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WEIGHTED LITTLE BMO AND TWO-WEIGHT INEQUALITIES
FOR JOURNE COMMUTATORS

IRINA HOLMES, STEFANIE PETERMICHL AND BRETT D. WICK

We characterize the boundedness of the commutators [b, T'] with biparameter Journé operators 7" in the
two-weight, Bloom-type setting, and express the norms of these commutators in terms of a weighted
little bmo norm of the symbol b. Specifically, if « and A are biparameter A, weights, v := w/PAP s
the Bloom weight, and b is in bmo(v), then we prove a lower bound and testing condition ||5||bmo) S
sup ||[b, R,} R,z] : LP(u) — LP?())]||, where R,i and RI2 are Riesz transforms acting in each variable.
Further, we prove that for such symbols b and any biparameter Journé operators 7, the commutator
[b, T]: LP(u) — LP()) is bounded. Previous results in the Bloom setting do not include the biparameter
case and are restricted to Calderén—Zygmund operators. Even in the unweighted, p = 2 case, the upper
bound fills a gap that remained open in the multiparameter literature for iterated commutators with Journé
operators. As a by-product we also obtain a much simplified proof for a one-weight bound for Journé
operators originally due to R. Fefferman.
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1. Introduction and statement of main results

Bloom [1985] proved a two-weight version of the celebrated commutator theorem of Coifman, Rochberg
and Weiss [Coifman et al. 1976]. Specifically, Bloom characterized the two-weight norm of the commutator
[, H] with the Hilbert transform in terms of the norm of b in a certain weighted BMO space:

b, H]: LP () — LP (W)l = [1BlBMO)
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where w, A are A, weights, 1 < p < 00, and v := Ml/ Py=lp, Recently, this was extended to the
n-dimensional case of Calderén—Zygmund operators in [Holmes et al. 2017], using the modern dyadic
methods started by [Petermichl 2000] and continued in [Hytonen 2012]. The main idea in these methods
is to represent continuous operators like the Hilbert transform in terms of dyadic shift operators. This
theory was recently extended to biparameter singular integrals in [Martikainen 2012].

In this paper we extend the Bloom theory to commutators with biparameter Calderén—Zygmund
operators, also known as Journé operators, and characterize their norms in terms of a weighted version of
the little bmo space of [Cotlar and Sadosky 1996]. The main results are:

Theorem 1.1 (upper bound). Let T be a biparameter Journé operator on R = R" Q R™, as defined in
Section 7A. Let i and A be A,,([R{ﬁ) weights, 1 < p < oo, and define v := /PP Then

1D, T1: LP(u) — LP ) < 1B llbmo(v) s
where ||blomo(v) denotes the norm of b in the weighted little bmo(v) space on R".

We make a few remarks about the proof of this result. At its core, the strategy is the same as in [Holmes
et al. 2017], and may be roughly stated as:

(1) Use a representation theorem to reduce the problem from bounding the norm of [b, T'] to bounding
the norm of [b, dyadic shift].

(2) Prove the two-weight bound for [b, dyadic shift] by decomposing into paraproducts.

However, the biparameter case presents some significant new obstacles. In [Holmes et al. 2017], T
was a Calderén—Zygmund operator on R", and the representation theorem was that of [Hytonen 2012].
In the present paper, T is a biparameter Journé operator on R = R™ ® R™ (see Section 7A) and
we use Martikainen’s representation theorem [2012] to reduce the problem to commutators [b, 5p],
where $p is now a biparameter dyadic shift. These can be cancellative, i.e., all Haar functions have
mean zero (defined in Section 7C), or noncancellative (defined in Section 7D). The strategy is summarized
in Figure 1.

The main difficulty arises from the structure of the biparameter dyadic shifts. At first glance, the
cancellative shifts are “almost” compositions of two one-parameter shifts $p, and 3p, applied in each
variable — if this were so, many of the results would follow trivially by iteration of the one-parameter
results. Unfortunately, there is no reason for the coefficients ap, g, &, r,0,r, in the biparameter shifts to
“separate” into a product ap, o, r, - ap,0, R, a8 would be required in a composition of two one-parameter
shifts. Therefore, many of the inequalities needed for biparameter shifts must be proved from scratch.

Even more difficult is the case of noncancellative shifts. As outlined in Section 7D, these are really
paraproducts, and there are three possible types that arise from the representation theorem:

(1) full standard paraproducts;
(2) full mixed paraproducts;

(3) partial paraproducts.
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16, T1: LP(w) = LPI S 16llbmov)

Martikainen representation theorem

Ib, 851 LP (1) — LP OIS 15 llbmowy
with at most polynomial bounds in i, j.

two-weight bounds
for paraproducts:
Section 6

cancellative shifts:
Theorem 7.2

—{ noncancellative shifts

full standard paraproduct:
Theorem 7.3

full mixed paraproduct:
Theorem 7.4

partial paraproduct:
Theorem 7.5

Figure 1. Strategy for Theorem 1.1.

These methods were considered previously in [Ou et al. 2016; Ou and Petermichl 2018] for the unweighted,
p =2 case. In [Ou et al. 2016] it was shown that

1o, T1: LAR™) — L2RY) | < b llomows»

where T is a paraproduct-free Journé operator. This restriction essentially means that all the dyadic shifts
in the representation of T are cancellative, so the case of noncancellative shifts remained open. This gap
was partially filled in [Ou and Petermichl 2018], which treats the case of noncancellative shifts of standard
paraproduct type. So the case of general Journé operators, which includes noncancellative shifts of mixed
and partial type in the representation, remained open even in the unweighted, p = 2 case. These types
of paraproducts are notoriously difficult — see also [Martikainen and Orponen 2016] for a wonderful
discussion of this issue. We fill this gap in Section 7D, where we prove two-weight bounds of the type

16, $p]: LP (n) — LPG)I S 118llbmow)

where $p is a noncancellative shift. The same is proved for cancellative shifts in Section 7C.

At the backbone of all these proofs will be the biparameter paraproducts, developed in Section 6,
and a variety of biparameter square functions, developed in Section 3. For instance, in the case of the
cancellative shifts, one can decompose the commutator as

[b, Sg]f = Z [Py, Sg’j]f + Z [Pb, Sé’;]]f +R; ;S
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Here P}, runs through nine paraproducts associated with product BMO, and py, runs through six paraproducts
associated with little bmo, so we are dealing with fifteen paraproducts in total in the biparameter case.
Some of these are straightforward generalizations of the one-parameter paraproducts, while some are
more complicated “mixed” paraproducts. Two-weight bounds are proved for all these paraproducts in
Section 6, building on two essential blocks: the biparameter square functions in Section 3, and the weighted
H'-BMO duality in the product setting, developed in Section 4. In fact, Section 4 is a self-contained
presentation of large parts of the weighted biparameter BMO theory.

Once the paraproducts are bounded, all that is left is to bound the so-called “remainder term” R;. 7 £
of the form Ilg ;b — $I1b, where one can no longer appeal directly to the paraproducts. At this point,
however, things become very technical, so bounding the remainder terms is no easy task. To help guide
the reader, we outline below the general strategy we will employ. This applies to Theorem 7.2, and in
large part to Theorems 7.3, 7.4, and 7.5:

(1) We break up the remainder term into more convenient sums of operators of the type O(b, f), involving
both b € bmo(v) and f € L? (). We want to show [|O(b, f) : L () — LP (L) || < 1bllbmo)- Using
duality this amounts to showing that

(O®, 1), &)l < IbllBmow) | fllLr g l&Il L oy

(2) Some of these operators O(b, f) involve full Haar coefficients l;(Ql x 7) of b, while others involve
a Haar coefficient in one variable and averaging in the other variable, such as (b, hg, x 1¢,/|02|).
Since, ultimately, we wish to use some type of H!- BMO duality, the goal will be to “separate out” b
from the inner product (O(b, f), g). If O(b, f) involves full Haar coefficients of b, we use duality with
product BMO and obtain

(O, 1), &)1 S 1blBMow I1SDP (f. &)l L1y

where ¢ (f, g) is the operator we are left with after separating out b, and Sp is the full biparameter
dyadic square function. If O(b, f) involves terms of the form (b, hg, x 19,/|Q2l), we use duality with
little bmo, and obtain something of the form

(OO, 1), &) < 1bllbmow) 15D, @ (f, @)l L1y

where Sp, is the dyadic square function in the first variable. Obviously this is replaced with Sp, if the
Haar coefficient on b is in the second variable.

(3) Then the next goal is to show that
Spé(f. 8) S (01 /)(028),

where O » will be operators satisfying a one-weight bound of the type L”(w) — L (w). These operators
will usually be a combination of the biparameter square functions in Section 3. Once we have this, we
are done.

In Theorem 7.2, dealing with cancellative shifts, the crucial part is really step (1). At first glance,
the remainder term R; 7 f seems intractable using this method, since it involves average terms (b) ¢, x 0,
instead of Haar coefficients of b. So the key here is to decompose these terms in some convenient form.
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In Section 7D, dealing with noncancellative shifts, the proofs follow this strategy in spirit, but deviate
as we advance through the more and more difficult operators. The main issue here is that we are really
dealing with terms of the form |(O(a, b, f), g)|, where now the operator O involves a function b in
the weighted little bmo(v), and a function a in unweighted product BMO. In the most difficult case of
partial paraproducts, a is even more complicated because it is essentially a sequence of one-parameter
unweighted BMO functions. In all these cases, the creature ¢ in the last step is really ¢ (a, f, g). While
in the previous case involving ¢ (f, g) it was straightforward to see the correct operators O ; to achieve
step (3), in this case nothing straightforward seems to work.

There are two key new ideas in these cases: one is to combine the cumbersome remainder term with
a cleverly chosen third term, which will make the decompositions easier to handle. The other is to
temporarily employ martingale transforms — which works for us because this does not increase the BMO
norms. We briefly describe the three situations below. As above, we will be rather nonrigorous about
the notation in this expository section. There is plenty of notation later, and the purpose here is just to
explain the main ideas and guide the reader through the technical proofs in Section 7D:

(1) The full standard paraproduct: Theorem 7.3. This case only requires simple martingale transforms
(a; and g, which have all nonnegative Haar coefficients), and otherwise follows the strategy outlined
above. However, we already start to see the operators (1 » becoming strange compositions of “standard”
operators and unweighted paraproducts, such as

Sp¢ < (MsI1; g:)(Sp f).

(2) The full mixed paraproduct: Theorem 7.4. Here we introduce the idea of combining the remainder
term Ilg b — $I1¢b with a third term 7, and we analyze (Ilg b — T') and (T — SI1yb) separately. This
allows us to express the remainder as

D Paplf + 1" F = TGV f

a sum of commutators of paraproduct operators, and a new remainder term. The new remainder has no
cancellation properties, so we prove separately that the 7, ; operators satisfy

[(Tap f5 &) S B llomow) 1f oo 181 Lo )

Here is where we employ the strategy outlined earlier, combined with a martingale transform a, applied
to a. Interestingly, this transform depends on the particular argument f of [b, 3] f. This will be absorbed
in the end by the BMO norm of the symbol for $p, so ultimately the choice of f will not matter.

(3) The partial paraproducts: Theorem 7.5. Here we again combine the remainder terms with a third
term 7, and this time end up with terms of the form py, F, where F is a term depending on a and f. So we
are done if we can show that || F'||zr) < | f |l Lr(n). Without getting too technical about the notation, we
reiterate that here a is not one function but rather a sequence apgr of one-parameter unweighted BMO
functions. So the difficulty here is that the inner products look something like

(F,g)=) (I, f &,
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where each summand has its own BMO function! The trick is then to write this as ) “(apor. ¢pror(f, 8))-
The happy ending is that these functions apgg have uniformly bounded BMO norms, so at this point we
apply unweighted one-parameter H'- BMO duality and we are left to work with || Sp¢ (f, )| L (Rn)> this
is manageable. In one case, we do have to work with F; instead, which is again obtained by applying
martingale transforms chosen in terms of f — only this time to each function apgr.

Finally, we see no reason why this result cannot be generalized to k-parameter Journé operators. The
main trouble in such a generalization should be strictly computational, as the number of paraproducts
will blow up.

In Section 8 we recall the definition of the mixed BMOz classes in between Chang and Fefferman’s
product BMO and Cotlar and Sadosky’s little BMO. In the same way as in [Ou et al. 2016] we deduce a
corollary from Theorem 1.1:

Theorem 1.2 (upper bound, iterated, unweighted case). Let us consider [R{‘?, d= (dy,...,dy), with a
partition T = (I)1<s<1 of {1,...,t}. Letb € BMOZ(R?) and let T, denote a multiparameter Journé
operator acting on functions defined on Q). L RY%. Then we have the estimate

”[Tla ey [Tla b]’ .. -]”Lp(RJ)_)Lp(RJ) 5 ”b“BMOI(R‘;)'

Coming back to the Bloom setting, we prove the lower estimate below, via a modification of the
unweighted one-parameter argument of Coifman, Rochberg and Weiss.

