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The universal representation group of
Huybrechts’s dimensional dual hyperoval

Alberto Del Fra Antonio Pasini

Abstract

A d-dimensional dual hyperoval can be regarded as the image S = p(X)
of a full d-dimensional projective embedding p of a dual circular space .
The affine expansion Exp(p) of p is a semibiplane and its universal cover is
the expansion of the abstract hull p of p.

In this paper we consider Huybrechts’s dual hyperoval, namely p(X)
where ¥ is the dual of the affine space AG(n, 2) C PG(n,2) and p is induced
by the embedding of the line grassmannian of PG(n,2) in PG (("1') — 1,2).

It is known that the universal cover of Exp(p) is a truncation of a Coxeter
complex of type Do and that, if U is the codomain of the abstract hull 5 of
p, then U is a subgroup of the Coxeter group D of type Dan, |U| = 22" 1
but U is non-commutative. This information does not explain what the
structure of U is and how U is placed inside D. These questions will be
answered in this paper.

Keywords: dimensional dual hyperovals, semibiplanes, embeddings, Coxeter groups,
exterior algebras
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1 Introduction

Throughout this paper we adopt the notation of [5] for groups, thus using the
colon “:” for split extensions, the symbol 2™ to denote an elementary abelian
2-group of order 2", and so on. We refer to [12] for basics on diagram geometry.
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1.1 Dimensional dual hyperovals

Dimensional dual hyperovals have been introduced by Yoshiara [18] and Huy-
brechts and Pasini [10], mainly in connection with the investigation of AG.c*-ge-
ometries (in particular c.c*-geometries with (IP), namely semibiplanes; see Pa-
sini and Yoshiara [14]). In particular, a 2-dimensional dual hyperoval of size 22,
living inside the hermitian variety H(5, 4) and admitting 3' Aut(Ms3) as its aut-
morphism group, naturally gives rise to an AG.c*-geometry for 212:3" Aut(Mas),
thoroughly investigated in [10]. However, dimensional dual hyperovals have
soon appeared to be relevant in other respects than strict diagram geometry or
the investigation of semibiplanes. For instance, they play a role in the charac-
terization of Veronesean varieties by Thas and Van Maldeghem [16], [17]. They
are quite naturally linked with distance regular graphs, semi-partial geometries
and codes (Cooperstein and Thas [6], Pasini and Yoshiara [15]). In particular,
new distance regular graphs have been discovered with the aid of dimensional
dual hyperovals (Pasini and Yoshiara [15]). Interesting connection also exist
between certain dimensional dual hyperovals and Steiner systems (Huybrechts
[9], Buratti and Del Fra [4], Del Fra and Yoshiara [8]).

In view of the above, it is not surprising that dimensional dual hyperovals
have soon been regarded as objects interesting in themselves. The earliest thor-
oughful investigation of their geometrical properties is due to Del Fra [7], but
many progresses have been done since then. We refer the reader to Yoshiara
[20] for a survey of this topic, updated at 2005. We shall only recall a few
essentials here.

Let V := V(N,q), the N-dimensional vector space over GF(g). According to
the usual definition, for a positive integer d < N, a d-dimensional dual hyperoval
of PG(V) is a family S of d-dimensional subspaces of PG(V') such that:

(DH1) |X NnY| =1 for any two distinct members X,Y € S;
(DH2) every point of PG(V') belongs to either none or just two members of S;
(DH3) (Uyes X ) = PG(V).

Clearly, (DH3) implies N > 2d + 1. An upper bound for N has been discovered
by Yoshiara [19] (see also Del Fra [7] for the case of d = 2).

Proposition 1.1. If either ¢ > 2 ord < 2then N < (*}?). If ¢ =2 and d > 2
d
then N < (*5?) +2.
Actually, N < (“3?) in all known examples. So, one might conjecture that

N < (*4?) even when ¢ = 2.
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1.2 Dimensional projective embeddings

It readily follows from (DH1) and (DH2) that S, regarded as an abstract com-
binatorial structure, is nothing but the dual ¥ of the circular space on 6 :=
g+ q?¥ ' 4+ --- + q + 2 points. (We recall that ¥ is the point-block geometry
with 6(6 — 1)/2 points and 6 blocks, where every point belongs to precisely two
blocks, every block has 6§ — 1 points and any two blocks have just one point in
common.) Accordingly, we may regard S as the image of a (full) d-dimensional
projective embedding p : ¥ — PG(V) of ¥ in PG(V). Explicitly, p is a mapping
from the set P of points of X to the set of 1-dimensional linear subspaces of V
such that:

(PE1) pis injective;

(PE2) for every block B of ¥, the set p(B) := U, p p(p) is a (d + 1)-dimensional
linear subspace of V;

(PE3) p(P) spans V.

Clearly, S = p(B) = {p(B)} e, where B is the block-set of ¥, but we prefer to
say that S is the image of 3, thus writing S = p(X) even if these conventions
are slightly abusive.

The point of view we have thus chosen makes it easier to define morphisms
of dimensional dual hyperovals, by exploiting the usual machinery set up for
embeddings (see Pasini [13]; compare Yoshiara [20, section 2.5]). So, if p’ :
> — PG(V’) is another d-dimensional projective embedding of ¥, a morphism
from &’ = p/(X) to S is a morphism from p’ to p, namely a semi-linear mapping
f: V' — V such that fp’ = p. Needless to say, an isomorphism is an invertible
morphism. In spite of the above, Aut(S) is not defined as the same as the
group of all automorphisms of p. Every automorphism of p acts trivially on S,
whereas one would like to see some action of Aut(S) on S. The stabilizer of
S in PT'L(N,q) is perhaps the most natural choice for Aut(S), but it is more
convenient to define Aut(S) as the (setwise) stabilizer of S in I'L(N, ¢), which
is the same as the group of all isomorphisms from pa to p3, where «, 3 range
over Aut(X). We shall follow this convention.

It is well known that every d-dimensional projective embedding p : ¥ —

PG(V) admits a projective hull, namely a pair (5, f) uniquely determined up to
isomorphisms by the following conditions (see Pasini [13]):

(PH1) p: X — PG(I7) is a d-dimensional projective embedding of ¥ and fip—
p is a morphism from p to p;

(PH2) for any other d-dimensional projective embedding p’ : ¥ — PG(V”), if
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there is a morphism f : p’ — p then a morphism g : p — p’ also exists
such that fg = f.

The image S = /() of ¥ by j will be called the projective hull of S = p(X).
We say that S is projectively dominant if p = p, namely f is an isomorphism.
In short, S is projectively dominant if it is its own projective hull. Clearly, if NV
attains the upper bound of Proposition 1.1, then S is projectively dominant.

