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QUANTUM TRANSPORT IN A LOW-DENSITY PERIODIC POTENTIAL:
HOMOGENISATION VIA HOMOGENEOUS FLOWS

JORY GRIFFIN AND JENS MARKLOF

We show that the time evolution of a quantum wavepacket in a periodic potential converges in a combined
high-frequency/Boltzmann—Grad limit, up to second order in the coupling constant, to terms that are
compatible with the linear Boltzmann equation. This complements results of Eng and Erd&s for low-
density random potentials, where convergence to the linear Boltzmann equation is proved in all orders. We
conjecture, however, that the linear Boltzmann equation fails in the periodic setting for terms of order 4
and higher. Our proof uses Floquet-Bloch theory, multivariable theta series and equidistribution theorems
for homogeneous flows. Compared with other scaling limits traditionally considered in homogenisation
theory, the Boltzmann—Grad limit requires control of the quantum dynamics for longer times, which are
inversely proportional to the total scattering cross-section of the single-site potential.
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1. Introduction

The analysis of wave transport in periodic media plays an important role in explaining numerous physical
phenomena, most notably in solid state physics, continuum mechanics and optics. A key challenge is
the derivation of macroscopic transport equations from the underlying microscopic laws, and to thus
describe effects on scales which are several orders of magnitude above the length scale given by the
period of the medium. Semiclassical analysis and homogenisation theory have produced a remarkable
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572 JORY GRIFFIN AND JENS MARKLOF

Figure 1. Illustration of a wavepacket at time ¢ = 0 with wavelength /4 in a Z9-periodic
potential with interaction regions of diameter 2r. For small r, the classical mean-free
path length in this setting is of the order r!~¢.

collection of results in scaling limits where the characteristic wavelength is either much larger than the
period (low-frequency homogenisation) or of the same or smaller order (high-frequency homogenisation);
see for example [Allaire and Piatnitski 2005; Benoit and Gloria 2017; Bensoussan et al. 1978; Birman and
Suslina 2003; Craster et al. 2010; Gérard 1991; Gérard et al. 1997; Harutyunyan et al. 2016; Markowich
et al. 1994; Panati et al. 2003].

Here we study the limit when the diameter 2r of the interaction region in each fundamental cell is signif-
icantly smaller than the period, and the wavelength & is comparable to the interaction region; see Figure 1.

Such a scaling, which is not traditionally discussed in high-frequency homogenisation, is motivated
by the desire to understand the Boltzmann—Grad limit of particle transport in crystals. This problem is
currently only understood (a) in the case of zero quasimomentum [Castella 1999; 2001; Castella and
Plagne 2002], (b) in the classical limit [Caglioti and Golse 2010; Marklof and Strémbergsson 2008; 2010;
2011a; 2011b], and (c) when the medium is random rather than periodic, in both the classical [Gallavotti
1969; Spohn 1978; Boldrighini et al. 1983] and quantum settings [Eng and Erdds 2005] (see also [Erdds
and Yau 2000; Spohn 1977] for the weak-coupling limit and [Bal et al. 1999; 2002; 2011] for related
models). In the random setting — classical and quantum — the limit transport equation is proved to be the
linear Boltzmann equation, as predicted in [Lorentz 1905].

The linear Boltzmann equation for a particle density f (¢, x, y) at time ¢, where x denotes position and
y momentum, is given by

Wf,x,»+y -V f(t,x,y)=p(x) /Rd Sy, Y)[f(t,x,y)— ft,x, y)]dy, (1-1)

subject to initial data (0, x, y) = a(x, y). The collision kernel X (y, y’) is determined by the single-site
scattering potential, and can be interpreted as the rate of particles with velocity y being scattered to
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velocity y’ (or vice versa). The quantity p(x) denotes the macroscopic scatterer density at x, which for a
homogeneous medium means p(x) is constant. In the absence of scatterers p(x) = 0, and the solution of
(1-1)is f(t,x,y)=a(x —ty, y), which is consistent with free transport. In the case of a single scatterer,
classical and semiclassical scattering theory yields a linear Boltzmann equation with p(x) = 6(x) [Nier
1995]. See also [Nier 1996], in particular Section 7.2, for the case when p(x) is an infinite superposition
of point masses in dimension d = 1.

The principal result of the present work establishes convergence in the Boltzmann—Grad limit for the
quantum periodic setting, at least up to second order in the coupling constant. Perhaps surprisingly, and
unlike the classical case [Golse 2008], this limit is compatible with the linear Boltzmann equation. We
nevertheless conjecture that higher-order terms in the coupling constant are incompatible, and that in
particular the limit process does not satisfy the linear Boltzmann equation. A heuristic description of the
full limit process will be provided elsewhere [Griffin and Marklof > 2019].

A technical step in this paper is to generalise the limit theorems for multivariable theta series, which
were employed in the proof of the Berry—Tabor conjecture for the Laplacian on tori with quasiperiodic
boundary conditions [Marklof 2002; 2003]. Crucial ingredients in the proofs of these statements are
equidistribution results for homogeneous flows against unbounded test functions, which require estimates
on the escape of mass into the cusp of the relevant homogeneous space. The results in [Marklof 2002;
2003] are based on Ratner’s measure classification theorem and are therefore ineffective. The recent
paper [Strombergsson and Vishe 2018] provides effective rate-of-convergence estimates in this context
(we will not need these for the present study).

Given initial data f; in the Schwartz class S(R?) and scaling parameter 4 > 0, the quantum amplitude
f(t, x) at time ¢ is given by the Schrodinger equation

. h
i St x)=Hupf(t, %), f(0,x)= fox), 1-2)
with quantum Hamiltonian
h2
Hp = Hpo+A+0p(V), Hpo= 3.2 A. (1-3)
Here A is the standard Laplacian in R% and Op(V') denotes multiplication by the Z¢-periodic potential
VE) =V, )= > W (x+m)), (1-4)

mez4
with a fixed single-site potential W. We will assume from here onwards that > 2 and that W € S(RY) is
real-valued.

We expect that our analysis can be extended to scatterer configurations where Z¢ is replaced by an
arbitrary Euclidean lattice £ of full rank in R, and more generally to locally finite £-periodic point sets.
This requires, however, a substantial generalisation of the asymptotics discussed in Section 7, which are
based on limit theorems for the pair correlation of general positive definite quadratic forms. The latter
are currently understood, in the necessary scaling regime, only in dimension d = 2 [Eskin et al. 2005;
Margulis and Mohammadi 2011].
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The quantities r, . > 0 are scaling parameters which we will refer to as the scattering radius and
coupling constant respectively. The operator Hy, ; can be realised as the Weyl quantisation of the
classical Hamiltonian Hfl (x,y)= %||y||2 4+ AV (x). The solution of (1-2) can be represented as f (¢, x) =
Up,».(1) fo(x) with

Uni(t) =e(—=Hpt/h), e(z) ==, (1-5)

To characterise the asymptotic behaviour of the quantum dynamics, it will be convenient to use the time
evolution of linear operators A(¢) (“quantum observables”) given by the Heisenberg evolution

A(t) = Upp(t) AUp (1) (1-6)

We will use the L? inner product
@b = [ ate.ybGy)dxdy. (1-7)
R9 x R4
and the Hilbert—Schmidt inner product
(A, B)jus = TrAB". (1-8)

As is standard in semiclassics, we will measure momentum in units of 4, and use the rescaling a(x, y) —
h??a(x, hy); the normalisation is chosen so that the L?-norm is preserved. In the classical picture of
a point particle moving through an infinite field of scatterers, the Boltzmann—Grad scaling limit is one in
which the radius of the scatterers is taken to zero, while space and time are simultaneously rescaled in order
to ensure the mean-free path length and mean-free flight time remain finite. The classical mean-free path
length scales like 7! ~¢, and so we define the semiclassical Boltzmann—Grad scaling of a € S(R? x R?) by

Dyjpa(x, y) =r@@D2pdl2 g9 1% hy), (1-9)

where again the normalisation is chosen so that D, preserves the inner product (1-7). To ensure that the
mean-free flight time remains of constant order as r — 0 we similarly rescale time by a factor of '~
We denote by Op(a) the standard Weyl quantisation of a € S(RY x R?):

Op(a)f(X)=/Rd Rda(%(x +x),y)e((x —x")-y) f(x')dx'dy, (1-10)

where f € S(R?). We furthermore define the corresponding scaled quantisation by Op,., =OpoD;p,
and set Op;, = Opy ;.

Throughout this paper we will consider the scaling limit where the quantum wavelength is of the same
order as the scattering radius r; i.e., h = hor where hy is a fixed constant. By a simple scaling argument,
we may assume without loss of generality that sy = 1.

Conjecture 1.1. There exists a family of linear operators L(t) : LY(R? x RY) — LY R x R?) such that
(i) foralla,b e SR x RY), A=O0p,,(a), B=O0p,,(b), »>0andt >0,

hlimO(A(trl_d), B)us = (L(t)a, b), (1-11)

(i) L(t)a(x, y) is in general not a solution of the linear Boltzmann equation.



QUANTUM TRANSPORT IN A LOW-DENSITY PERIODIC POTENTIAL 575

Section A in the appendix provides an interpretation of (A(tr!=¢), B)ys in terms of the phase-space
distribution of a solution f(¢, x) of the Schrédinger equation (1-2) with initial condition

fo(x) =r?@=D2¢ " x)e(p - x/h) (1-12)

for ¢ € S(R?) and p € R A schematic drawing of the initial wavepacket f; is given in Figure 1 (shown
is the positive real part of fp).

In the case of random (rather than periodic) scatterer configurations, [Eng and Erdds 2005] proves
convergence to a limit L(#)a(x, y), which in fact is a solution to the linear Boltzmann equation with the
standard quantum mechanical collision kernel

2y, y) =872 8(lylI> — 1Y IM)IT (y, y)I*. (1-13)

Here T'(y, y’) is the kernel of the T-matrix in momentum representation. It is related to the quantum
scattering cross-section by the formula (see [Nier 1995, Appendix A])

o (y. ¥) =4Iy IT (v, YOI (1-14)
The Born approximation for the 7T-matrix yields Fermi’s golden rule,
Za(y. ) =8 8(Iy I = 1Y IDIW (v = )1, (1-15)

where W is the Fourier transform of the single-site potential W.

We will use a perturbative approach to provide evidence for Conjecture 1.1: The present paper
establishes convergence up to second order in the coupling constant A, where all terms are consistent
with the linear Boltzmann equation. Based on this analysis, we develop in [Griffin and Marklof > 2019]
a heuristic model for higher-order terms, some of which do not match the linear Boltzmann equation;
this provides support for the second assertion of Conjecture 1.1. To formulate the main theorem of the
present paper, consider the formal expansion

L(t)~ Y L))", (1-16)

n=0
and define the linear operators Lg, L and L, acting on functions in S (R x RY) by

LO(t)a(xv J’)=a(x—fy,.)’), Ll(t)a(x7 J’)=O, (1'17)
Ly(a(x, y) = /O /Rd oy, Y)lax —sy— (@ —s)y,y)—ax—ty, y)ldy ds. (1-18)

Relations (1-16)—(1-18) are consistent with L(¢) generating solutions of the linear Boltzmann equation
with p(x) = 1.
Our main result is as follows.

Theorem 1.2. Lett > 0 and a, b € S(R? x R?), A =O0p,,(a), B=O0p,,(b). Then there exist linear
operators A(()r)(t), A(lr)(t), Ag)(t) such that for h =r € (0, 1]
2 6

(AGr'™), Blus =Y (AP @r'™"), Bus A"+ ) 00" (1-19)
n=0 n=3
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and
lim (AY(tr'=), Byus = (L,(t)a,b) (n=0,1,2). (1-20)

h=r—0

The notation f(x) = O(g(x)) means “there is a positive constant C such that | f(x)| < C |g(x)].” We
will also use f(x) < g(x) synonymously, and subscript O, or <, to highlight the dependence of the
implied constant C = C, on a parameter €.

