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NASSIF GHOUSSOUB AND FREDERIC ROBERT

We investigate the Hardy—Schrodinger operator L, = —A — y /|x|* on smooth domains £ C R" whose
boundaries contain the singularity 0. We prove a Hopf-type result and optimal regularity for variational
solutions of corresponding linear and nonlinear Dirichlet boundary value problems, including the equation
L,u=u®®71/|x|, where y < tn% s €[0,2) and 2*(s) := 2(n —s)/(n —2) is the critical Hardy—Sobolev
exponent. We also give a complete description of the profile of all positive solutions — variational or not—
of the corresponding linear equation on the punctured domain. The value y = i(n2 1) turns out to be a
critical threshold for the operator L,. When i(n D<y< n a notion of Hardy singular boundary
mass m,, (2) associated to the operator L,, can be assigned to any conformally bounded domain €2 such
that 0 € 0Q2. As a byproduct, we give a complete answer to problems of existence of extremals for
Hardy—Sobolev inequalities, and consequently for those of Caffarelli, Kohn and Nirenberg. These results
extend previous contributions by the authors in the case y = 0, and by Chern and Lin for the case
y < ;(n —2)% More specifically, we show that extremals exist when 0 < y < §(n* — 1) if the mean
curvature of d€2 at 0 is negative. On the other hand, if }T(nz -D<y< %nz, extremals then exist whenever
the Hardy singular boundary mass m,, (£2) of the domain is positive.
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1. Introduction
The borderline Dirichlet boundary value problem

u
—Au — VW — u(n+2)/(n72) on €2,
u=>0 on €2, (1-1)

u=>0 on 092,

on a smooth bounded domain 2 of R" (n > 3) has no energy minimizing solutions if the singularity 0
belongs to the interior of the domain £2; see the discussion after inequality (1-15). The situation changes
dramatically, however, if 0 is situated on the boundary 2. Indeed, Chern and Lin [2003; 2010] showed that
solutions exist in this case provided the mean curvature of 9€2 at 0 is negative, n >4, and 0 <y < %(n -2)2
The condition on y ensures that the Hardy—Schrodinger operator L, := —A —y/ |x|? is positive on
HO1 (£2). This is the case as long as y < yy(2), the latter being the best constant in the corresponding
Hardy inequality, i.e.,

2
Jo|Vuldx D]’Z(Q)\{O}}. (1-2)

Here D'2(Q) —or H} () if the domain is bounded — is the completion of C2°(£2) with respect to the
norm given by [u||> = fQ |Vu|? dx, and it is well known that for any domain € having 0 in its interior,
we have

y(Q) =yu®R") = 3(n—2)°. (1-3)

On the other hand, yp (R) = %n2 when R} := {x € R" : x; > 0} is the half-space, and if €2 is any domain
having 0 on its boundary, then necessarily

11 =2)" <yn(Q) < gn’. (1-4)

The question of what happens when %(n —2)? <y < yu(R) provided the initial motivation for this
paper. To start with, we shall show that the negative mean curvature condition at 0 is still sufficient for
the existence of solutions for (1-1) as long as y remains below a new (higher) threshold, namely when
n >4 and

0<y<i(m*—D. (1-5)

However, the situation changes dramatically for the remaining interval, i.e., when
1P =1 <y <yn(Q. (1-6)

In this case, we show that local geometric conditions at 0 become irrelevant for solving (1-1) and more
global properties of the domain must come into play. This will be illustrated by the notion of Hardy
singular boundary mass of the domain Q2 that we introduce as follows.

We first consider the Hardy—Schrodinger operator L, := —A —y /|x > on R’} , and notice that the most
basic solutions for L, u = 0 satisfying u =0 on dR’, are of the form u (x) = x1|x|™% and that L, u, =0
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on R} if and only if « is either «_(y) or oy (y), where

ar(y)=int/in2—y. (1-7)

Actually, a byproduct of our analysis below gives that any nonnegative solution of L, u =0 on R, with
u=0on R’ is alinear combination of these two solutions. Note that o (y) < %n < a4 (y), which points
to the difference — in terms of behavior around 0 — between the “small” solution x — x;|x|~% ), and
the “large” one x — x| |x|~*+®). Indeed, the small solution is “variational”, i.e., is locally in Dl’z(R’i),
while the large one is not.

This turns out to hold in more general settings, as we show that any variational solution of L, u = a(x)u
behaves like x — d (x, 92)|x|~*- ) around 0, while any positive nonvariational solution is necessarily like
x> d(x, 3Q)|x|7*+ ") around 0. The profile can be made more explicit when y > 211(”2 — 1), as it is the
only situation in which one can write a solution of L, u =0 as the sum of the two above described profiles
(plus lower-order terms), while if y < %(n2 — 1), there might be some intermediate terms between the
two profiles. This led us to define the following notion of mass, which is reminiscent of the positive mass
theorem of Schoen and Yau [1988] that was used to complete the solution of the Yamabe problem. This will
allow us to settle the remaining cases left by Chern and Lin, since we establish that the positivity of such
a boundary singular mass is sufficient to guarantee the existence of solutions for (1-1) in low dimensions.

Theorem 1.1. Let 2 be a smooth bounded domain of R" such that 0 € 0<2. Assume Z—ll(nz— )<y <yu(Q).
Then, up to multiplication by a positive constant, there exists a unique function H € C*(Q\ {0}) such that
—AH-L H=0 nq,
x|
H=>0 in 2, (1-8)
H=0 on I\ {0}.

Moreover, there exists a constant ¢ € R and H satisfying (1-8) such that

d(x, 02) d(x,08) (d(x,GQ)

@) =y T e x[a-)

) as x — 0.

Due to the uniqueness of solutions to (1-8) up to multiplication by a constant, the coefficient c is uniquely
defined. It will be denoted by m,,(2) := c € R, and will be referred to as the Hardy singular boundary
mass of 2.

It will be shown in Section 7 that this notion of mass is conformally invariant in the following sense: if
two sets are diffeomorphic via an inversion fixing O (see Definition 7.3 and (7-16)), then they have the
same mass. As a consequence, we shall be able to define a notion of Hardy singular boundary mass for
unbounded domains that are conformally bounded (that is, those that are smooth and bounded up to an
inversion that fixes 0). We shall show that €2 — m,, (€2) is a monotone set-function and that m,, (R’} ) = 0.
These properties will allow us to construct in Section 9, examples of bounded domains €2 in R" with
0 € 0Q2 with either positive or negative boundary mass, while satisfying any local behavior at 0 one
wishes. In other words, the sign of the Hardy-singular boundary mass is totally independent of the local
properties of d€2 around O.
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One motivation for considering equation (1-1) came from the problem of existence of extremals for
the Caffarelli-Kohn—Nirenberg (CKN) inequalities [1984]. These state that in dimension n > 3, there is a
constant C := C(a, b, n) > 0 such that, for all u € C°(R"),

2/q
( |x|—bq|u|q) < c/ 2| Vul dx, (1-9)
Rn Rn

where

n—2 2n

—co<a<—— 0<b—-a<l, and ¢g= . (1-10)
2 n—2420b-—a)

If we let Di’z(Q) be the completion of C2°(£2) with respect to the norm ||u||2 = fQ |x|~2¢|Vu|* dx, then
the best constant in (1-9) is given by

—2a 2
Jo I IVul” dx cu e DIA@)\(0}}. -11)

S(a, b, Q) =inf :
eI~ ful4) " dx
(Jo )

The extremal functions for S(a, b, 2) — whenever they exist— are then the least-energy solutions of the
corresponding Euler—Lagrange equations

—div(|x|72*Vu) = |x|?9u4=" on Q,
u=>0 on €2, (1-12)
u=>0 on 092.

To make the connection with the Hardy—Schrédinger operator, note that the substitution v(x) =
|x]"%u(x) with a < %(n — 2), gives—via the Hardy inequality —that u € D;*Z(Q) if and only if
v € D"2() and that u is a variational solution of (1-12) if and only if v is a solution of equation

v P2 )1

Av—y—=Y" aaq,
YRR T T 13
v>0 on €2, (1-13)

v=0 on 0%2,

where
(n—2—a) (b—a) da 2* 2n (1-14)
=an—-—a), S = —da an = . -
v 4 n—2+20b—a)

The Caffarelli-Kohn—Nirenberg inequalities are then equivalent to the Hardy—Sobolev inequality

02 ® 2/2%(s) u2
c(f dx> 5/ |Vu|2dx—y/ —dx forallu € D"*(Q), (1-15)
o |x[* Q Q x|

at least in the case when y < %(n —2)2 which is optimal for domains € having 0 in their interior. If € is

also bounded, then the best constant in (1-15) is never attained; that is, (1-13) has no energy minimizing
solution.
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However, when 0 € €2, inequality (1-15) holds for y all the way up to Alfnz, and we shall work thereafter
towards solving (1-13) by finding extremals for the variational problem

Iy.s(Q) :=inf{J2 (u) :u € D"*(2)\ {0}, (1-16)
where J}?S is the functional on D'2(2) defined by

Vyul? — 2/ d
Jﬁ?s(u)::fQI ul —y Ju/lxdx (1-17)

(121 d)
We shall therefore consider the more general equation (1-13). The study of this type of nonlinear singular
problems when 0 € 92 was initiated by Ghoussoub and Kang [2004] and studied extensively by Ghoussoub
and Robert [2006a; 2006b] in the case y = 0. Chern and Lin [2003; 2010] and Lin and Wadade [2012]
dealt with the case y < %(n —2)2 For more contributions, we refer to [Attar, Merchdn and Peral 2015;
Davila and Peral 2011; Gmira and Véron 1991].

Theorem 1.2. Let 2 be a smooth bounded domain in R" (n > 3) such that 0 € 02. Assume y < %(n2 -1
and 0 <s < 2. If either {s > 0} or {s =0, n >4 and y > 0}, then there are extremals for 1., ;(2) provided
the mean curvature of 02 at 0 is negative.

As mentioned above, our main contribution here to this problem is to consider the cases when

}1(112 - <y< zltnz, as well as when n =3, s =0 and y > 0, which were left open by Chern and Lin
[2010]. We now introduce the new ingredients that we bring to the discussion.
We first note that standard compactness arguments [Ghoussoub and Kang 2004; Chern and Lin 2010]

yield that for p,, ;(£2) to be attained it is sufficient to have that

My s(82) < My,s(Ri): (1-18)

and in order to prove the existence of such a gap, one tries to construct test functions for ., ;(£2) that are
based on the extremals of 1, (R’ ) provided the latter exist. The cases where this is known are given by
the following standard proposition. See, for instance, [Bartsch, Peng and Zhang 2007; Chern and Lin
2010]. A complete proof is given in [Ghoussoub and Robert 2016].

Proposition 1.3. Assume y < }‘nz, n>3and0<s <2. Then:
(1) py s (RY) is attained provided either {s > 0} or {s =0, n >4 and y > 0}.
(2) On the other hand, there are no extremals for v, s(R) for any n > 3 if {s =0 and y <0}.

(3) Furthermore, whenever i, o(R'.) has no extremals, then necessarily

@) - Jgr 1Vu|* dx 1 (1-19)
HMy,0 = in = , -
Y + uEDl’z(Rn)\{o} (fR" |I/l|2* dx)2/2 K(I’l, 2)2

where 2* :=2n/(n —2) and 1/K (n, 2)? is the best constant in the Sobolev inequality.