Theorem 1.3 (lower bound). Let u, A be A,(R" x R") weights, and set v = p'/P1=1/P. Then

1 p2
16lbmovy S sup  I[b, Ry Ry Lr(uy—Lr ()
I1<k,I<n

where R,i and R12 are the Riesz transforms acting in the first and second variables, respectively.

This lower estimate allows us to see the tensor products of Riesz transforms as a representative testing
class for all Journé operators.

We point out that in our quest to prove Theorem 1.1, we also obtain a much simplified proof of the
following one-weight result for Journé operators, originally due to R. Fefferman:

Theorem 1.4 (weighted inequality for Journé operators). Let T be a biparameter Journé operator on
R = R™ @ R"™. Then T is bounded LP(w) — L?(w) forall w € Ap(Rﬁ), 1< p<oo.

A version of Theorem 1.4 was first introduced by R. Fefferman and E. M. Stein [1982], with restric-
tive assumptions on the kernel. Subsequently the kernel assumptions were weakened significantly by
R. Fefferman [1987], at the cost of assuming the weight belongs to the more restrictive class A, />. This
was due to the use of his sharp function T* f=Ms(f 172 where My is strong maximal function. Finally,
he improved his own result in [Fefferman 1988], where he showed that the A, class sufficed and obtained
the full statement of Theorem 1.4. This was achieved by an involved bootstrapping argument based on
his previous result [Fefferman 1987].

Our proof in Section 7E of Theorem 1.4 is significantly simpler. This may seem like a “rough sell” in
light of the many pages of highly technical calculations that precede it. However, our proof of Section 7E
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is only based on one-weight bounds for the biparameter dyadic shifts of the form
IS5 L7 (w) = LP(w)]| S 1. (1-1)

These had to be proved along the way, as part of our proof of the two-weight upper bound for commutators,
Theorem 1.1. These one-weight bounds are useful in themselves, and their proofs are not that long: the
proof for cancellative shifts, given in (7-2), is easy, and the proof for the noncancellative shifts of partial
paraproduct type is given in Proposition 7.6. Once we have (1-1), the proof of Theorem 1.4 follows
immediately from Martikainen’s representation theorem — just as in the one-parameter case, a weighted
bound for Calder6n—Zygmund operators follows trivially from Hytonen’s representation theorem, once
one has the one-weight bounds for the one-parameter dyadic shifts.

The paper is organized as follows. In Section 2 we review the necessary background, both one-parameter
and biparameter, and set up the notation. In Section 3 we set up the types of dyadic square functions we
will need throughout the rest of the paper. In Section 4, we discuss the weighted and Bloom BMO spaces
in the biparameter setting, and use some of these results in Section 5 to prove the lower bound result.
Section 6 is dedicated to biparameter paraproducts, which will be crucial in Section 7, which proves the
upper bound by an appeal to Martikainen’s representation theorem [2012]. Finally, we prove Theorem 1.4.

2. Background and notation

We review some of the basic building blocks of one-parameter dyadic harmonic analysis on R", followed
by their biparameter versions for R :=R" @ R™,

2A. Dyadic grids on R". Let Dy := {27%([0, 1)" +m) : k € Z, m € 7"} denote the standard dyadic grid
on R". For every w = (w;) jez € ({0, 1}")7 define the shifted dyadic grid D,:
D, :={0+w: Q eDy}, where Q4+w:=Q+ Z 27 w;,
J27i<l(Q)
and /(Q) denotes the side length of a cube Q. The indexing parameter w is rarely relevant in what follows:
it only appears when we are dealing with E, — expectation with respect to the standard probability
measure on the space of parameters w. In fact, an important feature of the (by now standard) methods we

employ in this paper is obtaining upper bounds for dyadic operators that are independent of the choice of
dyadic grid. The focus therefore is on the geometrical properties shared by all dyadic grids D on R":

e PNQ €e{P, Q, )} forevery P, Q €D.
« The cubes Q € D with [(Q) =27, for some fixed integer k, partition R".
For every QO € D and every nonnegative integer k we define:

e 0% —the k-th generation ancestor of Q in D, i.e., the unique element of D which contains Q and
has side length 2¢1(Q).

e (Q)r —the collection of k-th generation descendants of Q in D, i.e., the 2kn disjoint subcubes of QO
with side length 27%1(Q).
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2B. The Haar system on R". Recall that every dyadic interval / in R is associated with two Haar

functions,
1

1
— (1,_ — 1y,
NI J !

the first one being cancellative (it has mean 0). Given a dyadic grid D on R”, every dyadic cube

hY = —1;,) and h}:=

Q=1 x---x1I,, where all I; are dyadic intervals in R with common length /(Q), is associated with
2" — 1 cancellative Haar functions:

n
() == hie) (o, x) = [ [ 1§ (o).

where € € {0, 1}"\ {(1, ..., 1)} is the signature of th. To simplify notation, we assume that signatures are
never the identically 1 signature, in which case the corresponding Haar function would be noncancellative.
The cancellative Haar functions form an orthonormal basis for LZ(R"). We write

f= f(@)hG,

QeD

where f(Qe) = (f, h¢ ) (f, g fRn fgdx, and summation over € is assumed. We list here some
other useful facts which will come in handy later:
 h%(x) is constant on any subcube Q € D, Q C P. We denote this value by 7% (Q).

o The average of f over a cube Q € D may be expressed as

= Y FPORS(Q). @-1)
PeD,P2QO
e Then, if Q C R €D,
(flo—(flr= Y.  FPIRS(Q). (2-2)
PeD,QCPCR
e For Q € D,
Lo(f = ()= D FPS. (2-3)
PeD,PCQ

 For two distinct signatures € # §, define the signature € + § by letting (¢ +§); be 1 if ¢, = §; and 0
otherwise. Note that € + § is distinct from both € and §, and is not the identically 1 signature. Then

I 1
ohty=—=h" ife#5 and hoho=—2
e vo e ol

Again to simplify notation, we assume throughout this paper that we only write hEQJ”S for distinct signatures
€ and 4.

Given a dyadic grid D, we define the dyadic square function on R" by

A 1 12
Spf(x) = (Z |f(Qf>|2ﬂ> .
= 0]
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Then || fIl, = [ISpfll, forall 1 < p < oco. We also define the dyadic version of the maximal function:

Mp f(x) = sup ([ fl)g 1o (x).

sup
QeD
2C. A,(R") weights. Letw be a weight on R"; i.e., w is an almost everywhere positive, locally integrable
function. For 1 < p < 00, let L?(w) := L?(R"; w(x) dx). For a cube Q in R", we let

w(Q) :=/w(x)dx and (w)Q:=@.
0 |0

We say that w belongs to the Muckenhoupt A ,(R") class provided that

/

[wla, := sup(w)g(w' 75" < oo,
0

where p’ denotes the Holder conjugate of p and the supremum above is over all cubes Q in R" with sides
parallel to the axes. The weight w’ := w'~?" is sometimes called the weight “conjugate” to w, because
we A, if and only if w' € A,.

We recall the classical inequalities for the maximal and square functions

IMflleea SNFlee@) and N flleea) = 18D fllLew)

for all w € A,(R"), 1 < p < oo, where throughout this paper “A < B” denotes A < cB for some
constant ¢ which may depend on the dimensions and the weight w. In dealing with dyadic shifts, we will
also need to consider the following shifted dyadic square function: given nonnegative integers i and j,

define
i.j NI 1o(x)\]"?
sirwe= (3 el (2 2GR

ReD “Pe(R); Q€e(R);
It was shown in [Holmes et al. 2017] that
IS5+ LP (w) — LP (w)|| < 2¢/20HD 2-4)

forallwe A,(R"), 1 < p <o0.
A martingale transform on R" is an operator of the form

[ foi= ) T f(PORS,

PeD

where each 7}, is either +1 or —1. Obviously Sp f = Sp f7, so one can work with f; instead when
convenient, without increasing the L?(w)-norm of f.

2D. The Haar system on R". In R" := R ® R™, we work with dyadic rectangles
D:=D1xD,={R=01x02:0; €D},

where each D; is a dyadic grid on R". While we unfortunately lose the nice nestedness and partitioning
properties of one-parameter dyadic grids, we do have the tensor product Haar wavelet orthonormal basis
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for L2(R"), defined by
hg(x1, x2) 1= hY (x1) @ hg, (x2)

forall R= Q1 x O, € D and € = (€1, €2). We often write
f=Y_ FOf x OHhY, ®hG,,
01x02

short for summing over O € Dy and Q» € D,, and of course over all signatures, where

FOQT X 09) = (£, S ®hS,) = /R o3, ()R, () dy do
While the averaging formula (2-1) has a straightforward biparameter analogue

(floixo, = E f(P61 x Py)h (Q0)h$ (Q2),
P20
P,20>

the expression in (2-3) takes a slightly messier form in two parameters: for any R = Q1 X Q>

Ir(f = (f)r)

- ¥ g s eng+ ¥ (52 e )ioeng+ ¥ (06 e 2 ot
PiCQ: P,CQ> Q1 | PICO, | 02|
P,CQ>

= > fP{ x PR, @hE + Lrlmo, £ (x2) — (f)r] + Lrlmg, £ (x1) — (f)&], (2-5)
PiCO
PCO>

where for any cubes Q; € D;,

1 1
mo, f(x2) i =—— [ fxi,x2)dx; and mg, f(x1):=—— [ [f(x1,x2)dx:. (2-6)
1011 Jo, 1021 Jo,

As we shall see later, this particular expression will be quite relevant for biparameter BMO spaces.

2E. A,,([Rﬁ) weights. A weight w(x;, x2) on R belongs to the class AP(Rﬁ) for some 1 < p < o0,

provided that
[wla, :=sup(w)r(w'")f~" < oo,
R

where the supremum is over all rectangles R. These are the weights which characterize L? (w) boundedness
of the strong maximal function

My f(x1, x2) :=sup(| f)r Lr(x1, x2),
R

where the supremum is again over all rectangles. As is well known, the usual weak (1, 1) inequality fails
for the strong maximal function, where it is replaced by an Orlicz norm expression. In the weighted case,
we have [Bagby and Kurtz 1985] for all w € AP(R;’),

- P k—1
wix € R : Mg f(x) > A} < /Q<|f;x)|) (1 +log* 'f(k_x)'> dw(x). 2-7)
Rn
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Moreover, w belongs to A p([R{ﬁ) if and only if w belongs to the one-parameter classes A,(R") in
each variable separately and uniformly:

[UJ]AP(R?:) ~ max{ess sup[w(xy, - )]Ap(an)’ esssup[w( -, x2)]Ap([R"l)}.
x1eR™ xeR"2

It also follows, as in the one-parameter case, that w € A p(Rﬁ ) if and only if w’ := wl=r e A p/([Rﬁ) and
L?(w)* ~ L” (w), in the sense that

1 £ llzree = suptl (£, )1 = g € L7 ). lIgll oy < 1. (2-8)

We may also define weights m g, w and mg,w on R" and R"!, respectively, as in (2-6). As shown
below, these are then also uniformly in their respective one-parameter A, classes:

Proposition 2.1. If w € Ap(lRﬁ), Il <p<oo,thenmg we A,(R") and mg,w € A,(R") for any cubes
Qi C R", with uniformly bounded A, constants:

mo,wly,wy < [wla, @i
forall 0; CRY, ic{1,2}, i #j.

Proof. Fix a cube Q| C R".. Then for every x; € R"2,

1/p 1/p'
[O1] =/ ldx) < (f w(xy, x2) dxl) </ w/(xlsXZ)dx1> ,
01 01 01

(mo,w) (x2) := (mo,w) ™7 (x2) < mo,w (x2).

and so

Then for all cubes Q, C R"*2,
~1 —1
(mQ|w>Q2<(mQ1w)/>gz = <w>Q|><Q2<w/>1éle2 < [wlarwi),
proving the result for m g, w. The other case follows symmetrically. U

Finally, we will later use a reverse Holder property of biparameter A, weights. This is well known to
experts, but we include a proof here for completeness.

Proposition 2.2. If w € A ,,(Rﬁ), then there exist positive constants C, €, 8 > 0 (depending only on n, p,
and [w]A,,(Rﬁ)) such that:

(i) For all rectangles R C R,

1 1/(1+€) C
(—/ w(x)1+€dx) §—f w(x)dx.
IR| Jr IR| Jr

(i1) For all rectangles R C R" and all measurable subsets E C R,

w(E) - C(@)S
w(R) = "\ IR/
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Proof. Note first that (ii) follows easily from (i) by applying the Holder inequality with exponents 1 + ¢
and (1+¢€)/e in w(E) = fE w(x) dx. This gives (ii) with § = €/(1 + €).

