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We explore a complex extension of finite calculus on the integer lattice of the
complex plane. f:Z[i]— C satisfies the discretized Cauchy—Riemann equations

atzifRe(f(z+1) — f(2)) =Im(f(z+i) — f(z)) and Re(f(z+i) — f(2)) =
—Im(f(z+ 1) — f(2)). From this principle arise notions of the discrete path
integral, Cauchy’s theorem, the exponential function, discrete analyticity, and
falling power series.

1. Introduction

The theory of finite (or discrete) calculus, that is, finite differences, has been well
established. In addition, a unified theory of time scales has been formulated that
encompasses both continuous and discrete calculus (for real variables) [Bohner and
Peterson 2001]. The subject of complex analysis builds a continuous calculus on
the complex plane. A remaining, natural question is what can we say about finite
calculus on the complex plane? There are multiple approaches to addressing this
question, and unbeknownst to the authors until after this work was completed, the
question has been explored before under the monikers of discrete analytic func-
tions, preholomorphic functions, and monodiffric functions of the first kind [Duffin
1956; Ferrand 1944; Isaacs 1941; 1952; Kiselman 2005; Mercat 2001]. Conse-
quently, we do not claim mathematical originality for any of these results; we only
hope to present these ideas in a fresh context. The reader is hereby warned that
some familiar terms and theorem names will be used throughout this paper with a
new meaning derived from the discretized context. To avoid confusion, invocations
of these terms in their standard usage will be designated as classical.

MSC2000: 30G25, 39A12.
Keywords: complex analysis, discrete analytic, finite calculus, finite differences, monodiffric,
preholomorphic, Gaussian integers, integer lattice, discrete.

273


http://pjm.math.berkeley.edu/inv
http://dx.doi.org/10.2140/involve.2010.3-3

274 JOSEPH SEABORN AND PHILIP MUMMERT

2. Definitions

Let Z[i]={x+iy:x € Z, y € Z} denote the integer lattice in the complex plane.
Let f(z)= f(x,y)=u(x,y)+iv(x, y): Q— C, where Q is a subset of Z[i]. The
partial derivative of u with respect to x, A,u(x, y), can be calculated by a finite
difference as

Axu(x’ )’) = u(x + 15 y) - M(X, y)
or more simply as Ayu(z) =u(z+ 1) — u(z). Similarly,
Ayu(xa y) = u(xa y+ 1) - M(x, y)
and again,
Ayu(z) =u(z+i) —u(z).

This allows for the natural definition of
Axf=Awu+iAyw and Ayf=Au+ilAyo.

Note that Ayu(z) is defined at {z € Q : z+ 1 € Q} and A,u(z) is defined at
{z € Q:z+i € Q}. We have the following lemma for mixed partials:

Lemma 2.1. If f is defined on a set Q, then on {z € Q : z+1, z+i, z+1+i € Q}
we have

Avyf(@) = Ay f(2).

Proof. Axy f(2)=Ax(f(z+i)— f(2))
=fe@+i+D)—fz+D)—fz+i)+ f(2)
=f@+14+i)—flz+i)—fe+D+ f(2)
=A(fz+1) = f@) =42y f(2). O

Definition 2.2. The discrete function f is holomorphic at z if it satisfies the dis-
crete Cauchy—Riemann equations at z:

Acu(z) = Ayo(z) and Ayu(z) = —A0(z2).

Definition 2.3. The partial derivative of f with respect to z is

Acf—idyf _ fet+ D= fR)-i(fz+i)— f(2)
2 2

Af =
and with respect to z is

Acf +idyf _ f(Z+1)—f(Z)+i(f(z+i)—f(Z)).

Af=
! 2 2
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All partial derivative operators— A, A, Ay, A y —are linear operators. There
is no immediately apparent Leibniz product rule, or chain rule. In particular, the
usual product of two holomorphic functions is not necessarily holomorphic. The
Cauchy-Riemann equations imply that f is holomorphic if and only if A f =0. If
Af=0then f(z+1)— f(z) = —i(f(z+1i) — f(z)) and, as in classical complex
analysis,

Af=Af=—iA,f.

Definition 2.4. The interior of a set Q C Z][i] is the subset
Q={z€Q:z+1€Q, z+i €Q}.

Note that for f to be holomorphic at z requires f is defined at z, z+ 1, and z+i.
Hence, for f to be holomorphic on Q necessitates that f is defined on G, where
G=0Q.

As in the classical case, holomorphic implies infinitely differentiable.

Theorem 2.5. If f is holomorphic on Q, then Af is holomorphic on the interior
of Q.