The only unknown situation on R’ is again when s =0, n =3 and y > 0, which we address in
Section 10.
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Assuming first that an extremal for u,, ;(R’) exists and that one knows its profile at infinity and at 0,
this information can be used to construct test functions for 1, ;(€2). This classical method has been used
by Kang and Ghoussoub [2004], by Ghoussoub and Robert [2006b; 2006a] when y = 0, and by Chern
and Lin [2010] for0 < y < }‘(n —2)? in order to establish (1-18) under the assumption that 02 has a
negative mean curvature at 0. Actually, the estimates of Chern and Lin [2010] extend directly to establish
Theorem 1.2 for all y < A—ll(n2 — 1) under the same negative mean curvature condition. However, the case
where y = }1(112 — 1) already requires estimates on the profile of variational solutions of (1-13) on R’ that
are finer than those used by Chern and Lin [2010]. The following description of such a profile will allow
us to construct sharper test functions and to prove existence of solutions for (1-13) when y = %(n2 —1).

Theorem 1.4. Assume y < }‘nz and 0 <s <2, and letu € Dl’z(R:’L), u >0, uz0 be a weak solution to

2*(s)—1
14 u .
—Au——u=—— inR". 1-20
x| |x]s * (1-20)
Then, there exist K1, K, > 0 such that
K —2 d Ky—2
u(x) ~x-o0 IW an u(x) |x]— 400 ZW-

The solution of the problem on R’} also enjoys the following natural symmetry that will be crucial for
the sequel. This was carried out by Ghoussoub and Robert [2006a] when y = 0, and their proof extends
immediately to the case 0 < y < ‘_ltnz. Chern and Lin [2010] gave another proof which also includes the
case where y < 0.

Theorem 1.5 [Chern and Lin 2010]. If u is a nonnegative solution to (1-20) in Dl’z(lR'jr), thenuoo =u

for all isometries of R" such that o (R"}) = R'}.. In particular, there exists v € C*((0, +00) x R) such
that for all x; > 0 and all x' € R"™1, we have that u(xy, x') = v(x1, |x']).

The following theorem summarizes the situation for low dimensions.
Theorem 1.6. Let Q be a bounded smooth domain of R" (n > 3) such that 0 € 092, hence %(n -2)% <
v (R2) < %nz. Let0<s <2,
) Ifyg(Q) <y < }Tnz, then there are extremals for v, ¢(2) for all n > 3.
Q) If [—ll(n2 —1) <y <yu(Q) and either {s > 0} or {s =0, n >4 and y > 0}, then there are extremals
for py, 5(2) provided the Hardy singular boundary mass m,, (2) is positive.
(3) If {s =0and y < 0}, then there are no extremals for ., o(S2) for any n > 3.

Finally, we address in Section 10 the only remaining case, i.e., n=3, s=0and y € (0, %). In this
situation, there may or may not be extremals for /LV,O(R?F). If they do exist, we can then argue as before —
using the same test functions —to conclude existence of extremals under the same conditions, that is,
either y <2 and the mean curvature of 92 at 0 is negative, or y > 2 and the mass m,, (£2) is positive.
However, if no extremals exist for My,O(Ri)a then as noted in (1-19), we have that

, Jrs |Vul* dx 1
7! ,0(R3 )= inf R - = ,
14 + ueDL2(R3)\{0} (f[R3 |M|2* dX)2/2 K(3’ 2)2
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Hardy term dimension geometric condition extremal
—oo<y < %(nz— 1) n>3 negative mean curvature at 0 yes
J—t(n2— H<y< }1n2 n>3 positive boundary-mass yes

Table 1. Singular Sobolev-critical term: s > 0.

Hardy term dimension geometric condition extremal
0 <l q n=3 negative mean curvature at 0 and positive internal mass yes
< 7 (n"— .

v =5l ) n>4 negative mean curvature at yes

1 5 | 2 n=3 positive boundary-mass and positive internal mass yes
=)<y <yn .

n>4 positive boundary mass yes

y =0 nx3 — no

Table 2. Nonsingular Sobolev-critical term: s = 0.

and we are back to the case of the Yamabe problem with no boundary singularity. This means that one
needs to resort to a more standard notion of mass R, (€2, x¢) associated to L, and an interior point xo € 2
in order to construct suitable test functions in the spirit of [Schoen 1984]. Such an interior mass will
be introduced in Section 10. We get the following (note that the boundary mass m,, (€2) was defined in
Theorem 1.1).

Theorem 1.7. Let Q be a bounded smooth domain of R? such that 0 € 3. In particular zlt <yp(Q) < %.

) Ifyg(Q) <y < 49'1’ then there are extremals for 1, 0(£2).
(2) If 0 <y < yu(Q2) and if there exists xo € 2 such that R, (§2, xo) > 0, then there are extremals for
Wy,0(82) under either one of the following conditions:

(a) y <2 and the mean curvature of 02 at 0 is negative.

(b) v > 2 and the boundary mass m, (£2) is positive.

More precisely, if there are extremals for My,o(R3)’ then conditions (a) and (b) are sufficient to get
extremals for p,, o(€2). If there are no extremals for M%O(Rg’), then the positivity of the internal mass
R, (€2, xo) is sufficient to get extremals for 1, o(£2). Tables 1 and 2 summarize our findings.

Notation. In the sequel, C;(a, b,...) (i =1, 2, ...) will denote constants depending on a, b, . ... The
same notation can be used for different constants, even in the same line. We will always refer to the
monograph [Gilbarg and Trudinger 1998] for the standard results on elliptic PDEs.

2. Old and new inequalities involving singular weights

The following general form of the Hardy inequality is well known. See, for example, [Cowan 2010] or
the book [Ghoussoub and Moradifam 2013].
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Theorem 2.1. Let Q be a connected open subset of R" and consider p € C*®°(2) such that p > 0 and
—Ap > 0. Then, for any u € D"2(Q2) we have

—A
/ 'Ouzdxff \Vul? dx. (2-1)
Q P Q

Moreover, the case of equality is achieved exactly on Rp N DV2(Q). In particular, if p ¢ DV(R), there
are no nontrivial extremals for (2-1).

The above theorem applies to various weight functions p. See, for example, [Cowan 2010; Ghoussoub
and Moradifam 2013]. For this paper, we use it to derive the following inequality.

Corollary 2.2. Fix 1 <k < n. We then have the following inequality.

=in
2

<n+2k—2)2 o Jw e (VU dx
“ fRﬁxR"—k u2/|x|2dx’

where the infimum is taken over all u in Dl’z([R"fF x R"*)\ {0}. Moreover, the infimum is never achieved.
Proof. Take p(x) :=x1 -+ - xg|x|™® for all x € Q := R x R"7%\ {0}. Then

—Ap  am+2k—-2—a)
P x| '

We then maximize the constant by taking o := %(n + 2k —2). Since p ¢ Dl*z(Rﬁ x R"=%), Theorem 2.1
applies and we obtain that

n42k =2\ u? 5
— = —dx < |Vul|* dx (2-2)
2 Rk xRn—k | X] RE xRn—k

for all u € Dl’z(IleF x R"~%), and that the extremals are trivial.

It remains to prove that the constant in (2-2) is optimal. This will be achieved via the following
test function estimates. Construct a sequence (p¢)e=o € Dl’z([leF x R"%) as follows. Starting with
p(x)=x1---x¢|x|™% we fix 8 > 0 and define

Ix/elPp(x) if |x| <e,
pe(x) :={ p(x) ife <|x| <1/e, (2-3)
le-x|Pp(x) if |x] > 1/e,

with o := %(n + 2k — 2). As one checks, p. € Dl’z([R{'fF x R"=%) for all € > 0. The changes of variables
x=¢yand x = e !z yield

2 2
f Pe_ix =0(1). f Pe_ax =o0(1),
B, R

L) 1x]? "B, X[

(24)
| wetdx=om. [ vpfar=oo.
B (0) R™\B_ 1 (0)
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when € — 0. By integrating by parts, we get

—A
f |Vpeltdx =[ 2P+ 00
B_—1(0)\Bc(0) B__1(0)\Bc(0) P

N2 2
=<M)/ L dx+0(), (2-5)
B

2 OB X[

when € — 0. Using polar coordinates, we obtain

2 k 2
/ p_2 dx=C(2)In 1, where C(2) := 2/ x;| do. (2-6)
B_1(0\B.(0) 1X] € sy

Therefore, by using (2-4), (2-5) and (2-6),

fRﬁ_XR”_k |vp€|2d'x n+2k—-2 2

2 xPde 5 +o(D)

fRiXRnfk pg/|x| d'x

as € — 0, and we are done. Note that the infimum is never achieved since p ¢ Dl’z(R’; x Ry, O

Another approach to prove Corollary 2.2 is to see IR'_‘|r x R"~* as a cone generated by a domain of the
unit sphere. Then the Hardy constant is given by the Hardy constant of R” plus the first eigenvalue of the
Laplacian of the Dirichlet of the above domain of the unit sphere endowed with its canonical metric. This
point of view is developed in [Pinchover and Tintarev 2005] (see also [Fall and Musina 2012; Ghoussoub
and Moradifam 2013] for an exposition in book form).

We also have the following generalized Caffarelli-Kohn—Nirenberg inequality.

Proposition 2.3. Let Q be an open subset of R". Let p, p’ € C®(R) be such that p, p’ > 0 and
—Ap, —Ap’ > 0. Fix s € [0, 2] and assume that there exists € € (0, 1) and p. € C*° () such that

B Ape

—Ap : ,
— < (1—¢) in Q with pe, —Ape > 0.
0

Pe

Then, for allu € CX°(£2),

—Ap/ sz . 2/2%(s)
(/( - ) 07 |y ? mdx) 5cf 02| Vul|? dx. (2-7)
Q 1Y Q

Proof. The Sobolev inequality yields the existence of C(n) > 0 such that

2/2*
(f u? dx) §C(n)/ |Vul|?>dx
Q Q

for all u € C°(R2), where 2* = 2*(0) = 2n/(n — 2). A Holder inequality interpolating between this
Sobolev inequality and the Hardy inequality (2-1) for p’ yields the existence of C > 0 such that for all

ue CR(Q),
AN 2/2*(s)
(/( f’) Juf? (s)dx) §C/ Vul dx. (2-8)
Q\ P Q




1026 NASSIF GHOUSSOUB AND FREDERIC ROBERT

By applying (2-1) to p., we get for v € C2°(£2),

/p2|vU|2dx=/ |V(pv)|2dx—f _—Ap(pv)zdx
Q Q P

Taking u := pv in (2-8) and using this latest inequality yield 2-7). U

dx > e/ IV (pv)|>

Corollary 2.4. Fixk € {1, ...,n — 1}. There exists then a constant C := C(a, b, n) > 0 such that for all
u € CX(RE x R=5),

k

2 k
[ [Te) ) < scf  (I» L2 d, 29)
RE xRk - RE xRn—*

i=1

where
242k 2
coo<a< IR b _a<1, g= " . (2-10)
n—2+20b—a)

Proof. Apply Proposition 2.3 with p(x) = p'(x) = (]_[l 1x1)|x| % and p(x) = (]_[f:1 xl-)l)c|_("_2+2k)/2
for all x € [F\R'f|r x Rk, Corollary 2.4 then follows for suitable a, b, g. O

Remark. Observe that by taking k = 0, we recover the classical Caffarelli-Kohn—Nirenberg inequalities
(1-9). However, one does not see any improvement in the integrability of the weight functions since
(HLI xi)|x| ~4js of order k —a > ——(n 2), hence as close as we wish to (n — 2)/2 with the right
choice of a. The relevance here appears when one considers the Hardy inequality of Corollary 2.2.