In order to prove (i) we first recall a more general statement of the one-parameter reverse Holder
property of A, weights (see Remark 9.2.3 in [Grafakos 2004]):

Forany 1 < p < 0o and B > 1, there exist positive constants
D=Dm,p,B) and B=pBn,p,B) (2-9)
such that for all v € Ap(R") with [v], i) < B, the reverse Holder condition

1 1+/3d 1/(1+8) D d 210
_ < -
(|Q|fQ”m t) Sio1 ), n0 4 (2-10)

holds for all cubes Q C R"

It is easy to see that if a weight v satisfies the reverse Holder condition (2-10) with constants D, 8, then
it also satisfies it with any constants C, € with C > D and € < 8.

Now let w € AP(IR{;‘), set B := [w]AP(Ra), and fori € {1, 2} let D; := D(n;, p, B) and B; := B(n;, p, B)
be as in (2-9). Fix a rectangle R = Q; x Q,, a measurable subset E C R, and set

C?:=max(Dy, D;) and €:=min(B, o).

For almost all x; € R"!, we have w(xy, -) € A,(R") with [w(xy, -)]AP(an) < B, so w(xy, - ) satisfies
reverse Holder with constants D;, 8, — and therefore also with constants JC,e. So

1 1 1
—/ wx) Tedx = — (—w(xl,xz)Hede) dx
IR| Jr 1011 Jo, \ 02|
1 C 1+e
<— (£/ w(xl,xz)dxz) dx;
1011 Jo, \ 102 Jo,
cl+e/2

TN fQI(mQQw(xl))Hédxl.

By Proposition 2.1, we have mg,w € A,(R"") with [m Q2U)]Ap(Rnl) < B, so this weight satisfies reverse
Holder with constants D1, 8 — and therefore also with constants +/C, €. Then the last inequality above
gives

1 1/(1+e€) C
(—/ w(x)! e dx) <— mg,w(xy)dx; =—/ w(x)dx. O
IR| Jr 1011 Jo, IR[ Jr

3. Biparameter dyadic square functions

Throughout this section, fix dyadic rectangles D :=D; x D, on R”. The dyadic square function associated
with D is then defined in the obvious way:

ﬂR(xl,xz)>‘/2

Spf(x1,x2) = (Z | (R ®

ReD
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We also want to look at the dyadic square functions in each variable, namely

21 ,1
SD'f(xl’xz):(Z |Hg, f(x2)? |Q’Q(x|‘)) . Sp,f(x1.x2) —(Z| ()2 |Q2Q(x|2)),
01€D, 0,eD,

where for every Q; € D; and signatures ¢;, we define
HE o= [ Fonh (odr, HEfon = [ o e de,
R"1
Then for any w € Ap([R?ﬁ),

lfllerwy = ISDfllerw) = IS, fllLraw) = 15D, fllLrw)-

More generally, define the shifted biparameter square function, for pairs i = (i1, i2) and f: (J1, jo) of
nonnegative integers, by

ij 2 pe € ’ Lo Lo V2
Pr=[ (2 verem)( 8 gregs)] - e
Ri€Dy

Pre(Ry); Qi1€(R)j,
RyeD, PQE(RQ),Z 02€(R2) j,
We claim that o
||S,;’)j :LP(w) — LP(w)|| < 211 /2) G+ (n2/2) 2+ ) (3-2)

forall w e A p([R{ﬁ), 1 < p < oo. This follows by iteration of the one-parameter result in (2-4), through
the following vector-valued version of the extrapolation theorem (see Corollary 9.5.7 in [Grafakos 2004]):

Proposition 3.1. Suppose that an operator T satisfies |T : L>(w) — L*(w)| < ACy,lw]a, for all
w € Ay (R™), for some constants A and C,,, where the latter only depends on the dimension. Then

(s ()’

forallw e Ap(R"), 1 < p < 00, and all sequences { f;} C LP(w), where C, is a dimensional constant.

Proof of (3-2). Note that (S5 )2 = Y cp, (S5, Fr,)? where

R 1 12
Fg, (x1, x2) := Z( > If(Pf‘foz)I)( > %) h (x2).

PeD; “Pie(R)iy 01€(R),

, p/2
/ ( > (SlZ;DFRl(xl,M))z) w(x1, x2) dxa dxi.
R

Ri1€Dy

< Acr/l[w]iljx(lal/(pfl))

LP(w) LP(w)

Then
158 v = [

Rﬂl
For almost all fixed x; € R"!, we know w(xy, - ) is in A, (R"?) uniformly, so we may apply Proposition 3.1
and (2-4) to the inner integral and obtain

r/2
/ (Z | Fr, (x1, xz)l) w(x1, x2) dxy dxy.
1 JR™2

pn» 2 2+ 2
R ED

R
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Now, we can express the integral above as

/ (o fe ety ) Pw(xy, x2) daxy doxy S 2P+ £ 1P
an R)‘ll

where
= Y If (P x PR, @b
Pix Py
is just a biparameter martingale transform applied to f, and therefore || f||zrw) = || fzllL»w) by passing
to the square function. O

3A. Mixed square and maximal functions. We will later encounter mixed operators such as

12
[SM]f(xl,x»::(Z(MDz(H f)? Ql(xl)) ,
= 0]

)2 Qz(XZ))]/Z

[MS]f (x1, x2) :=(Z(MD.(H Dy =5

02€D;

Next we show that these operators are bounded L” (w) — L?(w) for all w € A p([R{ﬁ). The proof only
relies on the fact that the one-parameter maximal function satisfies a weighted bound. So we state the
result in a slightly more general form below, replacing Mp, and Mp, by any one-parameter operator that
satisfies a weighted bound.

Proposition 3.2. Let T denote a (one-parameter) operator acting on functions on R" that satisfies
IT: L%(v) = L*(v)| < C for all v € Ay(R"). Define the following operators on R":

0, ()"
[ST1f (x1, x2) :=(Z<T<H P | ) :

01€D |Q
12
[Ts]f(x“xz):(Z(T(H £GDY? %Q(xf)) ,

02€Dy

where T acts on R™ in the first operator, and on R"" in the second. Then [ST] and [T S] are bounded
LP(w) — LP(w) forall w € A,,([Rﬁ).

Proof. We have

IIST1f1I7 / ( < )( )HQI(XI)> )p/zw(x x2)dxydx
LP(w) = Rt JRm2 oo m 1, X2 2 1

p/2
/ / (Z(H () 22 1)) w(x1, x2) davy dax
R JRe2 |01

01€D
= ||SD1f||L17(w) ,S ”f”{p(w),

where the first inequality follows as before from Proposition 3.1. The proof for [7'S] is symmetrical. []
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More generally, define shifted versions of these mixed operators:

.. @) S Lo\
[STY" £ (x1, x2) :=(Z< ) T<HPif)<x2)) 2 o ) ’

Ri€D1 “Pre(RD);; Q1€(Ry) )
0 : ’ Lo, (x2)\"?
iz, — 2
751t fon= (Y (X ragnen) ¥ R
R,€Dy “Pre(R2)i, 02€(R2)j,

Under the same assumptions on 7, it is easy to see that
IISTYR: LP () — LP (w) | S22 and - [T S]2: LP (w) — LP (w)|| S22 EHR) (3-3)
for all w € A, (R"). Specifically,
ISTI FI1Y ) = f ISp F(x1, %0 dw,  where F(xy,x2):= Y T(Hp f)(x2)h (x1),
P1eD,

SO ILSTV fllrawy S 22O F Lo ). Now,

1 Fllraw) = 01Sp, Fllerawy = WIST1f lerw) SN ILrqw)-

4. Biparameter weighted BMO spaces

Given a weight w on R”, a locally integrable function b is said to be in the weighted BMO(w) space if
1
w(Q)
where the supremum is over all cubes Q in R". If w =1, we obtain the unweighted BMO(R") space. The

dyadic version BMOp(w) is obtained by only taking the supremum over Q € D for some given dyadic
grid D on R". If w € A,(R") for some 1 < p < 0o, Muckenhoupt and Wheeden [1976] showed that

1B lBMO(w) = sup f 1b(x) — (B) ol dx < oo,
0 0

1 , 1/17’
I1DllBMOw) == IDlIBMOw'; p) := Slép<m /Q |b—(b)ol” dw’) , (4-1)

where w’ is the conjugate weight to w. Moreover, if w € A>(R"), the argument in [Wu 1992] shows that
BMOp(w) >~ Hzlj(w)*, where the dyadic Hardy space Hé(u)) is defined by the norm

161 12 0y = IS0 11 -
Then
1D, &) S 1blIBMOD ) 1SDP L1y  for all w € Ax(R"). 4-2)

Now suppose v and A are A,(R") weights for some 1 < p < oo, and define the Bloom weight
v :=u!/Pr=1/P  As shown in [Holmes et al. 2017], we have v € A»(R"), which means we may use (4-2)
with v. A two-weight John—Nirenberg theorem for the Bloom BMO space BMO(v) is also proved in that
paper, namely

IbllBMOM) == I1BlIBMO(1, 1, p) = 1BIIBMOG, 17, p)



1708 IRINA HOLMES, STEFANIE PETERMICHL AND BRETT D. WICK

where

1 1/p
1B llBMOGe . :=sup(—/ b— (b) |de) ,

1 p 1/p
b— (b du’ .
k,(Q)/Q| Bhol u)

We now look at weighted BMO spaces in the product setting R = R" @ R"™. Suppose w(xy, x2) is a

IbllBMOG 1/, py i= Sup(
o

weight on R". Then we have three BMO spaces:
o Weighted little bmo(w) is the space of all locally integrable functions b on R” such that

1
w(R)

1B llomoqw) = sup / Ib— (b) x| dx < o,
R R

where the supremum is over all rectangles R = Q1 x Q3 in R". Given a choice of dyadic rectangles
D =D; x D,, we define the dyadic weighted little bmop (w) by taking supremum over R € D.

o Weighted product BMOp (w) is the space of all locally integrable functions » on R” such that
1 L 1/2
IbllBMOD (w) = SUP(— |b(R)| —) < 00,
2 \w@) RCQX,;GD ()

where the supremum is over all open sets Q2 C R with w () < oo.

o Weighted rectangular BMOp rec(w) is defined in a similar fashion to the unweighted case — just like
product BMO, but taking the supremum over rectangles instead of over open sets:

16 BMOn . :=sup(— |b(T€>|2—> ,
PR w(R)TXC; (w)7

where the supremum is over all rectangles R, and the summation is over all subrectangles 7 € D, T C R.
We have the inclusions
bmop(w) C BMOp(w) € BMOp Rec(w).

Let us look more closely at some of these spaces.

4A. Weighted product BMOp(w). As in the one-parameter case, we define the dyadic weighted Hardy
space H%J(w) to be the space of all ¢ € L' (w) such that Sp¢ € L' (w), a Banach space under the norm
”"b”H% () = |SD@Il L1 (). The following result exists in the literature in various forms, but we include a
proof here for completeness.

Proposition 4.1. With the notation above, ’H,ID(w)* = BMOp (w). Specifically, every b € BMOp(w)
determines a continuous linear functional on H%D(w) by ¢ — (b, @),

(b, @)1 < 1LllBMOD () 1SDP L1 (1) (4-3)

and, conversely, every L € H%D(w)* may be realized as L¢ = (b, ¢) for some b € BMOp(w).
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Proof. To prove the first statement, let b € BMOp(w) and ¢ € HID(w). For every j € Z, define the set
Uj:={x € R": Sp¢(x) > 2/}, and the collection of rectangles R; := {R € D: w(RNU;) > Jw(R)}.
Clearly U;jy1 C Uj and R ;11 C R ;. Moreover,

> 27w W) = 1ISp¢ L1 (), (4-4)
jez
which comes from the measure-theoretical fact that for any integrable function f on a measure space

(X, ), we have || fll1g = X cp27 ilx € X £ ()] > 27},
As shown in Proposition 2.2, there exist C,3 > 0 such that w(E)/w(R) < C(|E|/|R|)‘S for all
rectangles R and measurable subsets £ C R. Define then for every j € Z the (open) set

ﬁ 1/8
V] — {x c Ri’l . MSI[UI(X) > 0}’ Whel‘e 6 = (i) .