1.3 Expansions

Given ¥ = (P, B) as above, let p : ¥ — PG(V) be a d-dimensional projective
embedding and put S := p(X). The affine expansion of ¥ by p (also called the
expansion of p, for short, or the expansion of S) is the geometry Exp(p) of rank
3 defined as follows:

Taken the integers 0, 1, 2 as types for Exp(p), the 0-elements of Exp(p) (also
called points) are the vectors of V, the 1-elements (lines) are the cosets of the
subspaces p(p) of V for p € P and the 2-elements (blocks) are the cosets of the
subspaces p(B), for B € B. The incidence relation is the natural one, namely
inclusion.

The residues of the points of Exp(p) are isomorphic to ¥ whereas the residues
of the blocks of Exp(p) are (d + 1)-dimensional affine spaces over GF(g). So,
Exp(p) belongs to the following diagram, where the label AG denotes the class
of affine spaces and c¢* the class of dual circular spaces:

AG c*
(AG .c*) . . °

In particular, when ¢ = 2 then Exp(p) is a semibiplane. In this case its diagram
can be depicted as follows:

c c
(c.c®) . . .

Let U be the translation group of the affine geometry AG(V') of V. Then Aut(S),
regarded as a subgroup of the automorphism group Aut(AG(V)) of AG(V),
normalizes U. The semidirect product U:Aut(S) is the stabilizer of Exp(p) in
Aut(AG(V)) = AT'L(N,q). We shall denote that stabilizer by Aut,(Exp(p)).
Clearly, Aut,(Exp(p)) is point-transitive on Exp(p), and it is flag-transitive if
and only if Aut(S) acts doubly-transitively on S. In principle, Aut,(Exp(p))
might be smaller than the full automorphism group of the geometry Exp(p).
Actually, we are not aware of any example like that, but examples of this kind
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are met frequently when we switch from d-dimensional projective embeddings
to (d, ¢)-embeddings (to be defined in the next subsection).

Every morphism f : p’ — p induces a covering Exp(f) from Exp(p’) to
Exp(p). In particular, if (p, f) is the projective hull of p, then Exp(f) is a
covering from Exp(p) to Exp(p). It also follows from the definition of p that
Aut(S) lifts to the stabilizer of ker(f) in Aut(S), where S := (X). Accordingly,
Aut,(Exp(p)) lifts to a subgroup of Aut;(Exp(p)). However, in general, Exp(p)
is not the universal cover of Exp(p). This unpleasant asimmetry can be repaired
by generalizing the notion of embeddings, as we shall do in the next subsection.
The definition we shall give is borrowed from [13]. It is not so general as in

[13], but it suites our present needs.

1.4 Abstract embeddings and their expansions

An abstract (d, q)-embedding (a (d, q)-embedding for short) of ¥ = (P,B) in a
group U is a mapping p from P into the subgroup lattice of U such that:

(AE1) p(p) is an elementary abelian subgroup of U of order ¢, for any p € P;
(AE2) we have p(e1) N p(e2) = 1 for any two distinct points eq, es € P;

(AE3) p(B) := U,cp p(p) is an elementary abelian subgroup of U of order gt
for every block B € B;

(AE4) the set |J,cp p(p) spans U.

We call U the target group of the (d,q)-embedding p. The family p(X) :=
{p(®)}pepr U{p(B)}en will be called the image of ¥ by p. We write p: ¥ — U
when we want to recall that p is a (d, ¢)-embedding of ¥ in U.

Given another (d, q)-embedding 5 : ¥ — U, a morphism from 5 to p is a
homomorphism f : U — U such that, for every element (point or block) X of
%, f induces an isomorphism from 5(X) to p(X). The kernel of the morphism f
is its kernel ker(f) as a homorphism from U to U.

Clearly, d-dimensional projective embeddings are (d, ¢)-embeddings (with
additive groups of vector spaces as target groups) and morphisms of d-dimen-
sional projective embeddings are morphisms in the above sense. Hulls of (d, ¢)-
embeddings are defined in the same way as projective hulls of d-dimensional
projective embeddings. We refer to [13] for details. We only recall how the
hull (p, f) of a (d,q)-embedding p : ¥ — U is constructed. The image p(X)
of ¥ is actually an amalgam of groups. Let U be the universal completion of
that amalgam and f : U — U be the canonical projectigr\l/of U onto U. For

every element (point or block) X of ¥, let us denote by p(X) the subgroup of
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U corresponding to the member p(X) of p(X). Namely, /(—\/) is p(X) itself, but
regarded as a subgroup of U rather than of U. Taking U as the target group of
p, we define p(X) := p(X ). Clearly, the canonical projection f:U—>Uisa
morphism from j to p. We call (5, f) the abstract hull of p (also the hull of p, for
short). The group U will be called the universal representation group of p. (This
terminology is motivated by some resemblance with representation groups in
the sense of Ivanov and Shpectorov [11].) We say that p is abstractly dominant
(for short, dominant) if it is its own abstract hull. By a little abuse, we extend
this terminology to p(X), thus calling U the universal representation group of
p(X), for instance.

The expansion Exp(p) of a (d, q)-embedding p : ¥ — U is defined in the same
way as the expansion of a d-dimensional projective embedding: the elements of
U are the points of Exp(p), the lines of Exp(p) are the right cosets u - p(p) for
p € P and u € U, the blocks are the right cosets u - p(B) for B € B. The target
group U, acting on itself by left multiplication, acts regularly on the point-set
of Exp(p). We call it the translation group of Exp(p). Let Aut(p(X)) be the
set-wise stabilizer of p(X) in Aut(U). Then Aut(p(X)) can be regarded as a
subgroup of Aut(Exp(p)). It stabilizes the point 1 € U of Exp(p) and normal-
izes the translation group U. The semi-direct product U:Aut(p(X)), regarded
as a subgroup of Aut(Exp(p)), will be denoted by Aut,(Exp(p)). In general,
Aut,(Exp(p)) < Aut(Exp(p)).

Every morphism f : p — p induces a covering Exp(f) from Exp(p) to Exp(p)
and ker(f), regarded as a subgroup of the translation group of Exp(p), is the
deck group of the covering Exp(f). The following is proved in [13]:

Proposition 1.2. The universal cover of the geometry Exp(p) is the expansion
Exp(p) of the abstract hull p of p. In particular, Exp(p) is simply connected if and
only if p is abstractly dominant.