The key point here is to view the first sum on the right-hand side of (1-19) as the first three terms
of a formal power series expansion in A, which according to (1-20) each converge to the corresponding
terms of the conjectured limit (1-16). The second sum in (1-19) provides an error estimate that allows an
interpretation beyond a formal power series, but this is only of secondary interest.

We will actually prove a stronger result than Theorem 1.2. For a given quasimomentum « € [0, 1)4,
consider the Bloch functions ¢5, (x) =e((m +a) - x), m € 7% and define the projection I1, acting on
f € S(RY) by

Mo f(x)= Y (f o) ¢(x), (1-21)
with inner product e
s = [ 0 2@ (12)
Note that, by Poisson summation,
Mo f(x)= ) e(—m-a)f(x+m), (1-23)
mez74

and hence by integrating over a € [0, 1)¢ one regains f(x). We will refer to I, as a Bloch projection
and « as a Bloch vector or quasimomentum. Instead of (1-19) we consider now

(Mo Atr'=%), Bus. (1-24)
As we will see, the behaviour of (1-24) in the limit # = — 0 depends on the number-theoretic properties
of at. We call a vector o = (a1, . . . , otg) € R? Diophantine of type k if there exists a constant C > 0 such that
m; C
max|oj — —| > — (1-25)
j q q*
forall my,...,my,q € Z, g > 0. The smallest possible value for x is k =1+ 5. In this case « is called
badly approximable.

Theorem 1.3. Suppose a is Diophantine of type k < (d — 1)/(d — 2) and the components of (1, ‘'a) are
linearly independent over Q. Lett > 0 and a, b € S(R? x RY), A= Op,.,(a), B=0p, ;,(b). Then there
exist linear operators A(()r’“)(t), AY’“)(I), Ag’“)(t) such that for h =r € (0, 1]

2 6
(Mo A(tr'™), Byus = Y (AL (tr'™"), Bus A" + Y 02" (1-26)
n=0 n=3
and
lim (A"9(r'=9), Byys = (L,()a,b) (n=0,1,2). (1-27)

h=r—0
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Since the set of Diophantine € [0, 1)¢ has full Lebesgue measure, Theorem 1.2 may be viewed as
an averaged (and thus weaker) version of Theorem 1.3. The convergence in (1-27) is however highly
nonuniform in &, and the derivation of Theorem 1.2 from Theorem 1.3 requires nontrivial dominated
convergence estimates.

In his PhD thesis [Griffin 2017], the first author established a version of Theorem 1.3 for the small-
scatter problem on the torus T¢ = R¢ /Z¢ with quasiperiodic boundary conditions f(x4+m)=e(m-a) f (x)
(m € 7%) for observables that do not depend on position x. This in particular complements results in
[Castella 1999; Castella and Plagne 2002] where a = 0, and furthermore provides a discussion of the
expansion terms leading to a failure of the linear Boltzmann equation. The key observation in those
papers is that due to the large mean degeneracy of the spectrum of the Laplacian on the torus T¢, the
semiclassical Boltzmann—Grad limit diverges; a different normalisation then yields a nonuniversal limit,
which in particular is not consistent with the linear Boltzmann equation. It is interesting to note that
adding a suitably chosen damping term allows one to recover the linear Boltzmann equation even in this
singular case [Castella 2001; 2002]. The small-scatterer problem in rectangular domains (Sinai billiards)
has also been investigated in the context of quantum chaos; here the smooth potential is replaced by a
disc with Dirichlet boundary conditions [Berry 1981; Dahlqvist and Vattay 1998].

This paper is organised as follows. Sections 2 and 3 provide basic background and notation on Weyl
calculus in momentum representation and Floquet—Bloch theory. Section 4 uses the Duhamel principle to
obtain a perturbation series in A. We then apply the Boltzmann—Grad scaling in Section 5. The zeroth-
and first-order terms are elementary, and are calculated in Section 6. Terms of second order require
equidistribution results for horocycles (Section 7) and mean value theorems for theta functions (Section 8),
which build on the papers [Marklof 2002; 2003]. The second-order terms are computed in Section 9.
The estimates of the error term in Theorem 1.3 require analogous results for higher-dimensional theta
functions (Section 10) and are presented in Section 11. The proof of Theorem 1.3 is given at the end of
Section 11. Section 12 concludes with the proof of Theorem 1.2.

2. Momentum representation

We have so far represented quantum wave amplitudes f in the position representation. It will in fact be
more convenient to work with its Fourier transform f, which represents the wave amplitude as a function
of the quantum particle’s momentum. Set e(x) = exp(2rix), and define the Fourier transform f =Ff

of f by
F)=Ff = [ e-yex) o dr. 1)
R
The Fourier transform of a linear operator A on L>(R?) is then naturally defined by
A=FAF . (2-2)

Explicitly, the corresponding Schwartz kernel satisfies

Ay, y) = /Zd Ax,xVe(—x-y+x"-y)dxdx'. (2-3)
R
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The Schwartz kernel of the Fourier transform of Op(a) is given by
Op(a)(y, y) = /d a(x, 5(y+y))e(—x-(y—y)) dx
R

=a(y—y., 3y +¥)), (2-4)

where a denotes the Fourier transform of a in the first variable only; i.e.,

an. y) =fwa<x, »)e(—x - 7)dx. 2-5)

The definition given above extends to larger function spaces by standard arguments [Folland 1989].
Two notable special cases occur when a is a function exclusively of either x or y. In the first case
when a = a(x) we have (/)I)(a)(y, y) =a(y — ), and in the second case when a = a(y) we obtain
éTa(a)(y, y) =a(y)8g(y — y'). The choice a = Ly(¢)V in (2-4) yields for instance

Op(Lo()V)(y, y)=r" Y Wirme(—gtm - (y+y)) du(y — ¥, (2-6)
mez4
where §,, denotes the Dirac delta mass at the point m.
The quantisations of the Hamilton functions Hgl and Hfl are denoted by Hy = Op Hgl = —WIZA and
H,=0pH fl = Hy+ A Op V respectively. The Schrodinger equation for the time evolution of the wave
amplitude f (¢, x) can then be written (in units where Planck’s constant is 1)

#Bzf(t,x)=fo(t,X), [0, x) = fo(x), (2-7)
which has the solution
[, x)=Ux() fox), U, () :=e(—H,t). (2-8)

The relation to the corresponding operators in the Introduction is
Hypo=hHy 2, Upa(t) = Uy e (hi). (2-9)

It will be more convenient to work with U, (¢) in what follows, and then later appeal to (2-9).
Since Hgl is a quadratic polynomial, we have the exact Egorov property,

Uo(t) Op(a)Up(—1) = Op(Lo(D)a). (2-10)
In momentum representation the kernel of the operator ﬁo takes the form

Ho(y, y) = S1yIIP80(y — ) (2-11)
and thus also
Uo()(y, y) =e(=1 tly1*)so(y — ¥). (2-12)

3. Bloch projections

As is standard in the study of periodic potentials, we use the fact that any solution to our Schrodinger equa-
tion can be decomposed into quasiperiodic functions parametrised by quasimomentum & € T¢ = R¢ /74
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(Floquet-Bloch decomposition). For f € S (R) the function ¥ (x) = I, f (x) satisfies, for every k € 74,

Yx+k)=elk-a)y(x). 3-1)

We denote by #H, the Hilbert space of functions that satisfy the quasiperiodicity condition (3-1) and have
finite L>-norm with respect to the inner product

W, Pla= | ¥(x)p(x)dx. (3-2)
'ﬂ'{
We define the corresponding Hilbert—Schmidt product for linear operators from L*(R?) to H, by

(A, B)us.a =Tr AB' =/
‘H'd

</ A(x, x)B(x, x') dx’> dx. (3-3)
Rd
Lemma 3.1. If f, g € S(RY), then Ty f, Tyg € Ho N C®(RY) and

(Mo f, 8) = (f Tag) = (Mo f, Magla = Y flm+a)3(m+a). (3-4)

me74

Proof. We have by (1-23)

(Mo f, Megla = 3 clm-a) fT (M (@) g0 ) dv. (3-5)

meZ4

Using the invariance (3-1) of Iy f, we see that the summation and integration can be combined to an
integral over R? which equals (I, f, g). The final identity follows directly from the definition (1-21),
which yields

(Mo fo8)= Y _(from) (gn. 8= > fm+a)i(m+a), (3-6)

mez74 meZzZ4

concluding the proof. (|

Note that for the Fourier transform,

Muf(0) =Y fOn+0)Snia(y). (3-7)

me74

Lemma 3.2. If A, B have Schwartz kernel in S(RY x RY), then T4 A, Ty B are linear operators L*(R%) —
Hy, and
(HaAa B)HS = <A, HOLB>HS = (HaA, HotB>HS,ot

= Z / A(m+a,y)§(m+a,y) dy. (3-8)
Rd
meZz¢
Proof. This is analogous to the proof of Lemma 3.1. By (1-21), we have
[MaBl(x,x)= > e(—m a)B(x +m,x), (3-9)

me74
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and so

(Mo A, My Blsa = Y e(m-oc)/ (/ (Mg Al(x, x') B(x +m, x) dx/) dx
Td Rd

mez4
=/ (/ [MgAl(x, x) B(x, x’) dx’) dx = (T4 A, B)ys, (3-10)
Rd Rd

where we have used the identity [[T4A](x +m, x") = e(m - a)[[14A](x, x'); see (3-1). The proof of
(A, Iy B)ps = (14 A, T4 B)ps.« is analogous. Finally, in view of (2-3) and (3-7) we have

M AlY, ¥) =D Smta(WAM+a,y), (3-11)
meZz¢
which yields
(My A, Bus = f > Smiay) Am +a. y)B(y. y)dydy
R mezd
=Y [ An+ayBmra )y, (3-12)
Rd
mez4
completing the proof. (I

We denote by A% the standard Laplacian acting on H,, and set
H} = Hy +10p(V), Uy(t)=e(—Hyt). (3-13)

Lemma 3.3. For f € S(RY),
HaU (1) f = Uy () f. (3-14)

Proof. We have the commutation relations
Mg Hy = HyTly, TlgOp(V)=Op(V)I,. (3-15)
Consider the time derivative of the left-hand side of (3-14),

O MaUs (1) f = —27milla(Ho + 2 Op(V) U, (1) f
= —2mi(HS + 1 Op(V )T, U (1) f- (3-16)

Thus the left-hand side of (3-14) is the unique solution to

og(t,y) = —2wi H g(t, y) (3-17)
with initial condition g(0, y) := I1, f (y). The right-hand side of (3-14) solves the same PDE, and the
proof is complete. O

4. Duhamel’s principle

Duhamel’s principle provides an explicit expansion of the solution in terms of the coupling constant A. By
truncating the expansion at order 2, we will be left with theta functions that, in a certain scaling limit, can
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be treated with the tools of homogeneous dynamics. The explicit error terms can be handled separately.
Our first aim is to work out the time evolution of unscaled observables,

U (2) Op(@) Uy (=1), (4-1)
perturbatively in A. We first study the problem in the interaction picture; i.e., consider
U.()Uo(=1) Op(@)Uo (1) Uj.(—1). (4-2)

Note that in view of the Egorov property (2-10) this is equivalent to the original problem upon replacing
a by Lo(t)a. We define the operators K (¢) and R(¢) for t € R by

K(t) = Us(t) Op(V)Uo(—t) and R(t) = Uy (t)Uo(—1). (4-3)
Furthermore, for s = (sy, . . ., 5,) and £ < n we denote by K, ,(s) the product
Kin(s) = K(sg) - K(sp)- (4-4)
Then
(Mo Us (1) Uo(—1) Op(@) Uo (1) Uz (—1), Op(b))us = (TIo R(1) Op(a)R(1) ™", Op(b))ms. (4-5)