First note that if R € R;, then

l<w(RmUj)§C IRNU,|
2 w(R) |R|
SO
0 < (ﬂUj)RSMs]]_Uj(x) for all x € R.
Therefore
U RV, (4-5)
ReR;
Using (2-7), we have
w(Vj) S —(1+1log™ - dw >~ w(U)). (4-6)

Now suppose R € D but R ¢ UjeZ R ;. Then w(RN{Spp <2/}) > %w(R) for all j € Z, and so

w(RN{Spp =0}) = w(ﬂ RN{Sp¢ < 2—f}) > sw(R).

j=1

Then [{Sp¢p =0} > |RN{Sp¢ = 0}| > 0|R| > 0, and we may write

SR = / BRI B! / (Sp$)? dx = 0.
(SDP=0} IRN{Sp¢ = 0}] 0 Jispp=0)
So
#(R)=0 forall R €D, RgéURj. (4-7)

jez
Finally, if R € [ jez Rjs then

0=w(RN{Spp =00}) = lim w(RN{Spp >2/}) > Lw(R),
j—o00
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a contradiction. In light of this and (4-7),

YSTBMBIGRI=D Y bRIIGR)]

ReD jez RGRJ'\th

1 172

A 1/2 ~
sz( > |b<R>|2—> ( > |¢(R>|2<w>R)
<w>R RER\Rj+1

jGZ RER]\'R_H_]

To estimate the first term, we simply note that
A 1 A 1 A 1
bR —— < ) bR ——— < bR ——— < b3 w(V)),
2 i = 2 e =, (wyg = PMOPOO TR

RERj\'RjJrl RERj RCV_,‘,RE'D

where the second inequality follows from (4-5). For the second term, note that any R € R; \'R 4 satisfies
RCVjand w(R\Uj;1) > 3w(R). Then

w(R\Ujt1)

Yo BRPwr<2 Y BRI R

RGR/\Rj+1 RGRj\Rj+1

o 1r
=2 R —d
/ > BwE

NUitl ReRj\Rj 11

§2f (Spd)*dw <22 w(V)),
Vi\Uj+i

since Sp¢ < 277! off U;,. Finally, we have by (4-6),

D BR)IGR)] S 1BlBMopw) Y27 w(V)) = [1bllBMopw) Y 2 wU)).
ReD jez jez
Combining this with (4-4), we obtain (4-3).
To see the converse, let L € ’H%(w). Then L is given by L¢ = (b, ¢) for some function b. Fix an open
set 2 with w(2) < co. Then

1/2
( > bRP ) < su > b(R)qb(R)‘,
RCS.ReD () 19120 = R ReD
where ||g15||122(Q ) = 2RCQ.RED |¢(R)|?(w) g. By a simple application of Holder’s inequality,
> £<R>¢3<R>‘ S UL N340y < LI () 21812 (.0)5
RCQ,ReD
5o [|bllBMOpw) S 1L+ O

4B. Weighted little bmop(w). In this case, we also want to look at each variable separately. Specifically,
we look at the space BMO(wy, x3): for each x, € R"?, this is the weighted BMO space over R"!, with
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respect to the weight w( -, x):
BMO(wq, x2) :=BMO(w(-, x3); R*") foreach x, € R™.

The norm in this space is given by

1
16(-, x2) IBMO@w, ,x5) = sUp ————— [ [b(x1, x2) —mg,b(x2)|dx1,
(wi,x2) o w(Q1, x2) 0, Qi

where

w(Ql,x2)::/ w(x1,x2)dx; and mg b(x2) 1= b(x1, x2)dxq.

0 1011 Jo,

The space BMO(w», x1) and the quantities w(Q>, x1) and m,b(x1) are defined symmetrically.

Proposition 4.2. Let w(xy, x) be a weight on R" = R @ R™. Then b € Llloc([R{ﬁ) is in bmo(w) if

and only if b is in the one-parameter weighted BMO spaces BMO(w;, x;) separately in each variable,
uniformly:

15]lbmow) =~ max{ess sup |b(x1, - ) lBMOs.x1)» €8s sup [6(-, x2)BMOw, ) }-
x1eR™M xp€R™2

Remark 4.3. In the unweighted case bmo(R"), if we fixed x, € R™2, we would look at b( -, x;) in the
space BMO(R"') — the same one-parameter BMO space for all x;. In the weighted case however, the
one-parameter space for b( -, xp) changes with x,, because the weight w( -, x») changes with x.

Proof. Suppose first that b € bmo(w). Then for all cubes Q1, Q»,

1
b mo z ——— b s - b X d d
1D 1lbmo(w) (01 % Oy) le/Qzl (x1, x2) — (b) 0, x 0, dx2 dx;

1
- b(xy, —(b)o,x0, dx2| dxy,
Zw(QIXQZ) o /Qz (x1, x2) — (D) 0, x 0, dx2| dx;
SO
f Mub(x1) — () 01 0sl 1 s%ubnbmo(w» (4-8)

Now fix a cube Q7 in R™ and let fg,(x1) := sz |b(x1, x2) —mg,b(x1)| dx;. Then for any Q1,

1 1
<fQ2>Q1 =< _/ / |b(X1, XZ)_<b>Q1><Q2|dx+_/ / |mQ2b(x1)_<b>Q1><Q2|dx
1 Q1] 01J0 011 0140
w(Q1 x Q2) | Q2]
< O o) + b)) — (B gy 0,1 d
< o1l 161l bmo(w) 01/, Img,b(x1) — (b) 0, x0,| dx1
= 2M”b”bmo(w) = 2<w(Q27 : ))Ql ”b”bmo(w)s

B 101l

where the last inequality follows from (4-8). By the Lebesgue differentiation theorem,

fo,(x1) = Qlimx (f0.) 01 = 211D llbmo(w) Qlimx (w(Q2, )0, = 2[1bllbmow) w(Q2, x1)
1=>X] 1—>X]
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for almost all x; € R™, where Q| — x; denotes a sequence of cubes containing x; with side length
tending to O.

We would like to say at this point that |b(x1, - ) [BMO(w,.x;) =Supg, 1/(w(Q2, x1)) fo, (x1) is uniformly
(a.a. x1) bounded. However, we must be a little careful and note that at this point we really have that for
every cube O, in R"2, there is a null set N(Q,) C R" such that

fo,(x1) Z2[1bllbmowyw(Q2, x1) for all x; € R" \ N(Q»).

In order to obtain the inequality we want, holding for a.a. x;, let N := [ JN (éz) where éz are the
cubes in R"? with rational side length and centers with rational coordinates. Then N is a null set and
f@z (x)) < 2||b||bm0(w)w(§2, x1) for all x; € R"'\ N. By density, this statement then holds for all cubes Q»
and x; ¢ N, so

esssup [|b(x1, ) IBMOws.x1) = 2[1Dllbmo(w)-
X1 eRM

The result for the other variable follows symmetrically.
Conversely, suppose

1b(x1, ) IBMO@ws,x) < C1 fora.a. xi, 156(-, x2) IBMO(w,,x,) < C2 for a.a. xo.

Then for any R = Q| x Q»,

/ |b—(b)r|dx 5/ / |b(x1, x2) _sz(xl)|dx+/ |02 1mg,b(x1) — (b)g,x0,| dx1
R 01702 01
S/ Czw(Qz,Xl)dxl-i-/ / |b(x1, x2) —m g, b(x2)| dx2 dx
01 0140

< Cw(R) +/ Ciw(Q1, x2) dx;
0>

= (C1 + C)w(R),
SO

[1D1lbmo(w) < 2 max{esssup |b(x1, ) [BMOGws,x1)» €88 SUp [[6( -, X2) [BMOGw, 1) } - O
x1€R™ xpeR™2

Corollary 4.4. Let w € Ay(R") and b € bmop (w). Then

(b, #)1 < [1Lllbmor (w) 15D, Pl L1 ()
foralli €{1,2}.

Proof. This follows immediately from the one-parameter result in (4-2) and the proposition above:

|<b,¢>>|§/ (b1, ), dx1, i dxy
R™
S /;w Ib(x1, ) IBMOD, (e, NIISD, @ (X1, I L1 (w(xy.-)) X1

S 16lbmow) 152,81l 1 ()

and similarly for Sp,. U
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‘We now look at the little bmo version of (4-1).

Proposition 4.5. If w € A,(R") for some 1 < p < oo, then

1 , 1/p
||b”bmo(w) ~ ||b||bmo(w;p’) = Slljép(M/I; |b - <b>R|p dw/) .
Proof. By Proposition 4.2 and (4-1),

15]lbmoqw) == max{ess sup |b(x1, ) lBMO@(x,-): py» €88 SUP 6+, X2) IBMOw (- x2): p) |-
xjeR™ x2eR™2

1713

Suppose first that b € bmo(w; p’). Note that for some function g on R and a cube 0, in R"2, we have

/

p
|g(x1,X2)|P/w/(x1,X2)dx2Z—,/ g(x1, x2)dx;
/QZ w(Q2, x)P /o,
Then )
14 1 g
b N> - b(xy, — (b d d
1V 2 s | wioma /Q (51, %2) = (B) 10 ds| - dixy
1 / o 10l
=— lmg,b(x1) — (b) |V ———————dx
w(R) Jo, " & 02l (g, )P
1 ,
> —— lmg,b(x1) — (b) 1P w'(Q2, x1) dxy,
U)(R) 0, 0> 01x0>
where the last inequality follows from
10,7 1 (w'(x1, )
=0 2 10— 8~ (05, x).
w(Qval) <U)(.x],)>Q2 [w(xl’)]Ap

Now fix O, and consider fo,(x;) := sz |b(x1, x2) —szb(xl)lf’/w/(xl, Xx2) dxy. Then

1 / !
<fQ2>Q1 5 @/Q /; (|b(X1,X2) — <b)Q]><Q2|p + |mQ2b(x1) - (b)QlXQ2|p )w/(X],Xz) dx; dx;

< w(@1 x Q)
~ |01l

< w(@1 x Qo) bl
~ 0 bmo(w: p')

/ 1 ’
18 + g0 fQ m0,b(x1) — (B) gy 0P (03, x1)
1

Then for almost all x1,

. . w(@1x 02) ’ '
= lim < lim ——=="p||¥ N = , b|P .
sz(xl) Q|—>x1<fQ2>Ql ~ 01ox 101 | ”bmo(w;p) w(Q2, x1)l ”bmo(w;p)

Taking again rational cubes, we obtain

1 1/p'
w(On x1) < 16 lomow: »’
(03] (w(QLxl)sz(xl)) S 181y o(w; p’)

16(x1, ) IBMOw(x1,-); p) = SUP

for almost all x;.
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Conversely, if b € bmo(w), then there exist C; and C; such that

1b6(x1, ) IBMO(w(x,,):py < C1 for a.a. xp, and 16C-, x2) IBMO(w(- ,x2):p)) < C2  for a.a. x;.
Then
/|b YRI? dw/<// |b(x1, x2) — mo,b(x1)|P W' (x1, x2) dxz dxy

0140

+f / m 0,b(x1) — (b) g, x 0|7 W' (x1, x2) dxz dx;.
01702
The first integral is easily seen to be bounded by
/ 1b(x1, - )”gMo(w(xl,.))w(QL x1)dxy < C{’ w(Q1 X 02).
Qi
The second integral is equal to

/ |mQ2b(~xl)_<b>Q1><Q2|p,w/(Q25~x1)dx1
01

, p
5/ M(/ |b(xl,x2)_leb(x2)|dx2) dxi
0, |02|? 0>

</ w'(Qa, x)w(Qa, x)" !
0 0217

/ |b(x1, x2) —mg,b(x2) 1w (x1, x2) dxy dx,.
[&})

'—1

We may express the first term as (w'(xq, - )) g, (w(x1, -))’é < [w]‘z/p_1 for almost all x;. Then, the

2 ~

integral is further bounded by
/ w(Q1, x2)1b(+, x2) IBMO(w( - x2): p) dX2 S C3 w(Q1 X Q).
0>

Finally, this gives
1bllbmocws ) < (CF +CEHYP < max(Ci, €2) = 1 llbmotw)- O

We also have a two-weight John—Nirenberg for Bloom little bmo, which follows very similarly to the
proof above.