Proof. If z € fz, then f is holomorphic at z, z+ 1, and z + i, so

Mf(z):A(f(”l)—f(z) —Zi(f(z+i)—f(z)))
2
=0. -

3. Formulas

Theorem 3.1. Let z,, j :==z+ (n— j) + ji for j =0,...,n, that is, {z,, ;} forms
the hypotenuse of an isosceles triangle with right angle at z and base length n. If
f is holomorphic on the interior of this triangle then

= (5 = (1) G
P2

Proof. We proceed by induction on n. When n = 1, we have
1—i .
f@ =5 (f o) +if ),

which is equivalent to A f(z) = 0. If f is holomorphic at z,,, j then

F@np) = S @) +if G )
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Assuming the formula holds for n we write

f@= (5 i (") () i) +if @)

- (%) Eo z'f(’})f(zm,j)+§ﬂ“(’;)f(zn+1,j+1)]
~(F) £ Q) Er () s ]
-(5) [0 G+ 5 ) e |
-(5)" j:;"jf(z"“’f)((?) * (jzl))

-(5)7 5 (7 e :

Corollary 3.2. If M, = max | f(z+ j+ik)|for j+k=nand j, k >0,

|f@)I <2"2M,.
Proof. 1 @) = (1D g (1) Mu < (1522 M, = 22, O
This formula, unlike the classical Cauchy estimate, grows as n — 00. So the

veracity of Liouville’s Theorem in this context remains in doubt. Theorem 3.4
presents a higher-order formula as a consequence of the following lemma.

Lemma 3.3. A F(z) = (li)k 3 (’J‘.)(—l)jf(zk,j)-

2 ) &

Proof. By definition,

AP = AW @) = (FF) A e+ ) = AR i),

An induction argument similar to the proof of Theorem 3.1 holds. U

Theorem 3.4. Letz, j:=z+ (n— j)+ jifor j=0,...,n. Then {z, ;} forms the
hypotenuse of an isosceles triangle with right angle at z and base length n. If f is
holomorphic on the interior of this triangle then

-t £ D)

foralln > k.
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Proof. Fix k and induct on n. The lemma establishes the case n = k. Assuming
the formula holds for n we have

N =i ()" Z( T(f Garr ) +if Gas, ]H))z /(% )(3:’;))

=0

:ik(%)nﬂ(nil f(zn+1])z ( )(]_IIC)

+j§iff(zn+1,j)éil(lzc)(j ’1_151))

:ik(%)nﬂ ni;(ijf(znﬂ,j)li) zl(ll()(n—;l_;k)) O
p= -

Theorem 3.1 presents the value of f(z) as a sum of function values along the
hypotenuse of the triangle. The following formulas present the value of f at the
other triangle vertices as a sum of function values on the opposing side. The proofs
are similar to that of Theorem 3.1.

Proposition 3.5. Let z; =z —ni + j. Then
z:n 1—i)" il (" Z;).
1@ =2 =" (5) 1)
Proposition 3.6. Letz; =z —n+ij. Then
1@ =3+ = (1) £ 6,

Jj=0

In classical complex analysis, by using Green’s theorem, we have a Cauchy
formula for continuous, nonholomorphic functions. The discrete analogue of the
Cauchy—Pompeiu—Green formula is:

Theorem 3.7. For any function f defined on the isosceles, right triangle with base
lengthn > 1,

_l—i”n.jn v__.nill.k w11\
r@=(-3") (Eo (3)r@n-a-n% i+ (;)as @),
where z, ; =z+(n— j)+ij.

Proof. We proceed by induction on n. For n = 1, we need

F@ =L (F@o) +if @ - =D +DA £ o)),

which holds by the definition of A. In general, from our base case,

f(Zn j) = (f(zn-i-l j)+lf(zn+1 /+1) _ZAf(Zn j))
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the induction hypothesis,
ro=(5) (; () (5 F G i Greri) =285 G )
n—1 1 —
—-b 3 st (g )Af(zl,k))

=0 k=0
() (B e

n—1 [
_2 -kl \n—I l A )
T Xt (A
_ (=i (E
- ()" (5 () e
n 1
—(1—i)ZZi"(l+i)"“"(,l€)5f(z;,k))- O
=0 k=0

4. Discretization of polynomials

As in the study of discrete calculus of a real variable, we redefine powers so that
the power rule holds. In the real variable case, if we consider falling powers x% =1
and x2 =x(x — 1)(x —=2)--- (x —n+ 1) for n > 1, the discrete derivative power
rule follows:

Proposition 4.1. A, x? =nx"=L,

Proof. Ayx"=(x+1)"—x"
=x+Dx---(x—n+2)—x(x—=1)---(x—n+1)
=(x+1—-@—n+D)x@x—1)---(x —n+2) =nx"=L O

To discretize z" in the complex setting, first expand z” = (x +iy)”" in terms of

x and y and replace each x" with x? and each y" with y2. We will denote this
polynomial as z2 or 9(z"). Hence, our formal definition is

BN === é‘b (Z)x”—_kykik.