3. On the best constants in the Hardy and Hardy—Sobolev inequalities

As mentioned in the Introduction, the best constant in the Hardy inequality yg (€2) does not depend on the
domain 2 C R" if the singularity O belongs to the interior of €2, and it is always equal to l(n — 2)2 We
have seen, however, in the last section that the situation changes whenever 0 € 9€2, since yg (R}) =

Some properties of the best Hardy constants were studied in [Fall and Musina 2012; Fall 2012]. In thls
section, we shall collect whatever information we shall need later on about yy.

Proposition 3.1. The best Hardy constant yy satisfies the following properties:

(1) yag(Q) = zlt(” — 2)2f0r any smooth domain 2 such that 0 € Q.
(2) If 0 € 09, then 3(n —2)* < yp(Q) < yn*

3) ya () = }Ln2for every Q2 such that 0 € 92 and Q2 C R'}..

@) If yu(Q) < in? then it is attained in D1-*(Q).

(5) We have inf{yy(2) : 0 € 0Q2} = }T(n —2)2

(6) For every € > 0, there exists a smooth domain R", C Q¢ C R" such that 0 € 0Q2. and 3—1112 —€<
yr(Qe) < yn*
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Proof. Properties (1)—(4) are well known (see [Fall and Musina 2012; Fall 2012]). We sketch proofs since
we will make frequent use of the test functions involved. Note first that Corollary 2.2 already yields that
ynRY) = 3n

(2) Since Q2 C R", we have that yy(2) > yg(R") = 4—11(11 —2)2 Assume by contradiction that yg (2) =
‘l‘(n —2)2 It then follows from Theorem 3.6 below (applied with s = 2) that yy(2) is achieved by
a function in ug € D"?(Q) \ {0} (note that g, (2) = yu(2) — y). Therefore, yy (R") is achieved
in D'"2(R"). Up to taking |ug|, we can assume that uo > 0. Therefore, the Euler—Lagrange equation
and the maximum principle yield ug > 0 in R": this is impossible since ug € D'?(2). Therefore
v () > 3(n—2)%

For the other inequality, the standard proof normally uses the fact that the domain contains an interior
sphere that is tangent to the boundary at 0. We choose here to perform another proof based on test
functions, which will be used again to prove Proposition 3.3. It goes as follows: since 2 is a smooth
bounded domain of R” such that 0 € 92, there exist U, V open subsets of R” such that 0 € U and 0 € V
and there exists ¢ € C*°(U, V) a diffeomorphism such that ¢(0) =0 and

eUN{x1>0D=eWU)NQ and U N{x; =0}) =pU)NIQ.

Moreover, we can and shall assume that dgy is an isometry. Let n € C2°(U) such that n(x) = 1 for
x € Bs(0) for some § > 0 small enough, and consider (o¢ )0 € (0, +00) such that ¢ = o(¢) as € — 0.
For € > 0, define

n(Mae " p(y/ae) forallx € p(U)NQ, x =g(y),

0 elsewhere.

Ue(x) 1= { (3-1)

Here p. is constructed as in (2-3) with k = 1. Now fix o € [0, 2], and note that only the case 0 =2 is
needed for the above proposition. Immediate computations yield

2*(0)
/Q%dyzc(a)lné-FO(l) as € — 0, -2

where C(0) :=2 fgn_] “_[i.‘:] X; \2*(0) do. Similar arguments yield
2
/ |Vu€|2dy=nzC(2)lné+O(l) as € — 0. (3-3)
Q

As a consequence, we get that

JoVuc?dx 52
sz-i_O(l) as e — 0.
€

In particular, we get that yg (Q2) < %nz, which proves the upper bound in item (2) of the proposition.

(3) Assume that 2 C R.. Then D'2(Q) C D?(R™), and therefore y; () > yu (R") = 1n” With the
reverse inequality already given by item (2), we get that yy (2) = }lnz for all 2 C R’} such that 0 € 9€2.

(4) This will be a particular case of Theorem 3.6 when s = 2.
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(5) Let 29 be a bounded domain of R" such that 0 € € (i.e., it is not on the boundary). Given § > 0, we
chop out a ball of radius }§ with 0 on its boundary to define Q5 := Qo \ Bs/4((—36,0,...,0)). Note
that for § > 0 small enough, Q2 is smooth and 0 € 92. We now prove that

lim v () = 3(1 = 2% (3-4)

Define 1; € C*®°(R") such that n;(x) =0 if |x| < I and n;(x) = 1 if |x| > 2. Let ns(x) := n;(6~'x) for
all § > 0 and x € R". Fix U € C°(R") and consider, for any § > 0, an €5 > 0 such that lims_,¢ §/€5 =

limg_,g €5 = 0. For § > 0, we define
us(x) := ng(x)é(;("_z)/zU(eglx) for all x € Q5.

For § > 0 small enough, we have that us € C2°(£2s). Since § = o(€5) as 6 — 0, a change of variable yields

u2 2
lim —52 dx = / — dx.
§—0 Qs |x| Rn |x|

We also have for § small,

IVusldeZ/ |Vu5|2dx=/ IV (U - ns/e)|* dx
95 Rn Rn

:/ |VU|2n§/€5dx+/ N5je; (—ANse,) U dx. (3-5)
Rn Rn

Let R > 0 be such that U has support in Bg(0). Since n > 3, we have

2 S n—2
/ N5je; (— ANy, U dx = 0((65—8) Vol(Bg(0) N SUPP(—Am/ea))) = 0((—) ) =o(l)
Rn

€s

as § — 0. This latest identity, (3-5) and the dominated convergence theorem yield
lim |Vu,;|2dx=/ IVU|*dx.
§—0 QS n

Therefore, for U € C2°(R"), we have

I (@) < tim 2 VLA oo IVUP dx
1msup Yy §) = lI1im = .
50 8—0 st u§/|x|2 dx fRn U?/|x|*dx
Taking the infimum over all U € C°(R"), we get that

. . S IVU | dx

lim su Q) < inf - = R =1mn-2)>%

mswpyn () St gy = R =50 -2)

Since yg(£25) > }l(n —2)2 for all § > 0, this completes the proof of (3-4), yielding (5).

For (6) we use the following observation.

Lemma 3.2. Let (®y)reny € CH(R", R") be such that

kEI—iI-loo(”q)k —Idpr lloo + IV(@k —Idre) o) =0 and ~ ®4(0) =0. (3-6)
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Let D CR" be an open domain such that 0 € 9 D (not necessarily bounded or regular), and set Dy, := @y (D)
forall k e N. Then 0 € 9Dy, for all k € N and

Jim yi (DY) = yu (D). (3-7)
Proof. If u € C°(Dy), then u o & € C°(D) and
[ |Vul>dx = / IV (1 0 Dp) |30y Pac @il dx, (3-8)
Dy " k
u? (1 0 Dp(x))?
f —dx= | ————>—|Jac &;|dx, (3-9)
p; |xl Ry | Pr(x)]

where here and in the sequel ®;Eucl is the pull-back of the Euclidean metric via the diffeomorphism ®y.
Assumption (3-6) yields

lim sup
k—>+00 yep

where §;; = 1 if i = j and 0 otherwise. This limit, (3-8), (3-9) and a density argument yield (3-7). U

| Py ()]
|x]

- 1‘ +sup] (8 @i (x), 8 Pr(x)) — 8] + [Jac P — 1') -
L]

We now prove (6) of Proposition 3.1. Let ¢ € C®(R" ") such that 0 < ¢ <1, ¢(0)=0, and p(x') =1
for all x’ € R"~! be such that |x’| > 1. For r > 0, define &, (x;, x) := (x; —t@(x"), x’) for all (x1, x") € R™
Set 5, = ®,(RY) andjlpply Lemma 3.2 to note that lim¢_.q yg (EZ,) = yH~(IR1) = %nz. Since ¢ > 0 and
¢ #0, we have R} C Q, for all # > 0. To get (6) it suffices to take 2, := €2; for # > 0 small enough. [

As in the case of yy(£2), the best Hardy—Sobolev constant
fQ |Vu|? dx —yfg u?/|x|* dx .
o 2/2°(s) u
(Jou>' /1l dx)

will depend on the geometry of €2 whenever 0 € 9€2.

s (Q) =i e D"(Q)\ {0}

Proposition 3.3. Let Q be a bounded smooth domain such that 0 € 9S2.
) Ify < }‘nz then , () > —o0.
Q) If y > n then ., (2) =
Moreover,
) If vy < yu(82), then 11, (§2) > 0.
@ If yg(R) <y < %nz, then 0 > w, ¢(2) > —o0.
5) If y = yu(Q) < gn’ then py () =0

Proof. Assume that y < n2 and let € > 0 be such that (1 +¢€)y < n It follows from Proposition 3.5
that there exists C¢ > 0 such that for u € D'"2(Q),

I’l2

— —za’x_(1+e)/ [Vu| dx+Cfu dx.
Q x| Q
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For any u € D'2() \ {0}, we have
(1—@y/n®(1+6) [, |Vul> dx— 4y /n*)Cc [, u* dx . Y. Jqu?dx
2%(s) s 2/2*(s) = 2 2%(5) /v |8 2/2*(s) "
(Jo lul>®)/1x|* dx) (Jo lul>®)/1x|* dx)

It follows from Holder’s inequality that there exists C > 0 independent of u such that

|u|2*(s) 2/2*(s)
/ u?dx < C( a’x) .
Q Q |xI®

It then follows that J}f?s (u) > —(4y /n*)C.C for all u € D"*(Q)\{0}. Therefore My,s(§2) > —o0 whenever
y < }lnz

Assume now that y > n and define for every € > 0 a function u, € e D'2(Q) as in (3-1). It then
follows from (3-2) and (3- 3) that as € — 0,

n2 —y)C @) In(1/€) + O(1) cQ) [\ @9/ =)
I (ue _ G =) =<l A S GO 1)(1 —) .
p (e (C(s)In(1/€) + 0 (1))/*® G =7) eme toW (I

TS () =

Since s <2 and y > J—tnz, we have lim¢_, ¢ Jygfs (ue) = —o0; therefore p,, (£2) = —o0.

If y < yu(£2), Sobolev’s embedding theorem yields g ¢ (€2) > 0; hence the result is clear for all y <0
since then p, (2) > wo,s(2). If now 0 < y < yy(£2), it follows from the definition of y (€2) that for
allu e DL2(Q) \ {0},

_IQ|W|2—nyu2/|x|2dx><1_ v ) Jo |Vul*dx ><1
(fQuz’(“)/|x|-“dx)2/2*(s) yH (§2) (fg|u|2*(s)/|x|sdx)2/2 ®

Therefore i, s(Q) > (1 — /Y (2)po,s(2) > 0 when y < yu(£2).
fyg(Q)<y< n then Proposmon 3.1(4) yields that yy (€2) is attained. We let ug be such an extremal.