Duhamel’s principle asserts that

t
R(t)=1—- 2nik/ R(s)K (s)ds, (4-6)
0
and iterating this expression N times yields
N
R(t) =) 2"Ra(t) + 3" Ry y1.£(0), (4-7)
n=0
where Ry(t) = I and
R, (t) = (—2mi)" Ki,(s)ds (n>1). (4-8)
O<syp<--<s,<t
The error term is similarly given by
R = (-2m™*! [ R(s1) K1 1(5) ds. (4-9)
O<sp<--<Syp1<t

The inverse of R(¢) can be calculated by taking the Hermitian conjugate. It is given by

N
RO =Y 2Ry (1) + N Ry, (), (4-10)
n=0
where R, (1) = I,
R, (1) = (2711)”/ Kin(s)ds (n=>1), 4-11)
O<sy<---<s1<t
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and the error term is

Ry o) = ri)V! / Kin1()R(syar) ™" ds. (4-12)

O<syyr<--<sp<t

We have also used the fact that Op(V) = Op(V) (since V is real-valued) and thus K () = K (t). Our
methods will permit explicit calculation of the terms in this expansion up to order 2, and so specializing
to the case N = 2 the expansion takes the following form

6

(M Us (1) Uo(—1) Op(@) Up (1) U;.(—1), Op(D))us = Z A'Q,(t, a, b), (4-13)
n=0

with the main terms Qg to Q; given by

Qo(t, a, b) = (Il Op(a), Op(D))ns,
Q1(t,a, b) = (g R (1) Op(a), Op(D))ns + (I Op(a) R (1), Op(h)) s,

(4-14)
Os(t,a, b) = (14 Ry(t) Op(a), Op(b))us + (I1g R1(¢) Op(a) R, (t), Op(b))us
+ (g Op(@) R, (2), Op(b))us.-
The error terms Q3 through Qg are given by
Q3(t, a,b) = (llgR3 ¢£(t) Op(a), Op(b))us + (e R2(2) Op(a) R (1), Op(b))us
+ (Ila R1 (1) Op(a) R, (1), Op(b))us + (Ile Op(a) R5 (1), Op(b))us,
Qa(t,a,b) = (llgR3 £(t) Op(a) R (1), Op(D))ns
(4-15)

+ (e Ro(7) Op(a) R, (2), Op(b))us + (o R1(7) Op(a) R3 ¢ (1), Op(b))ns.,
Qs(t,a,b) = (llgR3 £(1) Op(a) R, (¢), Op(b))us + (I1a Ra2(7) Op(a) Ry (1), Op(b))us,
Qs(1, a, b) = (llgR3 £(t) Op(a) R; (1), Op(D))ns.
We will treat these error terms in the following way. First of all, Lemma 4.1 shows that all of the
Q; can be bounded above by quantities which are independent of U (¢), and depend only on the free
evolution Uy(¢). Then after rescaling, the resulting quantities, which we denote by J; ,, can be treated

with similar techniques to those used in the computation of the limit of the second-order terms.
Define

Ten(t, @) = Q27)" / oosi o en s MK 1,08 OP(@ K11 (5) 5. . (4-16)

O<sy<--<Sp41 <t

Lemma 4.1. Fora, b € S(R?),

(Tl R (1) Op(@)R,_, (1), Op(D))us| < Ten(t, a) |[T1q Op(b) || Hs,a
[(TqRe(1) Op(@)R,_, (1), Op(b))us| < Te.n(t, @) [[T1e Op(D) |1, “17)
[(Mg Re.e (1) Op(@)R,_ (1), Op(b))us| < Te.n(t, @) [[T1e Op(D) |15,

)

[(Tla Re,e (1) Op(@)R,,_, £ (1), Op(b))us| < Ten(t, @) [T Op(D) |l1s,a-
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Proof. For the first bound, note that by Lemma 3.2 and direct computation we have
[(TTe Re (1) Op(a)R,_, (1), Op(D))ns|
= [(TITe R¢ (1) Op(a)R,_, (1), 14 Op(b))Hs e

= (2m)" (Mo K1,6(s) Op(a)K¢41,,(s), g Op(b)) s, ds

O<sy<--<sp<t
O<sy < <Spp1 <t

< @m)" (Mg K1,¢(s) Op(@) K41, (), e Op(D))Hs,e| ds.  (4-18)

O<sy<--<sg<t
O<sy<--<Sp1<t

The bound then follows by an application of the Cauchy—Schwarz inequality. For the second bound we
similarly have

(g Re(t) Op(@)R,,_, (1), Op(b))ns

< (@2m)" (M K1,6(5) Op(@) K412 ()R(50) ", Tlg Op(b))pis ol ds.  (4-19)

O<sy<--<sp<t
O<sy<--<Spy1<t

The result then follows by applying Cauchy—Schwarz and using that R(s,) is unitary. For the third bound
we have

(g Re,e(r) Op(a)R,_,(1), Op(b))ns

< (@2m)" |(Tla R(51) K1,¢(5) Op(@) Ke11,n(s), Tl Op(b) ) Hs,ec| ds.  (4-20)

O<sy<--<sp<t
O<sy<--<Spy1<t

This time the bound follows by first applying Lemma 3.3, then the Cauchy—Schwarz inequality and finally
using the unitarity of R(s). The last bound follows by combining the arguments for the second and third
bounds. (]

Let us introduce the shorthand

[Ti—pe(=5 i1 —splly —m|I)W(r(mj —m)) (I <n),

1 (> n). “4-21)

Lemma 4.2. The kernel of k\g’n(S) = .FK&,,(S).F_] is explicitly given by

[Ken()1(y. ¥
=N N (= selly ) Worm) Ten-1(9e(5 sully = mall*)3m, (v = ¥ (4-22)

my,....m,cZ4

Proof. We have
Ken(s) f() =K(s0) - K(su) f(¥)
= FUo(s¢) Op(V)Uo (g1 — s¢) - - - Uo(sn — $u—1) Op(V)Uo(=s) F ' f(y),  (4-23)

and
FUo(s) Op(V)F ' f(3) =rle(=3sl1yl?) D Wem)f(y —m). (4-24)

me74
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By iterating we thus see

Kin(s) fF)=K(s0)---K(sn) f ()

=r= e (s yI?)

x Y Wempe(=(seri—so)lly—me|)W(rmy 1)

my,...m,cZ4

| xe(—1 (sero—serD) I y—me—me iy |2) W (rmyy)
x-oxe(= 5 (sn=su-D) | y—me—---—m, 1 |) W (rmy)
xe(%sn ly—my—---—m, ||2) f(y—mg—---—my). (4-25)

We then make the variable substitutions m; = m; — le;e] m; for j =¢+1,...,n. Note that this gives
y—my—---—m;=y—m; and also m; =m; —m;_;. Inserting these new variables, dropping the tildes,
and using the definition of 7y, yields the result. (I

5. The Boltzmann-Grad limit
Recall the semiclassical Boltzmann—Grad scaling (1-9) given by
Dyjpa(x,y) =r?“ VPR a(r "k hy). (5-1)
Performing the Fourier transform in the x-variable yields the expression
Brsa(n, ) = (Dpra)(n, y) = =29V 2pd2 a1y, hy), (52)
and thus after quantizing the rescaled observables we see
Op(Dppa)(y, y) =r VPR (= (y = y), By +¥)). (5-3)
Note that after this rescaling we have the relation

D, pLo(ta(x, y) = rd@=D2pdl2 Lo)a(r'x, hy)
= r?@=DRpd2 (= —thy, hy)
= D, pa(x — thrl_dy, y)
= Lo(thr'""")D, pa(x, y) (5-4)

and so the Egorov property (2-10) becomes
Uo(thr'=*) Op(Dy.pa)Uo(—thr' %) = Op(D;. 4 Lo(t)a). (5-5)
Given a linear operator A on L?(R?) with Schwartz kernel in S(RY x R?), we define the partial trace

Try A = Z Am+o, m+a), (5-6)

me74
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and note that in view of Lemma 3.2, (ITyA, B)ys = Trq ABT. Let us furthermore define Zy n, implicitly
dependent on r and &, by

Tro [Op(Dy,pa) Op(Dy,nb)] (=n=0),
I,.(s) = Tre[K1,e(s) Op(Dr.pa) Ket1,0(s) Op(Dynb)] (1 <€ <n), 5-7)
’ Tre[K1,,(s) Op(Dyna) Op(Dy pb)] 0 <t=n),
Tre[Op(Dyna) K11 (s) Op(Dr,nb)] (€=0<n).
In view of (4-14), we have forn =0,1, 2
Qu(t. Dy pa. Dyyb) = iy Y (= 1) / N AIOL (5-8)

£=0 O<sy<-e-<Spq1<t

(We work with b rather than b to simplify the notation in the calculations that follow.) In other words, the
¢ n are precisely the expressions that appear in the expansion of

(Mo Uy (1) Uo(—1) Op(Dy @) Uo (1)U (—1), Op(Dy. b)) bis: (5-9)
see (4-13).
Let us write down the Z; ,, explicitly. For 1 <£ < n, we show in Section B in the appendix that one has
Ig,,(s)—r”dhd/ Z e(—1 st llmy+al|*) W (r (m,— m )T, (@e(5 sellme+a|?)
P xa (=g h(meta+3r' ) e(— 1 sep lmeta+rt")?)
X W (r(me—mee)) T4 g (etr® e(t sullmy+o+r?="n|?)
xb(n, h(my+o+5r"""n))dp+0 (™), (5-10)

with the definition

()= {H;;ee(% (s =401y +m; |2)WrGnj —mjs0) (€ <n),

1 (€ > n). -1

The symbol O(r*°) is a shorthand for “Og (rP) for any g > 1.7 It follows more immediately from the
definition of K, that for £ =n

Lon) =t [ Y e(=dsilmy+ o) W m, —m)
Rz
e T @e(3 Sallmy + @l)a (=, hm, + o+ 3r7 )
x b(n, h(m, + o+ 1ri='g)) dy+ 0 (™), (5-12)
and for £ =0
IOn(s)
_r”dhd/ Z a(—n, h(m,+a+iri='y))
R o 2 ! d—1_ 12\ i - d—1
xe(—2% s1llmy+o+ri""y] )W(r(mn—ml))Tl (a4 )
xe(3 sullmy+a+r="n|?)b(n, h(m,+a+1r'"" ) dp+0>). (5-13)
2
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6. Orders 0 and 1

The asymptotics for zeroth- and first-order terms follows from the Poisson summation formula.
Lemma 6.1. Too = / a(x, y)b(x, y)dxdy + O(h*™). 6-1)
R4 x R4

Proof. We have (by Lemma 3.2)

Too=h" ) /Rd&(—n,h(m—i—a-l—%rd_ln))g(n,h(m—i—oz—l—%rd_ln))dn. (6-2)

meZ4

Since a and b are in the Schwartz class, applying Poisson summation in m gives
Too = / a(—n, y)b(n. y)dndy + O (h*)
RY x R4
= / a(x, y)b(x, y)dxdy+ O(h™), (6-3)
RY x R4

completing the proof. (]

Recall that the mean-free flight time is of the order of 7'~ and that according to (2-9) we should
consider time in units of /. This suggests the rescaling t — hr!~“t, and thus, by the Egorov property
(5-5), we obtain for the propagated symbol
Tra[Uo(thr' =) Op(Dyna)Uo(—thr' =) Op(Dy.4b)]

= Tra[Op(Dy. 1 Lo(t)a) Op(Dy,nb)]

=[|Rd Rd(LO(t)a)(x’y)b(x’J’)dxdy+0(h00)
=/ alx —ty, y)b(X,y)dXdy+0(hoo) (6-4)
R4 x R4

uniformly for all ¢ in a fixed compact interval. It is worth noting that this is precisely the answer one
would expect: at order O the potential does not appear, which means the solution simply displays free
evolution. We see this is true by virtue of the fact that the initial density has simply been translated in
position space for time ¢ with momentum y.

