1 The following are true.

(a) Ci(X) = Cp(X) if and only if the closure of each o-compact subset of X
ts compact.

(b) Cp(X) = Cu(X) if and only if X is compact.

(c) Cp(X) = Cs,u(X) if and only if the closure of each o-compact subset of X
is compact.
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(d) If X is locally compact, then Cs(X) = Cr(X) if and only if Co(X) =
Ci(X).

Since C1(X) = C*(X) if and only if X is almost o-compact, it follows that
Cr(X) = Cu(X) if and only if X is almost o-compact. The next two results
determine the conditions for the equality of 7 and (o, u).

Lemma 3.2 Let A be a nonemply o-compact subset of X, let ¢ € C1(X) and
let 0<€,6 <1. Then {f € C(X) ps(f) < €} C {f € C(X) pa(f) < 6} if and
only if inf{|¢(z)| z € A} > %.

Proof. First suppose inf{|¢(z)|z € A} > § and g € {f € C(X) ps(f) < €}
Then define ¢’ = sup{|¢(z)g(z)| £ € X}. Since €’ < ¢, there exists some §' < §
such that ¢’ < §'inf{|¢(z)| = € A}. For each a € A, since ¢(a) # 0, we have

& inf{|¢(z)| z € A}

B S

l9(a)| <

Therefore p4(g) < 8’ < 6.

Conversely, suppose {f € C(X) ps(f) < €} C {f € C(X) pa(f) < 6}. We
first show that ¢(a) # 0 for all a € A. If not, there is some zo € A—¢~}(R—{0}).
Then there exists an open neighborhood U of z¢ in X such that |¢(z)| < 5 for
allz € U. Now choose continuous g X — [0, §] such that g(zo) = 6 and g(z) =0
for allz € X — U. Since g(zo) = 6, we have g ¢ {f € C(X) pa(f) < é}. If
z € U, then |¢(z)g(z)| < §; while if z € X — U, then [¢(z)g(z)| = 0. Therefore
g € {f € C(X) ps(f) < €}, and we have a contradiction.

Next suppose, again by way of contradiction, that inf{|¢(z)|z € A} < %.
Then there exists some a € A such that §|¢(a)| < €. Since ¢(a) # 0, we may
define g € C*(X) by

g(z)z{ Ul if [4(2)| > 16(a)],
5 iflg()] 2 16(a).

Now g(a) = 6, so that ¢ ¢ {f € C(X) pa(f) < 6}. On the other hand, for
each z € X, |¢(z)g(z)| < 6|¢(a)|. Hence g € {f € C(X) pp(f) < €}, which is a
contradiction. =

Theorem 3.3 For every space X, Cr(X) = Co u(X) if and only if for every
nonemply o-compact subset A of X there ezxists a o-compact subset B of X and
a continuous funclion ¢ X — [0,1] such that ¢ =1 on A and ¢ =0 on X — B.

Proof. First suppose C-(X) = C5,4(X), and let A be a o-compact subset of
X. We then have {f € C(X) py(f) < €} C {f € C(X) pa(f) < 1} for some
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¥ € Ci(X) and € > 0. So there is a o-compact subset B of X such that
¥(X — B) = 0. By 3.2, we have inf{|¢)(z)| z € A} > €. Now define continuous
¢ X = [0,1] by (2) = min {1, 142} Clearly ¢(4) = 1 and $(X - B) =0, as
desired.

For the converse, suppose {f € C(X) pa(f) < 6} is a given basic neigh-
borhood of fy in Cy 4(X), where 0 < § < 1. By hypothesis, there exists a
o-compact subset B of X and a continuous ¢ X — [0, 1] such that ¢(A) = 1 and
#(X — B) = 0. Since ¢ € C1(X) and inf{|¢(z)|z € A} = 1, by 3.2, we have
{f € C(X) ps(f) < 6} C {f € C(X) pa(f) < 6}. Therefore C,(X) = C, (X).
]

For the next two results, we need the following definition. A set S is said
to be regularly o-compact if S = UK, where for each n, K, is compact
and K, C Int K4;. In a locally compact space, every o-compact subset is
contained in a regularly o-compact subset. Every regularly o-compact set is an
open F,-set.

Corollary 3.4 If X is locally compact and paracompact, then C;(X) = Cq u(X).