TS (u) )MO,S(Q)-

Y
vH(£2)

In particular JVH(Q),S (u) > y @. , (o), and therefore p,, (@),s(©2) =0. Since yu () <y < 4n we
have that JQS (ug) <0, and therefore w, (2) <0 when yu(Q2) <y < 4nz. |

Remark 3.4. The case y = 1 n? is unclear and anythlng can happen at that value of y. For example, if
v () < n2 then 14,24, ‘(Q) < 0, while if yg () = n then 24 ((€2) > 0. It is our guess that many
examples reﬂectmg different regimes can be constructed.

We shall need the following standard result.

Proposition 3.5. Assume y < %nz and s € 0, 2]. Then, for any € > 0, there exists C. > 0 such that, for
all u € DV2(Q),

|u|2*(s) 2/2%(s) 1 u2 5
dx < /<|Vu| -y — >dx+C /u dx. (3-10)
( o laf ) (uys(R ) ) Jx |2 “Jo

This result says that, up to adding an L2-term (indeed, any subcritical term fits), the best constant in

the Hardy—Sobolev embedding can be chosen to be as close as one wishes to the best constant in the
model space R’ . One can see this by noting that for functions that are supported in a small neighborhood
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of 0, the domain €2 looks like R’ , and the distortion is determined by the radius of the neighborhood.
The case of general functions in D'?(2) is dealt with by using a cut-off, which induces the L?-norm. A
detailed proof is given in [Ghoussoub and Robert 2016].

The following result is central for the sequel. The proof is standard, ever since T. Aubin’s proof of the
Yamabe conjecture in high dimensions, where he noted that the compactness of minimizing sequences is
restored if the infimum is strictly below the energy of a “bubble”. In our case below, this translates to
My,s(82) <y s (R). We omit the proof, which can be found in [Ghoussoub and Robert 2016].

Theorem 3.6. Assume that y < %nz, 0<s=<2and juys(2) < pys(RY). Then there are extremals
Jor w, (). In particular, there exists a minimizer u in DV2() \ {0} that is a positive solution to the

equation
u uZ@-1
_AM_VW:M%S(Q)W in 2, i
u=>0 inos2, G-1D)
u=>0 on 90%2.

4. Profile at 0 of the variational solutions of L, u = a(x)u

Here and in the sequel, we shall assume that 0 € 92, where €2 is a smooth domain. Recall from the
Introduction that two solutions for L, u =0, with u =0 on BRi, are of the form uy(x) = x1|x| ™% where

a € {a_(y), ay(y)} with

a()=dn— I =y and w) =t fint -y, (@)

These solutions will be the building blocks for sub- and supersolutions of more general linear equations
involving L, on other domains. This section is devoted to the proof of the following result. To state the
theorem, we use the following terminology:

We say that u € DI’Z(Q)loc,o if there exists n € C2°(R") such that n = 1 around 0 and nu € D'2(Q).
We say that u € D"2(Q)10c.0 is a weak solution to the equation

—Au=F € (D"*(Q)10c.0)

if for any ¢ € D'2(Q) and n € C>(R") with sufficiently small support around 0, we have
/(Vu, V(ng))dx = (F,ng).
Q

Theorem 4.1. Fix y < }lnz and t > 0, and let u € D1’2(S2)10C,0 be a weak solution of

_y+ 03[

—Au
|x|?

u=0 in D"} ()0 (4-2)

Then, there exists K € R such that
. u(x)
lim =
x=>0d(x, dQ)|x |—oz_(y)
Moreover, if u > 0 and u # 0, we have that K > 0.
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By a slight abuse of notation,

y +0(x")
U —Ay — ———~
x|
will denote an operator
y +al)
Ur—> —Au— ——u,
x|

where a € C°(2) such that a(x) = O(]x|?) as T — 0. In Section 6, we will give a full description of solu-
tions to (4-2) that are not necessarily variational (we also refer to [Pinchover 1994] for related problems).

We need the following lemmas, which will be used frequently throughout the paper. The first is only the
initial step towards proving rigidity for the solutions of L, u =0 on R’ . Indeed, the pointwise assumption
u(x) < Clx|'~* will not be necessary as it will be eventually removed in Proposition 6.4, which will be a
consequence of the classification Theorem 6.1. We omit the proof as it can be inferred from the work of
Pinchover and Tintarev [2005].

Lemma 4.2 (rigidity). Letu € C 2(@ \ {0}) be a nonnegative solution of

14 :
—Au——u=0 inR",

|x |2 + (4-3)
u=0 onaRi.

Suppose u(x) < C|x|'~* on R fora €{a_(y), ay(y)}, then there exists . > 0 such that u(x) = Axy|x|™*

forall x e R}

We now construct basic sub- and supersolutions for the equation L, u =a(x)u, where a(x) = O(|x |7=2)
for some 7 > 0.

Proposition 4.3. Let y < Alfn2 anda ef{a_(y),ar(y)}. LetO<t<1land BeRbe suchthata—t < <«
and B € {a_(y), ay(y)}. Then, there existr >0, and uy 4, uy — € C>®(Q2\ {0}) such that

Ug,+, Ug— >0 in 2N B,(0),
Ug+, Ug— =0 on 02N B, (0),
0 T
—Awﬁ—ZiT%ﬂlMﬁ>o in QN B,(0), (4-4)
X
O T
—Awr—ZiT%ﬂl%r<o in 2N B, (0).
X

Moreover, we have as x — 0, x € Q, that

d(x,0%) d(x,0%)
|x|* |x[*

Proof. We first choose an adapted chart to lift the basic solutions from R’ . Since 0 € 92 and Q2 is

smooth, there exist ﬁ, V two bounded domains of R” such that 0 € U and 0 € V, and there exists a
C*°-diffeomorphism ¢ € C °°(l7 , V) such that ¢(0) =0,

Ug, +(X) = (L+0(x1*P)) and uy_(x) = (L+O0(x*P).  @4-5)

cUN{x;>0)=c@)NQ and (U N{x; =0}) =c(U)NIN.



HARDY-SINGULAR BOUNDARY MASS AND SOBOLEV-CRITICAL VARIATIONAL PROBLEMS 1033

The orientation of 92 is chosen in such a way that for any x’ € Uun {x; =0},
{81C(O, x/)’ 826(0’ x/)’ LA ] 3nC(0, x/)}

is a direct basis of R” (canonically oriented). For x” € un {x1 =0}, we define v(x’) as the unique orthonor-
mal inner vector at the tangent space T,(o,/)0€2 (it is chosen such that {v(x”), 92¢(0, x"), ..., 9,¢(0, x")}
is a direct basis of R"). In particular, on R” := {x; > 0}, we have v(x") := (1,0, ..., 0).

Here and in the sequel, we write for any r > 0
B, == (—r,r) x B"D(0), (4-6)

where Br("_l)(O) denotes the ball of center 0 and radius » in R~ It is standard that there exists § > 0
such that

Q: Bas — R,
(x1,x) € Rx R > ¢(0, x') + x1v(x'), 7
is a C*°-diffeomorphism onto its open image gD(Ezg), and
¢(B2s N {x1>0]) = p(Bxy) NQ  and  ¢(Bas N {x1=0}) = ¢(B2») NI (4-8)
We also have, for all x’ € Bs(0)™~D,
v(x") is the inner orthonormal unit vector at the tangent space Ty0,x)02. (4-9)
An important remark is that
d(p(x1, x'),9Q) = [x;| forall (x,x") € Bos close to 0. (4-10)

Consider the metric g := ¢*Eucl on 525, that is, the pull-back of the Euclidean metric Eucl via the
diffeomorphism ¢. Following classical notations, we define

gij(x) = (3;p(x), 99 (x))p,, forallxe Byandi,j=1,...,n. 4-11)

Up to a change of coordinates, we can assume that (d,¢(0), ..., d,¢(0)) is an orthogonal basis of
Tp0<2. In other words, we then have that

gij(O):(S,-j for all i,j:l,...,n. (4-12)
As one checks,
gii(x) =8 forallxe Bysandi=1,...,n. (4-13)

Fix now « € R and consider ® € COO(EZ(;) such that ®(0) = 0 and which will be constructed later
(independently of o) with additional needed properties. Fix n € C fo(Egg) such that n(x) = 1 for all
x € Bs. Define uy € C®(Q\ {0}) as

ug o @(xy, x') :=nx)x1|x|"“(1 +O(x)) forall (x1,x") e Bos \ {0}. (4-14)

In particular, u,(x) > 0 for all x € (p(§25) N and uy(x) =00n 2\ (p(§25).
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We claim that with a good choice of ®, we have that

_an —(x)u 4 (ua(x)

—Auy = 5 ) asx — 0. (4-15)
|x] x|

Indeed, using the chart ¢, we have that
(—Aug) o p(x1, x') = —Ay(ug 0 ) (x1, x')
for all (x1,x) € Eg \ {0}. Here, —A, is the Laplace operator associated to the metric g; that is,

— Ay = —g" (3;; — 5,

where

Ftkj = %gkm(aigjm +0;8im — Om&ij),

and (g%) is the inverse of the matrix (g; ;7). Here and in the sequel, we have adopted Einstein’s convention
of summation. It follows from (4-13) that

(—Attg)op = — Apuei (Uaop)— Y (87 —87)0;j(ug09)+8" T} 01 (a0p)+ Y _ gVT di(ugop). (4-16)
i,j=2 k>2

It follows from the definition (4-14) that there exists C > 0 such that for any i, j, k > 2, we have that
|9 (e 0 0)(x1, X)| < Clxy| - x| 77 and |8k (g 0 @) (x1, x)| < Clxp] - x|

for all (x1,x") € Eg \ {0}. It follows from (4-12) that g’/ — 8/ = O(|x]) as x — 0. Therefore, (4-16)
yields that as x — O,

(—Autg) 09 = —Apuar(ttq 0 @) + 8T} 81 (g 09) + O (xy [x]7#7). (4-17)

The definition of g;; and the expression of ¢(x1, x") then yield that as x — 0,

g/ = —5 > g g

i,j>2
=_ Z 8" (1, x) ((3i9(0, x"), v (x")) +x1(3; (x"), dv(x")))
i,j>2
=— Y £7(0,x)(3i9(0, x), jv(x) + O(x1]) = H(x) + O(Ix1]),
i,j>2

where H (x') is the mean curvature of the (n—1)-manifold 32 at ¢(0, x”) oriented by the outer normal
vector —v(x”). Using the expression (4-14) and using the smoothness of ©, (4-17) yields
(—Auy)op = (—Apucr(x11x]7) - (1 +O) + x| ¢ (H(x’)(l +0)-— 281®) +0@(xix|7* ) asx —0.
We now define

O(xy, x) = e MHO2 _ 1 forall x = (x1, x') € Bas.
Clearly ©(0) = 0 and © € C®(Bas). We then get that as x — 0,

a(n—a) —a —a—1
(—Aua)0<ﬁ=vxl|x| ~(14+0)+ 00 lx[ ™). (4-18)



HARDY-SINGULAR BOUNDARY MASS AND SOBOLEV-CRITICAL VARIATIONAL PROBLEMS 1035

With the choice that g;;(0) = §;;, we have that (9;¢(0));=1,... » is an orthonormal basis of R", and therefore
lo(x)| = |x|(14+ O(]x])) as x — 0. It then follows from (4-18) and (4-14) that

a(n—a)
Ay = ——+—
kP

This proves (4-15). We now proceed with the construction of the sub- and supersolutions. Let o €

ug 4+ O(Ix| " 'uy) asx — 0. (4-19)

{e_(y), a4 (y)} in such a way that «(n — o) = y and consider 8, A € R to be chosen later. It follows
from (4-15) that

(_A 7 +0(a)
]2

)(ua + hug) = M |;|§) — y)l/t,f; + O&TJ Dt + 0 (x| ) + O (1x|"2up)

u

- ﬁ(xw = B) =)+ 0(IxI) + O(x[TF~) + 0 (x| 7))
as x — 0. Choose g such that @ — t < 8 < « in such a way that 8 #«a_(y) and B8 # a4 (y). In particular,
B>a—1and B(n— B) —y #0. We then have

(_A 7+ 03

|x|?

as x — 0. Choose A € R such that A(B(n—B) —y) > 0. Finally, let uy  :=uq+Aug and uy — :=uy —Aug.