Similarly, the discretization of a polynomial p(z) will be denoted @ (p(z)). These
complex falling powers of z satisfy both the Cauchy—Riemann equations and the
following power rule.

Theorem 4.2. A(z%) = n(z"=Y) and A(z%) =0.

Proof. Considering the binomial expansion of z2, by Proposition 4.1,

n n

Azti=> (Z)(n —RxtElykk and A=Y (’]Z)x”—_kkyk;lik
k=0 k=0
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and by a change of indices,

n—1
Ayzﬂ — z (k:l_ l)xn_k_l(k+l)ykik+1.
k=0

We can simplify these expressions because

ny_ (—Kkn!' n-1D!
(n_k)(k)_k!(n—k)!_k!(n—k—l)!_n( k )

and

_ k+Dne-1!
("“)(kil)_(n—k—1)!(k+1)k!_”(nk )

Using the definition for A and simplifying gives

n—1 1
s 2n(” p )xn—k—lykik
At =12 5 =nz'—.
Similarly the definition of A gives Az = 0. ]

Corollary 4.3. If p(2) is a polynomial then D(p’(z)) = A(D(p(2))).

Proof. In both cases the derivative operators are linear. O

In the real case, x* = Z?:o s(n, j)x/ where s(n, j) are Stirling numbers of the
first kind, so we also have the formula

= ké:oik(ll:) (jg)s(n —k, j)xj) (éés(k, l)yl).

Note that if n > 1 then z% is not holomorphic in the classical sense.

The definition of complex falling powers may seem unmotivated, so we furnish
an example. Consider the difference equation A F(z) =2z. In accordance with the
power rule, the solution should be an analogue of z>. The function F must be of
the form

_ 1+)(1+A _

22+Az2—()2#z+3z+c,
and so (14 A)(1—i)

_ _ + —i

AF(z):2Az+f+B.
Examples of solutions include:

1 . L 4i 1—i
2 );—Z(Z l)—i-C and 7% — —ZHZ_ 2lZ+C

with the latter being the general solution with A F = 0; the particular holomorphic
solution with C = 0 is what we’ve denoted z2.

Proposition 4.4. {a +bi :a,b > 0and a + b < n} are zeros of 2.
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Proof. If for each k =0, ..., n we have either x”=* = 0 or yk =0, then

n

n_ k(1) n—k k _
z—kgbz (k)x y&=0.

The zeros of x! are given precisely by {x € Z:0 < x < j} since
xl=x(x—1)---(x—j—1).

Soz2=0ifforeachk=0,...,n we have either 0 <x <n—k or 0 <y < k. This
condition is met precisely if x >0, y >0, and x +y < n. U

5. Power series and continuation

Lemma 5.1 (Weak Identity Theorem). If f and g are holomorphic functions which,
for some z agree on the line Im z = Im zg, Re z > Re zg then f and g agree for all
z such that Re z > Re zg and Im z > Im z.

Proof. Without loss of generality, assume zg = 0. If f and g agree on the positive
real line, then, since both are holomorphic, they have a unique holomorphic exten-
sion to the points above this line. (]

The standard Schwarz reflection principle for holomorphic continuation does
not hold. Falling power series can be represented as

&)

> an(z—20)".

n=0
Regions of convergence have vastly different shapes from those in the classical
case.
Theorem 5.2. The falling power series

o0

> an(z —20)"

n=0
converges for at least all z such that Re z > Re zg and Im z > Im zy.

Proof. We will prove this for zop = 0 and the proof can be carried out similarly for
other finite zg. By Proposition 4.4 the zeros of z include

{a+bi:a,b>0and a+b < n}.

For any point a + bi in the first quadrant, there exists n with a + b < n. Thus the
terms of the series z& with k > n will be 0 for z =a +bi. A sum of a finite number
of terms is trivially convergent. Since a + bi was arbitrary, the falling power series
converges for every point in the first quadrant. (]
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The first quadrant may not be the only place a falling power series centered at
0 converges. For instance, the series

7

§ (n+1)!

evaluated at z = —1 is the alternating harmonic series and thus converges to In 2.