Proof. If X is locally compact and paracompact, then the closure of every o-
compact subset is o-compact (see [2], page 382). Let A be a o-compact subset of
X. Then 4 is also o-compact, and there exists a regularly o-compact subset B
containing A. By the normality of X, we have a continuous function ¢ X — [0, 1]
suchthat ¢ =1onAand ¢=0on X —B. =

In the absence of local compactness, C3(X) and C;(X) cannot be compared.
But for a locally compact normal space, we have the following necessary condi-
tion for these spaces to be equal.

Theorem 3.5 Let X be a locally compact normal space. If Cs(X) = Cr(X),
then every closed o-compact subset of X is compact.

Proof. The hypothesis implies that Co(X) = C1(X). Now let A be a closed
o-compact subset of X, so that there exists a regularly o-compact subset S
containing A. By the normality of X, there exists a continuous function f X —
[0,1] such that f(A) = 1 and f(X —S) = 0. For 0 < € < 1, there exists a
compact set K such that |f(z)] < € forallz € X — K. Hence A C K, and
consequently A is compact. =

We end this section by looking at some examples.

Example 3.6 If X is any compact space, then

Ci(X) = Cp(X) = Cr(X) = Cou(X) = Cu(X).
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Example 3.7 If X is any uncountable discrete space, then
Ci(X) < C(X) < C+(X) = Cy,u(X) < Cu(X).
Example 3.8 If X =N or X = R, then
Ci(X) < Cp(X) < Cr(X) = Cou(X) = Cu(X).

Example 3.9 If X is the space [0,w;) of countable ordinals with the order topol-

ogy, then
Ci(X) = Cp(X) = Cr(X) = Cou(X) < Cu(X).

Example 3.10 Let X be the deleted Tychonoff plank, that is, X = [0,w;] X
[0,wo] = {(w1,w0)}. Then X is not normal but is locally compact and almost
o-compact. The set {w;} X [0,wo) is a closed o-compact subset of X which is
not compacl. Therefore

Cr(X) < Cp(X) < Cr(X) = Cyu(X) = Cu(X).

Example 3.11 Let X be the topological sum of the space of rationals with the
usual topology and the space of irrationals with the discrete topology. Then X is
neither locally compact nor almost o-compact, but it is locally almost o-compact.
Note that the closure of every o-compact subset is o-compact. It is easy 1o see
that given a nonemply o-compact subset A, there erist a o-compact subset B of
X and a conlinuous function ¢ X — [0,1] such thaté =1 on A and ¢ =0 on
X — B. It now follows that

Ci(X) < Cs(X) and Ci(X) < Cr(X) = Cyu(X) < Cu(X).

Example 3.12 Let X be an uncountable space in which all points are isolated
ezcept for a distinguished point s, where a neighborhood of s is any set contain-
ing s whose complement is countable. All compact subsets of X are finile, so
that the compact-open topology on C(X) coincides with the topology of pointwise
convergence. The o-compact subsets of X are countable and closed, and in fact s
does not have an almost o-compact neighborhood; so that X is not locally almost
o-compact. This means that k and v on C(X) are not comparable. It is easy to
see that C1(X) = {f € C(X) f(s) = 0} and C1(X) is non-trivial. Also using
Theorem 3.8, we see that

Cr(X) < Cou(X) < Cu(X).

Example 3.13 Let N* = SN — N where BN is the Stone-Cech compactification
of N. Define X = N* — {p} where p is a point of N* which is not a P-point
(see [7]). Then X is a locally compact space which is not paracompact and does
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not have a dense o-compact subset (since points are not Gs-sets). Also since p
ts not a P-point, there is some o-compact subset of X which has non-compact
closure. Therefore

Ci(X) < Cp(X) < Cr(X) £ Cu(X) < Cu(X).

Note that Cp(X) < Co,u(X), so that at best, only one of the two equalities
Cs(X) = C7(X) and Cr(X) = Cosu(X) can hold. We do not know of an
example of a locally almost o-compact space for which T is strictly weaker than
(o, u), however this ezample might have that property.