Lemma 6.2. To.1(s1) = Z1.1(s1) = O(r*h™® +r*). (6-5)
Proof. By (5-12),

Ti1(s1) =r?h?W(0) Z /d a(—n, h(m+a+ %rdﬁln))lg(n, h(m+ o+ %rd’ln)) dn+ 0™
R

meZz4

=riW(0) a(—n, y)b(y, y)dpdy + 0r'h> +r>), (6-6)
R4 x R4
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again by Poisson summation. Similarly, using (5-13),

Toa(s1) =r"h'W(©) > /Rdé(—n,h(ml—koz—k%rdln))l;(n,h(m1+oc+%rd1n))dn+0(r°°)

mleZd

=riW(0) -, Wb, y)dpdy + O h™ +r>), (6-7)
R4 xR

completing the proof. U

Indeed, in the expansion (5-8) the terms Z; 1 (s;) and Zo 1 (s1) appear with opposite sign and therefore
cancel up to an error O (r?h> +r). The total error term after integrating over s is thus obtained by

multiplying this by the integration range of size hr'~?t.

7. Equidistribution of horocycles

At second order we will use the fact that the Z, , can be written as functions on some noncompact,
finite-volume manifold. Specifically, consider the semidirect product group G = SL(2, R) x R?? with
multiplication law

(M, &)(M', &)= MM, &+ ME), (7-1)

where M, M’ € SL(2, R) and &, &' € R? x R?; the action of SL(2, R) on R? x R? is defined canonically as

_ (ax+by _(a b _(x
w=(in) =) +=C) o2

where x, y € R%. A convenient parametrisation of SL(2, R) can be obtained by means of the Iwasawa
decomposition

M =n_(u) 02V R(¢), (7-3)

—t/2 —qi
n_(u) = ((1) ”1‘) o = (e 0 6,0/2), R() = (Zi’ji C;“f). (7-4)

This decomposition is unique for t = u +iv € 9, ¢ € [0, 27), where ) denotes the upper half-plane
H={r €C:Imt > 0}. We will use the notation M = (7, ¢) and (M, &) = (7, ¢, §) interchangeably.
With this, we have for instance n_ (u)® 292" = (u +ir2, 0) and

(1, <0>>n_(u)q>—21°g’ = (u +ir?, 0, (0)). (7-5)
y y

Throughout this section, let I be a subgroup of SL(2, Z) x (%Z)Zd of finite index. The Haar measure
on G induces a G-invariant measure on I"\ G, which will be denoted by w. Since I' is a lattice in G, we
have (by definition) 0 < u(I'\G) < oo.

with

Proposition 7.1. Fix y € R/\Q so that the components of (1, 'y) are linearly independent over Q. Let
w : R — R be piecewise continuous with compact support. Let F : I'\G x R — R be bounded continuous,



588 JORY GRIFFIN AND JENS MARKLOF

and F, be a sequence of continuous, uniformly bounded functions I'\G x R — R such that F, — Fy
uniformly on compacta as r — 0. Then, for o > 0, we have

rli_I)r(l)rU/RFr<<u+ir2,0, <g)),rgu) wr®u)dy = —— M(F\G) /F\G/ Fo(g, u) w(u)dudu(g). (7-6)

Proof. The proof of Theorem 5.1 in [Marklof 2002] tells us that for F : I'\G — R bounded continuous,

we have
rli_r)r(l) r’ /R F((u +ir2,0, (g))) w(r®u)du = /,L(F;\G) G Fdu /R w(u) du. (7-7)

The claim now follows from the same argument as [Marklof and Strombergsson 2010, Theorem 5.3]. U

We define the subgroup '« by

T = {((1) ”11) ‘me z} CSL(Q2,7) (7-8)

and for y = (“ b) use the notation

vy, =Im(y7) = Yy i=cx+dy. (7-9)

v
et +d|?’
Then, with x g the characteristic function of [ R, co) we define the characteristic function X g : ) = Rx¢ by

Xp(r) = > XR(Vy). (7-10)

ye(MU—Tw)\ SL(2,2)

Note that by construction X is SL(2, Z)-invariant. For f : R — Rx¢ of rapid decay at 00 and 8 € R,
the function \Pg, ¢ G — Ry is defined by

Ve @®= Y Y F(y +mv)H vl yr(vy), (7-11)

yel\SL(2,2) mez?

and for convemence when 8 =1 we write Wg ¢ 1= = ! R The function \Ilﬁ is left-invariant under
SL(2,2) x (3 ) . Both X and 111 %, can thus be viewed as functions on G and since I is a finite-index
subgroup of SL(2, Z) x ( )2d are also left I'-invariant.

Proposition 7.2 [Marklof 2002, Proposition 6.4]. Let y be Diophantine of type k, w : R — R piecewise
continuous with compact support,and 0 < € < 1 and 0 < € < 1/(k — 1). Then, for every R > 1,

r—0

lim sup r4~2 f g, s (u +ir?, <(y’)) wru) du Lo o RTVED=dED/2 L g=€/2 - (7.12)
lu|>r2=¢

Note that the term R—€/2 is only relevant for d = 2. The expression vanishes as R — oo if ¥ <
(d —1)/(d —2). The following generalisation to 8 < 1 holds. Note the range of integration is now over
allu e R.
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Proposition 7.3. Let 0 < 8 < 1, y be Diophantine of type k, w : R — R piecewise continuous with
compact support. Then, for every R > 1,

lim sup rd—zf v f(u i, (0)) w42y du « R-(/6=D=d+D/2 4 p(B-1d/2, (7-13)
r—0 R ’ y
The right-hand side vanishes as R — oo if and only if
- {oo (B=2/d),
(Bd—1)/(Bd—2) (B=>2/d).

In practice, we want both Propositions 7.2 and 7.3 to hold simultaneously. We do this by taking
k < (d—1)/(d —2) and use the fact that for 2/d < 8 < 1 we have (8d —1)/(Bd —2) > (d —1)/(d —2).

(7-14)

Proof. Writing T = u +iv and v = r> we have the explicit representation

\Ifﬁ,f(”( )) =2 Z f( ﬁ/f)'fff;“(uﬁz)

12 pBd/2 v
+2 Z Zf((dy—l— ) —i—dl)lct—l—dlﬁdx (|ct+d|2)' (7-15)

(c.d)ez* mezd
ged(e,d)=1
¢>0,d#0

For the first term we make the substitution # = vt in the integral, which yields

V172N yPd/2 ’
d/2—1 d/2—1
2v /w(” “)Zf( |r|)|r|ﬂd“(|r|2)d”

a/2p) m 1

_p-papy [ WD dt. (7-16

’ o (11 ()P szf MIETEwEEY Lol S ey R
me

Under the assumption that 0 < 8 < 1 we have

p(1=B)d/2 1 R(B-Dd/2 1
< 7-17
(11 2)pdr2 XR(U(I +t2)> = U+ XR(U(I +r2)) -17)
and thus obtain the bound

limsup2vd/2_1 w(vd/z ]u)Zf vl/2 Uﬁd/2XR v du
AN

v—0

dr
(B—1)d/2 o —00 _
<2R w(0) f(O)/I% ENDLE + O(R™ ™). (7-18)

For the second term, using

vﬂd/Z v Ud/2 (B—1d)2 v
< R~ — ), 7-19
|cr+d|/3dXR(|cr—i—d|2) = et +dd XR<|ct+d|2> (7-19)
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we see that

1/2 Bd)2
£ [ )
R lct +d| ) |ct +d|P

(c,d)eZ? mez?
ged(ce,d)=1
¢>0,d#0

v _

is bounded above by

12 /2 v
RB-Dd)2 d/2—1/ y v 2= du. (721
2. v W@ m i ) icerad R fergap )0 e 2D

(c,d)ez? mez?
ged(c,d)=1
c>0,d#0

This reduces the problem to the same calculation as in the proof of Proposition 7.2, which yields that
(7-21) is bounded above by

RUB-D/2(g=(1/(=D=d+2)/2 | 1y _ g=(1/G=D=Bd+2)/2 | p(B=Dd)/2, (7-22)

completing the proof. U

Fix a compact interval A C R. We say F : I'\G xR — C is dominated by Vg _y on I'\G x A if there are
positive constants L, Rg such that |F((t, ¢, ), u")|Xr(r) < L(1+ W (7, ¢, §)) forall (z, ¢, §) € G,
u' € A and R > Ry. A sequence of functions F, : I'\G x R — C is uniformly dominated if L, R, are
independent of r.

Proposition 7.4. Assume y is Diophantine of type k < (d — 1)/(d — 2) with the components of (1, 'y)
linearly independent over Q. Let w : R — R be piecewise continuous with compact support. Let
Fy : T\G x R — R be continuous and dominated by Wg ¢ on I'\G x supp w. Let F, be a sequence of
continuous functions I'\G x R — R uniformly dominated by Wg y on I'\G x supp w such that F, — Fy
uniformly on compacta as r — 0. Then for any 0 < € < 2 we have

lim r¢72 / F, ((u +ir?, 0, (0)) rd_zu) w(rd_zu) du
r—0 u|>r2—¢ y

1
n(T\G)

Proof. (This follows the proof of [Marklof 2002, Theorem 6.8/Corollary 6.10].) We may assume without
loss of generality that F, and w are real-valued and nonnegative. Set

Jr,R((T7 ¢’ E), M/) = FF((T’ ¢5 E)’ l/l/)(l - XR(T)) (7'24)

Then J, r is bounded and thus

/ Jr R <<u + irz, 0, <g>), rd_2u> w(rd_zu) du
|u|>r2—¢
= / A R((u +ir?, 0, <g)) rHu) w(r'?u) du+ 0(*7°).  (7-25)
R

/ f Folg, w) w) dp(g) du.  (7-23)
R JT\G
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By Proposition 7.1, which (by a standard probabilistic argument) extends to functions such as J, g
whose points of discontinuity are contained in a set of p-measure zero (alternatively simply smooth the
characteristic function xg to make J, g continuous),

lim r¢72 / JrR ((u +ir2, 0, <0>>, rd_zu) w(rd_2u) du
r—0 R y
1

— w(\G)
Furthermore, Fo((7, ¢, §), u")Xg(t) < LXg(7) + LWg ;(7, §) for large R, and hence

/ / Jor(g Wyw(') du(g) du'. (7-26)
rRJr\G

/ / Fo((z, ¢, 8), u) Xg(t)w(u') du du’ S/ w(u') du// (LXg+LWg p)du < R™': (7-27)
R JT\G R T\G
see [Marklof 2002, §6.2]. Combining this with the result for Jy r yields

/ / Jo.r(g. uyw(u') duu() du’ = / / Folg. u)w() du(g) du’ + O(R™).  (7-28)
G G

In summary, we have shown thus far that

lim iélfrd_2 / F, ((u + ir2, 0, ((y))) rd_2u> w(rd_zu) du
r— |u|>r2*‘
> lim rd=2 / Jr R ((u + ir2, 0, (0>>, rdzu) w(rdfzu) du
r—0 lu|>r2—¢ y

f/ Fo(g, u) w(u')du(g)du’+ O(R™Y) (7-29)
R JT\G

~ w(T\G)

for every R > Ry. For the upper bound we use that

Fr((r,¢,8),u) < F((7, 9, 8), u)(1 — Xr(7)) + LXr(T) + LWg £ (7, §). (7-30)

We proceed as above for the first two terms, and apply Proposition 7.2 to the third to obtain

lim sup rd_2/ F, <<u + irz, 0, (2)), rd_2u> w(rd_Zu) du
r—0 |u|>r2—¢

/ / Fo(g, u') du(g)du’ + O (R~ =D=d+D/2 4 p=<'/2y (7.3])
R JT\G

=
n(I\G)
for every R > Ry. O

8. Mean value theorems for theta functions
For f € S(RY x R?) and ¢ € R, define f; by

fyi, y) (¢ =0 mod 27),
Joy1, y2) = f(=y1, —y2) (¢ = mod 27), (8-1)
Jrea Go(¥1, y2, X1, %2) f(x1, x2)dx1dxy (¢ #0 mod ),
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where

%<||y1||2+||x1||2—llyzllz—“”“2)°°s¢_y"xlﬂz'm) (8:2)

G¢(y1,yz,xl,xz)=lsin¢|_d6< sin ¢

Lemma 8.1. If f € S(R? x RY) then f, € S(R? x RY).
Proof. If ¢ =0 mod 7 then the result is immediate. For fixed ¢ # 0 mod 7, define

1 2 2
5 (lx1 1= = llx2]]7) cos ¢
g(x1, xp) = e( : . f(x1,x2) (8-3)
sin ¢
and its Fourier transform
. _ —Yi-X1+y2-x

(31, y2) = |sing| d/ g(xl,xz>e( NET R 2>dx1dx2- (8-4)

R2d sin ¢

Note that X
sy l2 = lly21?) cos ¢

sin ¢

Now feS (R? x RY) implies g € S (R? x R?) (since all derivatives of the exponential factor in (8-3) grow

fo(y1, y2) = e( )I 1, y2). (8-5)

at most polynomially), which implies I € S(R? x R?) (since the Fourier transform preserves Schwartz
class; use integration by parts), which in turn implies fy € S (R? x R?) (by the first argument). O

The following lemma provides rapid decay that is uniform in ¢.