Proposition 5.3. If the falling power series

FO=3 an—z0)"

n=0

converges on a domain €, then
o o0 1
Af(2) = 2 Alan(z —20)") = 2 nan(z —z0)"—
n=0 n=1

forz e Q.
Proof. For any point z € Q, the series converges at {z,z+1,z+i}. So

Je+D - fR)—-i(fz+i) - f(2)

Af(2) =

2
_2an D =Y an@)" —i(Xan i) = X an(2)")
B 2
_ Zan((z+ 12—zt —Zi((z—i-i)” —z”))
=> a,AZ". O

Definition 5.4. A function is analytic if it can be written locally as a convergent
falling power series.

Proposition 5.5. Analytic on Q implies holomorphic on Q.

Proof. As in the proof of Proposition 5.3, for z € Q, the A can be applied to the
series term by term. For each n, Az2=0and so A f(z) =0. Thus f is holomorphic
on Q. ([l

This brings us one of the main results dealing with falling power series.
Theorem 5.6. Holomorphic implies analytic.

Proof. We may assume zop = 0 and the series converges everywhere in the first
quadrant (Theorem 5.2). By interpolation, we can form a unique falling power
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series which agrees with the function f on the positive real line according to the
recurrence relations

n—1
fn)— > k"ax

k=0

nt i

ap=f(0) and a,=

From Proposition 5.5, we know that the series is holomorphic, and by the weak
identity theorem, since f agrees with this power series on the real line, then it
agrees with the series in the whole first quadrant, and f is analytic there. (]

From the proof of Theorem 5.6, follows the usual Taylor expression.

Corollary 5.7 (Taylor’s theorem). A holomorphic function f is locally given by
the falling power series

S A" f(z0)

f@=2 —n

n=0

(z —z0)".

6. Elementary functions
First, a discrete analogue of the exponential function:
Proposition 6.1. If Af = f and A f =0, then
fx+iy)=2"(1+1)" f(0).
Proof. Setting f(z) = Af(z) gives

f+D)—f@)—-i(fz+i)— f)

f@)= >

and A f(z) = 0 gives

fe+D - f@+i(fe+)—-fE) _
2

0.

After some simplification, we obtain

f@+D)=2f(x) and f(z4+i)=14+0)f(2).
With these two functional equations,
flx+iy)=2"fly)=2"(141i)" f(0). O
Definition 6.2. The discrete complex exponential is given by

exp(z) = exp(x +iy) =21 +1i)”.
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Note that it satisfies a law of exponents, i.e., exp(z + w) = exp(z) exp(w). As a
falling power series, for z in the first quadrant,

o0

exp(z) = 2 %

n=0

ik — 1, we have:

Analogous to classical complex analysis where e
Proposition 6.3. exp(z) = 1 if and only if z = (4 — 8i)k for some integer k.

Proof. arg(2*(14+1i)”) = y-arg(l +i) = yx /4, which is a multiple of 2z if and
only if y is a multiple of 8. Next, [exp(x 4+ iy)| = [2¥] - |1 +i]¥ = 2*T¥/2, which
equals 1 if and only if 2x = —y. We may conclude that exp(x +iy) = 1 if and only
if x +iy = (4 — 8i)k for some integer k. ([

Next, we look for analogues of sine and cosine.
Proposition 6.4. If —A”f = f and A f =0 then
f+iy)=1-10)"2"f(0).
Proof. If f is holomorphic at z, then Af(z) = A, f(z) = —i A, f(z). Hence,
—ANf@Q==D A (@D =Afz+D)— A fR) = fz+2)=2f 2+ + f(2).
Setting equal to f(z) gives f(z+2i) =2f(z+1i), or by change of variables
f+i)=2f().
Also,
A @ =iAyA @) =iA fe+ 1) =i f(2)
=if(z+1+i)—ifz+1)—if(z+i)+if(2).

Setting equal to f(z) and substituting f(z+14+i)=2f(z+1) and f(z+i)=2f(z)
gives (1+1i)f(z) =if(z+1), or

fe+D)=>10-10)f(2).
Combining results yields the solution f(x 4+iy) = (1 —i)*2Y £(0). [l

Motivated by the classical equation, e**Y = e*(cos y + i sin y), let us find an
analogue for exp(x +iy) =2*(1 +i)”?, by setting

c(t) =Re(1+i)" and s(t)=Im(1+i)’

for t € Z. With these definitions on the real line, define ¢(x +iy) and s(x +iy) for
y > 0 by holomorphic extension to the upper half-plane.
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Proposition 6.5. Fory > 0,