)(ua+Kuﬁ)= |i%(?»(ﬂ(n—,3)—J/)+0(I)C|””3_o‘)) (4-20)

They clearly satisfy (4-4) and (4-5), which completes the proof of Proposition 4.3. ([l
Lemma 4.4. Assume that u € Dl’z(Q)loc,o is a weak solution of
Yy + O(x|") 12
—ANu—————u=0 inD"(Q ,
|x|2 ( )loc,O (4_21)
u=~0 on Brs(0)N o2

for some T > 0 and § > 0. Then, there exists C; > 0 such that

lu(x)| < Cid(x, 3Q)|x| 7% for x € 2N Bs(0). (4-22)
Moreover, if u > 0 in Q, then there exists C, > 0 such that

u(x) > Cad(x, 9Q)|1x|7%") for x € QN Bs(0). (4-23)

Proof. Assume first that u € Dl’z(Q)loc,o and u > 0 on Bs(0) N Q2. We claim that there exists Cy > 0 such

that
1 d(x,092) - <C d(x,09)
Co |x[=® =u(x) =Co x |-

Indeed, since u is smooth outside 0, it follows from Hopf’s maximum principle that there exists C;, C, > 0
such that

for all x € 2N B;(0). (4-24)

Cid(x,0R) <u(x) < Cad(x,02) forall x € QN aB;s(0). (4-25)

Let uy_(y),+ be the supersolution constructed in Proposition 4.3. It follows from (4-25) and the asymptotics
(4-5) of uy_(y),+ that there exists C3 > 0 such that

u(x) < Caug_(y),+(x) forall x € 9(B5(0) N€2).
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Since u is a solution and uy_(y),4 is a supersolution, both being in DI'Z(Q)IOC,O, it follows from the
maximum principle (by choosing § > 0 small enough so that —A — (y + O(|x|%))|x | =2 is coercive on
Bs(0)N2) that u(x) < C3uq_(y),+(x) for all x € Bs(0) N 2. In particular, it follows from the asymptotics
(4-5) of uy_(y),+ that there exists C4 > 0 such that u(x) < Cad(x, Q) |x|~* @ for all x € 2N Bs(0).
Arguing similarly with the lower-bound in (4-25) and the subsolution u,_(,),—, we get the existence of
Co > 0 such that (4-24) holds. This yields Lemma 4.4 for u > 0.

Now we deal with the case when u is a sign-changing solution for (4-21). We then define uy, u; :
Bs(0) N2 — R such that

—Aul—%l(lxlr)ul:O in Bs(0)N, —Auz—%ﬁx'r)uz:o in Bs(0)N<,
u1(x) = max{u(x), 0} on J(Bs(0)N2), ur(x) = max{—u(x), 0} on J(Bs(0)N).

The existence of such solutions is ensured by choosing 6 > 0 small enough so that the operator —A — (y +
0(|x|’))|x|_2 is coercive on Bs(0) N Q. In particular, uy, up € D1’2(Q)1OC,0, u,up>0and u =u; —u,.
It follows from the maximum principle that for all i, either u; = 0 or u; > 0. The first part of the proof
yields the upper bound for u, u,. Since u = u; — u,, we then get (4-22). ]

The following lemma allows to construct sub- and supersolutions with Dirichlet boundary conditions
on any small smooth domain.

Proposition 4.5. Let Q2 be a smooth bounded domain of R"*, and let W be a smooth domain of R" such
that for some r > 0 small enough, we have

B.(0O)NQCWCBy0)NQ and B,(0)NoW = B,(0)NaI. (4-26)
Fixy < }LnZ, O<t<land B eRsuchthatoa,(y)—1 < B <ay(y)and B # a_(y). Then, for r small
enough, there exists ué‘?(y)’Jr, ug?(y)’_ € C®(W \ {0}) such that
(d) (d) _ ;
U )+ Har)+ = 0 in 9W\ {0},
) y+O0Ux|") @ .
—AUg )4 T TR et 7 0 inW, (4-27)
(d) Yy +O0(x[") (@ .
Ay gy,- T”w(w),— <0 inW.

Moreover, we have as x — 0, x € Q that
) d(x y 0 Q)

- (17/3 )
o).+ 00 = ey (L O, (4-28)
d(x,08) 3
) _ ap ]
I e G G ) (4-29)

Proof. Take n € C*(R") such that n(x) = 0 for x € Bs/4(0) and n(x) =1 for x € R" \ B;/3(0). Define

on W the function

v+ 0(x)
|x|?

f(x) = (—A )(nua+<y),+),
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where uy_ (), + s given by Proposition 4.3. Note that f vanishes around 0 and that it is in C ©(W). Let

+ 0 X T

v=0 on oW,
Note that for » > 0 small enough, —A — (y + O(|x|%)) |x| =2 is coercive on W, and therefore, the existence
of v is ensured for small r. Define

(d) —
Uo (p)+ = Hayp(y)+ — Mlai(y),+ t+v.

The properties of W and the definitions of 1 and v yield

ull o =0 in 9W \ {0},
) y+O0UxI") @ )
—Aua+(y)’+ — letc”(y)’+ >0 inW.

Since —Av — (y + O(|x|"))|x|~2v = 0 around 0 and v € DV2(W), it follows from Lemma 4.4 that
there exists C > 0 such that |v(x)| < Cd(x, W)|x|~*- ) for all x € W. Then (4-28) follows from the

asymptotics (4-5) of uy, (,),+ and the fact that @ (y) < a4 (y). We argue similarly for u((i)(y)’_. O

Lemma4.6. Letu e Dl’z(Q)loc,o such that (4-2) holds. Assume there exists C >0and o €{ay(y), a—(y)}
such that
u(@)| < Clx|'"™ forx >0, x € Q. (4-30)

(1) Then, there exists C1 > O such that

IVu(x)| < Cix|™ asx — 0, x € Q. (4-31)
(2) If lim,_,o |x|*"1u(x) =0, then lim,_, ¢ |x|%|Vu(x)| = 0. Moreover, if u> 0, then there exists | > 0
such that o
m rffutx) =1 and lim  |x|¥|Vu®x)| =1. (4-32)
x—0 d(X, 89) x—0,x€0Q

Proof. Assume that (4-30) holds. Set w(x) := |x|*u(x)/d(x, 0S2) for x € Q2. Let (x;); € L be such that

lim x; =0 and lim w(x;) =1L (4-33)

i— 400 i—+00

Choose a chart ¢ as in (4-7) such that dgy = Idg». For any i, define X; € R, such that x; = ¢(X;),
ri :=|X;| and 6; := X;/|X;|. In particular, lim;_, ;oo r; = 0 and |6;| = 1 for all i. Set

ii;(x) :=r* 'u(p(rix)) foralliand x € BR(0)NRL, x #0.

Equation (4-2) can then be rewritten as

—Agiﬁi — 5 U; = in BR(O) N Rﬁ_, (4_34)

=0 in Br(0) NoR",
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where g; (x) := (p*Eucl)(r;x) is a metric that goes to Eucl on every compact subset of R" as i — co.
Here, o(1) — 0 in C? ([RTfL \ {0}). It follows from (4-30) and (4-33) that

loc

li; (x)| < C|x|1_°‘ for all i and all x € BR(0) NR", (4-35)

It follows from elliptic theory that there exists i € C? (@ \ {0}) such that &; — i in CllOC (IRT:L \ {0}). By
letting 0 :=lim; , ; o 6; (|0] = 1), we then have that 9;u;(6;) — 0;u(0) asi — +oo forany j=1,...,n,
which can be rewritten as

lim |x;|* 0ju(x;) = 0;u(9) forall j=1,...,n. (4-36)
i— 400

We now prove (4-31). For that, we argue by contradiction and assume that there exists a sequence
(xi); € Q2 that goes to 0 as i — 400 and such that |x;|*|Vu(x;)| - 400 as i — +o0. It then follows
from (4-36) that |x;|*|Vu(x;)| = O(1) as i — 4oo. This is a contradiction to our assumption, which
proves (4-31). The case when |x|*u(x) — 0 as x — 0 goes similarly.

Now we consider the case when u# > 0, which implies that &; > 0 and & > 0. We let [ € [0, +o00] and
(x;); € 2 be such that

lim x; =0 and lim w(x;)=I. 4-37)
1—>+00 1—>+00
We claim that
0<l<+o00 and lir%a)(x) =1 €[0, +00). (4-38)
x—

Indeed, using the notations above, we get that

. ui(6)
lim =1.
i—+oo (0i)1

The convergence of u; in Clloc(IRTf’|r \ {0}) then yields I < 4-oco. Passing to the limit as i — 400 in (4-34),

we get
~ Y - .
—AEUCIM — WM =0 in IR'_/:_,
i>0 in k",
i=0 in OR"

The limit (4-37) can be rewritten as u(0) =160, if 6 € R’, and 9,u(0) =1 if 6 € OR'}. The rigidity lemma,
Lemma 4.2, then yields
u(x) =lxi|x|™® forall x e RY.

In particular, since the differential of ¢ at O is the identity map, it follows from the convergence of i; to it
locally in C' that

im s gy W (4-39)

i—>400 xeQnaB,, (0) d(X, I [X|™*  yerrnyB o) X11X]7*

and .
. . u(x) . u(x)
lim inf _— = inf =1. (4-40)
i—>+00xeQNdB,, (0) d(x, 0Q2)|x|™%  xeRLNIBI(0) X1|x|~¥
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We distinguish two cases:

d
Case 1: o = a+(y).(d[),et W and M(Etj()/),—

s ()= do not use the lemma that is currently being proved. It follows from (4-40)
that there exists ig such that for i > iy, we have

be as in Proposition 4.5, and fix € > 0. Note that the existence
and properties of u

u(x) > (I =y’ _(x) forallx € WNaB, ).

Since (—A—(y + O (x| )Ix|7?) (u—( — e)uii)(y)ﬁ) >0in W\ B,,(0) and since ug, (,)— vanishes on

aW \ {0}, it follows from the comparison principle that

u(x) = (—eull  _(x) forallxeW\dB,(0).