For quite a few d-dimensional dual hyperovals S = p(X) the expansion
Exp(p) is known to be simply connected (see Pasini and Yoshiara [14] and
[15]). In those cases, the d-dimensional projective embedding p is abstractly
dominant. However, this is not always the case. For instance, let ¥55 be the
dual of the circular space with 22 points and Sz; = p(X92) be its realization as
a 2-dimensional dual hyperoval of PG(5, 4) with Aut(Sz2) = 3'Aut(Maz), men-
tioned in Subsection 1.1 (see [20, 5.1] for more details). As the ambient space
of p attains the upper bound of Proposition 1.1, p is projectively dominant. How-
ever, the geometry I' := Exp(p) is not simply connected, but it admits a simply
connected double cover I' (Huybrechts and Pasini [10]). Accordingly, p is not
abstractly dominant and I is the expansion of the abstract hull j : ¥y — U of
p. The universal representation group U of p is non-commutative. In fact, U is
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the extraspecial group 2112, (We warn the reader that U is sloppily described
as 213 in [10].)

1.5 The problem discussed in this paper

Let ¢ = 2 and p : ¥ — PG(V) be a d-dimensional projective embedding of ¥,
with V = V(N, 2). It may happen that the universal cover I' of T := Exp(p) is a
truncated Coxeter complex of type D, where M = 2¢+1:

blocks of T’ \
lines of T PR .
ints of T / types to truncate
points o

If this is the case then we say that the dimensional dual hyperoval § = p(X) is
Coxeter-like, for short. Suppose that & is indeed Coxeter-like. Then I' has 21
points. The universal representation group U of S acts regularly on the point-
set of . Hence |U| = 2M~1. However, if d > 2 then M — 1 > (*}?) + 2 and, if

d=2then M —1 > (dJQFQ). So, if d > 1 then U is non-commutative. Indeed, if

U were commutative, then it would be an elementary abelian 2-group, whence
a GF(2)-vector space, contrary to the bounds stated by Proposition 1.1. On the
other hand, U is a subgroup of the Coxeter group W := Wp,, of type Dy, since
Aut(I') = W. We recall that W = O, (W):Sym(M) with Oy(W) = 2M~1, Thus,
U cannot be a subgroup of O2(W). So, we should cut U off of W, but keeping in
mind that U, being non-commutative, cannot be entirely contained in Oy ().
This is the problem we shall tackle in this paper.

[ ]

Before to go on, we get rid of the case d = 1. In this case I' = Exp(p) is
the geometry obtained from PG(3, 2) by removing all points and lines of a given
plane 7 and all points and planes through a distinguished point p of «. It is well
known (and easy to check) that this geometry is simply connected. Hence p is
abstractly dominant.

Assume now d > 1. For N = (d§2), only two Coxeter-like dimensional

dual hyperovals are known with ambient vector space V (N, 2). They are those
denoted by S(0) and S(V \ {0}) in [4] and [8]. In this paper, we shall de-
note them by Sy and Sppr respectively, where the subscript H is meant to
record C. Huybrecths, who has studied this dimensional dual hyperoval in [9],
whereas BDF should remind us of Buratti and Del Fra [4]. Several Coxeter-like
d-dimensional dual hyperovals are known with ambient vector space of dimen-
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sion less then (“1?), but all of them turn out to be homorphic images of Sy

(Pasini and Yoshiara [15]). So, as far as our knowledge presently goes, Sy and
Sppr are the most interesting Coxeter-like examples, and Sy is perhaps the
most interesting of the two.

In this paper we shall focus on Sy . In Section 2 we shall describe Sy and its
expansion. Denoting by py the d-dimensional projective embedding giving rise
to Sy, in Section 3 we shall describe the abstract hull j of py. As a by-product
of our construction, we will obtain that py is projectively dominant (as already
proved by Buratti and Del Fra [4]). Finally, in Section 4 we shall show how the
universal representation group of Sy is placed inside the Coxeter group W of
type Das.

A warning, before to finish: in [13, Theorem 8.5] it is claimed that the uni-
versal representation group of Sy is abelian. Clearly, that claim is wrong.

2 Sy and its expansion

2.1 Huybrechts’s construction of Sy

Let V=V(n+1,2) (n>2)and Vy = V(n,2) be a hyperplane of V. Denoting
by A the affine geometry PG(V) \ PG(V}), let ¥ = (P, B) be the dual of the
point-line system of .A. Thus, P is the set of lines of A and B is the point-set
of A. As the point-line system of A is a circular space with 2" points, ¥ is a
dual circular space. Turning to the line-grassmannian Gr(PG(V)) of PG(V), the
members of B are maximal singular subspaces of Gr(PG(V)), of (projective)
dimension d = n — 1, whereas P is a set of points of Gr(PG(V)). Let py, be
the natural projective embedding of Gr(PG(V)) into PG(V A V) and py be the
mapping induced by pg on ¥ = (P, B). Then py(P) spans PG(V A V') and the
image Sy = pu(B) of B by ppy is a d-dimensional dual hyperoval of PG(V A V).
This is indeed the dimensional dual hyperoval discovered by Huybrechts [9].

2.2 Aut(Sy) and Aut,,, (Exp(px))

The automorphism group Aut(.A) of the affine geometry A is the stabilizer of 1
in L,4+1(2), namely ASL(n,2) = T:L, where T is the translation group of .4 and
L = L,(2). Clearly, also Aut(Sy) = ASL(n,2). Accordingly, Aut,,, (Exp(pm)) =
U:Ap, where U := V AV (the latter being regarded as an elementary abelian
2-group) and Ay := Aut(Sy). Clearly Ay = Ty:Ly, where Ty = T and
L= L,(2). The group Aactson U = V AV as a subgroup of the group L,,+1(2)
of linear transformations of V, in its natural action on V' A V. More explicitly,
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recall that Ay is the stabilizer of Vj in L, 11(2). Accordingly, the subgroup Ly
of Ay is the stabilizer of V;) and a vector v, € V \ Vo. As V = (vs) & Vp,
we can split VAV as (v A Vo) @ (Vo A V). The group Ly, actingon VAV
as a subgroup of L, 11(2), stabilizes both v, A Vj and Vj A V. Moreover, on
each of these two subspaces, the action of Ly is that induced by its action on
Vb. The elements of Ty can be identified with the vectors of V;. The subspace
Vo A Vp is centralized by Ty whereas, if 7, € Ty corresponds to z € Vj, then
T2 (Voo AN ) = Voo Az + 2 A 2z for every x € Vj.

The expansion Exp(py) can also be described as follows. Let A be the build-
ing of type D1 over GF(2) and F' = {M ™, M~} be a flag of A of type {+, -1},
where types are given as below and, for e = 4+ or —, M€ is the element of F' of
type e.