1—i)*2Y 1—i)*2Y
(;) and s(x+iy)= (—l)

cx+iy)= > —

Proof. By Proposition 6.4, the functions

1—i)*2Y 1—i)*2Y
—( ) and (x+iy)— —( l)_

(x+iy) — > Y

are holomorphic everywhere. Hence by Lemma 5.1, it is sufficient to show that
equality holds on the line Imz = 1. Let x € Z. Since c is holomorphic at x, by
Proposition 3.5,

cx+i)=0=cx)+ic(x+1)
= (1—i)Re(14i)* +iRe(14i)**!
=1 —i)Re(1+i)* +i(Re(1+i)* —Im(l +i)¥)
=Re(l1+i)* —iIm(1+i)* = (1+i)* = (1 —i),

—i)52y
which equals (1% for y = 1. Similarly,

s(x+i)=0=i)s(x)+is(x+1)
=1 —i)Im(l4+i)* +iIm(l 4i)*"!
= (1 —i)Im(1 4+i)* +i(Re(l +i)* +Im(1 +i)*)
=iRe(1+i)*  +Im(1+i) =i(1+i)* =i(1 —i)",

— )Xy
which equals (1_% for y =1. ([

7. Path integration
Definition 7.1. A path y of length n is a sequence {y j}?zo C Z[i] such that
lyj=7j-1l=1,
for every integer j such that 1 < j <n. A closed path satisfies yg = y,,.

Definition 7.2. A simply connected domain Q is a path-connected set of points
{z € Z[i]} with no holes, i.e.,  is such that the interior of every closed path set
lies inside Q.

Definition 7.3. A corner of a path y is a point y; with 0 < j < n such that

lyjr1—vj—1l #2.
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Definition 7.4. The path integral of f along y is
/f(z) meln{xjaxj 1}+lmln{y1,y1 ]})(Vj_y] 1)

where x; =Rey; and y; =Imy; for0 < j <n.

Lemma 7.5. If y is a path from yg to y, with no corners and f is holomorphic
everywhere along the path, then

/ AFQ) = F () — £ o).
Y

Proof. For a horizontal path oriented from left to right having no corners, y; —vy;_1
is constant and equal to 1, so

/ AF() = / Arf (@) = / Ft1) - f2) = zfm)—f(y, ).
4

which telescopes leaving fy Af(z) = f(yn)— f(yo). For a horizontal path oriented
from right to left, y; —y;—1 = —1, so

/y @) =— é FGr0 = FGD = FOn) = FG0)-
For a vertical path oriented from bottom to top, 7; — 7j_1 = i, S0
/y Af () = /y iAy @) =i é (FO9) = FGi-0)i = £Gn) = £ o).
For a vertical path oriented from top o bottom, 7; — yj_; = —i, 50
/y Af ()= // b f@) =i Jé (FGi0) = G) (=) = FGu) = F (o). O

Theorem 7.6 (Fundamental Theorem). If y is a path from yq to v, and f is holo-
morphic everywhere along the path, then

[ar@=r@n- .

y

Proof. Decompose y into a union of paths having no corners:
y=y' +7 "

Then

/yAf:/yl Af+/yzAf+~-+/ymAf

=(f UMY = FOON+ -+ ()= FON = FOn) — fro). O
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Corollary 7.7. If Af(z) = 0 on a path-connected set Q, then f(z) is constant
on Q.

Proof. If z and w are in €, there exists a path in  from z to w. Since fy Af(z)=0,
it follows that f(w) = f(2). O

Lemma 7.8 (Goursat’s lemma). Let T be a unit square given by the path
{z, z+1, z+ 1+, z+1i, z},

and suppose f is holomorphic at z. Then fT f()=0.
Proof. [ f(2)=f@)+if(z+1)— f(z+i)—if(x) =2iAf(z) =0. O

The following corollary immediately follows.

Corollary 7.9 (Morera’s theorem). Let f be a function defined on a set G. If
fT f(2) =0 for all unit squares T whose interior point is contained in the interior
of G, then f is holomorphic on the interior of G.

Theorem 7.10 (Cauchy’s theorem). Let Q be a simply connected domain and let
y be a closed path in Q. Then
[r@=o.
y

for each function f that is holomorphic on €.

Proof. y can be written as a canceling sum of unit squares, 71 +75+- - -+ T,,. Since
Q is simply connected, all of these squares lie in the interior of Q. By Goursat’s

lemma, le f2) = sz fQ)=---= an f(z) =0, and so

/f&)= o)+ .ﬂ@+~~+/m:0. -
y T,

T, T,

Theorem 7.11. If f is holomorphic on a simply connected domain, Q, then f has

a primitive in Q.