Lemma 8.2. If f € S(RY x R?), then for all multi-indices B, B, € Z‘éo and for every T > 1

sup (1+ Iy D7 (1 + ly2IDT 1957 882 £, (31, y)| < 0. (8-6)
Y1, y2,¢
Proof. The proof of Lemma 8.1 shows that
sup (1 [y D71+ [y2l)7 105 882 £, (31, y2)| < 00 (8-7)

yi,y2.¢€l

for any closed interval I not containing ¢ = 0 mod 7. As in the proof of [Marklof 2003, Lemma 4.3],
we represent fgy /2 = fRZd Gy (y1, ¥2, X1, X2) fr/2(x1, X2) dx dx> using the Fourier transform f5 5 of f.
Since frp €S (R? x R?), we see that (8-7) holds for any closed interval not containing ¢ = % mod 7.
Both cases taken together, this shows that (8-7) holds in fact for every closed interval /, and so in particular
for I = [0, 2r]. This proves the claim in view of the 27 -periodicity of fy. (]

We define the theta function ® ¢ : G — C by
®f<” +iv, ¢, (;)) =v"? 3" £ my — y), v (my— y))
m1.my el xe(3ulmy—y|> — lmy — ylI*) +x - (m1 —my)). (8-8)

Since fy € S(R? x R?) we have that O e C>(G). Let

r= {((‘cl Z) : (‘Cldbz) +m) : C Z) €SL(2,2), m e sz} cG. (5:9)
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with s = (%, %, R %) € R? Then I is of finite index in SL(2, Z) x (%Z)M, and O is left I' invariant;

see [Marklof 2003, Proposition 4.9]. That is, ® y € C*(I'\G).

Proposition 8.3. Let f € S(R? x RY). Then

Op(u+iv, ¢, &) =v" " fu(m—y)v'?, (m—y)v'/*) + 0(™) (8-10)

meZ4
uniformly for all (u +iv, ¢, &) € G with v > %
Proof. See [Marklof 2003, Proposition 4.10]. |

Corollary 8.4. Let f € S(RY x R?); then for all T > 1 we have that © ¢ is dominated by Wy ; for
fa)y=a+]xp~". 8-11)
Proof. This follows from Proposition 8.3 and Lemma 8.2 (with g, = 8, =0). ([l

Proposition 8.5. Assume y is Diophantine of type k < (d — 1)/(d — 2) with the components of (1, 'y)
linearly independent over Q. Let w : R — R be piecewise continuous, continuous at 0, with compact
support. Then

lim r4=2 / ®f(u—|—ir2,0, (0>) w(r?u) du
r—0 R y

=200 [ F0n 801~ Il dJ’2+/Rdf(J’h)’l)dyl/Rw(u)du- (8-12)

Proof. Fix 0 < € < 1, and split the integration over u into the regions |u| < r>~€ and |u| > r>~¢. In the
first region, the proof of [Marklof 2002, Lemma 7.3] shows that

rd=2 f Of (u + irz, 0, (g)) w(rd_2 u)du
lu|<r2—¢

=r~? /| . ( /R o TGN = ||.)’2||2)r_2bi)dJ’ldYZ>w("d_2”)d” +o(1)

=2w(O) | df(yl’J’2)5(||y1||2—||y2||2)dy1dJ’2+0(1)- (8-13)
R4 xR

Since ®  is dominated by Wy, ¢, for the region |u| > r2~€ we can apply Proposition 7.4 and note that the
limit can be written as

1
o dufw(u)du=/ FOn ) dn /w(u)du; (8-14)
w\G) Jr T e R R
see [Marklof 2002, Lemma 7.2]. O

We will now deal with f that depend continuously on additional parameters u € R, n € R%. We
denote by S the class of functions f e C(RY x R? x R x R?) with the property that for every multi-index
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Bi. B, € Z‘éo the derivative 8'8' 8/3 2 f(y1, ¥2, u, ) (a) exists, (b) is continuous (in all variables), and (c) is
rapidly decaying, i.e.,

sup (L [y D7+ [y D” (L + 1D A+ DT 185 952 £(y1. yo . )| < 00 (8-15)
Y1, y2,u,n

forevery T > 1. For f € S we define Jfo € Sin analogy with (8-1) by

f(y17y27us n) (¢:0 m0d27'[),
Jo, y2,u,m) = f(=y1, —y2, u, ) (¢ = mod 27), (8-16)
Jrea Go(¥1. 2. X1, X2) f (%1, X2, u, ) dxy dxs (¢ # 0 mod 7).

The fact that fy € S follows from the same argument as in Lemma 8.1. We also have the following.

Lemma 8.6. If f € S, then for all multi-indices B, B, € Z‘io and every T > 1

sup (L [y D7 (L + Iy DT (A ul)" (L + gl T 105852 £5 (91, y2, u, )| < 0. (8-17)
Y1, y2,u,0,$
Proof. This is analogous to the proof of Lemma 8.2. (I

Given f € S, we define the theta function

Or(gu,m) =0y un(g), (8-18)

with ® ¢(. , 5 as defined in (8-8) (with u, 5 fixed). In view of Lemma 8.6, we have ©® € C(I'\G xR x RY).

‘We further define
0
Fr(g,l/l)Z/ ®f(g(l’ (1 d )),M, 7]) d” (8_19)
R4 A

Proposition 8.7. Let f € S. Then

Fr(u+iv, ¢, &, u") =v"/? Z/ fo'2m—y), v 2m—y), v, ) dp+0G?) + 0(™>) (8-20)

mez4

uniformly for all (u +iv, ¢, &) € G, u' € R, with v > % andr < 1.

(u+iv, ¢, §)<1, <lrgn)> = (u +iv, ¢, (’y‘ 1’;227)) (8-21)
2 9.1

1/2,.d

Proof. Note that

where
~1/2,d

7151n¢+ suv~“rpcos ¢,

xf¢,7———l)
— 1,-1/2,d
Yr.p.g = 3V

(8-22)
réypcos¢.
We thus have

Fr(utiv, ¢, €, u)—f v Y L =y —ye ). v o=y —ye p0). 1’ M)
mim€Ztce(Lumy—y—ye g g 12— lIma—y—ye s11)
xe((X+Xr..5)-(mi—my)) dy. (8-23)
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d 1 1\d
Choose m € 7% such that m € [—5, 5) + Y+ ye,¢.9- Then, for any T > 1 and for all m| # m,

Fo(02my —y — yo ), v 2 (ma—y — yrgq).u' 1)
= O0r (v T (A + [lmy |72 (A + [lma | 72D + I 72T)). (8-24)

The same is true for m, %= m. Therefore
Fr(u+iv, ¢, &, u')
=y fR o P am =y =y g ) v P m =y =y p) u ) d+ OWTF). (8-25)

mez4
The result follows from applying Taylor’s theorem and using Lemma 8.6 to conclude that the error term
is small uniformly in " and ¢. O

Lemma 8.8. Fix T > d. Then:

(1) The sequence (Fy), of continuous functions '\G x R — C is uniformly dominated by Wy, 7, where
Fy=a+lyh".
(2) F, — Fy uniformly on compacta.

Proof. The set of (u +iv, ¢, &) € G with v > % contains a fundamental domain of I" in G. Therefore, by
Proposition 8.7 we have for r < 1 that

Fr(u+iv, ¢, & u') < 1402 Z/ fom—y)v'2, (m—y)v' u’, p) dy
Rd

meZ4

<1 3 film= o) [+l d
Rd

meZd

L1+ Wy, 7(7, 8). (8-26)
The first result is thus proved. The second result follows from the continuity of ®  and Lemma 8.6. [J

Proposition 8.9. Let f € S, and assume y is Diophantine of type k < (d —1)/(d —2) with the components
of (1, 'y) linearly independent over Q. Let w : R — R be piecewise continuous, continuous at 0, with
compact support. Then

lim 792 / F, <<u + ir2, 0, <0)), rd_2u> w(rd_zu) du
r—0 R y

=2 w(0) dzf()’l,J’2,0,71)5(||J’1||2—||J’2||2)dJ’1d)’2d77
(R%)

+/ fy,u, ) w(u)dyy dudy.  (8-27)
RY xR x R4

Proof. This is analogous to the proof of Proposition 8.5. ]
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9. Order 2

In this section we show how the terms at order A> can be written as averages over theta functions of the
form (8-19). We assume throughout this section that e« is Diophantine of type k < (d —1)/(d — 2) with
the components of (1, 'e) linearly independent over Q.

The cases £ =2 and £ = 0. The cases £ = 0 and 2 are similar and we treat them together. First, from
(5-12) we have that 7, » can be written

Tro(si,s) =r*n? Y /R AW ma—m)Pe(3 (s2—s0) (lma-tor]* —lm +e )
o<t xa(—n, h(my+a+iri="n))b(n, h(ma+a+iri='9))dg+0 ), (9-1)
which we express as
Tr,2(s1, 52)
=r2nt 3" [ W ma—m))Pe(—(s2—s0)r' my —my) )
m ezt xe(3 (s2—sn)(Ima+a+ 5 ql* — lm1 +a+ 37" 19]%))
xa(—n, h(ma+o+1r'"'9))b(n, h(my+a+3r""'9)) dp+0G>®). (9-2)
In the same way we can see from (5-13) that Zy » can be written
Ty 2(s1, 52)
=2t )" a(—n, h(ma+o+1r?=n))e(~1 sillma+o+r?='g|?)W(r(my —m)))
mmsczt (L1 sy — syl et ) WG Omy —mo)
xe(3sallma+o+r1?)b(n, h(ma+ea+3r'"19))dp+00>), (9-3)
which we express as
Zo,2(s1, 52)
=r2 Mt Y [ Wy —m))Pe(3 (2 —s)r ™ my—my) 1)
mamse2? " o4 sy =) (Ima+a+ 24 g2 g o+ 24 ) 2)
X Ez(—n, h(mz—l-ot + %rd_ln))lg(n, h(mz + o+ %rd_ln)) dp+0(@(™). (9-4)

We can then combine these two terms in the following way: First define Z » as

Tpo(sts) =r " Y | [Wermy—m)Pe(=5 [s2—s1 " (my—my)-p)
momse2 o1 sy (Ima -t L g P -k L )
x&(—n, h(m2+oc+%rd_1n))5(n, h(m2+a+%rd_ln)) dg (9-5)
and note that
Tra(s1,82) +O0(r™®) ifs) <s,

; (9-6)
Zo.2(81,52) + O (r>) if 51 > 5.