Then Exp(py) is isomorphic to the subgeometry I" of A formed by the elements
of type +, — and n — 2 at maximal distance from F' (see Pasini and Yoshiara
[14, section 6]). The incidence relation of I" is inherited from A except that
two elements X, X~ of I of type + and —, incident in A, are declared to
be incident in T' if and only if the flag { X, X~} has maximal distance from
F. The elements of I" of type n — 2 correspond to the lines of Exp(py). We
can take the elements of type + as points and those of type — as blocks, but
we can also interchange the roles of + and —, thus taking (—)-elements as
points and (+)-elements as blocks. This makes it clear that I" admits a duality 0,
contributed by a graph automorphism of Aut(A). The group Aut,, (Exp(px))
is just the stabilizer of F' in Aut(A). Its subgroup Ly also stabilizes a unique
flag opposite to F', whereas Ty acts trivially on one of the two members of F',
say M*. The subgroup v, A Vy of U acts trivially on M ~, whereas Vo A Vp
acts trivially on both M+ and M ~. The above mentioned duality § normalizes
Aut,, (Exp(pg)). It can be chosen in such a way as to normalize both Ly and
Vo A Vy and interchange Ty with v, A Vp. Accordingly, § permutes M+ and M~
and stabilizes the flag opposite to F' stabilized by L.
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2.3 The universal cover of Exp(pg)

With I' = Exp(py) as above, let T be its universal cover. Then I is a truncated
Coxeter complex of type Dy» (Baumeister, Meixner and Pasini [1]; see also
Pasini and Yoshiara [14] or Baumeister and Stroth [3]). So, Sy is Coxeter-like.

Let 7 : I' — I be the covering projection from I onto I' and K be the deck
group of . By comparing the number of chambers of I" with the number of
chambers of I we immediately obtain that

n+1)_1

K| = 22

Note that if n = 2 then K = 1, namely [=T. So, henceforth we assume n > 2.

In order to describe K more precisely we need to recall a few facts on the
Coxeter groups of type Don and Cy.. Let S be a set of size 2" and Ug be
the GF(2)-vector space with S as a basis. Namely, the vectors of Ug are the
functions from S to GF(2). The support of such a vector f is the set S(f) :=
{p €S | f(p) =1} and the weight w(f) of f is the size |S(f)| of S(f). If
X = S(f), we shall write f = fx. In particular, if p € S then fy,,, also denoted
by fp, is the vector with S(f) = {p}. The vectors of even weight form a maximal
subspace Ud of Usg. Clearly, Us = U @ (f,) for any p € S. Note also that, for
every X C S, we have fx =3 v fp.

The group Sym(.S) of all permutations of S can quite naturally be regarded as
a group of linear transformations of Ug. The Coxeter group C of type Can is the
semidirect product Us:Sym(S). Clearly, Sym(S) stabilizes UJ. The subgroup
D :=UZ:Sym(S) of C is the Coxeter group of type Don.

As |S| = 2™, we can regard S as the point-set of an affine space. Let us choose
such an affine space As on S. For every k = 0,1, ..., n, let U be the subspace
of Us spanned by the vectors fx, for X a k-dimensional affine subspace of Ag.
Clearly,

U(O) =Ug > U(l) = U;r > U(g) > > U(n—l) > U(n) = <f5>

Note that U(;y and Uy, are normalized by Sym(S). On the other hand, the
following is clear:

Lemma 2.1. If 1 < k < n then the normalizer of Uy in Sym(S) is the automor-
phism group Aut(Ag) = AGL(n,2) of As.

So, Aut(Ag) acts on U /U41). We can say more on this action, but we
need a few preliminaries. Pick an independent spanning set po, p1,...,pn Of
Ag, take pg as the null vector and the family B := {{p;}}I, as a basis of a
vector space Vj = V(n,2) associated to Ag, so that As = AG(Vp). Thus, every
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point p € S can be regarded as a vector v, of V{. Needless to say, vy, is the null
vector of V, and, if p, ¢ are distinct points of Ag \ {po} and {po,p, q,r} is the
plane of Ag spanned by {po, p, ¢}, then v, + v, = v,. The k-dimensional linear
subspaces of 1}, are the k-dimensional affine subspaces of .Ag that contain py.
We write v; for vy, .

Let L = Aut(V}) be the stabilizer of pg in Aut(Ag) < Sym(S). Clearly, the
action of Sym(S) on Us induces an action of L on Us, and L stabilizes Uy, for
every k = 0,1,...,n. Hence L acts on the quotient U /U 41y = Upy. On the
other hand L = Aut(V}) also acts on A¥V;. The following statement is implicit
in the calculations of [1], but we shall give a more perspicuos proof of it in
Section 4:

Theorem 2.2. Forevery k =1,2,...,n—1, A*V; and Uy, /U111y are isomorphic
as L-modules.

The L-module A*Vj is irreducible. Therefore:

Corollary 2.3. The L-module Uy, /U 1) is irreducible, for k =1,2,...,n — 1.

Consequently,

Corollary 2.4. The sequence 0 < U,y < --- < Uy < U1y < Ug is a composition
series for Aut(Ag).

We shall now analyze the structure of Ug more thoroughly. We firstly state a
few conventions. If J C {1,2,...,n}, weputvy = >, ;v;. In particular, vy = 0
(the null vector of ;). It is also clear that, for every I C {1,2,...,n}, the set
St = {vs}scr is a linear subspace of V; of dimension |I| (but not all linear
subspaces of V; have this form). In particular, Sy 5., = V. Fork=0,1,...,n,
put Si(B) = {Ss}|71=k- Then the set { fx | X € Sk(B)} spans a linear subspace
Uy of Us. Clearly, Uy and Uy, are 1-dimensional. The following statement
is also implicit in the calculations of [1], but we shall obtain it in a more clear
way:

Lemma 2.5. dim(Up,) = dim(A*Vp) = (}), forevery k =0,1,...,n.

Proof. By definition, the elements fx, with X € Sy (B), span U. Their number

is (7). It remains to prove that they are independent, namely that any X =

(Viy, ..., v, ) is not the symmetric difference of other elements in Sy(B). This is
evident since v;, + -- - + v;,, which belongs to X, does not belong to any other
element of Si(B). O

Theorem 2.6. Uy = @), Uy for every k =0,1,2,...,n.
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Proof Every fx with X a subset of V; can be obtained as a sum of suitable
members of U_,U};). Indeed, let X = {v,,...,v;. }. Put X = {J;}]_, and letm
be the maximal size of a member of X. We formaset) = J,,UY,,—1U---U), as
follows: ), contains all subsets of members of X of size m and );_; contains all
subsets of members of ), := UL, that have size ¢ — 1 and either are contained
in an odd number of members of ); but do not belong to X, or are contained
in an even number of members of )); and belong to X. It is not difficult to see
that fx = ZYG)} fr e UgOUM

By the above, Ux>oUp spans Us. However, dim(Up,)) = (Z) by Lemma 2.5.
As dim(Ug) = 2" and Y, _ (}) = 2", we obtain that Us = ®}_U.