Proof. Fix zp € Q. Let F(z) = fy f(w) where y9 = z9 and y,, = z. By Cauchy’s
Theorem, this function is path-independent and well-defined.

AF(z)zA/f(w)
y

L @) [ ) =i )~ [ f ()

B 2

L)+ f @) = 2 fw) =i fw) +if @)~ [ (w))

B 2

= f(2). O




A COMPLEX FINITE CALCULUS 287

Acknowledgments

Funding for this undergraduate research was provided by the Taylor University
SRTP Mini Grant. Only after these results were formulated did the authors find
the pertinent literature on monodiffric functions.

References

[Bohner and Peterson 2001] M. Bohner and A. Peterson, Dynamic equations on time scales, Birk-
hauser, Boston, MA, 2001. MR 2002¢:34002 Zbl 0978.39001

[Duffin 1956] R. J. Duffin, “Basic properties of discrete analytic functions”, Duke Math. J. 23
(1956), 335-363. MR 17,1193e Zbl 0070.30503

[Ferrand 1944] J. Ferrand, “Fonctions préharmoniques et fonctions préholomorphes”, Bull. Sci.
Math. (2) 68 (1944), 152-180. MR 7,149g Zbl 0063.01349

[Isaacs 1941] R.P.Isaacs, “A finite difference function theory”, Univ. Nac. Tucumdn Rev. A 2 (1941),
177-201. MR 3,298d Zbl 0061.15902

[Isaacs 1952] R. Isaacs, “Monodiffric functions”, pp. 257-266 in Construction and applications
of conformal maps, National Bureau of Standards Appl. Math. Ser. 18, US Government Printing
Office, Washington, DC, 1952. MR 14,633g

[Kiselman 2005] C. O. Kiselman, “Functions on discrete sets holomorphic in the sense of Isaacs, or
monodiffric functions of the first kind”, Sci. China Ser. A 48:suppl. (2005), 86-96. MR 2006d:30069

[Mercat 2001] C. Mercat, “Discrete Riemann surfaces and the Ising model”, Comm. Math. Phys.
218:1 (2001), 177-216. MR 2002¢:82019 Zbl 1043.82005

Received: 2009-09-24 Revised: 2010-09-22 Accepted: 2010-09-23

jseaborn@email.unc.edu Mathematics Department, The University of North Carolina,
CB #3250, Phillips Hall 412, Chapel Hill, NC 27599,
United States

phmummert@taylor.edu Mathematics Department, Taylor University,
236 W Reade Ave, Upland, IN 46989, United States
http: //faculty.taylor.edu/phmummert/


http://www.ams.org/mathscinet-getitem?mr=2002c:34002
http://www.emis.de/cgi-bin/MATH-item?0978.39001
http://projecteuclid.org/euclid.dmj/1077466826
http://www.ams.org/mathscinet-getitem?mr=17,1193e
http://www.emis.de/cgi-bin/MATH-item?0070.30503
http://www.ams.org/mathscinet-getitem?mr=7,149g
http://www.emis.de/cgi-bin/MATH-item?0063.01349
http://www.ams.org/mathscinet-getitem?mr=3,298d
http://www.emis.de/cgi-bin/MATH-item?0061.15902
http://www.ams.org/mathscinet-getitem?mr=14,633g
http://dx.doi.org/10.1007/BF02884698
http://dx.doi.org/10.1007/BF02884698
http://www.ams.org/mathscinet-getitem?mr=2006d:30069
http://dx.doi.org/10.1007/s002200000348
http://www.ams.org/mathscinet-getitem?mr=2002c:82019
http://www.emis.de/cgi-bin/MATH-item?1043.82005
mailto:jseaborn@email.unc.edu
mailto:phmummert@taylor.edu
http://faculty.taylor.edu/phmummert/

John V. Baxley
Arthur T. Benjamin
Martin Bohner
Nigel Boston
Amarjit S. Budhiraja
Pietro Cerone
Scott Chapman
Jem N. Corcoran
Michael Dorff
Sever S. Dragomir
Behrouz Emamizadeh
Errin W. Fulp
Andrew Granville
Jerrold Griggs