Tya(s1,82) = {
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Therefore, after inserting the integration over s; and s, we obtain

/ Tr2(s1, 52) dsy dsy + / Zo2(s1, 52) dsy dsz
0<sy<sy<hrl=dt 0<sy<s) <hrl=dt
1—-d
t

hr' =4t phr
= / / L+ 2(s1,52) ds; dso +-O0(@r™). (9-7)
0

Note that we measure time in units of 4r!~9 as in the treatment of the zeroth-order term.

Lemma 9.1. Let I , be defined as above and set h =r. Then,
Z_dl

hr'=dt phr r
/ / Ty 2(s1, $2) dsy dsy = r@+? / F, (<u+ir2, 0, ( 0 )),rd_2u> du, (9-8)
0 0 —r2=d; —«

with F, as defined in (8-19), with the choice

l—dt

FOn y2ou,m) =e(S@+ul) (y2—y1) ) (¢t — D) X1, @)W (32 — y0) I @, y2)b(—n, y2). (9-9)

Proof. In the case h = r the left-hand side of (9-8) reads (after the variable substitution 3 — —n)

2 d

r3d_/ / / Z |W(r(m2 my))| C( |S2—s1|rd71(m2—ml).n)
0 R4

mme e (5 (sa—s1) (Ilma+a— ' n | = my+a—3r "1 q|12))
xa(n, r(mo+a—1ri=1n))b(—n, r(my+a—1ri=1y))dydsidss.  (9-10)

‘We then use the relation

t t t
f/ fls2a—s)dsidsy= [ (t—|ul)f(u)du (9-11)
0 JO —t
to rewrite the above as
2 dt
2d+2/ » / > |W<r(m2 mi))%e(% lulr™ ma—my)-n)
—r ‘l‘ R{
€2 st —r® 2 ul) (L u(llmy e — L g2 = lmy e — Lrd 1y 12))

xd (n, (mz—Hx—%rd ! )) —n, r(my+a—3 1yd= 1;1))dndu

1
2
dl
42 i
frz dz/Rd@f(u-Hr ( oH—lrd 1") 2u, n)dndu (9-12)

with f as in (9-9). Noting that

1, .d—1
. Sur®=y . 0 . 0
(u L0, (_“2+ %rdu,)) _ ( L0, (_a)) ( 0. (%rdn», 9-13)

the result follows. |

Note that in view of (2-9) we should consider the rescaling of the coupling constant A — Ak ™2, or
equivalently of the potential itself W — h~2W. At second order the potential appears as |W|2, and so we
must rescale our terms by a factor of 1™,
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Proposition 9.2. Let I+ 2 be defined as above. Then

hr!
hm h™ /
=r—0

= 2zf W=y atx, y2)b(x, 32) 8y I = l1y2]?) de dyr dys
(R4)-
+t2|W(0)|2/ a(x, y)b(x, y)dxdy. (9-14)
R4 x R4

zlt

/ Ty 2(s1,52)dspdsy

dl

Proof. By Proposition 8.9 and Lemma 9.1 we have that the limit in (9-14) is given by

t
2f f(yl,yz,o,nwnylnz—||y2||2)dy1dyzdn+/f f,y,u,p)dydpdu.  (9-15)
(R4)3 —t JRIXRI
We have for the first term

2], FOr 32 0m 8yl = ly2l*) dyr dy2dy
(RD)-

=2t fW 3 \W(y2 — yn) > a(m, y2)b(—1, y2) 8(Uly1 11> = ly211%) dy dy, dy
(R4)-

=2rf W=y aGe, yb, 32) 8yl ~ 120 de dyidys. (9-16)
(R’

Similarly for the second term we obtain

t t
/ f fQy,y,u,p)dydpdu= [ (t— Iul)/ |W(0)|>a(n, y)b(—n, y)dy dn du
—t JRIxR4 —t R4 x R4

=12 |W(©0)? a(x, y)b(x, y)dxdy, (9-17)
R4 x R4
completing the proof. U
The case £ = 1.
Lemma 9.3. Forh =r,
l—dt rZ—dt

T12(s1, 52) dsy dsy =912 / F, ((u+ir2, 0, (0— oc)), rd2u> du+0 ™), (9-18)
_p2—dy

[hrldt/lzr
0 0

with F, as defined in (8-19), where

1 2t —|u|
SO, y2,u,m) = 3 (/I e(3—u)m-(y2—y1) du’) X(—.01(u)

ul
x |W(y1 = y)I* @@, y1) b(—n, y2).  (9-19)
Proof. As before, we start from (5-10). For Z; 5 this yields the explicit formula
Ty 2(s1, 52)
=r*nt Y] de(—ls1||m2+oe|| YW (r(my—m))e(3 51 llmi+el?)a(—n. h(mi+ot3r'"y))
m €2 e(— L sollmy +otr® T g P) W (r(my —mo))e (L sallmo+otr? " n|?)
xb(n, h(my+o+1ri='n)) dp+0 ™). (9-20)
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‘We then note that we can write
sillmy +al? = sallmy + o +r?1y|?
_ 2 _ _ _
= (51 —s2) [m1 +a+ 3y |" = (s +5)r - (my + o) — L5122l 2 = 25022 g2 (9-21)

and similarly

—s1llmy +a||* + s2llmay +a + 9y |2
_ 2 _ _ _
= (s2 —sD)|[ma+ a4+ 3r? "+ Gs1 +50r - (ma 4+ o) + s Ryl + 250X )P (9-22)

We then insert these expressions into the exponential and make the variable substitutions s; — sy = uy,
s1 + 82 = uy, and § — —n to obtain

hrl=ds 2hr =V —rd=2 |y e
%rd—i-zhd/ (/ > fRJIW(r(mz—m1))|2e(—%uzrn.(mz—m1))

—hri = NI rd =2y my,myez¢ 1 Cld-1,2 C1d—1, 2
Xe(2 u1(||m1+0t 5T nll lm2 + o 7T nll ))
xa(n, h(my+o—1ri~'y))
X l;(—n, h(mz +o— %rd_ln)) duz) du;

d42 p2—dy 5 lulrd—ln d—2
= i 2 - dnd 2
r /ﬂ—dz /Rd @f((u1+1r , 0, (—oc—{—%rd_ln))’r ul,n) nduy, (9-23)

with f as in (9-19). The statement follows from (9-13). O

Proposition 9.4.

hr'=dt phrl=dt
lim A% T12(s1, 52) dsy ds;
h=r—0 0 0

t
=2/ / W= 0P 3P~ IyalPate — (2 — 30, 31 b, y2) dyy dys e ds
0 J(R%)

+12|W(0)]2 a(x, y)b(x, y)dxdy. (9-24)
R4 x R4

Proof. By Proposition 8.9 and Lemma 9.3 we have that the limit in (9-24) is the sum of two terms. The

first one can be written

2 fr 32 0.m8Cyal® = 1y20?) dyr dys dy
(RS

t
= 2/ . W (2= yDI>a@. y)b(—n. y2) 8y lI* =132 (/ e(—u’n-(yz—yl))du’) dy; dy,dn
(R)° 0

t
= 2/ /Rd AW = y0lPa s (2= y0, y0) bex, p)8(UIyI* = 1y21") dyr dyr deds. (9-25)
0 J(R)
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The second term takes the form

1 t t - . -
5/ / f(y,y,u,n)dydndu’du = (t—lul)/ |W(0)|>a(n, y)b(—n, y)dy dn du
—t JRIxRA —t Re x R4

=2 WOF [ ate )by drdy. (9-26)
R4 x R4
This completes the proof. ]
Thus, combining 7; ; for j = 0, 1, 2 yields the following limiting expression for the second-order
terms.
Corollary 9.5.

hri=dt psy
lim »~* [— / / To.2(s1, 52) dsy dsp
h=r—0 0 0

hri=dt phri=d; hr'=ds phr!
—i—/ / T1,2(s1, 52) dsy dSz—/ /
0 0 0 52

t
=2 [ 1T =y Pan et
X [a(x —s(y2 =y, y1) —a(x, y2)]1b(x, y2) dyidy> dx ds.  (9-27)

—d t

Zo2(s1, 52) dsy dS2:|

Now replacing a by the time-evolved symbol Lg(t)a yields, in place of (9-27),

t
2//“|W<yz—y1>|28<||y1||2—||yz||2>
0 J(R%)-
X [a(x —(t—s)y1—sy2, y1) —a(x —tyz, y2)1b(x, y2)dx dy; dy>ds. (9-28)

10. Higher-order theta functions

In order to prove bounds on the error terms (4-15) in the Duhamel expansion we will need to define
higher-order theta functions, that is, generalisations of the theta function given in (8-8) that live on the
product space (I'\G)*. Specifically, for f € S(R¥* x R4*¥), we denote by @35) : (I'\G)* — C the theta
function

0 (r. ¢, 8)
=det)’? Y fo((M=Y)'/2 (M'-Y)v'/?)
MMEZPE yo(Te[L (M —Y)(M—Y)u—L (M ~Y)(M'~Y)u+ " (M—M)X]), (10-1)

or more explicitly,

= 1/2 1/2 1/2 2
V(. ¢.8)= Y foPmi—yn)..... v m—y0). v 2 —y1). ... v  mp—y0)

k

L, 74 dj2

M S xl_[vj/e(%uj(llmj—yjllz—llm}—yj||2)+xj'(mj—m§-)), (10-2)
j=1
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where we use the natural notation
T=u+iv, wu=diag(uy,...,ur), u;€R,

v=diag(vy, ..., %), vi€R.o, ¢=(d1,...,%) €l0,2m)",

= _ _((* X 2dxk .
eyt = () o (5)) e 105

X=@1....x0) e R* Y =(y,..., y) € R¥K,

M= (m,,... ,m) ez
and
fe(X, Y =/d Gy, Y. Z,Z) f(Z,Z)dZdZ', (10-4)
Réxk x [Rdxk
with
k 1 2 2 12 2 ’ o
) o g (2 Iz = Y= 1125 17) cos @ —yj 2+ ¥z
Gy(Y,Y ,z,Z)_Jlj[l|sm¢j| e( g, . (10-5)

For ¢ =0 mod 7 we define fy by generalising (8-16) in the analogous way. In the special case where
f= ]_[/;.:1 fi» with f; € S (RY x R?), the function @gf) becomes the product of k independent theta
functions of the form (8-8). In a similar vein as earlier, we wish to consider a generalisation of this theta
function in which the function f is allowed to depend directly on u# € R* and some new parameters
neRand w e R.

We denote by Sk the class of functions f € C(R** x R¥k x RK x RY x R) with the property that for

every multi-index B, 8, € Z43F,

the derivative
05" 81> f (Y1, Yo, u, , @)
(a) exists, (b) is continuous (in all variables), and (c) is rapidly decaying, i.e.,

sup  (LHNY1 DT A+IV2IDT A+uD) T A+-IIDT (L) 135 952 £ (Y1, Ya, u, 1, )] <o (10-6)
Y, Yo,u,nw

forevery T > 1.
We then consider the test function f = f(Y,Y’, u, n, ®) in §k and set

0P (g un 0 =01 , @ (10-7)
We now proceed to state some results in direct analogy with Section 8.
Lemma 10.1 (cf. Lemma 8.6). If f € Sy, then for all multi-indices B, B, € Z‘gk and every T > 1
sup (L IV1IDT (L + 120D (1 + Ju”
YleZsusﬂsqus
x (L+ D7 (1 + )T 135 352 fp(¥1, Yo, u, 1, )] < 00, (10-8)

Proof. The proof is analogous to those of Lemmas 8.2 and 8.6. ]
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Now, let us use the shorthand

(@) ()

‘ B

and further define

FFP (g, u) :=/'/ 0P (g zk(r" ). u. n. @) dy| do. (10-9)
R|JRY

Proposition 10.2 (cf. Proposition 8.7). Let0 < <1 and f € S. Then,
FP(utiv, ¢, 2. u))
=det(v)?*/* )" / U fo((M=Y)v'% (M=Y)v" 4, y, ») dn‘ da)+0(rd)+ZO(v_°°) (10-10)
Mezdxk j=1
uniformly for all (u +iv, ¢, E) € (P\G)K, u’ € R* with v; > % forall jandr < 1.
Proof. The proof is analogous to that of Proposition 8.7. (I
Recall the definitions of \Pg’f and f in (7-11) and (8-11).
Lemma 10.3. Fix T > d. Then:
(1) There is a constant C such that for all r < 1
k
k, -
FP (¢ B <C[JA+ 9], (5. €)). (10-11)
j=1
2) F,k LN Fg P uniformly on compacta.
Proof. The proof is analogous to that of Lemma 8.8 with Lemma 10.1 in place of Lemma 8.6. (I
In the following, we denote by I; the k x k identity matrix.