Clearly, Uy, contains the span of U;"_, Uj;;. The latter is isomorphic to ©7'_, Uy,
by the above. By Theorem 2.2 and Lemma 2.5, dim(U ) /U(41)) = dim(Up) =
(Z) So, dlm(U(k)) = Z?:k (7;) = dlm(@?kum) Therefore U(k) = @?:kUm.

|

By the above, Uy /U 41y = Uy (as vector spaces). However, when 1 < k < n,
L does not stabilize the subspace Uy, of Us (but it stabilizes the 1-dimen-
sional subspaces Ujp) and Ul,)). Indeed, L maps the Si(B) onto the set of
k-dimensional subspaces of V;, and the latter spans U(;) (see the proof of The-
orem 2.6). So, the previous isomorphism is not an isomorphism of L-modules
and the decomposition Us = ®}_ U} is not preserved by L.

We turn to K, now.

Theorem 2.7. K = Uz = @;_5 Upy-

Proof. This statement is implicit in the computations of Baumeister, Meixner
and Pasini [1, section 5], but we can also obtain it as follows. It is known
that I admits a quotient I', which can be described as the canonical gluing of
two copies of the affine space AG(n,2) (see [1]; also Baumeister and Pasini
[2]). Let K be the deck group of the covering projection from I onto T. Then
K= U(g), as proved by Baumeister and Pasini [2] (see also Baumeister, Meixner
and Pasini [1, section 5]). However, K < K and, by comparing orders, we
see that [K : K] = (}). Moreover, K is normalized by Aut(Ag). In view of

2
Corollary 2.4, we now see that K = U s is the unique possibility. O

Theorem 2.8. If n = 3 then Aut(Exp(py)) = D/K = 25:Sym(8). If n > 3 then
Aut(Exp(pm)) = Q(nzl):AGL(n, 2) = Aut,, (Exp(pn)).

Proof. This follows from Lemma 2.1 and the fact that Aut(T") lifts through = to

the normalizer of K in Aut(T") (see [12, chapter 12]). O
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We warn the reader that the above theorem should not be read as if it claimed
that 7 maps Ug onto V AV and the translation group Ts of Ag onto Ty. In
fact, as we will see later, 7 indeed maps U, onto the subgroup Vo AVp of VAV
and U(yTs onto (V A V)Ty, but it maps U Ts onto V AV

2.4 What remains to do

With py as in Subsection 2.1, let 5 be the hull of p; and U be the target group
of /. By Proposition 1.2, the universal cover I of I' = Exp(pm) is the expansion
Exp(p) of p and the kernel of the projection of U onto U is the deck group K of
the covering projection 7 : I' — I. Therefore U is a subgroup of the lifting G of
G := Aut,, (Exp(pr)) to I through 7, and K <U. Moreover, U /K = U = VAV.
On the other hand, U is a normal subgroup of G, which in its turn is an extension
of U; by Aut(As) = AGL(n, 2). Note that U; = U[l] © U[g] K2 (VAV)®K
(indeed VAV = Vo @ (Vo A Vo), Vo = Uy and Vo A Vg = Upg)). However, Uis
non-commutative when n > 2, as remarked in Subsection 1.5. So, when n > 2
the group U is certainly different from U3 (but U # UZ even when n = 2, as it
will turn out from the computations of Section 4). So, we must still describe U
and determine how it sits inside G. We shall do this in the next two sections.

3 The abstract hull of pgy

Throughout this and the next section ¥, py, Sy, I' and [ are as in Section 2,
andn=d+1>2.

Given a basis {veo,v1,...,0,} f V =V (n + 1,2), let Vj = (vq,...v,) and
Vs = Vp — {0}. We may assume that the basis {vy,...,v,} coincides with that
defined in Subsection 2.3. Every element of V' can be written as cv, + x, with
x € Vpand € € {0,1}. Since (eveo + @) A (€v00 + ') = (€2’ + €x) A Voo +
x A &', the exterior product U = V' A V is isomorphic to Vj @ (Vy A V) via the
isomorphism v., A Vy 2 Vp, as we have already remarked in Section 2, but we
warn the reader that, in spite of these isomorphisms, he should resist temptation
of regarding v, A Vp as the same thing as Vj and, accordingly, U as the same
thing as Vo @ (Vo A Vo). Indeed U will turn out to be a quotient of the group

U=[VoAVy)® (Vo AVoAVY) @ ... 1T
to be defined later in this section. In the projection of U onto U, v A Vj is the

image of the subgroup T < U, which is not the same thing as Vj.

The points of ¥, regarded as lines of AG(1}), are classes [(«,y)] of ordered
pairs (z,y), with z € Vp, y € V|, via the equivalence relation (x,y) ~ (z+y,y).
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Accordingly, a block of ¥ is a set described as {[(z,y)]}yev;, for x € Vo. The
d-embedding pg : ¥ — U is defined as follows:

pul(z,y)] ={(z+vx) Ay,0}, z€Vy, yeVy.

From now on pgy will be simply written as p. The image by p of a block B of
¥ is a subspace of PG(V A V') described as {(z + vo) A y}yevy U {0}. Such a
subspace will be denoted by B,.

Consider the graded algebra

E=1aVoe WAV e (VAW AV) - (WA AW)
N———

n times

where 1 := A%V, (a 1-dimensional vector space over GF(2)).

Foranyz € Vj, z = Z a;v;, we call support of x the set S(x) := {i : a; # 0}.

i=1
So, x = Z V.
i€S(x)
For every x € Vj, define the following elements z, T € E:

T = vg, ifx#0 and 0=0.
> A

KCS(x),K#0 keK
KCS(z) keK

using the convention /\ v = 1.
ked
Lemma3.1. x +y=2 Ay, Vz,yec .

Proof. Let X = S(z) and Y = S(y). Then, denoting by A the symmetric differ-
ence of sets, we have S(z + y) = XAY. We get:

r+y= Z /\vl

ZCXAY €2

A=Y ANwn(X Aw= > A w

KCX keEK HCY heH KCX,HCY ieKUH
KNH=(

A subset Z of X/A\Y is a union of two disjoint subsets of X and Y, respectively.
More precisely Z = HUK, with H = ZNnX and K = ZNY. Thus the statement
follows. O
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By induction, the previous result can be extended as follows:

t t
Lemma 3.2. sz = /\:r_i, Vxi,...xs € V.

=1
Lemma3.3. 1+y=2+7+ (TA]), Vr,ye V.