Proposition 4.6. Let 1, A € A,(R") for 1 < p < 00, and v := pn"/PA="/P. Then

”b”bmo(v) x~ ”b”bmo(u,k,p) x~ ||b||bm0(k’,u’,p’)a

1/p
b = b— P dx ,
1D lomo(ue, 2, p) (,u(R)/l b)R| )

1/p
I6llbmo(y, ', py : _SUP(A’(R)/ b — (b)gl" dM) -

Note that it also easily follows that v € Az([R{;’).

where
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5. Proof of the lower bound

Proof of Theorem 1.3. To see the lower bound, we adapt the argument of Coifman, Rochberg and Weiss
[Coifman et al. 1976]. Let {X;(x)} and {Y;(y)} both be orthonormal bases for the space of spherical
harmonics of degree n in R”. Then ), | Xy (x)]?> = ¢, |x|*" and thus

1 Xi(x —x") ,
1=—mek(x—ﬂ
and similarly for ;.
Furthermore X, (x —x') = Z‘ ol +1Bl=n x(lfg x%x'P and similarly for ¥;. Remember that

b, ) €bmo) =5 bl = sup / b(x, y) — (bl dx dy < co.
0

1
v(Q)
Here, Q =1 x J and I and J are cubes in R". Let us define the function

Co(x, y) =sign(b(x, y) —(b)o)Lo(x, y).
So

1b(x, y) = (D)ol1Q] Lo (x, y)
= (b(x,y) = (b)) QITg(x, y)

= / (b(x, y) =b(x', yNTo(x, y) dx'dy’

Y v/
~Z[(b<x P by )T ,|2n) <x—x’)%m—yﬁrgu,y)dx/dy’

b —b
—Z/Zn @) =D o yny v

=Py =y P

k 1
dooxfxex® Yy T, g, y) dx' dy'.

lo|+|Bl=n [y 1+18]=n

Note that

b(x,y) —b(x",y")

/ — X (x =XV (y = y) Xy lo(x', y) dx'dy = [b, TPy 1o (x, y)).
Ree [ = X'y =y
Here T; and T; are the Calder6n—Zygmund operators that correspond to the kernels
Xi(x) Yi(y)
2n an 2n "
|x| |yl

Observe that these have the correct homogeneity due to the homogeneity of the X and Y;. With this
notation, the above becomes

b(x, y) = (b)ol1Q]To(x, ¥)

k 1
=0 3 > xY iy Do, )b, TPy Lo (x, y)) (x, ).
kL la|+|Bl=n |y|+]8|=n
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Now, we integrate with respect to (x, y) and the measure A. Let us assume for a moment that both
and J are centered at O and thus Q is centered at 0. In this case, since I'p and 1 ¢ are supported in Q,
there is only contribution for x, x’, y, y" in Q:

1/p
|Q|</Q Ib(x,y)—<b)Q|”d/\(x,y)>

<Y YT xSy Tote mIb, TPy 1o, ), 9 1)
kI lal+|Bl=n ly|+I8|=n

Y)Y WM, Trey 1o YD Lo,

k@ lal+Bl=n ly|+I8]=n

<S03 ST @D, BTl e o e 168 Y Lo L Y) Loy

k@ la|+]Bl=n ly|+|é]=n

SO0 D0 1) P b, Tl o oy (@)Y

k@ lal+Bl=n ly|+Ié]=n

We disregarded the coefficients of X and Y at the cost of a constant.

Notice that the 7} and 7; are homogeneous polynomials in Riesz transforms. Therefore the commutator
[b, T; T;] can be written as a linear combination of terms such as M|[b, Rl-1 R?]N, where M and N are
compositions of Riesz transforms: First write [b, T;T;] as linear combination of terms of the form

[b, R* R!
RGy = 1_[ R

()~ (m+
is a composition of n Riesz transforms acting in the first variable with the choice i® = (i
{1,...,n}" for each k and similarly for R! () acting in the second variable Then, for each term, apply
[AB, b] = A[B, b]+[A, b]B successively as follows. Use A = Rl1 R2 and B of the form Ré‘n I)R(n—l) and
repeat. It then follows that for each &, / the commutator [b, T} T;] can be written as a linear combination
of terms such as M|[b, Rl.l RJZ.]N, where M and N are compositions of Riesz transforms. Thus 7} and 7;

], where

(k))n

are homogeneous polynomials in Riesz transforms of the same degree. We require that all commutators
of the form [b, Ril RJZ.] are bounded, and we have shown the bmo estimate for b for rectangles Q whose
sides are centered at 0. We now translate b in the two directions separately and obtain what we need, by
Proposition 4.6:

1/p
151bmowy 2= 1B llbmo(u..p) i= S (M(R) f b — RV’dA) 5133;2 16, R R Loy 1rGy. O
\7\”‘

6. Biparameter paraproducts

Decomposing two functions b and f on R" into their Haar series adapted to some dyadic grid D and
analyzing the different inclusion properties of the dyadic cubes, one may express their product as

bf =My f+1, f+Tpf+ b,
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where

Myf =Y b(Q)(f)ohS, TI b r b hSe.
bf Qé)(Q)( ohg, T f:= Q%)(Q)f(Q)@ bf = (;)(Q)f(Q)mQ

In [Holmes et al. 2017], it was shown that, when b € BMO(v), the operators I, IT}, and I';, are bounded
L?(u) — LP()).

6A. Product BMO paraproducts. In the biparameter setting D = D; x D,, we have fifteen paraproducts.
We treat them beginning with the nine paraproducts associated with product BMO. First, we have the
three “pure” paraproducts, direct adaptations of the one-parameter paraproducts:

Myf = Y bO] x O (f)oixo.hy, ®hG,

01x02
™ €] €2 r €] 1 Il 2
= Y b(Qf x 09 (0 x 05 |QQ|®|QQ|
01x0> 2
A 1
r = bh(O! h€1+51 ®h€2+32 r*f
bf QZQ (05 x O F (O} x Q%) m@ o if

Next, we have the “mixed” paraproducts. We index these based on the types of Haar functions acting
on f, since the action on b is the same for all of them, namely l;(Ql X ») —this is the property which
associates these paraproducts with product BMOp: in a proof using duality, one would separate out the b
function and be left with the biparameter square function Sp. They are

]l 1
Hp 00 f = Z b0 <f > 9 9n a,
01x0» |Q| |Q1|
A 1
Mo f = ), bQ} x 0F (f L@ Q> 5 ® 5 =M.
01%x0> [ Q1] | Q2|
]lQ 1 +4 €
Crons = 3 507 x 05 7hf &1 &) n @i
() ZQ ’ 102 J_|Q1 o ®ho,
~ R 1o
F*' f = b(Q€1 X QGZ)f(Q Q €1+81 Q=2 )
e QZQ L ? «/IQ Tor @,
Lp.a,00f = h(QS x 02 < >_hel ®h€2+ 2
v QZQ PO g J101 ¢
HQI €240

Dhanf= Y bQ{ x 09 F(Q] x 0 ———=—2 g i3]
01x0: V1021121

Proposition 6.1. If v := u'/PA=1/P for A,,([R'_”) weights u and X\, and Py, denotes any one of the nine
paraproducts defined above, then

IPy 2 LP () = LPM)I < 18]BMOD (1) (6-1)

where ||b|lBMop (v) denotes the norm of b in the dyadic weighted product BMOp (v) space on R"
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Proof. We first outline the general strategy we use to prove (6-1). From (2-8), it suffices to take f € L?(u)
and g € L? (1') and show that

[(Ps f, &)1 S NbllBmon o L 2w 181 Ly 3y

(1) Write (Py f, g) = (b, ¢), where ¢ depends on f and g. By (4-3), [(Ps f, &)| S [1LllBMOL () ISDA I L1 (1) -

(2) Show that Sp¢p < (O1f)(O2g), where O and O, are operators satisfying a one-weight bound
L?(w) — L?(w) for all w € A,,([Riﬁ) — these operators will usually be a combination of maximal
and square functions.

(3) Then the L' (v)-norm of Sp¢ can be separated into the L” (u) and LY (1") norms of these operators O;
by a simple application of Holder’s inequality,

1SD@lL1 )y S NOVf el 028w oy S W Lrau I8l Lo Gy
and the result follows.

Remark also that we will not have to treat the adjoints P} separately: interchanging the roles of f and g
in the proof strategy above will show that Py, is also bounded LY )y — LP/(,u/ ), which means that P} is
bounded L?(u) — LP()).

Let us begin with IT, f. We write

(M f, g) = (b, ), where ¢ := Z (f)01x0,8(QF" x QEZ)hG] hész.
01x02
Then

]l
(DB’ = Y (1f DD, 0,18(05 x 0P~ ® —2 < (Msf)*- (Spg)*.
o, IQ 1270,

SO

Ky f, &)1 S IbllBMop ) 1M s fllLr o ISDEN Lo vy S I1DIBMOD W) I FIlLr o 811w iy -
Note that if we take instead f € L ()') and g € L? (i), we have
K, £, &)1 S NblleMon ) IMs fll Ly g 1SD& N Lr iy S IDIBMOD M) 1L 1o 3y I8 L 0

proving that [|TT, : L” (V') — LP (W)|| = T} : LP (1) — L? (W)l S 16]lBMOp (v)- For T,

r €] €\ A 1 1 €]10] €2102
(Tyf, 8) = (b, ¢), where¢:= Q}%j@f@ x 05)8(0] xQé)J@J'Q_Zth‘S ®hH,

from which it easily follows that Sp¢ < Sp f - Spg.
Let us now look at ITj.(0,1y. In this case,

HQ2>< ]l h>h61 h€2
= Z<f 0\ T0u] @115, @15,

01x0»
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Then
. 1 21 1
S 2 _ < Q2>< =28 ®h€2> Ql® O
7 QZQ Tl B0, \# Tal 01~ 102l
1 1
_ He1 2 [ (%))
2 OG0 g 190 ]
1
s(Z(MDZH“ P00 f‘Q(ﬁ‘))(DMDlH;zg)z( D lz))z[SM]zf-[MS]zg
01 (%))

where [SM] and [M S] are the mixed square-maximal operators in Section 3A. Boundedness of I (o, 1)
then follows from Proposition 3.2. By the usual duality trick, the same holds for Il (1 ). Finally,

for Fb;(O,l),
o= > (Hy f)o,——==28(07"" x 0Hh} @h
Q1x02 lQ |
so Sp¢ S[SM]f - Spg. Note that I'.(1,0) works the same way, except we bound Sp¢ by [M S]f - Spg,
and the remaining two paraproducts follow by duality. (Il

6B. Little bmo paraproducts. Next, we have the six paraproducts associated with little bmo. We denote
these by the small Greek letters corresponding to the previous paraproducts, and index them based on
the Haar functions acting on b —in this case, separating out the b function will yield one of the square

]lQl >e
he @ he
< 0% Q2

functions Sp, in one of the variables:

Tonf =Y < h, ®10

2|

01x02 >
r Q
Ty f = Z<bh >f )|Q1|®hQ2’
01x0»
e\ > e
Tp- = Q h? he QhS
wa0f < 1011 I e ® 10, 0:
01x0»
* HQz
.0 f = <b h62 > ,
Ty |01 | | Q2]
8 8 *
Voo f = < hg ®; |> 07 Whgglf '®hG, =Yy

01x0>

ILQl $ P € er+68 *
Yo:1.00f = <b h2>f(Q X 0F)——==h, ®h5, " =vpa.0f
(1,0 QIXX:Q 101 0> 2 \/@ (] b;(1,0)

Proposition 6.2. If v := u'/PA=V? for A,,([R{ﬁ) weights u and A, and py denotes any one of the six
paraproducts defined above, then

lIps = L (w) = LP ) S [18llbmog v)

where ||b|lbmop(v) denotes the norm of b in the dyadic weighted little bmop (v) space on R"
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Proof. The proof strategy is the same as that of the product BMO paraproducts, with the modification that
we use one of the Sp, square functions and Corollary 4.4. For instance, in the case of 7. 1) we write

. 1
(Tho.n f.8) = (b.§), wheredp:= > (HF f)0,8(Qf XQZZ)hEél@ﬁ-
01x02

S | 2 < 1 | QZ( 2))( A €] € ZlQZ(XZ))lQl(xl)
) 5% ; LA NTN Zz 8@ =0 ) o
MZ H QZ(X2)>< 5(0°¢ 2 1o, (x1) le(XZ))

(Z bGP E T eer < 0P g e o]

=[MSPf - Spe,

Then

and so

(7h:0,1) /5 @)1 S NBllbmon ) 15D, @Il 21wy S B llbmon ) | f ey 1811 Lo iy -

The proof for 7. (1,0) is symmetrical —we take Sp,¢, which will be bounded by [SM]f - Spg. The
adjoint paraproducts 7. ©.1) and 71;;(1’0) follow again by duality. Finally, for y;.(0,1),

2 : P nE e+5 I[Qz
— 1 1 1 h

from which it easily follows that Sp, ¢ < Sp f - Spg. The proof for yj.(1,0) is symmetrical. (I

7. Commutators with Journé operators

7A. Definition of Journé operators. We begin with the definition of biparameter Calderén—Zygmund
operators, or Journé operators, on R = R" ® R"2, as outlined in [Martikainen 2012]. As shown later in
[Grau de la Herrdn 2016], these conditions are equivalent to the original definition of [Journé 1985].

I. Structural assumptions: Given f = f1 ® f> and g = g1 ® g2, where f;, g; : R" — C satisfy spt(f;) N
spt(g;) = @ for i =1, 2, we assume the kernel representation

(Tf.g) = / | K@ rosedsay.