4. Linear topological structure

It is easy to show that C(X), C-(X) and C, 4(X) are topological groups under
usual addition. Hence they are uniformizable and consequently completely reg-
ular. Since # and (o, u) are finer than k, they are Hausdorff and consequently
Cp(X) and C,,u(X) are Tychonoff spaces. If X is a locally almost o-compact
space, then C;(X) is also a Hausdorff space. But C,(X) may be a Hausdorff
space without X being locally almost o-compact. Example 3.12 provides an
example of such a space. We now determine when Cg(X), C;(X) and C, 4(X)
are linear topological spaces; that is, when scalar multiplication is continuous
on these spaces.

Theorem 4.1 For every space X, Cg(X) is a linear topological space if and
only if X is pseudocompact.

Proof. H X is pseudocompact, then Cs(X) = Cj(X), and the latter is a locally
convex space. Conversely, suppose X is not pseudocompact. Then X contains
a closed C-embedded copy A of N; say A = {z, n € N}. Define ¢ X — R and
fA—-Rbyd(z)=1Lforz =z, ¢(z)=0forz € X — A, and f(z,,) = n? for
n € N. Note that ¢ € Bo(X). If F € C(X) is any continuous extension of f,
then for all n € N, |¢(2n) L F(2,)| = 1; so that LF ¢ {g € C(X) ps(g) < 1} for
any n € N. This shows that scalar multiplication is not continuous at (0, F). =

I X is pseudocompact, then clearly C,(X) = C*(X), which is a locally
convex space. For the converse, we have the following result.

Theorem 4.2. Let X be a locally almost o-compact normal space. IfC;(X)
is a linear topological space, then X is pseudocompact.

Proof. If X is not pseudocompact, then choose A as in the previous theorem.
Since X is locally almost o-compact, there exists an almost o-compact subset
B of X such that A C Int B. By the normality of X, there exists a continuous
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function ¢ X — [0,1] such that ¢ = 1 on A and ¢ = 0 on X — Int B. Note
that ¢ € C1(X). Define f A — R by f(z,) = n forn € N, and extend f to a
continuous F on X. Now the arguments similar to those in the previous theorem
show that scalar multiplication is not continuous at (0, F). =

It follows as consequences of Theorem 1.1 in [5] that C, «(X) and Cy(X) are
linear topological spaces if and only if X is pseudocompact.

5. Completeness

If E is a topological group, a net {4} in E is called a Cauchy net provided that
for each neighborhood U of 0 in E there exists ag such that 2o, — z,» € U for
all a, a’ > ap. Then E is complete if every Cauchy net in E converges to some
element in E.

A Tychonoff space X is called a kr-space (respectively, ky-space) provided
that every real-valued (respectively, bounded real-valued) function which is con-
tinuous on each compact subspace is necessarily continuous on all of X. Obvi-
ously, a k-space is a kg-space and a kp-space is a ky-space.

Theorem 5.1 For every space X, Cy(X) is closed in Cp(X).

Proof. To show that C(X) — C*(X) is open, let f € C(X) — C*(X). Then
f is unbounded, so that we can obtain a sequence {z, n € N} in X such that
f(zn) > 2"*! for each n. Define ¢ € By(X) by é(z) = 5 if 2 = z, for some
n € N and ¢(z) = 0 otherwise. Choose g € C(X) so that ps(f — g) < 1. Then
for each n, |(f(zn) — 9(zn))¢(2n)| < 1. This implies that g(z,) > 2", so that
g € C(X) — C*(X). Therefore C(X) — C*(X) is indeed a neighborhood of f in
Cs(X). =

Since Cj(X) is complete if and only if X is a ky-space (see [9]), we have the
following corollary.

Corollary 5.2 If Cs(X) is complete, then X is a ky-space.

In order to examine the converse of Corollary 5.2, we consider the topology
of uniform convergence extended to the set F(X) of all real-valued functions on
X. Let

V(f.€) = {g € F(X)|f(z) — g(z)| < € for all z € X}

where f € F(X) and € > 0. To generate the topology of uniform convergence
on F(X), take {V(f,€) € > 0} as a neighborhood base at f; and again denote
this topology by u as in the case of C(X). It is easy to show that the topology
u on each of F(X), C(X) and C*(X) is complete.
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Theorem 5.3 If X is a kr-space, then Cg(X) is complete.