Proof. By Lemma 3.1, we have:

—

r+y=r+y+1=

ATHLI= (DA +1=F+7+@AF). O

HI

Put T := {ty}scv, and define in T the following product: t,t, = t;,. Thus
Tisa group isomorphic to V;. Define an action of 7" on E in the following way:
trou=u+uANZ Yu € E, z € Vy. This definition is well posed, since the
following equalities hold:

tro(tyou) =tgyyou, tro(utv)=t,eutteov, toeu=u.
Consider the semidirect product E : T with respect to the above action of T

on E.
Denote by I the following sub-algebra of E:

Ii=(VoAV)® (VoAVoAV) @@ (VoA A Vo)
——

n times

Restricting to I the action of 7' we get the group I : 7. Denote it by U. This
might look as a notational abuse, as the symbol U has already been used in
Section 2 to denote the target group of the hull p of p = py. However, this
abuse is quite harmless. Indeed we shall soon prove that U, defined as above,
is indeed that target group.

Note first that U is non-commutative. Indeed, given v € I, t, € T and
denoting by (u, t,) their commutator, we have

(u,ty) = u 't ut, = u(ty ou) =uAZ

which is non-zero in general.

Define the embedding p: ¥ — U in the following way:

pllz, y)] = (@, ty)ty) = {(Z A Y)ty, 0}

This definition makes sense since # + y Ay = B+ 7+ EAY) AT =T AT,
by Lemma 3.3. Note that the elements (z, ¢, )t, are involutions. In fact, since =
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and ¢, are involutions, we have (t,, %) = t,7t,Z, therefore (¢,, 2)t, = t,7t,%t,.
It follows that
(ty, D)ty (ty, D)ty = t,Tt,Tt,t,Tt,Tt, = 1.

The image by p of a block B of ¥ is a set described as
{@, 1)ty }yevy U{0} = {(@AY)tybyey; U0}
Such a set will be denoted by B,.

Lemma 3.4. pis an embedding.

Proof. Condition (AE1) is obviously satisfied. Let [(z,y)],[(«’,y’)] such that
7([(,y))P(1()]) # {0}. Since these groups have order 2, then ((r, )]) =
A([(',y))), namely (z A §)t, = (27 A /)1, whence

o~ ~

(@ ANY) + (T AY) =ty ty.

Ny =FAG
t’ t

The second equality implies y’ = y, then it follows (Z + 2') A7 = 0 from the first
equality, namely

(Z  Awt T Aw)r B Aw=o

KCS(x),K#) keK K'CS(z'),K'#0 KeK' S(y),H#0 heH

This implies

>

This implies for the lower grade:
< Z U + Z Uk’>/\ Z vp = 0.
keS(z) k' eS(a") heS(y)

e. (z + ') Ay = 0. It follows that either = 2/ or y = © 4+ «’. Thus (a/, y)

(r,3) or («',5/) = (,4) = (x + ,). In both cases we have [(z, )] = [(«',5/)]
Then (AE2) holds.

Note that
(ty, T)ty = tyTt, Tty = t,T(t, 0 T) = t,T(T+ T NY) =t,(TNY) = ty(ty,T)

Thus:
(tya :T\)ty = ty(tyv 5) 1)
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For any = € V}, consider (Z A §)ty, (T A yA’)ty/. By (1) and Lemma 3.3, we have:

@ADL E NGy =t @EADE NPy = @A G+Y))ty
=t,(@ANT+y ))tytyty/ =ty,(T AU+ yA/))tytery/
ty o (@A @ +1))tysy
NG+Y)+ENG+Y) A D tyty
=@ANG+Y)+ENY AD)tyry
A

o~

Z7+y/+g/\y))ty+y *(93/\y+y)y+y"

This proves that B, is a group isomorphic to Vp, thus (AE3) is satisfied. Clearly,
condition (AE4) also holds. O

Consider the map f : U — U defined in the following way. For any wty € U,
with w = Zaij(vi AN ’Uj) + Zaijk(vi A Vj A ’Uk) + ... € I and ty e T, set
w* = > a;;(v; Avj), the grade 2 part of w, and define

flwty,) = w* + voo A y.
Theorem 3.5. (7, f ) is the abstract hull of p.

d+1

d+1
Proof. Since the dimension of I equals Z ( + ) =2l g _2=M-d-2,
(3
i=2
then |U| = |I - T| = 2M—d-22d+1 — 2M~1 shich is the correct size of the

universal representation group of p (see Section 2).

It remains to prove that f5 = p. We have, for any = € Vp, y € Vi

Fol[z ) = (@ ADty) =2 Ay +veo Ay = p([z,9)).
Therefore f5 = p. O

The next proposition follows from the previous description of U and f.
Proposition 3.6. Ker(f) is equal to the commutator subgroup of U.

Corollary 3.7. The embedding py is projectively dominant.
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4 Recovering the L—module U inside the Coxeter
group

In order to describe the lifting of Aut(Exp(p)), we need to identify FE with Usg,
preserving their respective decompositions. Consider, for any k = 1,...,n, the
map o : A"Vy — Uy, obtained by linear extension of the following:

o( N\ vj) = fsi, VK C{1,....n}, |K| =k
jeK
Since Us = @©}_,Uyy, this provides an isomorphism, also called o, between £
and Us as graded algebras. In particular o sends P, /\h Vo to Uy

We have:

Lemma 4.1. ¢(v) = f,, Yv €.

Proof. Letv =v;, +---+v;, and set K = S(v) = {i1, ... }. We have:

U(ﬁ)zo(z /\Uj):U(1+ZUj+ Z /\Uj+"'+/\Uj):

JCK jeJ JEK JCK,|J|=2 jeJ jEK

=fot+ > fout D futot D fu

JCK,|JI<1 JCK,|J|<2 JCK

In the sum above, every J C K appears 2*~1/I times, thus f,, , namely f,, is
the only surviving summand. O

Lemma 4.2. 0(ZA\Y) = fo,eyoty} VT, Y € Vo.

Proof. We have TAy=(ZT+1)A(y+1)=14+Z+7+z+y, by Lemma 3.1.
The statement follows from Lemma 4.1. O

Extending in obvious way the isomorphism o to E : T, we define the product
Us : T. Given wt, € U, let A be such that o(w) = f4. Often, it will be useful
to pass from wt, to the corresponding o(w)t, = fat.. In that case, whenever it
will not cause any ambiguity, we set, by abuse of notation, wt, = fat..
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4.1 Aut,(Exp(p))

Consider Exp(p), affine expansion of p.
The elements of type 0 of Exp(p) are the elements of U,

Voo /\q—i—Zaijvi/\vj.
The elements of type 1 of Exp(p) are the right cosets
(Voo +2) AY) + 000 A+ D aijvi Avj.
The elements of type 2 of Exp(p) are the right cosets
{(Voo + ) ANYtyevy + Voo A g+ Z a;jv; A\ vj .