Letting i — +o0 yields
u(x) = (I —eul’ | _(x) forallx e W\{0}.

(d)

oy () that

It follows from this inequality and the asymptotics for u
liminfw(x) > 1.
x—0

Note that this is valid for any / € R satisfying (4-37). By taking / :=lim sup,_,, w(x), we then get that
lim,_ow(x)=1.

Case 2: @ =a_(y). Consider the super- and subsolutions #y_ () 4, Ua_(y),— constructed in Proposition 4.3.
It follows from (4-39) and (4-40) that for € > 0, there exists iy such that, for i > iy, we have

(=g ), (x) fulx) < (+€)ug_),+(x) forall x € QN aIB,(0).

Since the operator —A — (y + O (|x|%))|x|~2 is coercive on QN B,,(0) and the functions we consider are

in Dllég,o(g N B, (0)) (i.e., they are variational), it follows from the maximum principle that

( —ug_),—(x) Su(x) < ( +6€)ug_(),+(x) forall x € 2N B, (0).

Using the asymptotics (4-5) of the sub- and supersolutions, we get that

(I —€) < liminf ur) < lim sup u(x)
x>0 d(x,dQ)|x|7*-®) -0 d(x,0Q)|x|~¢-®)

<(+e).

Letting € — 0 yields lim,_.o w(x) = > 0. This ends Case 2 and completes the proof of (4-38).

The case u > 0 is a consequence of (4-38) and (4-36) (note that for the second limit, x; € 92 can be
rewritten as 0; € dR’, and therefore (6;); = 0). This ends the proof of Lemma 4.6. O
Proof of Theorem 4.1. First, assume that u € Dl*z(Q)loc,o satisfies (4-2) and u > 0 on Bs(0) N 2. It then
follows from Lemma 4.4 that there exists Cy > 0 such that

1 d(x,0%) d(x, 3€2)
C_OW—_(V)SM(X)SCOW—_(}/) fOfallXEQmBg(O).

Since u > 0, this estimate coupled with Lemma 4.6 yields the theorem for u > 0.
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If now u is a sign-changing solution for (4-2), we define u, us : Bs(0) N 2 — Rx¢ as in the proof of
Lemma 4.4. The first part of the proof yields that there exist /1, [ > 0 such that

. u(x) . us(x)
lim =/I; and lim =1.
x—0d(x, 0Q)|x|~*-) x—0d(x, 0Q)|x|*-)
Since u = u| — uy, we get Theorem 4.1 by taking [ :=1; — b». |

Here is an immediate consequence.

Corollary 4.7. Suppose y < yu(2) and consider the first eigenvalue of L., i.e.,

Vul> —u*y/|x|?) dx
@)= i 2l a2l ?)
ueD"2(2)\{0} fQu dx

> 0.

If ug € DV2(Q) \ {0} is a minimizer, then there exists A # 0 such that

d(x, 98)

uo(x) ~x-0 W

Proof. The existence of a minimizer u( that doesn’t change sign is standard. The Euler—Lagrange equation
is —Au —uy/|x|*> = ku for some k € R. We then apply Theorem 4.1. (]
5. Regularity of solutions for related nonlinear variational problems

This section is devoted to the proof of the following key result.

Theorem 5.1 (optimal regularity and generalized Hopf’s lemma). Fix y < }Ln2 andlet f: Q2xR— R
be a Carathéodory function such that

|v|2"(s)72
|f(x,v)| < C|v|<1 +T) forall x € Q and v € R.
Letu € DI’Z(Q)loc,o be a weak solution of
0 T
~au= YO ey in DM (R (5-1)

|x|?
for some T > 0. Then, there exists K € R such that

) u(x)
lim =
x—0d(x, 9Q)|x|~*-)

(5-2)

Moreover, if u > 0 and u # 0, we have that K > 0.

Note that when f = 0, this is nothing but Theorem 4.1. The result can be viewed as a generalization
of Hopf’s lemma in the following sense: when y = 0 (and then «_ (y) = 0), the classical Nash—-Moser
regularity scheme yields u € Clloc, and when u > 0, u 0, Hopf’s comparison principle yields d,u(0) < 0,
which is a reformulation of (5-2) when a_(y) = 0.

The following lemma will be of frequent use in the sequel.
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Lemma 5.2. Let f: Q2 X R — R be as in the statement of Theorem 5.1, and consider u € DI’Q(Q)loc,o
such that (5-1) holds. Assume that for some C > 0,

u@)| < Clx|'" " forx >0, x € Q. (5-3)
Then, u satisfies the conclusion of Lemma 4.6.

Proof. Assume that (5-3) holds. We claim that we can assume that for some 7 > 0,

Yy +0(x)

—Au
|x|?

u=0 in D3 (Q)ic.0. (5-4)
Indeed, we have as x — O,

— —(2* — _ |l/l| * _ _ o u
|f(x,u)|§C|u|(1—|—|x| S|x| 2*(s)—2)(a—(y) 1))§CW(|X|2+|X|(2 (s)—2)(n/2 Ol,(y)))=0 |x|‘[W

for some 7’ > 0. Plugging this inequality into (5-1) and replacing T by min{z, t’} yields (5-4). The lemma
now follows from Lemma 4.6. O

Proof of Theorem 5.1. We let here u € DI’Z(Q)loC’O be a solution to (5-1); that is,

7 +0(al)

—Au
|x|?

u= f(x,u) weaklyin D"3(Q)ic.0 (5-5)

for some 7 > 0. We shall first use the classical De Giorgi-Nash—Moser iterative scheme (see [Gilbarg
and Trudinger 1998; Hebey 1997] for expositions in book form). We skip most of the computations and
refer to [Ghoussoub and Robert 2006a, Proposition A.1] for the details. We fix §p > 0 such that

(i) there exists 7 € C°°(B4s,(0)) such that 7(x) =1 for x € By;,(0),
(ii) fu € D"?(), and

(iii) u is a weak solution to (5-5) when tested on 7jg with ¢ € D'2(2) (see the definition of weak solution
given in the preceding section).

The proof goes through four steps.
Step 1: Let 8 > 1 be such that 48/(8 + 1)? > 4y /n?. Assume that u € LPT1(QN Bs,(0)). We claim that

u € L"=2ETD QN By, (0)). (5-6)

Indeed, fix $>1, L >0, and define G, H;, : R — R as

|t1F~ 1 if 1| <L,
GL(t):=3BLF "¢ —L)+LFP ift>L, (5-7)
BLA 't +L)—LP iftr<—L
and
|¢|B=D72y if [t| <L,
Hp(t):={ 3B+ DLED2@¢ — L)+ LBD2 ift > L, (5-8)
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As is easily checked,

4p
(B+1)?
forall # € R and all L > 0. We fix § > 0 small, which will be chosen later. We let n € C>°(R") be
such that n(x) = 1 for x € B;/2(0) and n(x) = 0 for x € R" \ Bs(0). Multiplying equation (5-5) with
n*Gr(u) € D"2(Q), we get that

0<:GL(t) <HL(t)* and G (1) = (Hp (1)) (5-9)

/ (Vu, Vi*Gr(u))) dx — f % 2uGr(u)dx = [ fO, wn*Gr(u)dx. (5-10)
Q Q

Integrating by parts, and using formulae (5-7)—(5-9) (see [Ghoussoub and Robert 2006a] for details) yields

f(w, V*G(w))) dx
Q - 4p
S (B+1)?

where Jy (1) := fot G (t)dr. This identity and (5-10) yield

(0]
s [ v ar = [ PRI 06, w0 dx

< /Q = AGP)|- 1L @)] dx + C(B. 8)

/(IV(nHL(u))|2—n(—A)nHL(M)z)dx+/Q—A(HZ)JL(M)dx, (5-11)
Q

) |M|2 (s)—2 5
|Hp (u)] dX+Cf T(’?HL(M)) dx. (5-12)
QN Bs(0) Q

Holder’s inequality and the Sobolev constant given in (1-16) yield

2%(s)—2 2%(s) (2*(s)=2)/2%(s) 2*(s) 2/2*(s)
u u Hi(u
/ —| | (nHL(u))zdx < </ Jul a’x) ( —|77 L@ dx)

o |xI® QnBs©) |X[° Q | x]*

|u|2*(s) (2*(9)=2)/2*(s)
=(f - ax) | vt
QnBs©) |xI MO s(Q)

Plugging this estimate into (5-12) and defining y; := max{y, 0} yields

(nHp (u))?
V(nH dx — +C8° ———dx
(/3+1>2/ IVGHL@)IP dx =y + Con) | H2E
<C(B.9) (IHL(M)|2+ |JL(w)]) dx +0l(5)/ |V (nHy (u))|* dx,

) QN B (0) Q
where |u|2*(s) (2%(5)—2)/2*(s) 1

«(8) :=c<f dx> : :

anBs) |xI° o,s (£2)

so that

lim a(8) = 0.
§—0

It follows from Hardy’s inequality that

n? [ (HL W)
4 Jo  Ix?

dx < (1 +e<8)>f \V(nHy ()| dx,
Q
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where lims_,g €(§) = 0. Therefore, we get that

4p ! 5
((ﬁ+1)2_a(5)—(7++C3 );(1+€(5)))/§2|V(77HL(M))| dx

=C(8.9) (IHL ) ? +|J2 w)]) dx < C(B, ) P dx.
QNBs(0) Bs(0)NQ

Let § € (0, §p) be such that

4B
(B+1)?
This is possible since 48/(B + 1)? > 4y /n% Using Sobolev’s embedding, we then get that

2/2* 2/2*
(f | Hy (u)|* dx) 5( InHp (u)]? dx)
Bs/2(0)N2 R7

= MO,O(Q)I/ IV HL ) dx < C(B, 5, y)/ ulP* dx.
& B5(0)N<Q

4
—a(d) — (y+ + CS’);(I +€(8)) > 0.

Since u € LPT (B, (0)NQ), let L — +00 and use Fatou’s lemma to obtain that u € L®/2#+D (B; 5 (0)NQ).
The standard iterative scheme then yields u € C' (2N B, (0)\ {0}). Therefore u € L>/2#+D(B; (0)N Q).

Step 2: We now show that

if y <0, thenu € L”(2N Bs(0)) forall p > 1, (5-13)
if y >0, then u € LP (2N Bs(0)) for all p € (1, #a_’zy)) (5-14)
The case y <0 is standard, so we only consider the case where y > 0. Fix p >2 and set  := p—1. We have
48 4 n n
RSV a) P ey

Since a4 (y) > %n and p > 2,
4 4
—_— > — .
B+ w2’ a(y)

Therefore, it follows from Step 1 that if u € L? (2N Bs,), with p <n/a_(y), then u € LP"*=2(QN By,).
Since u € L*(Q2N Bs,), (5-14) follows.

P <

Step 3: We claim that for any A > 0,
|22 | (x)| = O (x| D n2mmaxle01=R)y g x s ), (5-15)

Indeed, take p € (2%, n?/((n—2)a_(y))) if y >0, and p >2* if y <0. This is possible since 2* =2n/(n—2)
and a_(y) < %n We fix a sequence (¢;); € (0, +00) such that lim;_, ;- €;, = 0 and we fix a chart ¢ as
in (4-7) to (4-12). For any i € N, we define

ui(x) := €Pu(p(eix)) forall x € By/.