Proposition 10.4. Let0O < B <1 and f € Si. Assume for j=1,... kthat y; is Diophantine of type
k < (d —1)/(d — 2) with the components of (1, " ¥j) linearly independent over Q. Let w : R - R be
bounded with compact support. Then,

lim sup pkd=2) / F,k’ﬂ (u +ir’l, 0, (3) , rd_2u> w(rd_zu) du < oo. (10-12)
Rk

r—0

Proof. Applying Lemma 10.3 yields

lim sup rk(d_z)f Frk”s (u +ir?I, 0, (g) > w(rd_zu) du
Rk

r—0
¢ 0
: k(d—2) B ) d-2 .
< Climsupr /[R |:|_| (l—l—\IJl/zf(uJ +ircly, (yj)))]w(r u)du. (10-13)

r—0
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The function w has compact support, so fix L such that the cube (—L, L)* contains the support of w,
and denote by y; the characteristic function of the interval (—L, L). We can then bound the above
expression by

k
Csuplwllimsupl_[(rd_2 /R<1+\pf/2f<uj+ir21k, (;).)»XL(rd—zuj)duj). (10-14)
’ J

r—0 =1

The result then follows by applying Proposition 7.3. ]

11. Error terms

In this section we prove upper bounds on the error terms (4-15) in the semiclassical Boltzmann—Grad
scaling, i.e., for O, (hrl_dt, D, ya, D, ,b), where relevant cases are n = 3,4, 5, 6. Lemma 4.1 tells us

that
3

|Qu(hr'=t, Dypa, Dryb)l < > Jewn(hr'™t, Dy pa) |1y O, () [IHs.a- (11-1)
=n-3

The term [|ITy Op, ;, (b)|lns.« has a uniform upper bound; see Lemma 6.1. Hence the key is to estimate
(recall (4-16) and Lemma 3.2)

sﬁ,n(hrl_dt’ Dr,ha)
+ 1\ 1/2
=(@n)" / ot comrtd (Tl K1) K1) OP (@ K41,0(8) K10 () O, @1) 7 ds. (11-2)
0<sy<---<spy1<thr'=4

A straightforward computation (see Section C in the appendix) yields the expression

Tro[K1,6(5) K1,6(5) OP,. (@ K410 () Keg1,4(5)" Op,. 1, (@)]
=2t " Amy,—m, +m—m;, =0]

x /R WCmo—m T @e(b sellme el ~ ) + )

X W (r(m — mo)T 1, (@a(n. h(mg+a —3r*"'n))

X W(r(me—me) T4, (e —rd™!

d—1

n)

nlI* = lme + o —r?~'g)%)

d_lﬂ)

x a(—n, h(my+a—5r"""n))dp+ 0 (™), (11-3)

I
xe(y ser1(lmy +o—r

X W(r(m/e-',-l - m/())f[-‘rl,n—l(“ -r

where .

[Ti—ee(3 (s = sixD Iy +m ) W(r(mj —mj11)) (L <n),
1 (I >n),
[Ti—ce(3 (1 —splly +m; )W r(m) —mh)) (L <n),
1 (I >n).

E;(y):{
(11-4)
Ton) = {
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Let us focus on the exponential factors in (11-3); they are

-1
(1_[ e(3 (55 = sj+1) (lm; +a|* — [|m] +oc||2))>
j=1
xe(§ selme +al® — m +a?)e(d ser1(lm) +o—r=)? = me +a —ry?) - (11-5)
n—1
x ( [T eG G =sis0)lm;+a—r"q)* - ||m‘;+a—rd—1n||2>)).
j=t+1

We write the above as
-1

(1_[ e(3 (sj—s,~+1>(||m,-+a—%r"—ln||2—||m;~+oe—%rd—lnn%rd—l<mj—m;>‘n)))
j=1

xe(3 (se=ser)) (Imera—3r® )P ~lmy+oa—sr =1 yl?))e(5 (setser)rd ™ g-(me—my))
n—1
x< [] 3 (sj—sj+1)(||mj+ot—%rd117||2—||m}+a—%rd1n||2—rd1(mj—m})-n))). (11-6)
j=t+1

Note that this product of exponentials is independent of the variables m, m, and m), and so the entire
dependence on these variables is in the product of W-terms. In (11-3) we can therefore separately evaluate
the threefold sum

Yo Wemo—m))W(r(m) —mo)W(r(my_y —my) W(r(m, —m),_)),  (11-7)

’
mo,my,m,
’ !
my —my+nm;—m,=0

which is equal to
> W(rmo —my)W(r(m —mo) W (r(my_y —my))W(r(my +my—my —m),_})).  (11-8)
mo,m;

Applying the Poisson summation formula to the sums over mg and m, yields

r_Zde W30 —rm)W(rmy = yo) W (rmy1 = y)
[R=d o~
ko k X W(yn4rm, —m;—m,_ e "ko-yo+r "'k, y,) dyody,. (11-9)

Since W € S(R?), we have for any 71, T, > 1 that (11-9) equals
r W (my —m)W(r (mly —mg +m,— —m;,_))

+O0r(r"" (A +rlmy —m{ )" +rllm) —mg+m,—y —m,_[)""), (11-10)
with

wo= | Wt —y)W(y)dy. (11-11)

The error term in (11-10), after applying the remaining m;-sums, yields therefore a total contribution
of order O(r*°) for h =r € (0, 1]. In order to write (11-3) as a higher-order theta function, we change
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variable by the linear map A : R" — R", s = @ = As, given by
wj=si—siy1 (=1,...,n-1), wp =S¢+ Sp41- (11-12)
The corresponding determinant equals 2, and hence A is invertible. Let
Q={seR":0<s1<---<se<1,0<s, < <spy1 <1}. (11-13)
Then, for h =r and @ = (u, w) € R x R,
Jen(hr' =1, Dy ja)
= (27)" r"d/ZfR 1fwl(rd—z(u, w) € AQ)

1/2

X dodu+0@F®), (11-14)

/d O™ (g . 0) zu1 (P 'm), 12w, , 12 w) dyp
R

g, a)= (u +ir’I, 0, ((_Oa> s (_O“>)) e G" !,

and ®(]Zi) as in (10-7) with k = n — 1 and test function

with

LYY u, g, 0) =W — yOW(Y, — Ye+ Yn1 — Yy_1)

n—2
x (1‘[ Wy — 3+ W (¥ — y})) a@. yo) a(—n. y,)
j=1
n—1
X ( [ e—ui(y =) n))e(%(w —u)n - (ye —yp)), (11-15)
j=t+1

where Y, Y’ € R*("=D are given by

Y= s Y1), Y=y (11-16)

In order to apply the results in Section 10, we however require f, to be continuous and compactly
supported in u, and rapidly decaying in w. To achieve this, note that we can find f with precisely these
properties by setting

fOLY u o 0) = (@, 0) (Y, Y 1.0, ), (11-17)

with ¢ : R* — R>( smooth and compactly supported such that ¢ (#, @) > (27)" on the domain of integration.
We then have, instead of (11-14),

%,n(hrl_dtv D, pa)
§r”d/2/ /1(rd_2(u,a))eAQ)
Ri-1JR

1/2
XV O (g . ) 2a1 (¥'0), r*Pu, . r o) dn|  deodut+0(r®), (11-18)
Rd -
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and thus after the variable substitution @ > r2 9w,

1—
jﬁ,n(hr dtv Dr,ha)

Srnd/Z,,Z—d/ w(rd—zu)
Rn—1

J.

1/2
/d®§f’”(gr(u,oe)zn_l(r"n),rd—zu,n,w)dn dodu+0@r™), (11-19)
R

with
w(u) =sup 1((u, w) € AQ), (11-20)

weR

which is bounded and has compact support.

Lemma 11.1. Under the assumptions of Theorem 1.3, forh =r < 1,
Ten(hr' =1, Dppa) = O (=424, (11-21)

Proof. For F,k F asin (10-9), we have

J

Thus, applying Proposition 10.4 we see that the right-hand side of (11-19) is bounded above by a constant

1/2
/1®(fnl)(an—l(rdﬂ),rd_zu,ﬂ,a)) dp|  dw=F'"""2(g, r ). (11-22)
Ra

times

prd/2 o p2=d o p=(1=Dd=2) _ . —nd/242n (11-23)

completing the proof. (I

Proof of Theorem 1.3. We recall the rescaling of ¢ and A in (2-9). The existence of the operators
Af,r’“) (tr'=?) follows from the Duhamel expansion in (4-13). The error term follows from Lemmas 4.1
and 11.1, remembering that A should be rescaled A — A/h> as in (2-9). Finally, the convergence of
the operators Af,r’“)(trl_d ) in the limit r — O is proved by combining Lemma 6.1, Lemma 6.2 and
Corollary 9.5. ]

12. Averages over o

In this section we give the analogous results required to prove Theorem 1.2. First recall that Proposition 7.1
tells us that for y € R4\Q? with the components of (1, 'y) linearly independent, and (F;),>¢ a sequence
of uniformly bounded, continuous functions we have

rli_r)r(l)r"/[R F, <<u +ir2,0, <g)>, rUu) w(ru)du = M(Fl\G) /F\G /R F(g,u) wu)dudu(g). (12-1)

Note that since the F, are uniformly bounded and continuous, and w € L!'(R), the integral over u is

bounded uniformly in » and y. Since the statement (12-1) holds for a full measure set of y € [0, 1)¢, one
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can apply dominated convergence to conclude

lim r"/ /F, <<u+ir2,0, <0))>,r0u)w(r”u)du dy
r—0 [0,1)4 JR y

M(F\G)

Thus we now just need to consider the case of unbounded test functions. It follows from (7-15) that

v1/2\ pBd/2 v
/yem,m ’f< ())dy_ Zf( |r|)|r|ﬂd”<|r|2)

/ / Fg.w) wu) dudu(g). (12-2)
G

Z U(ﬁfl)d/z v
+2[ soay xR( ) (12:3)
Rd Wt lct +d|B—Dd lct +d|?

gcd(c,d)=1

¢>0,d#0
Since for0 < g <1

pB—=Dd/2 (- 1)d/2
ot +a@d =R (12-4)

we have

dy<2 VPNV (0 ) L pe-narzy dv. (125
< I . }
/ye[m)d ’f< ( )) V= Z f( 7| ) || XR(IT|2>Jr R(r)/ﬂdf(y) y. (12-5)

This allows us to prove the following y-averaged versions of Propositions 7.2 and 7.3.