Recall that Aut(Exp(p)) = U : (Tg : Ly) (Section 2.2). We describe the
actions of these subgroups on Exp(p) in detail.

Action of U. The group U acts on the elements of Exp(p) by sum.

Action of Tg. Denoting by 7, the element of Ty, corresponding to the trans-
lation by the vector z, we get:

T, (voo /\q—&—Zaijvi/\vj) = (Voo + 2) /\q—&—Zaijvi Avj
for the elements of type 0;
Ty (((voo +x)AY)+ V00 Ag+ Zaijvi /\vj)
= (Voo + T+ 2) A\ Y) +(voo+z)/\q+2aijvi/\vj
for the elements of type 1;
T2 ({(Uoo +2) AYtyevy + Voo A g+ Zaijvi A vj)
={(Voo + T+ 2) ANY}yevy + (Voo + 2) /\q—&—Zaijvi Av;

for the elements of type 2.
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Action of Ly. Given o € L (see Section 2.2), we denote by «fz| the image
of a vector z in V. By abuse of notation we also call « the element of Ly
corresponding to « in the isomorphism L = L. The element o € Ly acts as
follows:

! (voo ANg+ Zaijvi A vj) = Voo A [q] + Zaija[vi] A afv;]

for the elements of type 0;

a(((voc+x) Ay) +voc/\q+2aijvi/\vj)
= (Voo + fz]) A afy]) + veo Aafg] + Y aijafvi] Aofv;]

for the elements of type 1;

Q ({(Uoo +2) Aylyevy + Voo A g+ Zaij'l}i A vj)
= {(veo + afz]) A afy]}yevy + voo Aalg] + Zaija[”i] A alvy]
for the elements of type 2.
The structure of U : (T : Lyy). The actions of Ly on Ty, of Ty on U and of
Ly on U are as follows:
QOT, =To;
T, ® (UOOAq+ZaijUiAUj) = (Voo +Z)/\q+zai]’7)i/\7}j;

ae (voo Aqg+ Zaijvi A vj) = Voo A fq] + Zaija[vi] A alv;] .

4.2 Aut;(Exp(p))

Consider Exp(p), affine expansion of p.

The elements of type 0 of Exp(p) are the elements wt, of U=1:T;

the elements of type 1 of Exp(p) are the right cosets((p A §)t,)wt, ;

the elements of type 2 of Exp(p) are the right cosets {(p A §)ty }yev, Wiz .

Action of U. The group U is trivially a subgroup of Aut(Exp(p)), its action
being defined by right product:

ut,(wty) = wtput, = (W+u+uA2)tyy,
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for the elements of type 0;
ut:(((p A Y)ty)wtz) = (P Aty )wtzutz = (P AY)y) (W + u+u A Z)tey -
for the elements of type 1;
ut,({(DA Yty tyevowts) = {(DA Yty byev, wtut,
={@APtytyev, (Wt u+uAZ)ter.
for the elements of type 2.

The group T’. Denote by 7" the set {Zt.|z € Vy}. T" is a subgroup of E : T,
since the elements Zzt, are involutions and

2ty = Ztutatoty = G4+T+TADtary = (24 P)tasy.

T’ is isomorphic to the translation groups T' and Ty (see Section 2.2). We define
the following action of 77 on Exp(p):

2t (wiy) = Btowty(3t,) 7 = Ztowtet,? = Stowt,tyStet,
=(w+wAZ+ZAD)t,
for the elements of type 0;
2L (DA Yty)wte) = ZL((D A Y)ty)wiat.Z
=Zt (PN Yyt 22t ,wtyt,Z
=((PAY+PAYAZH+ZAY ) (W FWAZ+ZAT)t,
= ((F+2) At (W +wAZ+EA D,
for the elements of type 1;
2D A Yty tyevowts) = ZLAD A Yty tyevywtst.Z
= {((0+2) ADtybyeve (W +w AZ+ZAD)E,
for the elements of type 2.
The group L. We shall now define the action of L on E. We shall exploit the
isomorphism ¢ : F — Ug in such a way that the action of L on Ug will be

reproduced on E. In short we want F and Ug to be isomorphic as L-modules,
too. The action of L that we are going to define is based on the equalities
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a(fp) = fap), @(tz) = tap), extended to the three types of Exp(p). More
explicitly, given wt, in U:
wty = (Z aijvi A vj + Z QijkVi AVj ANV + - )ty
{i.5} {i.5,k}
o maps this element onto the following:
Qe D fuyt D ae D, o)
{i.5} JC{ig} {i.5,k} JC{i,k}

With the abuse of notation announced at the beginning of Section 4, we define:

Oé(wtz)Oé((Zaij Do fet D gk Y f’u‘]‘i"")tz)

{i,5} JC{45} {i.3,k} JC{4,4,k}
= (Z a;j Z Jafw,) + Z Qi Z Jafvs] +) oz
{i.3} JC{i,5} {i.3,k} JC{i,5,k}
for the elements of type 0;
a(((BA9)ty)wt,)
= a<f{vo,p,y,p+y}ty(z Qjj Z fo, + Z Qijk Z fo, ++- )tz)
{i,3} JC{d} {i.3,k} JC{i.g,k}
= Fluo.alplalylalpl+alyHaly (Zaz‘j D Falort D ik ) fafo) + ')tam
{i.g} JC{e.5} {a.5.k}  JC{4,5.k}

for the elements of type 1;

a({P A D)ty byevowtz)
— a({f{vo,p,y,p-i-y}ty}yGVO (Z Qjj Z fUJ + Z Aijk Z fv.l + .. )tz)
{i,7} JC{ig} {i.3,k} JC{ig,k}
= {Ftonatmalobitattamvevs (D0 Y Japs+ D ain Y foun ot
{i,5} JC{ig} {i.g.k}  JC{i5,k}

for the elements of type 2.

A candidate for Aut;(Exp(p)). We define in obvious way an action of L on
Uandof 7" on U:

Ztyowty, = (W+wWAZHZALD)t,;

Q.th:a’(zaij Z fo, + Z Qijk Z f@,,vL~-)tz

{agy  JC{ig} {i.5,k} JC{i.g.k}

:(Zaij SO fapnt D aige Y fa[UJ]+"')ta[z]-

{agy  JC{id} {i.5,k} JC{i.g:k}
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In order to define an action of L on T’, we need some supplementary results.

Lemma 4.3. a(u Aw) = a(u) Aa(w), VYa €L, Yu,w e 1.

Proof. By the linearity of «, it is enough to prove that
a(\v) =/ alv).
JjeJ jeJ
By the isomorphism between Ug and E, the definition of « and its linearity, we
have:
a(/\ Uj) = a( Z va) = Z fa[vk]'
jed KCJ KCJ

Note that, by Lemma 4.1:

Oé(’Uj) = Oé(l +W) = a(fvo + f’U]‘) = fa[vo] + fa[vj] =1+ OZ[UJ'].