1044 NASSIF GHOUSSOUB AND FREDERIC ROBERT

Equation (5-5) then can be written as

2 T4 |T
€ (v + O( 1x[%)) ~
gli — : |g0(€.x)l|2 u; = f,-(x, l/t,'), u; = 0 on aRi N B(S/gi, (5—16)
i

where g; (x) := ¢*Eucl(¢;x) and

—A

2*(5)=2)((n—2)/2— _ =1 -
|ﬁ(x, u[)| EC612|ul|+CEl( (s) )((n )/ n/P)|x| S|Mi|2 (s)—1 in BS/Q-
We fix R > 0 and define wg := (ER \ ER—I )NR. With our choice of p above and using (5-14), we get that

il e (wr) < C, (5-17)
and
| fi(x, ui)| < Crlui| + Crlui]* @~ for all x € wg. (5-18)

Fix g > p > 2* It follows from elliptic regularity that

1141l 14’ (ypy < €' if g < 3n(2%(s) = D),
luillLo@n) <C = { MuillLr@ep <C' forallr > 1if g = 1n(2*(s) — 1),
i ll L (@ry < €' if g > 3n(2%(s) = 1),
where
1 2%(s)—1 2
¢ q
and the constants C, C’ are uniform with respect to i. It then follows from the standard bootstrap iterative
argument and the initial bound (5-17) that ||u; || Lo (w,4) < C" Taking R > 0 large enough and going back
to the definition of u;, we get that for all i € N,

IX["?u(x)| < C for all x € QN By, (0)\ B, 2(0).

Since this holds for any sequence (¢€;);, we get that |x |"/P|u(x)| < C around O for any

I’l2

(n—2)a_(y)
when y > 0. Letting p go to n?/((n — 2)a—(y)) yields (5-15) when y > 0. For y <0, we let p — +00.

X<p<

To finish the proof of Theorem 5.1, we rewrite equation (5-5) as

where for x € Q,
ax) =y 4+ 0(x|")+ O0(x>) + O (x>~ |u)* ©72)
=y + 0(x|")+ 0(x1®) + O(x|" 2 u(x))* 2.

Since a_(y) < %n, it then follows from (5-15) that there exists 7/ > 0 such thata(x) =y + O(x|") asx — 0.
We are therefore back to the linear case; hence we can apply Theorem 4.1 and deduce Theorem 5.1. [
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As a consequence we get the following result, which will be crucial for the sequel.

Corollary 5.3. Suppose u DI’Z(R’J’F), u>0, us#0is a weak solution of

2*—1
y U . on
—AM—WM—W ll’lR+.
Then, there exist K, Ko > 0 such that
1 X1
u(x) ~x-0 KIW and  u(x) ~|x|—+oo sz- (5-19)

Proof. Theorem 5.1 yields the behavior when x — 0. The Kelvin transform 7 (x) := x> "u(x/|x]?) is a
solution to the same equation in DI’Z(R’jr), and its behavior at O is given by Theorem 5.1. Going back
to u yields the behavior at co. ([l

6. Profile around 0 of positive singular solutions of L, u = a(x)u

In this section we describe the profile of any positive solution — variational or not— of linear equations
involving L, . Here is the main result of this section.

Theorem 6.1. Let u € C2(Bs(0) N (22 \ {0})) be such that

—Au— L(ZW)M =0 inQNBs0),

| x|
u>0 in 2N Bs(0), (6-1)
u=0 on (92N Bs(0)) \ {0}.

Then, there exists K > 0 such that either

d(x,982) d(x,092)

U(x) ~x—0 e U(x) ~x—0 T

In the first case, the solution u € DI’Z(Q)loc,O is a variational solution to (6-1).

It is worth noting that Pinchover [1994] tackled similar issues. The proof of Theorem 6.1 will require
two additional results. The first is a Harnack-type result.

Proposition 6.2. Let Q2 be a smooth bounded domain of R", and let a € L*°(2) be such that ||a|lcoc < M
for some M > 0. Assume U is an open subset of R" and consider u € C*(U N Q) to be a solution of

—Agu+au=0 inUNK,
u=>0 inUNS,
u=>0 onUNo.

Here g is a smooth metric on U. If U’ € U is such that U' N Q is connected, then there exists C > 0
depending only on Q, U', M and g such that

u@) . u@)

lix,yeU' NQ. 6-2
a0 = Cap. e Toralxy ©-2)
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Proof. We first prove a local result. The global result will be the consequence of a covering of U’. Fix
Xxo € dQ2. For § > 0 small enough, there exists a smooth open domain W such that

Bs(xg) N2 C W C Bys(xg) N2 and Bs(xg) NOW = Bs(xg) N0L2. (6-3)

Let G be the Green’s function of —A, +a with Dirichlet boundary condition on W, then its representation
formula reads as

u(x) =/ u(0)(—=0ycG(x,0))do =/ u(0)(=0y,cG(x,0))do (6-4)
oW AW\IQ
for all x € W, where 9, -G (x, o) is the normal derivative of y — G(x, y) at o € 0 W. Estimates of the

Green’s function (see [Robert 2010; Ghoussoub and Robert 2006a]) yield the existence of C > 0 such
that forall x e W and o € W,

1d(x,dW) d(x, W)

————— <-0,Gx,0)<C——.

C |x—o]|" ' lx —o|"
It follows from (6-3) that there exists C(8) > 0 such that for all x € Bs/2(xo) N2 C W and 0 € 0W \ 9€2,

md(x W) <—0,,G(x,0) <C(§)d(x,dW).
Since u vanishes on 9€2, it then follows from (6-4) that for all x € Bs/2(xo) N €2,
C((S) d(x, 8W)/ u(o)do <u(x) <C@)d(x, 8W)/ u(o)do.

It is easy to check that under the assumption (6-3), we have that d(x, 02) = d(x, dW). Therefore, we
have for all x € Bs/2(xo) N €2,

Culx)
C(S)/ u(o)do _d( o = C(8)f u(o)do.

Since these lower and upper bounds are independent of x, we get inequality (6-2) for any x, y € Bs/2(x0)NS2.

The general case is a consequence of a covering of U’ N Q2 by finitely many balls. Note that for balls
intersecting 02, we apply the preceding result, while for balls not intersecting 02, we apply the classical
Harnack inequality. This completes the proof of Proposition 6.2. O

Proof of Theorem 6.1. Let u be a solution of (6-1) as in the statement of Theorem 6.1. We claim that
u(x)=0d(x,dQ) x|+ forx — 0, x € Q. (6-5)

Indeed, otherwise we can assume that

li u(x) ¥ (6-6)
1m Su = Q0. -
oh d(x, 98 [x] @)

In particular, there exists (x)x € €2 such that for all k € N,

lim x,=0 and (k) > k. (6-7)
k—+00 d(xp, 0)| x|+ W)
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‘We claim that there exists C > O such that

u(X) ] Lpe—
A, aD) x| =) > Ck forall x € QN 9B, (0), with ry := |x¢| — 0. (6-8)

We prove the claim by using the Harnack inequality (6-2): first take the chart ¢ at 0 as in (4-7), and define
up(x) :=uop(rx) forx e RN B3(0)\ {0}.
Equation (6-1) can be written as

—Aguup+apu =0 in R?N B3(0) \ {0}, (6-9)

with
+ 0 T T
ap(x) := —r,? yrUU ) g |);| )
lo(rex)|

In particular, there exists M > 0 such that |a;(x)| < M for all x € R, N B3(0) \ B 13(0). Since uy > 0,
the Harnack inequality (6-2) yields the existence of C > 0 such that

ui(y) > C ug(x)

for all x, y € R%. N B>(0) \ B1/2(0). (6-10)
1 X1

Let x; € R’} be such that x; = ¢ (rcXx). In particular, |[x;| = 1 +o0(1) as k — +oo. It then follows from
(6-7), (6-9) and (6-10) that

uo@(ryy) =
——————— _>(C-k forall R™ N B>(0) \ B1,2(0).
d(o(rey). 99) = orall y € R, N B2(0) \ B1,2(0)

In particular, (6-8) holds.

We let now W be a smooth domain such that (4-26) holds for » > 0 small enough. Take the supersolution

@) defined in Proposition 4.5. We have that

oy (y),—

u(@) = —5ug), () forallx € WNaB,(0).

Since ”gi)(y),— vanishes on 0 W, we have u(x) > %(C . k)ugi)(y),_(x) for all x € (W N B, (0)). Moreover,

we have that

0 T 0 T
Ay@ Y FOW) @ g a, YO

)= T R Mast- BE n W.

Up to taking r even smaller, it follows from the coercivity of the operator and the maximum principle
that

C-k
w(x) > ——ul _(x) forallxeWn B, 0). 6-11)

For any x € W, we let kg € N such that r, < |x| for all k > kg. It then follows from (6-11) that

u(x) > %(C -k)u'(i)(y),_(x) for all k > kg. Letting k — +oo yields that ul(;i)(y)’_(x) goes to zero for all

x € W. This is in contradiction with (4-29). Hence (6-6) does not hold, and therefore (6-5) holds.
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A straightforward consequence of (6-5) and Lemma 5.2 is that there exists / € R such that

u(x)

lim =1.
x—0 d(x, 9Q)|x|~2+®)

(6-12)

We now show the following lemma:

Lemma 6.3. If
. u(x)
lim =
x—0d(x, 8Q)|x|—a+()/)

’

then u € DI’Z(Q)IOC,O and there exists K > 0 such that u(x) ~,_o Kd(x, BQ)/lxI“*(V).

Proof. We shall use Theorem 4.1. Take W as in (4-26) and let n € C*°(R") be such that n(x) = 0 for
x € Bs;4(0) and n(x) =1 for x € R" \ Bs;3(0). Define

_y+ 03
|x|?

fx):= (—A )(nu) for x € W.

The function f € C oo(W) vanishes around 0. Let v € D1?(Q) be such that

0 T
v+t (|x|)v:f in W,
Jx|?

v=0 on dW.

—Av

Note again that for » > 0 small enough, —A — (y + O (|x|"))|x | =2 is coercive on W, and therefore, the
existence of v is ensured for small . Define
u:=u—nu+v.

The properties of W and the definition of 1 and v yield

0 T
_aa YO o W,
|x|?

i=0 in oW\ {0}.
Moreover, since —Av — (¥ + O (]x|%))|x|~>v =0 around 0 and v € D">(W), it follows from Theorem 4.1
that there exists C > 0 such that [v(x)| < Cd(x, W)|x|~* @) for all x € W. Therefore, we have that
lim ux) —0.
x=0 d(x, 9Q)[x| o+ )

(6-13)
It then follows from Lemma 5.2 that

lirr%) x| Vi(x)| = 0. (6-14)
xX—

Let ¥y € C°(W) and w € D"2(W) be such that

0 T
_r+t (IXI)w:d/ in W,
x|

w=0 on dW.