Proof. Let {fo} be a Cauchy net in C3(X). Then {f,} is also a Cauchy net

in Cr(X), which is complete since X is a kg-space (see [6]). Therefore f, LAY
for some f € C(X). Now for each ¢ € Bo(X) and € > 0, there exists ag such
that py(foa — for) < € for @, o’ > ap; that is, {¢fs} is u-Cauchy in F(X). So
¢fo = g for some g € F(X) and, in particular, ¢ f.(z) — g(z) pointwise for

each z € X. Since f, LR f, fa — f pointwise, so that g(z) = ¢(z)f(z) for
each z € X. We conclude that ¢ f, = ¢f for each ¢ € By(X), and hence each
P¢(fa — f) — 0. Therefore fo — f in Cp(X). =

Note that the sufficient condition in the above theorem is stronger than the
necessary condition of Corollary 5.2. So we raise the following relevant question.
Problem Can 5.2 be strengthened by obtaining X to be a kgr-space?

The proofs of Theorems 5.1 and 5.3 can be modified to obtain the next two
theorems.

Theorem 5.4 For any space X, C; ,(X) is closed in C, u(X).
Theorem 5.5 If X is a kr-space, then Cy,4(X) is complete.

From these two theorems, we immediately get the following result which
improves Gulick’s Theorem 4.10 in [4], in which X is assumed to be either
locally compact or first countable.

Corollary 5.6 If X is a kr-space, then C} ,(X) is complete.

We turn now to the completeness of C;(X). Note that whenever X is locally
almost g-compact, Cx(X) < C;(X), and consequently the proof of Theorem 5.3
can be modified to obtain the following theorem.

Theorem 5.7 If X is a locally almost o-compact kg-space, then C,(X) is com-
plete.

We point out that while a locally compact space is a kg-space, a locally
almost o-compact space need not be a kg-space. Example 3.10 provides an
example of such a space. If X is locally compact, then Buck’s proof of the
completeness of C3(X) in [1] can be modified to show that C*(X) is complete,
and as a consequence, C;(X) is closed in C,(X). This may not be truc in the
absence of local compactness.

The hypothesis that X be a kp-space is not necessary in any one of Theorem
5.6, Corollary 5.7 and Theorem 5.8. This is because if X is almost o-compact,
then C;(X) = C,,u(X) = Cu(X); but both Cy(X) and C%(X) are complete. On
the other hand, Example 3.12 provides an example of a non-kg-space for which
neither C3(X) nor C; ,(X) is complete. Also for this space, neither C,(X) nor
Cr(X) is complete.
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6. Metrizability

The space Cy(X) is of course always metrizable, and the space C(X) is metriz-
able if and only if X is hemicompact (see [6], for example). As for the interme-
diate topologies, first Gulick established in [4] that C3(X) is metrizable if and
only if X is compact. This immediately extends to Cg(X).

Theorem 6.1 The following are equivalent.
(a) X is compact.
(b) Cs(X) is metrizable.
(c) C5(X) is metrizable.
The metrizability of C;(X) is given by the next theorem.

Theorem 6.2 Let X be a locally almost c-compact space. Then the following
are equivalent.

(a) X contains a dense o-compact subset.
(b) C(X) is metrizable.

(c) Cr(X) is first countable.

(d) C3(X) is first countable.

(e) C(X) is metrizable.

Proof. The fact that (a) implies (b) follows from the fact that if X contains a
dense o-compact subset then C,(X) = Cyu(X). Clearly (b) implies (c) and also
(c) implies (d). The equivalence of (d) and (e) is because C}(X) is a locally
convex ITausdorff space.

Finally we show that (e) implies (a). Let {Vj, ., n € N} be a countable
local base at fo, where Vi, ., = {f € C(X) pg.(f) < €n}, én € Ci(X) and
0 < €n < 1 for each n € N. Also for each n € N, let S,, be a o-compact set
such that ¢,(X — 5,;) = 0. We claim that § = X, where S = US%,S,,. If not,
then there exist 2o € X — S and continuous ¢ X — [0, 1] such that g(zo) = 1
and ¢ = 0 on S. Now py,(g9) = 0 for all n, so that ¢ € NV}, e.. But
N, Vs,,e. = {fo}, which is a contradiction. =

Finally let us mention that the metrizability of C, 4(X) was studied in [5],
and the characterization of when this space is metrizable is the same as in
Theorem 6.2 for the space C;(X).
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7. Separability

A space X is called submetrizable if there exist a metric space Y and a continuous
bijection h X — Y. We call a submetrizable space separably submetrizable if the
metric space Y can be taken as separable. A submetrizable space X will be
separably submetrizable whenever the density of X is less than or equal to 2%e,

The submetrizability of X plays a crucial role in determining the separability
of C(X) with various different topologies. For example, it is known that Ci(X),
Ci(X) and Cj(X) are all separable if and only if X is separably submetrizable
(see [6], [10] or [11]). To determine the separability of Cs(X) and C,(X) we
need the following theorem found in [5].