The kernel K : R x R” \{(x,y) € R x R" :x1 =Yy or xp = yo} — C is assumed to satisfy:

(1) Size condition:
1

IK(x,y)|<C )
[x1 — y1|™ |x2 — ya|™2

(2) Holder conditions:

(@) If [y1 — yj| < 3lx1 — yi] and |y2 — y5| < 3|x2 — y2l, then
ly) — ly2 — y51°
lx1 — y1 | |xp — yo|r2td”

<
—_
S

|K(x,y)— K@, 51, ¥5) — K(x, (5, y2)) + K(x,y)| < C
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(b) If |x; — x| < %lx1 — y1| and |x5 — x| < 3[x2 — |, then

lxp —xi1% |xp — x50

/ / /
K (x, y) = K ((x1,x5), y) = K((x1, %), ) + K (', )| < € TSy —r—

(©) If [y; — y;| < Slx1 — yil and |xa — x5| < $]x2 — y2|, then

i =il Jxo —xh)°

/ / / !/
|K(xv Y)_K((xl’xz), y) _K(xv (y]v YZ))+K((xlax2)» (y]v y2))| S C|x1 _y1|l’ll+8 |x2_y2|n2+8

(d) If [x; —x}| < 2]x1 — y1] and [y2 — y}| < 3|x2 — y»|, then
i —x(> Iy =yl

/ / / /
|K (x, ) = K (x, (1, ¥5)) = K ((x1, x2), y) + K ((x1, x2), (01, )| < C [ [y — ol

(3) Mixed size and Holder conditions:
(a) If |x; — x| < 3|x1 — y1l, then
v —xil° I

X1 — yiMF8 |xp — yo|m2

K (x,y) = K((x1,%2), )| = C

(b) If [y1 — y;| < 3|x1 — 1], then

)
Iyt — il 1
lx1 — y1 "M+ |xp — yo |

|K (x, y) — K (x, (], )| <C

(©) If [x — x}| < 3|x2 — 2|, then

8
1 [ — x5

1K (x, y) — K((x1,x}), y)| < C .
2 X1 — y1|m1 |xg — yo|n2td

(d) If [y — ¥5| < %|x2 — y2|, then

1 ly2 — ¥51°

|K(x,y)— K(x, (y1, )| <C .
2 X1 — y1]m1 Jxg — yo|m2t?

(4) Calder6n—Zygmund structure in R"' and R"? separately: If f = f; ® f> and g = g1 ® g with
spt(f1) Nspt(g1) = &, we assume the kernel representation

rhie)= [ [ Kt AG0a e dndn,

where the kernel K, o, : R"' x R"'\ {(x1, y1) € R"' x R" : x; = y;} satisfies the size condition

|K s (xl,YI)|§C(f2,gZ)—,
f2.8 e — vy |

and Holder conditions:
1
(@) If |x; — x{| < 5|x1 — y1l, then
lx1 —x;[°

/
IK f, 0, (X1, y1) — K, 6, (X1, yDI| < C(f2, gz)m-



1722 IRINA HOLMES, STEFANIE PETERMICHL AND BRETT D. WICK

(b) If |y1 = y{I < glx1 — yi, then

Iy = yil°

!/

IKf, 0, (x1, Y1) — K g g, (x1, yDI = C(f2, gz)m-

We only assume the above representation and a certain control over C( f,, g2) in the diagonal; that is,
C(lg,, 19,)+C(lg,,ug,) +Clug,, 1g,) = C| Q1|

for all cubes O, C R"? and all “Q»>-adapted zero-mean” functions u g, —that is, spt(up,) C Qo,
lug,| <1, and [ug, = 0. We assume the symmetrical representation with kernel K , ,, in the case

spt(f2) Nspt(g2) = .

II. Boundedness and cancellation assumptions:

(1) Assume T'1, T*1, T1(1) and T;*(1) are in product BMO(Rﬁ), where T is the partial adjoint of 7,
defined by
(T (/1® f2), 81 ®g2) =(T (g1 ® f2), /1 ® &2)-

(2) Assume
KT (Lo, ® 1g,), 19, ®1g,)| = C|Q1]]Q2|

for all cubes Q; C R"™ (weak boundedness).

(3) Diagonal BMO conditions: for all cubes Q; C R" and all zero-mean functions ag, and by, that are
Q- and Q;-adapted, respectively, assume:

T(ag, ® 1g,), Lo, ® 19,)| = C|Q1]1Q2], KT(lg, ® 1g,),ap, ® Lg,)|< C|Q1]Q2l,
KT (1o, ®bg,), Lo, ®1g,)| = C|Q111Q2], KT (1o, ®1g,), Lo, ®bg,)|< ClO1]|Qal.

7B. Biparameter dyadic shifts and Martikainen’s representation theorem. Given dyadic rectangles
D =D; x D, and pairs of nonnegative integers i = (i1, i) and j = (i1, j»), a (cancellative) biparameter
dyadic shift is an operator of the form

Sfle = Z Z Z AP QR P,02R, fA(PIEl X PZQ) hgl ®h6Q22’ (7-1)

Rie€Dy Pie(R1)i; Q1€(R1)
R2€D2 Pre(Ry)iy Q26(R)jy

where

VIPIIQU VIR Q2] _ e p2)ir4in) y(=na/2) i)
|Ri| |Ra|

lap, 0,k P,0sR, | <

We suppress for now the signatures of the Haar functions, and assume summation over them is understood.
We use the simplified notation

.

rdird ;’j n
S5 f = Z apor f(P1x P)hg, ®hy,
R.P.Q

for the summation above.
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First note that

Lo,
SHEBNH= 3 D ( 2 anoimposr f (P x 2)) 10170

RixRy Q1€(R1)j; “Pire(Ry);,
026(R2)j, Pre(Ra)i,

< p—milittjp—maliatj) (S;;f)Z

where S;’)j is the shifted biparameter square function in (3-1). Then, by (3-2),
185 £ ey S 20PN 2ERDEED S £y S I F e (7-2)

for all w € A, (R").
Next, we state Martikainen’s representation theorem [2012]:

Theorem 7.1 (Martikainen). For a biparameter singular integral operator T as defined in Section 7A,
for some biparameter shifts S;’Dj it holds that

(Tf,g)=Crky, Ey, Z 2= max(i1,j])8/22—max(iz,j2)8/2<$%/f, 2),
f,feli
where noncancellative shifts may only appear if (i1, j1) = (0, 0) or (i, j2) = (0, 0).

In light of this theorem, in order to prove Theorem 1.1, it suffices to prove the two-weight bound
for commutators [b, Sp] with the dyadic shifts, with the requirements that the bounds be independent
of the choice of D and that they depend on i and ; at most polynomially. We first look at the case of
cancellative shifts, and then treat the noncancellative case in Section 7D.

7C. Cancellative case.
Theorem 7.2. Let D =D x D, be dyadtc rectangles in R = R" QR"™ and S be a cancellative dyadic
shift as defined in (7-1). If u, A € A,,([R ), l<p<oo,andv = I/PA 1P then
106, 851 L2 () — LP G| S ((1 +max(iy, j) (1 +max(iz, j2))) 15llbmop -
where ||b|lbmop (v) denotes the norm of b in the dyadic weighted little bmo(v) space on R

Proof. We may express the product of two functions b and f on R” as

bf =) Pof+ ) pof +Tlsb,

where P, runs through the nine paraproducts associated with BMOp(v) in Section 6A, and py, runs
through the six paraproducts associated with bmop (V) in Section 6B. Then

0. SF1f =D [Po.SH1f + D [po. S5 1f +R; ;.
where .
- - = 77 — l"]
Ri,jf = Hngb SD Hfb.
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From the two-weight inequalities for the paraproducts in Propositions 6.1 and 6.2, and the one-weight
inequality for the shifts in (7-2),

HZ [Po. S5 1+ Y [po. 855 1: L7 (1) — LP() ” S 15 lbmop (-
so we are left with bounding the remainder term R;. 7 We claim that
IR; 7+ L7 (w) = LY S (1 +max(y, j1)) (1 +max(iz, j2)) 18 lbmop )

from which the result follows.
A straightforward calculation shows that

;7‘7
Riif = Y. aporf(Pix P2)((b)g,x0, — (b) pixp)hg, ®hog,.
R,P,Q

We write this as a sum R; 7 f = Rll H f+ R% H f by splitting the term in parentheses as

(b)o,x0, — (b)Y pxP, = (D) 0,0, — (D)R xRy) + ({D) Ry xRy, — (D) P, x P,)-

For the first term, we may apply the biparameter version of (2-2), where we keep in mind that R} = Q(J )
and R, = Q(”).

) o1x 0~ D rixrs = D DO x QY ) o (@) 1 (Q2)

I<ki<ji
I<ka<j>

+ Z <b h <k1)®|R |> <k1>(Q1)+ Z < R, |®h <kz>> Q;kz)(Qz)-

1<ki<ji I<k2<j>

Then, we may write the operator Rq - as

Ri:f = Z A f+ > B+ Y BLYf (7-3)
1<k1<i 1<ki<ji 1<k2<jn
I1<k2<j>
where
i
Aviaf = ) aporf(Pix POBQY x 0§ jun Q0 i (Q2)ho, @ ho,.
R,P,Q

ij
Blﬁ?,l)f = Z aPQRf(Pl X P2)<b h ot ® —

>h (kl)(Ql)th ®hQ27
R.P Q

BV f = Z aporf (P x P2)<

—L®h <k2>>h ) (Q2)hg, ® hg,.
R,P,0O

[Ri|
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We show that these operators satisfy
Ak &, o LP () = LY S 1bllBMOp vy for all ky, ks,
1B s LP () = LPO)N S Ibllomopy  for all &y,
1B LP () — LY S I1bllbmop ) for all k.
Going back to the decomposition in (7-3), these inequalities will give
IIR%,; D LP(w) = LPMII < Gz + 1+ j2) 1B llbmop (v) -
A symmetrical proof for the term R% H coming from ({(b)g,xr, — (b) p,x p,) Will show that
IR? -2 LP () = LP WIS Griz + i1 +i2) [Bllbmon ).
Putting these estimates together, we obtain the desired result
IR; 5 : LP () — LP )l
S (r+iz+iiz+ i+ 2+ 172D 1bllbmop ey S (1+max (@, ji) (1 +max(iz, j2)15llbmop (v)-

Note that we are allowed to have one of the situations (i1, i) = (0, 0) or (i, j») = (0, 0) — but not both —
and then either the term ng; for R%; f, respectively, will vanish.

Let us now look at the estimate for Ay, ,. Taking again fe L¥() and g € Lpl()\/), we write (Ag, k, f, 8) =
(b, ¢), where

i,J
o= D arorf(Pix POy (Qh 50 (Q2)8(Q1 X Q2)h e ® h iy
R.P,Q
= Z Z Z f(Pr x P2)< Z apor8(Qi x Q2)hN1(Q1)hN2(Q2))hN1®th-
Ri xRy Pre(R1)i; Ni€(R1)j; -k Q1N
Pre(R2)iy N2€(R2) j—ky 026(N2)i,
Then
. L1 Viyely
SPPS Y ( Yo 1f(Pix Pyl Y lapgrll2(Q1 x Q2] ) -
NiXN2 S py eyt 01e(Ny, VINIVIN - INH NG|
Pre(N;27?y, Qre(hay
<2—n1(i1+j])2—n2(i2+j2) Z Z |f(P P )|2n|k|/22n2k2/2<| |> )2 ]lNl ®]1N2
~ 1 X 73 SUNIxNo ) o v 1
N ) IN N,
N2 e,

(p—k)
Pe(N,2 %),

2
L L ~ 1 1
S o~ —k1)2—n2(12+12—k2)(MSg)2 E ( E | £ (P x P2)|) E M

IN1|N2|
RixRy “Pre(R); Nie(R1) jy—ky
Pre(Ry)i, N2€(R2) jy—ky

— 2—n1(i1+j1—k1)2—n2(i2+j2—k2) (Msg)Z(S%qi2)a(jl_klsj2_k2) f)Z
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where the last operator is the shifted square function in (3-1). Then, from (3-2),

Ak, o L () — L)l
S blBMon ) ISDP Il L1 (1)
—k —k
< ”b”BMOD(v)z( n1/2)(i1+j1 k1)2( na/2)(ix+j2— kz)”MSg”Lp (A)”SO] 22), (j1—k1, ja— 2)f”L”(pL)

S ||b||BMOD(v) ”g”Lﬂ/()J) ”f”Ll’(p,)-

Finally, we look at B,E?’l), with the proof for B,Ezl’o) being symmetrical. We write again B,E?’l) f,g) =

(b, ¢), where

i.j
= Z aporf (P x P)h <k1)(Q1)g(Q1 x Q2)h ot ® |R |
R.P.Q

Then

o , e s :H-N ]]-R 2
Sp, f 2Tzt N ‘(Z PBRIGRINIDY <|HQ2g|>N]2"lkl/2|R;|)

R €Dy RyeDs Pre(Ry)y 02€(Ry) j,
Ni€(R) j Pre(Ra)iy

and the summation above is bounded by

( 2 |]1_N (Z 'f(P‘XP”'Yﬁ;Z)(

Nil
RieD; R2eDy “Pie(Ry);

Nie(RY) j -k P2e(Ry)iy

)

Z( > Mp( ng))

RyeDy ~02€(R)j,

which is exactly
(S%lalz)v(]l_klvo) f)Z([MS]]Q,Og)Z

From (3-2) and (3-3), we obtain exactly ||Sp, @l 1) S I f e g1l 1+ (3> and the proof is complete. [
7D. The noncancellative case. Following the proof in [Martikainen 2012], we are left with three types
of terms to consider, all of paraproduct type,
« the full standard paraproduct, I, and IT?,
o the full mixed paraproducts, I, 1) and I, (1,0,
where, in each case, a is some fixed function in unweighted product BMO(Rﬁ), with ||a|lgmomwiy < 1, and
e the partial paraproducts, defined for every i1, j; > 0 as

1g,

11] . .
p'f= D D noim (RSP x RDNg, X o,

Ri€Dy Pre(R);
R2€D2 91e(Ry);,

where, for every fixed P;, Q1, Ry, we have ap, g, r, (x2) is a BMO(R") function with

VIPUIVIQU _ oo

lap, o,k lIBMO®R™) <
[R1]
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and

apoum (R = (ap, o0k, 12 e = / apoum () (x2) .
R2
The symmetrical partial paraproduct SS%jz is defined analogously.