Set |.J| = t and denote by (‘S’ ) the set of s-tuples of distinct elements in .J. We
have by Lemma 3.2:

N alw) = A\ (1+alv]) =

JjeJ jed
= 1+Zo¢[vj]+ Z afv;, ] A alvj,] + -
jed {ir.d23e(3)
+ Z afvi, | AL Aalvy, ]+ /\ alvj]
{rseende—1ye(, ) i€
=1+ afyl+ Y, af,]+afon]+--
i€t {1.32}€(3)
+ > afvj, ]+ +afvy, ]+ > a)]
{j17~~~7jt—1}e(r,;]1) jes
=14D fapa+ D falslrelu T
jeJ {i1.523€(3)

+ Z fa[vjl]ﬂ—w-ﬁ—oc[vjtil] +fOt[UJ]
{g1smdi—13€(,7))

= Z fa[vK]- U

KCJ

Lemma 4.4. o) = afu], Yo € L, Yu € Vp.

PT‘OOf: O‘(ﬂ) = a(fu) = foz[u] = a[u] U
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It immediately follows:

—

Lemma 4.5. «(u) = afu], VYa € L, Yu € V.

We warn the reader that Lemma 4.3 does not imply that /\]C Vs is stabilized
by . In fact a(A" Vo) # A" Vo, because af A" Vo) in general involves contri-
butions from A" Vo, with & > k. However, @,-, A" Vo/ @), A" Vo is stable
under the action of a. Actually, on that quotient, that action is the natural one.
Theorem 2.2 immediately follows from this remark.

Now, we define the following action of L on T":

—

a ezt = alzlty), VYae L, VzeV.

The actions defined above allow to construct the product Q (T'-L). All products
involved here are semi-direct. Accordingly we will write U : (7" : L) instead of

U- (T L).
Proposition 4.6. U : (T" : L) is an automorphism group of Exp(p).

Proof We have to prove that the structure of the product of U : (T : L) is
compatible with the actions defined in every single factor. The only non-trivial
check concerns the factor 77 : L. For any wt, in U, we have, by Lemmas 4.3
and 4.5:

a,’z\tzoz_l(wtm) = azt, (oz_l(w)taq[z])

=a((07 @) +a @) AZ+ 2N o] ta 1)

= (w+wAa)+aE)Aaa (D))t

= (w+wAalz] + afz] AZ)t,

that coincides with the action of oT[Z]ta[Z] on wt,. This proves the compatibility
with the action of 77 : L on the elements of type 0. The control on the elements

of type 1 and 2 is similar. O
We claim that the group defined above is the lifting of Aut,(Exp(p)), namely:

Theorem 4.7. Aut;(Exp(p)) = U:(T':L)

In the sequel we shall prove Theorem 4.7 by defining a suitable projection of

U:(T':L)yonto U : (Ty : Ly).
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The projection. We recall the projection f : U — U defined in Section 3:

flwty) =vo Nz +w*, Ywe l,Vzel.

Note that, given v; A v; € I, since v; Avj = 1+ fo, + fu, + fo,40; (With the
usual abuse of notation), we have f (I + fo, + fo; + foiv;) =vi Av; € U. This
equality can be generalized in the following way:

Proposition 4.8. f(1 + fo+ fo+ forq) =D Ag forall p,q € V.

Proof. Setp = Z v; and ¢ = Z v;. We get:
i€S(p) i€S(q)

L+ fo+fo+forq=1+P+7+p+¢q

=141+ > v+ > viAvi+ee

i€S(p) {i.5re(°P)

+1+ Z v + Z Vi AUy A+

i€S(q) {i.3re(%)
i€S(p+aq) {i.5ye(5 @)

It follows:

f(1+fp+fq+fp+q)

= Z v; Nvj + Z v; Nvj + Z v; AUy .

{i.3ye(%%) {i.ite(°5") {i.ye(501)

Since S(p + ¢) = S(p)AS(g), we can delete the summands v; A v; with:
i, j belonging to S(p) N S(g), as common to the first and the second sum,
i, j belonging to S(p) — S(¢), as common to the first and the third sum,
(q) —

i, j belonging to S(q) — S(p), as common to the second and the third sum.

Thus:

f(1+fp+fq+fp+q)

= Z v; AN+ Z v; N vy + Z v; NVj .

i€S(p)NS(q) i€S(p)NS(q) i€S(p)—S(q)
JES(P)—S(q) Jj€S(a)—S(p) J€S(a)—S(p)
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On the other hand
prg= X un Y u
i€S(p) J€S(q)
S U SEETED SR EY D ST TS o
i€S(p)NS(q) 1€S(p)—S(q) JES(P)NS(q) Jj€S(a)—S(p)

= Z v; AN+ Z v; N vy + Z v; NUj . O
i€S(p)NS(q) i€S(p)NS(q) i€S(p)—S(q)
JES(p)—S(q) Jj€S(a)—S(p) Jj€S(a)—S(p)

Now, we introduce a projection 7 from U:(I":L)toU : (Ty : L), which
extends f. It is enough to define the images by = of the elements of 7/ and L.
We do it in the following natural way:

m(Zty) =71., wa)=a.

We have to check that this projection reproduces the actions defined in the
semi-direct products.

The action of T’ on U is projected on the action of Ty on U. In fact, since
(w+wAZ+ZAZ)*, the grade 2 part of w + w AZ+ Z A T, equals w* + z Az,
we have:

w(Zty) e m(wty) =T, ® (Voo AT + W) = (Voo + 2) AT + W™
=m((w+wAZ+ZAZ)t,) =7(Zt, e wt,).

The action of L on U is projected on the action of Ly on U. Indeed, using
the notation on the isomorphism between Ug and E and Proposition 4.8:

m(a) em(wt,) = e (voo Az + Z ai;v; A vj)
{i,5}
= Voo A afz] + Z aijafvi] A alvj]
{i,5}

= W((Z Qij (fvo =+ fO([’Ui] + fa[Uj] + foz[vi]+oc[vj]) + - ')toz[z]>
{i,5}

= W((Z Qij Z fa[vJ] + .. .)ta[z]> =7m(a e wty).
i} JC{ing}

The action of L on 7" is projected on the action of Ly on Ty. In fact:

—

m(a) em(Zt,) = e T, = T = T(alz]ty)y) = T(a @ Zt,).
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__ Finally, a straightforward computation shows that the actions of the groups
U, T', L on the three types of Exp(p) are respectively projected by 7 on the
actions of U, Ty, Ly on the three types of Exp(p). So, Theorem 4.7 is proved.
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