Theorem 7.1 Every pseudocompact submetrizable Tychonoff space is metriz-
able and hence compact.

The spaces Cy(X) and C;(X) are separable if and only if X is compact and
metrizable. In the next theorem we see that is also true for C(X).

Theorem 7.2 For every space X, Cg(X) is separable if and only if X is com-
pact and metrizable.

Proof. Because of Theorem 7.1, it suffices to show that if X is not pseudocompact
then Cg(X) is not separable. So suppose we have A C X and ¢ € Bo(X) as
in Theorem 4.1. Then given any countable family {f, n € N} C C(X), define
fA > RDby f(zn) = fa(zn) + W::_J There exists a continuous extension F' of
f to X. Then py(F — fn) = 1 for each n, which shows that no countable subset
of C(X) can be dense in Cs(X). =

To get the corresponding characterization for the separability of C,(X), we
must assume an additional hypothesis on X.

Theorem 7.3 Let X be a locally almost o-compact space. Then the following
are equivalent.

(a) X is compact and metrizable.
(b) X is normal and C,(X) is separable.
(c) X is normal and C}(X) s separable.

Proof. We know that (a) implies (b) and (c). To show that (b) implies (a),
we need only show that for a normal space X, if X is not pseudocompact then
Cr(X) is not separable. So choose A C X and ¢ € C1(X) as in Theorem 4.2.
Then given any countable family {f, n € N} C C(X), define f A — R by
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f(zn) = fa(zn) + 1. Now the arguments similar to those in Theorem 7.2 show
that C;(X) is not separable.

To show that (c) implies (a), suppose X is normal and C?(X) is separable.
Then C}(X) is separable, so that X is submetrizable. It remains to show that X
is pseudocompact. If not, then choose A C X and ¢ € C1(X) as in Theorem 4.2.
If i A — X denotes the inclusion map, then the induced map i* C*(X) — C*(A)
is a surjection. It can be easily shown that i*(Vs,.) C V. where V, . = {f €
C*(X) ps(f) < e}, Ve = {f € C*(X) |Iflloo < €}, lIfllo = sup{|f(z)| =z € X}
and 0 < ¢ < 1. Since C;(A) = C;;(A), it follows that i* is continuous. So C}(A)
is separable, and hence A is compact. This contradiction shows that indeed X
is pseudocompact. =

We can establish a variation of Theorem 7.3 where the normality assumption
on X is dropped by taking X to be locally compact.

Theorem 7.4 Let X be a locally compact space. Then the following are equiv-
alent.

(a) X is compact and metrizable.
(b) C-(X) is separable.

(c) Ct(X) is separable.

Proof. To show that (b) implies (c), suppose C;(X) is separable. Since X is
locally compact, Cp(X) < C;(X), so that Cg(X) is separable. Then by Theorem
7.2, X is compact and C}(X) = C,(X).

Finally to show that (c) implies (a), suppose C?(X) is separable. Since X
is submetrizable, we need to show that X is pseudocompact. Suppose not, so
there exists an unbounded f € C(X). Then there are sequences {z,} in X and
{an} and {b,} in R such that for each n, n < an < f(z4) < by < ap41. Since X
is locally compact, each z, has a compact neighborhood A,, which is contained
in f=((an,bn)). For each n, let ¢, X — [0, 1] be continuous so that ¢,(z,) = 1
and ¢,(X — Ap) = 0. Then define ¢ X — [0,1] by ¢(z) = én(z) if z € A,
and ¢(z) = 0 otherwise. We see that ¢ € Cy(X) since {A,, n € N} is a discrete
family in X. Now let i N — X be dcfined by i(n) = z,. Then the surjection
t* C7(X) — C;(N) is continuous as shown in Theorem 7.3, which leads to a
contradiction. m

The separability of Cy u(.X') has been studied in [5], and this characterization
is the same as that for C,(X) in Theorem 7.4 except that the local compactness
is not needed.
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