We treat each case separately.

TD1. The full standard paraproduct. In this case, we are looking at the commutator [b, I1,], where

Mof =Y a(R)(f)rhr,
ReD

and a € BMOD(Rﬁ) with [la|lgmop @iy < 1. We prove that:
Theorem 7.3. Let i, A € A,,([R?ﬁ), l<p<ooandv:= ,ul/p)n_l/p. Then

b, Ta] - L7 () = LYW S llallgmop @iy 1 lbmon v)-
Proof. We remark first that
Ma(bf) =Y a(R)(bf)rhg and Tin,sb= Y a(R)(b)r{f)rhr,

ReD ReD
SO

Mu(bf) —TMn, b =Y a(R)((bf)x — (B)&{SIr)IR

ReD

=TI, (Z Pof +Z Pbf + Hfb) — I, b,

where the last equality was obtained by simply expanding bf into paraproducts. Then

M, b= Mpb =Y TPof+ Y Mappf — Y a(R)((bf)r — (B)r(f)r)hr-
ReD
Noting that

(b, Ta1f = Pollaf + ) pollaf =Y TaPof — Y Tapsf + M, b — M, Ty,
we obtain

[, T1f =) Pollaf + ) pollaf — Y a(R)((bf )& — (bYR(f)R)hR-
ReD
The first terms are easily handled:

IPoITa fllLe@y S BlBMOD M) 1T fllLr () S 101IBMOD W) 1@l BMO 5 ) LS 1] 2 1)

IpoTTa fllLr @y S 18 lbmon ) 1T f Il () S 18 1bmon 1) 1@ BMO 5 iy L 11 L ) -

So we are left with the third term.
Now, for any dyadic rectangle R,

1
by = Bl Fa = fR FEOLEGE) — (b)) dx.
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Expressing 1z (b — (b)g) as in (2-5), we obtain

1 A A
(bf)R—(bYR( IR ="—= D b(P1xPy)f(PixPy)

|R| ho,
P,CO»
|R|P1cQ1 |Q | |R|PCQ2 |Q |
Therefore
Y a(R((bf )k — BYRCLIRY R = Aap f + 2y [ 4200 f,
ReD
where

Y b(Pix P f(Prx Pz))hgl ®ho,,

PiCO;
P,CQ»

k(Ol) 5 ( <b,h 1Q2> Lhp @1 )h ®ho,,
/= QIXX:Qza(Q1 Q2)|Q [1 Q2] Pél Py 105 (f P Qz) 01 (&3]

Agpf = a
wfi= ) a0 x Q2)|Q||Q|<

01x02

(1 0)
f = Z a(Q1 x Qy)——— < Z <b ®hp2> £ ]lQl ®hp2)>l’lQl ®hQ2.
) [0 P AN

To analyze the term A, we write (A, b f, g8) = (b, ¢), where

¢= ) f(p XP2)< Y @01 x 02)8(01 x Q) ——— )hm@hpz
ot e 10 IIQ |
020P,
=Zf(R>( > a(T)g(T)7>hR
ReD TeD,TOR | |

S0 [{Aas f. &)1 S IblBMOp o) S0Pl 11 (1): and
A 21 R 29
S%¢=Z|f<R>|2< > a<T>g<T>7) 7R<Z|f<R>|2< > AT >7> X
ReD TeD,TDOR | | | | ReD TeD,TOR | | | |

where a; :=) p.p l@(R)|hg and g :=)_ g p |§(R)|h g are martingale transforms which do not increase
either the BMO norm of a, or the L’ (A") norm of g. Now note that

. . 1
(T} gelr= Y _ af<T>gf<T)ﬁ +) e (1)ge(T)
TCR TOR
and since all the Haar coefficients of a; and g; are nonnegative, we may write

> 3 (T)2e (T) = < (IT: g}

TSR 7
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Then
N 1r
Spo < > I (RIKITE g)k— < (MsTT, g0) 5% .

ReD |R|
and

1SDBIl L1y < IMSTIE gell L o 1SS Loy
SITLE gell oo 1 F 2o

S laz llsmop @iy 187 L Lo oy | F L oy

which gives us the desired estimate

[Aap: L (1) = LP Q) S llallgmop @iy 1011BMOD 1) -

Finally, we analyze the term Agob ), with the last term being symmetrical. We have A(O D f,g)=1(b, 9)
with
1 . . 1 1p
¢=Z<Z<f,hm®ﬂp2>— > 401 x P)2(Q1 x Py)—— 2>hp1,
P Py el 01DP 011 | P2

0,1
and |2 £, )1 S 16 lbmop ) 1S5, @1l 11 ()- Now

) ) 1\ 1p\ 1p
Sz H T Py)g. - l’
Dl¢52(2<| P1f|>Pz( Z a:(Q1 x P2)g: (02 x 2)_|Q1|)|P2|) Py

Py P Q1DP;

where we are using the same martingale transforms as above. Note that

. 1p, 1p,(x2) 101N Py
I1 R — = T P T P
<“fg |P1|>Rn1(x2) ; 1P| Z“ (P8O P 15 T

and again since all terms are nonnegative:

1 ﬂpz(xz)>2]1p] (x1)

SD1¢ < ZMDZ(lef)(Xz)< Z Zat(Ql X PZ)gr(Ql )|Q1| |P2| |P1|

010h P,

1p Tp (x1)
M2 (H g, —- !
S; 2 Plf)(”)« a8 |P1|>Rnl(x2)) I

P1 (x1)

< (Mp, (I} g:)(x1, X)) ZM%h(lef)( 2)

= (Mp, (TT;,_g-)(x1, x2))? ([SM f(x1, x2))*.
Then

15D, @l L1y S TG g ll Lo oy ILSMf Il ey S Nlallgmon @iy 181 Lo ooy I1F Il Lr s

and so

0,1
1205 L2 () — L 001l S llallemop o) 18 lbmon - O
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TD2. The full mixed paraproduct. We are now dealing with [b, I1,.(0.1)], where

1p \1p
Mo f = Y a(Prx P2)<f hp ® —2 >—‘®hp2.
P1><P2

Theorem 7.4. Let j1, A € A,(R"), 1 < p <00 and v:=p'/PA=VP. Then
B, Ta; 0,01 L7 (1) = LY S lallgmop @i 12 lbmon ) -

Note that the case [b, I1,.(1,0)] follows symmetrically.

Proof. By the standard considerations, we only need to bound the remainder term
©,1) .
Rap J =M, rb — Ma; 01 Isb.

Explicitly, these terms are

M, b= Y a(Pf' x P€2)<

P x P

1p
P1 | P, |>< Z (b)lepzh‘Bl(P1)h6Q‘1(x1))hj§2(x2),

012P
1p (Xl)
| P

Mao.nTpb= Y a(Py xP;)( D P X QF)(b) b0, ( 2)) ® h (x2).

P x Py 022P,

Consider now a third term

. Ip\ 1p

T := Z a(Pfl XP2€2)<b>P1><P2<f9 ®|P2|>|Pl|®h€ﬁz
2

P1><P2

Using the one-parameter formula

Ip(x1)

= > by (PORY, (x1),

012P
we write T as

]l
T= ) aPy' x P€2)<f he @ —2 >< > <b>plszhSQ‘l(Pl)h‘gl(xl))hz(xz),

Pyx P |72
1 X Py 012P

allowing us to combine this term with Ip,.,, 7 b:
Mn,. o, 0—T= Z a(PG‘xP€2)<f hP1®|p |>( Z( )01xP,— )PleZ)hi)'l(P1)h21(x1))hj§2(x2).
PixPy 012P
Using (2-2), we have
1p
<b>Q1><P2_<b>Pl><P2=_ Z < ’ 21 |P|>hfl (Pl)’

Ri:PICRICO

and then the term in parentheses above becomes

T1 HPZ T] 5| 51
-y > b,th®|P2| hy (P) )y (PORY (x1). (7-4)

012P1 "Ri:PICRICOy
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Next, we analyze this term depending on the relationship between R; and Q;:
Case 1: Ry € Q. Then we may rewrite the sum as

1
o - 5 o 5

Ri2P Qi12R — Ri2P
=hg, (R1)

This then leads to
R ]lp ]l ]lR (.X])
a(PEle€2)<,h€1® 2>( <b,h“® >h”(P) ' )h”(x)
2 AP PN O R; BRI R R )R

P1><P2
Lp . R (x1)
= b,hy ® 2>( a(P61><P€2)<f,hE1 >h”( )) ®hZ (x2)
Z< B Py PI;I R T Rl P

R1><P2
Tp. Tg, (x1)

= Z <b, R, ®|T22|><Ha;(0,l)fv hg ®h%) |}31| ®hp, (x2)

R]XP2
:”;;(O,I)Ha;(O,l)f-

Case 2a: Ry = Q1 and 11 # §;. Then (7-4) becomes
1 11+51
- (P )h (1),
2 < |Pz|>\/_|Q1 o

012P

which leads to

7| 1 1 61 €
ot 2 mion 5 i<l

O01x P P1C 0

T1+31
”1 |P|> P

1
— b b3 ® P2>< a0 f, h””‘ ®h€2>—/—h61 (x1) ® hip, (x2)
QIXX;< i “

= V.0, a;0,1) f-
Case 2b: Ry = Q; and 71 = §;. Then (7-4) becomes

Ip,\ 1
b h) ® 2>—h1,
Z< QP10 @

012P

which gives rise to the term

1
T(O l)f — Z <b,h81 >h51 ( )]’l (XZ)_ Z &(Plél % P2€2)<f’ hi)ll ® Py >
P 1P 011 P
1X P C0i

We have proved that

0,1
M, 00 =T = =701 Da:0.0 f = Vo000 a0 f — Ta(,b 'f.
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Expressing T instead as
T = Z a(P€1 X Pez)( Z f(P€1 X Q22)< >P1><P2 Qz(PZ)) |P | 62 3
Py x Py 022P
we are able to pair it with Iy, 1)I17b. Then, a similar analysis yields

,0
T — g 0,01l = Ta;0,10)76;1,0) f + Ha; 0,0 ¥p:0,00 f + T( 1,
where

1 N
10 e 3 e 0 i (3 (b ) 00 )
= I AN 1021
Then

0,1) (1,0) (0 1)
Rap f=Ta00750,0 f +a;00V5:0,0 f =75 0.0 Mas00 f —VeonTDaon f+ T, =T, f

It is now obvious that the first four terms are bounded as desired and it remains to bound the terms 7, j.

We look at T;S;l), for which we can write T(0 D 18 ¢), where
1 1 1
¢= D &0 x Q)—( > apy xP§2)<f, " ® —> >)h‘21® <3
OP, 1911\, | P | P2

0,1
Then [(7.';" £, &) < 1Bllbmon () 15D, 11 L1 1)» and

R . 1p, \\ 1p,(x2) \* 1o, (x1)
S2 — 81 62 ( PE] P€2 < ) héz Py >> P ) Ql .
o ;(;g@] g 2 AP < EONLIE S ) ) o

PICO

Now,

€ € :H‘PQ | PN Q1]
a h: P! x Py’ .
< ot i B > 2 A )<f |P2I>|P1||Q1|

. _ €1,€2 A €] €2
Define the martingale transform a +— a, =) Pixp, TP, P2a(Pl x P,?), where

€1,€ _{l+1 1f<f,h;;l®]]-P2/|P2|>ZO,

P, Py —1 otherwise.