Proposition 12.1. Let w : R — R be piecewise continuous with compact support, and 0 < € < 1. Then,
for every R > 1,

lim sup r¢=2 / / Wp. f(u +1ir2, <0)) wr2u)dydu < R (12-6)
r—0 lu|>r2=¢ J[0,1)4 y

Proof. When 8 = 1, the first term in the right-hand side of (12-5) vanishes as v — 0; see [Marklof 2002,
§6.6.1]. By the equidistribution of closed horocycles and the fact that Xg is bounded and piecewise
constant, we have for R > 1 that

d
lim 4~ Z/XR(M—i-lr Yw(rd™ 2u)du——f w(x)dx/ XR(u+1v) 0
r—0 SL2,R)\$
dv
=—/ w(x)dx/ =—/ w(x)dx, (12-7)
completing the proof. U

Proposition 12.2. Let w : R — R be piecewise continuous with compact support, and 0 < B < 1. Then,
for every R > 1,

lim sup rd_Z/ / \llz’f(u +ir2, (0)> w(rd_zu) dydu < RB=Dd/2, (12-8)
R J[0,1)4 Yy

r—0
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Proof. The first term in the right-hand side of (12-5) has already been estimated in the proof of
Proposition 7.3. For the remaining terms the statement now follows from the observation that X g
is a bounded function. |

Proof of Theorem 1.2. The convergence of the operators Af,r)(rl_d t) follows in the cases n =0, 1 directly
from the calculations in Section 6 for fixed . Using Proposition 12.1 one can prove an a-averaged version
of Proposition 8.9, and hence prove the convergence of Ag) (r'=4t) as in Corollary 9.5, with y = —a. All
that remains is the bound on the error terms. One first proves the a-averaged version of Proposition 10.4,
with y; = —a, by using Proposition 12.2. The remaining analysis proceeds identically to Section 11. [J

Appendix

A. The following proposition explains how Conjecture 1.1 and Theorem 1.2 yield information on the
phase-space distribution of the wavepacket fP)(t) = Uy, ;. (t) fo(p ) with an initial wavepacket fo(p ) of the
form (see Figure 1)

£V ) = r1 @D xye(p - x/ h), (A-1)

where ¢ € S(RY) is assumed to have unit L?-norm, and p € R%.
We use the shorthand

A(t) =Up (1) OP,,h(a)Uh,x(t)_l, B =Op, (D). (A-2)
Proposition A.1. Let £, fP)(1) be as above, w € S(R?) and b € S(RY x RY). Set
a(x,y) =@ w(y). (A-3)
Then
r_d(d_l)/zh_m/ P, B FP0) w(p)dp = (). B)s + 0(4~h) (A-4)
Rd

uniformly inr, h,t > Q.

—d(d—1)/2),—d/2

(The prefactor r in (A-4) compensates for the L?-normalisation of B = Op,., () in

(1-9), which is not suitable in the present setting.)

Proof. Consider the linear operator Fr(”h’) :L2(RY) — L?(R%) with Schwartz kernel
FPx,x'y = fP ) P ) = r1@ D4 x) g x ) e(p- (x —x)/h).  (A-S)
Using the Fourier transform w of w yields
Fop(e.x') = / F) (x, xyw(p) dp = r@=Dg (41 x) pGa—Tx) i((x —x)/h)  (A6)
and by Taylor’s theorem we have

¢ x) = p(Lri @ + 1)) + Ryp(x, x), (A-T)
with remainder

1
Rop(x,x) = %rdlfo (x—x) - Vo (3ri " (x +x) +5(x —x'))) ds. (A-8)
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We can express this term in the form

R ) = 3r' 7 0 Sy (5r* e+ x). (e = x)/B). b= 3r" 7",

with
Sp(x, y) :/1 y-Vo(x +sby)ds.
Now "
Frn(e,x') = r@=)g(Lrd= e+ x) [P d((" = %)/ h) + Epp(x, x),
with

E, (e, x)=r?“Do (' —x) /W) {p(3r? 7 x+x)) R, (7, x)

Ry (6, XN (Lrd= o) 4+ Ry (6, X ) R (6, X))
On account of (A-9),

Erp(x,x) =r DD wy (3r 7 x + X)), (x —x)/h),  b=3r"""h,
with
Wy(x, y) = (DI (x) Sy (x, —y) + Sp(x, y)p (x) + b Sp(x, ¥)Sp(x, —y))}.
We rewrite (A-11) as

Frp(x,x') =r?@=bpd f 6(Lri=" x +x)) P why) e((x —x') - y) dy + E, 5 (x, '),
Rd

and so, for a as in (A-3),
Frp = r?@=D2p420p (@) + E, .
We conclude
pr DRy / AFP@. B P 0) wip)dp
R

= r_d(d_l)/zh_d/2<Uh,)L(t)Fr,hUl1,A(t)_1, B)HS
= (Up1(t) Op, (@ U, ()", Blus + O+~ 'h),

where the error term follows from the upper bounds

(Una @ ErnUn s ()", Bhus| < | Erallus | Blls,

and
) 12
IErnllns = r(d“)(d_l)h(/ (W, (377 (x +x7), x —x)/ )| dx dx/)
RY x R4

172
— r(1+d/2)(d_1)hd/2+l(/ |Wp(x, y)|* dx dy) ,
RY x R4

609

(A-9)

(A-10)

(A-11)

(A-12)

(A-13)

(A-14)

(A-15)

(A-16)

(A-17)

(A-18)

(A-19)
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with
lim |W;,(x,y)|2dxdy=/ |Wo(x, y)|*dx dy < co. (A-20)
b—0 JRd x Rd Rd x Rd

This completes the proof. O

B. In this section we compute the expression (5-10) for Z; ,,. Recall that

[Ken ()13, )
=D N (=L sl y 1P W rm) Ten—1(0)e(3 suly — mal?)om, (y — ¥).  (B-1)

Hence we have for 1 < £ <n — 1 that
Ty n(s) = Tra[K1,e(s) Op(Drna) Key1,4(s) Op(Dy 1 b)]

Jnd —d(d— l)hdfw Z (=L 1 Imo+a )W (rm ) Ti o (mo+e)e (L sellmo+o—m|?)
----- "roxa(r'~ (mo+oe—me—n), &(mot+o—m+1))
Xe(—%se+1||77|| )W(rmz+1)7?z+1n 1(77)6( Snlln— m,,||)
xb(r' = (g—m,—mo—a), L (9—m,+mo+a)) dy.  (B-2)

d—1

We then make the variable substitution § — r“~ "5 + my + a — my so that a has first argument —». This

leaves b with first argument § — r'~%(m,, +my), and, by the rapid decay of @ and b, the leading-order
terms come from when m,, + my; = 0, and we incur an error of order r°°. We thus have

Ig,,(s)—r"dhd/ Z 1[m,+m; = 0]
""" " xe(—1 sillmo+e? )W(i’ml)le 1(mo+a)e(§ sellmo+a—mg|?)
xa(—n, h(mo+a—me+5r'" lﬂ))e(—ise+1||m0+t¥—me+r “'nl?)
X W (rm 1) Tor1 -1 (mo+a+ri" g —mee(L s, llmo+a+ri"n|?)
xb(n, h(mo+a+3r'""n)) dn+0G). (B-3)

Finally, we make the substitutions m; — mo —m; for j =1, ..., ¢ followed by m; — m, — m; for
j=4L£+1,...,n to obtain

Ty n(s) = r"n? 1[m, =
tn(s)=r /R Z [m, = my]
""" ™ xe(—1sillmo+alP)W(r(mo —mi) T, ,_ (e} selme +a|?)
xa(—n, h(me+o+3r'""n)) e(—3 s llme + e+ 9%
xW(r(me—memmH,, Lo+ pe(d s llmo + o+ 1)%)

x b(n, h(mo+a+1r?~'y)) dp+ 0 G™). (B-4)

This proves (5-10).
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C. This section establishes relation (11-3), which is needed in the analysis of J; , (¢, a). First we compute
the kernel of K, z’n =FK Z,n]: —1. By taking the complex conjugate and switching y and y’ in (4-22), we
obtain

[Ken® 1, y) =r@=HD0 S 7 e(g selly +my ) W (—rm))

i, €2 X Ton—1(y +m))e(—3 sully17)m, (¥ = y).  (C-1)
where
Tea =[] 641 =)y —mj|?) W (m); —m} ). (C-2)
j=t

Thus, using the formulae for the kernels of K, tons K gn and é\pr’ , we have

[Ken () Ken(5)Op, ,(@)]1(y, y)

=20y Y e(selly+myP)W(—rm)Ten 1 (y+m)e(—4 sallyl?)
mz,“.,m,,ezd mle,...,mﬁlezd Xe(—%S(Zl|y+m;,l||2)W(rm€)7z,n—1(y+m;)e(% Sn”y"’_m;l_mn”Z)
xa(r' =4 (y—my+m),—y"), L (y—m,+m),+y"), (C-3)

and similarly
[Ken(8)Ken ()" Op, (@)1 ¥)
= pAn=trhd { Yo e(=3sellyIP)Worm)Tenr(ne(3 sully—mal?)

my,..., mneZd m} ..... m;eZd Xe(% S£||y—mn+m;,||2)ﬁ7(—rm/g)

X T en-1(y—my+m))e(—1 s, y—m,|?)
xa(r'(y+m),—m,—y"), L(y+m),—m,+y)). (C-4)
Combining these yields explicitly

Tro[K1,0(5) K1,¢(5) Op,.;,(@) Kes1,0(8)Kes1,(5)" Op,. ,(@)]

— p2nd—d(d=1)pd Z /W(rml)ﬂ,g_l(mo+m/g+a)e(%s£||mo—|—m’£—mg+oc||2)
mo.my...my €24 " ><W(—lel)?l,e—l(m0+m/g+06)e(—%Sz||m0+¢¥||2)
x&(rl_d(mo—i—m;—mg—i—a—y), %(mo—i—m/g—mgika—i—y))
xe(—3 ser1 Y12 W (rmes ) Test -1 (9)
xe (g sertllyFm),—mu|P)W (—rmy, )T 11 (y+m),—m,)
xc:l(rl_d(y—i—m;—mn—mo—a),

L (y+m),—m,+mo+a))dy. (C-5)

Now we make the substitution y =r¢~'n+mg+a +m), —my so that the first argument of @ becomes —1).
Now a has first argument 5+ r' ¢ (m; —m, +m, —my), and hence (using the rapid decay of a) we have



612 JORY GRIFFIN AND JENS MARKLOF

that m), —m,, +m), — m, = 0. This yields the expression
Tro[K1.¢(5) K1.6(s) Op,.; (@) Keg1.0(9)Kes1.n(s)" Op,.;,(@)]
=2t N Am), —my+mj, —my =0]

my,my,....m,cZ?

m),..m, ez’ x /dw(rml)ﬂ,e—l(m0+m2+06)€(%Se||mo+m;z—mé Jr"‘”2)
g X W(—=rm')T1.o_1(mo+m), +a)e(—1 sellmo +a|)?)
x a(—n, h(mo+mj —mg+a+ 3r'"'y))
x (=L serillr ™" +mo + o+ my — mel|?) W (rmy1)
X Totn—1 (r4 '+ mo + o+ mj, — my)
x e(3 sepilr®™" g+ mo + el ) W(—rm), )
X To1,0-1(r ' +mo + )
xa(n, h(mo+o+1ri~"p))dpg+0G™).  (C-6)

We then make the substitution my — mo—m’e, followed by the substitutions m; — mo—m; for j=1,...,¢
and m;j — m, —m;j for j ={+1,...,n as well as the analogous substitutions for the m; This yields
the simpler expression

Tra[K1,0(5) K1,¢(5) Op,.;(@) Keg1,4()Ket1.4(s)" Op,,(@)]
=2 pd Z 1[m),—m, +m;—m, =0]

mo,mi,..., mnEZd

m.....m, 2 ><fRdvT/(r(mO—ml))TM_l(a)e(% se(lmg+a||* — |lm), +o||*))
x W (r(my —mo) T ,_ (@a(—n, h(me+a+3ri~"y))
X W(r(my —me )T, 7+ a)
xe(Ssert(lr! " g+ my+a)® = r g+ +m|?)
X Wy =m)T oy 0 0+
xa(n, h(my+a+3r'""9)) dp+0¢). (C-7)

This yields (11-3) after substituting n — —p.
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