Ron Gould

Sat Gupta

Jim Haglund
Johnny Henderson
Natalia Hritonenko
Charles R. Johnson
Karen Kafadar

K. B. Kulasekera
Gerry Ladas

David Larson

Suzanne Lenhart

Silvio Levy, Scientific Editor

involve

pjm.math.berkeley.edu/involve

EDITORS
MANAGING EDITOR

Kenneth S. Berenhaut, Wake Forest University, USA, berenhks@wfu.edu

BOARD OF EDITORS

Wake Forest University, NC, USA

baxley @wfu.edu

Harvey Mudd College, USA
benjamin@hmc.edu

Missouri U of Science and Technology, USA
bohner@mst.edu

University of Wisconsin, USA
boston@math.wisc.edu

U of North Carolina, Chapel Hill, USA
budhiraj@email.unc.edu

Victoria University, Australia
pietro.cerone @vu.edu.au

Sam Houston State University, USA
scott.chapman @shsu.edu

Chi-Kwong Li
Robert B. Lund
Gaven J. Martin

Mary Meyer

Emil Minchev

Frank Morgan

Mohammad Sal Moslehian

University of Colorado, USA Zuhair Nashed
corcoran@colorado.edu
Brigham Young University, USA Ken Ono

mdorff@math.byu.edu

Victoria University, Australia
sever@matilda.vu.edu.au

The Petroleum Institute, UAE
bemamizadeh @pi.ac.ae

Wake Forest University, USA
fulp@wfu.edu

Université Montréal, Canada
andrew @dms.umontreal.ca
University of South Carolina, USA
griggs@math.sc.edu

Emory University, USA
rg@mathcs.emory.edu

U of North Carolina, Greensboro, USA
sngupta@uncg.edu

Joseph O’Rourke
Yuval Peres

Y.-E. S. Pétermann
Robert J. Plemmons
Carl B. Pomerance
Bjorn Poonen
James Propp

University of Pennsylvania, USA
jhaglund @math.upenn.edu

Baylor University, USA
johnny_henderson @baylor.edu
Prairie View A&M University, USA
nahritonenko @pvamu.edu

College of William and Mary, USA
crjohnso@math.wm.edu

University of Colorado, USA

karen kafadar @cudenver.edu

Jozeph H. Przytycki
Richard Rebarber
Robert W. Robinson
Filip Saidak

Andrew J. Sterge

Clemson University, USA Ann Trenk
kk@ces.clemson.edu
University of Rhode Island, USA Ravi Vakil

gladas @math.uri.edu

Texas A&M University, USA
larson @math.tamu.edu

Ram U. Verma

University of Tennessee, USA John C. Wierman

lenhart@math.utk.edu
PRODUCTION

Sheila Newbery, Senior Production Editor

College of William and Mary, USA
ckli@math.wm.edu

Clemson University, USA
lund@clemson.edu

Massey University, New Zealand
g.j.martin@massey.ac.nz

Colorado State University, USA
meyer @stat.colostate.edu

Ruse, Bulgaria

eminchev @hotmail.com

Williams College, USA
frank.morgan @williams.edu
Ferdowsi University of Mashhad, Iran
moslehian @ferdowsi.um.ac.ir
University of Central Florida, USA
znashed @mail.ucf.edu

University of Wisconsin, USA
ono@math.wisc.edu

Smith College, USA

orourke @cs.smith.edu

Microsoft Research, USA

peres @microsoft.com

Université de Geneve, Switzerland
petermann @math.unige.ch

Wake Forest University, USA
plemmons @wfu.edu

Dartmouth College, USA
carl.pomerance @dartmouth.edu
UC Berkeley, USA

poonen @math.berkeley.edu

U Mass Lowell, USA
jpropp@cs.uml.edu

George Washington University, USA
przytyck@gwu.edu

University of Nebraska, USA
rrebarbe @math.unl.edu

University of Georgia, USA
rwr@cs.uga.edu

U of North Carolina, Greensboro, USA
f_saidak@uncg.edu

Honorary Editor

andy @ajsterge.com

Wellesley College, USA

atrenk @wellesley.edu

Stanford University, USA

vakil @math.stanford.edu
University of Toledo, USA
verma99 @msn.com

Johns Hopkins University, USA
wierman @jhu.edu

Cover design: ©2008 Alex Scorpan

See inside back cover or http://pjm.math.berkeley.edu/involve for submission instructions.
The subscription price for 2010 is US $100/year for the electronic version, and $120/year (+$20 shipping outside the US) for print
and electronic. Subscriptions, requests for back issues from the last three years and changes of subscribers address should be sent to
Mathematical Sciences Publishers, Department of Mathematics, University of California, Berkeley, CA 94704-3840, USA.

Involve (ISSN 1944-4184 electronic, 1944-4176 printed) at Mathematical Sciences Publishers, Department of Mathematics, University of
California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices.

Involve peer review and production are managed by EditFLOW™ from Mathematical Sciences Publishers.