Note that, while this transform does depend on f, in the end it will not matter, as this will be absorbed
into the product BMO norm of a;. Then we have

1 . Lp Ig
- a(PGI x P62)<f, hE' ®_Z>‘ < <H ,;(0,1)f, _1®hez >
101 P% AT T Ry ’ 101~

Returning to the square function estimate, we now have

> 1 1
Sh$ <) < 807 x PO 1|3P< |z))(Z<|H;;nar;(o,l)f|>2Q,an(xl) Tij”) lQlQ(1X|1)
01 P P,

Pz( x2)

=< Spg(z M3, (HE g, 0.1).f) (x1) ) = Spe(IMSIy, 0.1 1)
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Finally,

1500l L1y = I1SDEI Lo oy ITM STz 0,1) f | e )

Sgller gy Magon fllere S lallsyop iyl e I8l g

Sl lgygo.p i I /170
showing that
17,5 LP () = LYW S llallpyop @i 12 lbmos 0)-
The estimate for 7, ;” follows similarly. O
7D3. The partial paraproducts. We work with

1g,

S5 = Y anow (RDF X PG @ .

Ri xRy Pre(Ry);
01€(R),

where iy, j; are nonnegative integers, and for every Pj, Q1, Ry,
ap,0,r,(x2) € BMO(R™)  with ||ap, o, r, lBMowr) < 2071/201+D),
Theorem 7.5. Let i, A € AP(RH), l<p<ooandv:= w'/Pp=1P Then
1B, 85712 L7 (1) > L2 S 1bllmon 0)-
First we need the one-weight bound for the partial paraproducts:

Proposition 7.6. For any w € A,(R"), 1 < p < oo,
IS5 LP(w) — LP(w)|| S 1. (7-5)

Proof. Let f € L”(w) and g € L”' (w'), and we will show that [($757 £, &)1 < 1| fllr(uw) €1l . (ur)- First,

ISH Ll <dY > Harowr. ¢roir e

Ry Pie(Ry),
01€(R1)j,
<Y > largr lemom) 1Sp.6p, 0,k Il e
Ry Pie(Ry)i;
Q1€(R1)j,
DGt
S 2( Yll/ )(ll"f‘]l) Z Z ||S'D2¢P1Q1R1 ”Ll(an),
Ry Pie(Ry)i;
Q1€(R1)j,
where for every Py, Q1, Ry,
. F g,
¢P1Q1R1(x2) = Zf(Pl X RZ) g’ th ® @ hRQ(XZ)'
Ry
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Now,
1g,(x2)
S2.¢poir = Y |Hp, F(R)*(IHg, gk, |22| < (Mp,Hg,8)*(x2)(Sp,Hp, f)*(x2),
Ry
SO
D7) ISl
Ry Pre(Ry)i
Q1€(R1)j,
<Y X[ (Mo o\ S, k) da
Ri Pie(Ry)i
Qi1€(R)j,
Tg, (x1)
Y. Y. (Mp,Hgg)x2)(Sp,Hp, [)(x2) R x1dn
R2JRY Ry Pre(R),
Q1€(R1)j,
21g, (D)) 21g, () )2
< (D2 D2 SpHp f(x) R Z > Mp,Hg,g(xs) R @
"NR PR, R “0ie(R);, !

= / [SSp, 110 f - [SMp, 1/ Ogw!/Pw™1/P dx.
R;‘

Then, from the estimates in (3-3),

IS £ &)l <20 POFINS S 10 Loy TS M, 18 o

< (= n1/2)(”+]1)2(n111/2)”f”Ll’(w)z(HUl/Z)||g||L17’(w/)v

and the result follows. O

Proof of Theorem 7.5. In light of (7-5), we only need to bound the remainder term
R f o= Mgn b= S5/ Tsb.

The proof is somewhat similar to that of the full mixed paraproducts, in that we combine each of these
terms

~ A 8 8 )
s b= D amor (RS (P ><R§2)( > <b>Q1xgzhéz(Rz)th(xz))hQ:(xl),
Ri xRy Pre(Ry)i 022R,
Q1€(R),

S%jlnfb = Z Z &P1Q1R1(R§2)f(P1€I X RZZ)(MPIXRZ]/LSQ]I(XI) ®
RixRy Pie(R1);
Q1€(R1)j,

1g,(x2)
|R>|

’

with a third term

Ti= 3 Y anow (RO FPE x R (b)oyxmhly, @
RixRy Pie(Ry);
Q1€(R1)j,

|Ry|
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As before, expanding the indicator function in 7" into its Haar series, we may combine 7" with ITg, ., fb:
D

N A $
Mgun,b=T= ), Y anor(RH)F (P x R)Ty(x)hg, (x1).
RixRy Pie(RD);;
01€(R1)j,

where 5 5
Ty(x2)= Y ((b)oixos — (B)oixp )R, (RDRG, (x2)
022R,

1
=3 < > <b |QQl| RhY >h’2 (R2)>h5Q22(R2)h‘SQ22 (x2).
022Ry "PyRyCP,COo
We analyze this term depending on the relationship of P, with Q5.
Case 1: P, C Q5. Then

1o 1
Ty(x) = Y <b 0 |®h’2>h’2 (R) T;ff),

P,DORy

which gives the operator

1o 1 -
Z<b 10, " > ) TZ(xf)( > X &PlQlRl(RSZ)H;]If(R;Z)h?z(RZ))

01X Py P1€(Q(1j1)),'l Ry,CPs
1p,(x2)
- Z<b 01l Tz>hf'( D= 2 (Mg, D B e
Q1xP, P, G(Q(”)),l
:n;;(l,O)Fv
where
s
F _Z( Z HPQR H;:f)(XZ))hQII(Xl)
(01 Ple(Qim)l
Now

175 1.0y F ey S 11D llbmop ) | Fll L ).
so we are done if we can show that

IE ey SN NLr- (7-6)
Take g € L” (/). Then

8
{F. 8) |<Z Z aP]QR ;’:f)’HQllg)R"”‘
& Ple(Q(“)),]
Notice that we may write

)
<HZP|Q1R1 (H;’if)’ HQ11g>R"2 = (ar,giRy» BP0 R )R,
where

$p0ir (¥2) = Y Hy f(RY)(Hp, ) o5, (x2).
Ry
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Then
I(F, 8>|<Z Z llap, o, rlIBMO®R™2) | SD,@P 01 R I L1 @2)
21 peoi,
5 Lg,(x2)\"?
I f( > HG F R (HY, 8, |3e|> dxs
Ry Pie(Ry);, 2
01€(R1)j,
(=1 /2140 e Le, (x1)
<2 D> (Mp,HJ &) (x2)(Sp, H) f)(x2) R
R Ry PreR);,
Q1€(R1)j,

The integral above is bounded by

[(5(, 2 comme) 52) (2

Pre(Ry)i;

3 S H f)x )) ’f'(lxll))

Pre(Ry)i;

([SSp, 10 F)(ISMp, 1 08) dx < [SSp, 1" f Il e IISMp, 108l L )
Rn

S20PGEN N g llgl ey by (3-3).
The desired estimate in (7-6) is now proved.
Case 2a: P, = O, and 1 # §,. Then

1o 1 s s
Ty(x)= ) <b ®h32> hg 2 (Ro)K, (x2),
EeyARIal V102

giving rise to the operator
1o 1
o e 5 050 e
. 101 o 03]

1% Q2 Pre@\);,
which is handled as in the previous case.
Case 2b: P, = Q5 and 7, = ;. In this case, Tp(x7) gives rise to the operator

1 R —
=) <b 0 —=L @hy >h51 2 S apo.r (RS H} f(RSY).

Qix Q2 Ple(QY”),-1 19 o,

Now define

=X X, )i 0

Q1 “peoMy,
just as we defined F before, except now to every function ap, g, g, we apply the martingale transform

+1 i HY F(RS) =0,

T _ € A € € —
AP QR > Ap o\R = Z TRAPIQI R (R2 )hR2’ where TR { 1 otherwise

R>
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Since this does not increase the BMO(R"?) norms of the ap, g, g, functions, the estimate (7-6) still holds:

”FTHLP(M SJ ”f”LP(p,)-
Moreover, note that

) Ry N Q5]
. e B T € 6 62
(TG o, )02 = D 5 0, (R H, f(RS) o=
Ry >0
and that
1o P 8 8
nb;(l,O)Fr = Z <b |Q 1| ®th > Z <HZ;1Q1R1 :f)>Q2h ) hQ22
Q1x0> P E(Q(”))”
Then
/ ]1Q1 82 ? € R Ql ]le
SpT'= ), \big i ® > |Q| Y laroum (RS Hj (R 1) 0117 10,]
Q1% 0 @y, o RC: 2
:[]-Ql 5 2 6 ]lQl ]]‘QZ
= <b’@® 2 > (@ 0, Hr )0 |Q1|®|Q2|
01x0> Pre("y;,

= S5 (7p:(1.0) Fr).

Finally, this gives us

IT Ly = NSDT N2ey < 18D (1.0) Fe ey = 176:1.0) Fellr oy S 10 llbmon ) | Fe ll e )
S 1B llbmon ) L f e () -
This proves that Hgil.jlfb— T obeys the desired bound, and the case 7' — S%jl I1;b is handled similarly. ]
D

7E. Proof of Theorem 1.4. Having now proved all the one-weight inequalities for dyadic shifts, we may
conclude that

1S5 2 LP(w) — LP(w)] <1

forallwe A p([Rﬁ). For the cancellative shifts, this was proved in (7-2). For the noncancellative shifts,
the first two types are simply paraproducts with symbol [|a||gpo, iy < 1, while the third type, a partial
paraproduct, was proved to be bounded on L?(w) in Proposition 7.6.

Theorem 1.4 now follows trivially from Martikainen’s representation theorem, Theorem 7.1: Take
feLP(w)and g € LP (w’). Then

(Tf.8) < CrEyEyy Y 27 MX(0002pmmax(@ 232G o))
i,jer?

— i1,71)8/2~— i2,)2)8/2
5 ||f||Ll’(w)||g||Lp’(w/) Z 2 max (i, j1)é/ 2 max(iz, j2)8/

i,jer’
1 o gl -
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8. The unweighted case of higher-order Journé commutators

Here is the definition of the BMO spaces which are in between little BMO and product BMO.

Letb:R? — Cwith3=(d1,...,dt). Take a partition Z = {[; : 1 <s <} of {1,2,...,¢} so that
U1<s<11s ={1,2,...,t}. Wesay that b BMOI([R{‘?) if for any choice v = (v;), vy € I5, we have b is
unifo;mly in product BMO in the variables indexed by v;. We call a BMO space of this type a “little
product BMO”. If for any X = (x1, ..., x;) € R? we define X; by removing those variables indexed by vy,
the little product BMO norm becomes

I1bllBMO, = mle{Sglp 16(X5)llBmO |
Xp

where the BMO norm is product BMO in the variables indexed by vj.

In [Ou et al. 2016] it was proved that commutators involving tensor products of Riesz transforms in
L? are a testing class for these BMO spaces:

Theorem 8.1 (Ou, Petermichl and Strouse). Let ] = (1,..., Jy) with 1 < ji < dy and let for each
l<s<l, j®= (JK)kel, be associated a tensor product of Riesz transforms R HO ®kels Ry, j.; here
Ry j, are ji-th Riesz transforms acting on functions defined on the k-th variable. We have the two-sided
estimate

”b”BMOI(RJ) S S‘{P ”[le(l)’ s [R,j(t)a b], .. ']”Lp(Rc?)*)LI’(RJ) S ”b”BMOI([R‘?)‘
J
It was also proved that the estimate self-improves to paraproduct-free Journé commutators in L2, in the

sense T is paraproduct free T(1Q - )=T(- 1) =T*(1® -)=T*(- ®1) =0.

Theorem 8.2 (Ou, Petermichl and Strouse). Let us consider [R{‘z , d= (di,...,dy), with a partition
Z=Us)1<s<1 of {1,...,t}as discussed before. Let b € BMOz(RY) and let T, denote a multiparameter
paraproduct-free Journé operator acting on function defined on Q). I R%. Then we have the estimate

||[Tlv ceey [T}, b], .. ']||L2([RJ)—>L2(R‘7) 5 ”b”BMOI(R‘i)'

This estimate was generalized somewhat in [Ou and Petermichl 2018] in that the paraproduct-free
condition was slightly weakened; the considerations in the present text in combination with arguments
from [Dalenc and Ou 2016; Ou et al. 2016] to pass to the iterated case, readily give us the following full
result, for all Journé operators and all p:

Theorem 8.3. Let us consider [Rig, d= (di,...,ds), with a partition T = (Is)1<s<; of {1,...,t} as
discussed before. Let b € BMO7(R?) and let T, denote a multiparameter Journé operator acting on
functions defined on @), L R%. Then we have the estimate

M7, ..., (1, D], .. -]“Lp(RJ)_)Lp(RJ) S ”b”BMOI(RJ)'
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