PUBLISHED BY

mathematical sciences publishers

http://www.mathscipub.org
A NON-PROFIT CORPORATION
Typeset in I&TEX

Copyright ©2010 by Mathematical Sciences Publishers


http://pjm.math.berkeley.edu/involve
mailto:berenhks@wfu.edu
mailto:baxley@wfu.edu
mailto:benjamin@hmc.edu
mailto:bohner@mst.edu
mailto:boston@math.wisc.edu
mailto:budhiraj@email.unc.edu
mailto:pietro.cerone@vu.edu.au
mailto:scott.chapman@shsu.edu
mailto:corcoran@colorado.edu
mailto:mdorff@math.byu.edu
mailto:sever@matilda.vu.edu.au
mailto:bemamizadeh@pi.ac.ae
mailto:fulp@wfu.edu
mailto:andrew@dms.umontreal.ca
mailto:griggs@math.sc.edu
mailto:rg@mathcs.emory.edu
mailto:sngupta@uncg.edu
mailto:jhaglund@math.upenn.edu
mailto:johnny_henderson@baylor.edu
mailto:nahritonenko@pvamu.edu
mailto:crjohnso@math.wm.edu
mailto:karen.kafadar@cudenver.edu
mailto:kk@ces.clemson.edu
mailto:gladas@math.uri.edu
mailto:larson@math.tamu.edu
mailto:lenhart@math.utk.edu
mailto:ckli@math.wm.edu
mailto:lund@clemson.edu
mailto:g.j.martin@massey.ac.nz
mailto:meyer@stat.colostate.edu
mailto:eminchev@hotmail.com
mailto:frank.morgan@williams.edu
mailto:moslehian@ferdowsi.um.ac.ir
mailto:znashed@mail.ucf.edu
mailto:ono@math.wisc.edu
mailto:orourke@cs.smith.edu
mailto:peres@microsoft.com
mailto:petermann@math.unige.ch
mailto:plemmons@wfu.edu
mailto:carl.pomerance@dartmouth.edu
mailto:poonen@math.berkeley.edu
mailto:jpropp@cs.uml.edu
mailto:przytyck@gwu.edu
mailto:rrebarbe@math.unl.edu
mailto:rwr@cs.uga.edu
mailto:f_saidak@uncg.edu
mailto:andy@ajsterge.com
mailto:atrenk@wellesley.edu
mailto:vakil@math.stanford.edu
mailto:verma99@msn.com
mailto:wierman@jhu.edu
http://pjm.math.berkeley.edu/involve
http://www.mathscipub.org
http://www.mathscipub.org

Gracefulness of families of spiders
PATRICK BAHLS, SARA LAKE AND ANDREW WERTHEIM

Rational residuacity of primes
MARK BUDDEN, ALEX COLLINS, KRISTIN ELLIS LEA AND STEPHEN SAVIOLI

Coexistence of stable ECM solutions in the Lang—Kobayashi system
ERICKA MOCHAN, C. DAVIS BUENGER AND TAMAS WIANDT

A complex finite calculus
JOSEPH SEABORN AND PHILIP MUMMERT

¢ (n) via hyperbolic functions
JOSEPH D’ AVANZO AND NIKOLAI A. KRYLOV

Infinite family of elliptic curves of rank at least 4
BARTOSZ NASKRECKI

Curvature measures for nonlinear regression models using continuous designs with
applications to optimal experimental design
TIMOTHY O’BRIEN, SOMSRI JAMROENPINYO AND CHINNAPHONG BUMRUNGSUP

Numerical semigroups from open intervals
VADIM PONOMARENKO AND RYAN ROSENBAUM

Distinct solution to a linear congruence
DONALD ADAMS AND VADIM PONOMARENKO

A note on nonresidually solvable hyperlinear one-relator groups
JON P. BANNON AND NICOLAS NOBLETT

241

249

259

273

289

297

317

333

341

345


http://dx.doi.org/10.2140/involve.2010.3.241
http://dx.doi.org/10.2140/involve.2010.3.249
http://dx.doi.org/10.2140/involve.2010.3.259
http://dx.doi.org/10.2140/involve.2010.3.289
http://dx.doi.org/10.2140/involve.2010.3.297
http://dx.doi.org/10.2140/involve.2010.3.317
http://dx.doi.org/10.2140/involve.2010.3.317
http://dx.doi.org/10.2140/involve.2010.3.333
http://dx.doi.org/10.2140/involve.2010.3.341
http://dx.doi.org/10.2140/involve.2010.3.345

	1. Introduction
	2. Definitions
	3. Formulas
	4. Discretization of polynomials
	5. Power series and continuation
	6. Elementary functions
	7. Path integration
	Acknowledgments
	References
	
	