—Aw
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Since ¥ vanishes around 0, it follows from Theorem 4.1 and Lemma 5.2 that
w(x) = 0(d(x,dW)|x| 7)) and |[Vw(x) = 0(x|7*")) asx — 0. (6-15)

Fix € > 0 small and integrate by parts, using that both & and w vanish on 9 W, to get

0 T
0:f (—AIZ—H—(JXHIZ)LUCZ’X
W\B. (0) |x]

0 T
:f (—Aw—H—(ZpCUw)ﬁdx—l-f (—woyit + ud,w) do
W\B.(0) |x] A(W\B(0))

=f Yiudx —/ (—woyu +udyw)do.
W\B,(0) QN9 B.(0)

Using the limits and estimates (6-13), (6-14) and (6-15), and that ¢ vanishes around 0, we get

0=/ yidx+o(e" (e Wem ) el ema-)y) =/ Vidx+o(l), ase— 0.
W\ B¢ (0) WAB(0)

Therefore, we have [, Yii dx =0 for all € C2°(W). Since i € L? is smooth outside 0, we then get
that z = 0, and therefore u = nu + v. In particular, u € DI*Z(Q)M,O is a distributional positive solution to

y +0(x[")
——u

—Au
|x|?

=0

on W. It then follows from Theorem 4.1 that there exists K > 0 such that u(x) ~,_.0 Kd(x, ) /|x|*- .

This proves Lemma 6.3. O
Combining Lemma 6.3 with (6-12) completes the proof of Theorem 6.1. U
As a consequence of Theorem 6.1, we improve Lemma 4.2 as follows.

Proposition 6.4. Letu € C 2(@ \ {0}) be a nonnegative function such that

14 .
—Au——u=0 inR",

|x|? i (6-16)
u=~0 on BRi.

Then there exist A_, A > 0 such that
u(x) = A_xilx |7 £ aix x| 70 forall x e R

Proof. Without loss of generality, we assume that u s~ 0, so that u > 0. We consider the Kelvin transform
of u defined by @i(x) := |x|>"u(x/|x|?) for all x € R”.. Both u and & are then nonnegative solutions
of (6-16). It follows from Theorem 6.1 that, after performing back the Kelvin transform, there exist
ap, a2 € {a4(y), a—(y)} such that

u(x) u(x)

i =/ >0 and lim
x—0 X1]x| ™% lx|—>o00 x1|x]| %2

=lz>0.
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If oy < ap, then u(x) < Cxy|x|™* for all x € R"}. The result then follows from Lemma 4.2. If a1 > ap,
then o) = a4 (y) and oo = —_(y). We define

i(x) == u(x) —lx x| 7% forall x € R".

to obtain that —Aii — iy /|x|* =0 in R",
as in the proof of Lemma 6.3, we get that & € D?(R")joc 0 and i@(x) = O (x;|x|7*-?)) as x — 0.

Moreover, we have that i(x) = (I + o(1))x;|x|7* ) as |x| — +o0; therefore ii(x) > 0 for |x| > I.

u=0onoR},and u(x) = o(x1|x|7%®)) as x — 0. Arguing

Since i € Dl’z([R{{L)loc,o, the comparison principle then yields # > 0 everywhere. We also have that
d(x) < Cxylx|~% W) forall x € R’} . It then follows from Lemma 4.2 that there exists A_ > 0 such that
a(x) = A_xi|x|7% ) for all x € R, from which Proposition 6.4 follows. O

7. The Hardy singular boundary mass of a domain 2 when 0 € 922

We shall proceed in the following theorem to define the mass of a smooth bounded domain €2 of R” such
as 0 € 9Q2. It will involve the expansion of positive singular solutions of the Dirichlet boundary problem
L,u=0.

Theorem 7.1. Let Q2 be a smooth bounded domain 2 of R" such as 0 € 02, and assume that %(n2 -1 <
¥ <vu (). Then, up to multiplication by a positive constant, there exists a unique function H € C*(\{0})
such that

AH-Y-H=0 e,

|x|?
H=>0 inQ, (7-1)
H=0 on 32\ {0}.

Moreover, there exists c; > 0 and ¢y € R such that
d(x,0Q) d(x,09) <d(x,8$2)

|x|a+(y) 2 |x|a7(y) |x|a7(y)

H((x) =c ) as x — 0. (7-2)

The quantity m,, (2) := c3/c| € R, which is independent of the choice of H satisfying (7-1), will be called
the Hardy b-mass of 2 associated to L,,.

Proof. First, we start by constructing a singular solution H for (7-1). For that, consider uy_ ;) as in
(4-14) and let n € C°(R") be such that n(x) =1 for x € Bs/>(0) and n(x) =0 for x € R" \ Bs(0). Set

14 .=
f==AMug, o)) — W(er(y)) in 2\ {0}.
It follows from (4-19) and (4-5) that f is smooth outside 0 and that
fx)=0(dx, 3Q)|x|7 ") = 0(x|~*")) in QN Bs)»(0).

Since y > ;(n* — 1), we have that a4 (y) < 3(n + 1), and therefore f € L2"/"+2(Q) = (L*(Q))' C
(D'2()). It then follows from the coercivity assumption y < yg(€2) that there exists v € DL2(Q)

such that
—Av—Lv=F in(D2Q).
|x|?
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Let vy, vo € DV2(Q) be such that

—Av—Lv=f and —Av—Lwm=f  in(DVAQ). (7-3)
|x|? |x|2

In particular, v = v — v, and vy, v, € C1(Q\ {0}), and they vanish on 92\ {0}.

Assume that f #£ 0. Since f} > 0, the comparison principle yields vy > 0 on 2\ {0} and d,v; <0 on
902\ {0}. Therefore, for any § > 0 small enough, there exists C(§) > 0 such that v{(x) > C(§)d(x, 9R2)
for all x € dBs(0) N 2. Let uy_(y),— be the subsolution defined in (4-4). It follows from the asymptotic
(4-5) that there exists C'(8§) > 0 such that vy > C'(8)uq_(y),— in 3Bs(0) N Q. Since this inequality also
holds on d(Bs(0) N 2) and

(—A _ #)(v] —COta_)0) =0 in BO)NE,
X

coercivity and the maximum principle yield vi > C'(8)uq_(y),— in Bs(0) N K. It then follows from (4-5)
that there exists ¢ > 0 such that

vi(x) >c-d(x, 0Q)|x|7* " in Bs(0) N 2.

Therefore, we have for x € Bs(0) N €2,

fr(x) <Cd(x, 3Q)|x|_°‘+(7)_1 < £|x|<¥—(y)—a+()/)—1vl(x) < £|x|a—(y)—0£+(7/)+1 U|1(|);)
c c X

Therefore, (7-3) yields

Y+ 0(|x|°‘*(7)7“+(}’)+1)

—Av; + BE

v1 =0 1in Bs(0)NQ.

Since y > %(n2 — 1), we have that «_(y) — a4 (y) +1 > 0. Since v; € D'2(Q), v; >0 and v, #0, it
follows from Theorem 4.1 that there exists K; > 0 such that

d(x,dS2) (d(x,aﬁ)

|_x|0[—(y) |x|017(1/)

v1(x) = Ky ) asx — 0. (7-4)

If f+ =0, then v; =0 and (7-4) holds with K| = 0. Arguing similarly for f_, and using that v = v; — vy,
we then get that there exists K € R such that

d(x,09) d(x, 092)
v(x) =—K ) ( ) > as x — 0. (7-5)
Set
Ho(x) :=n(xX)uq, )(x) —v(x) forall x € Q\ {0}. (7-6)

It follows from the definition of v and the regularity outside O that

_AHO_#HFO inQ,  Ho(x)=0 inaf\ {0}
X
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Moreover, the asymptotics (4-5) and (7-5) yield Hy(x) > 0 on N By (0) for some §’ > 0 small enough.
It follows from the comparison principle that Hy > 0 in 2.

We now perform an expansion of Hy. First note that from the definition (4-14) of u,_ (,), the asymptotic
(7-5) of v and the fact that a4 (y) —a—(y) < 1, we have

o _d(x,09) 140 Kd(x,BQ) d(x,09Q)\ d(x,09) d(x,0%) d(x,08)
0= ary IHOUDITE 055 =) ) T Jxfe® =) x|
as x — 0. In particular, since in addition Hy > 0 in €2, there exists ¢ > 1 such that
1d(x,09) d(x,0%)
Z W < H()(X) < CW for all x € 2. (7-7)

Finally, we establish the uniqueness. For that, we let H € C 2(Q\ {0}) be as in (7-1) and set
Ao :=max{A >0: H > AHpy}.

The number A is clearly defined, and so we set H:=H- MoHp > 0. Assume that H % 0. Since
—AH— y|x|*2f1v = 0, it follows from Theorem 6.1 that there exists & € {a+(y), —(y)} and K > 0
such that
d(x,09)
H(x) ~ys0 K———. (7-8)
x|

If ¢ =a_(y), then H € D"2(Q) is a variational solution to —AH — ﬁ)//|x|2 =0 1in Q. The coercivity
then yields that H=0, contradicting the initial hypothesis.

Therefore o« = o4 (y). Since H > 0 vanishes on 99 \ {0}, we have that for any § > 0, there exists
¢(8) > 0 such that

H(x) > c(8)d(x,d2) forx eQ \ Bs(0). (7-9)

Therefore, (7-8), (7-9) and (7-7) yield the existence of ¢ > 0 such that H > cHy, and then H > (Ag+c) Hp,
contradicting the definition of Ag. It follows that H= 0, which means that H = Ao H, for some Ay > 0.
This proves uniqueness and completes the proof of Theorem 7.1. U

Now we establish the monotonicity of the mass with respect to set inclusion.

Proposition 7.2. The mass m,, is a strictly increasing set-function in the following sense: Assume 2, 2
are two smooth bounded domains such that 0 € 92| N Iy, and }L(n2 — 1) <y <min{yg (1), yu (22)}.
Then

QICQ = m(Q)<m, (). (7-10)
Moreover, if 2 C R} and %(n2 —<y< Alfnz, then m,, (2) < 0.
Proof. Tt follows from the definition of the mass that for i = 1, 2, there exists H; € C2(2; \ {0}) such that

—AHI'—LH,'=O in Q,‘,
|x|?
Hl' >0 in Q,’, (7'11)

H[=0 on 89,‘,
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with
H _d(x, 082;) o d(x, 9€2;) d(x,082;) 712
i) = x|+ () +my ($) |x |- ) |x |- ) (7-12)
asx — 0, x € ;. Set h := Hy — Hy on ;. Since 1 C 2, we have that
—Ah—Lh=0 ingq,
x| (7-13)

h>0,h#0 on 9L2;.

First, we claim that 2 € H'2(,). Indeed, it follows from the construction of the singular function in
(7-6) that there exists w € H"2(Q;) such that
_d(x,0Q) —d(x,0)
- |x @+ ()

h(x) +w(x) forall x € Q. (7-14)

Since 21 C £2; and 0 is on the boundary of both domains, the tangent spaces at 0 of €21 and €2, are equal,
and one gets that d (x, 921) —d(x, 0€2p) = O(|x]?) as x — 0. Since ay(y)—a—_(y) <1, we then get that

_d(x,08) —d(x, 082)

) =0(x|""* ") asx— 0.
X |4+

fz(x) :

Similarly, [Vi(x)| = O(Jx|~%- %)) as x — 0. Therefore, we deduce that 7 € H"2(2}). It then follows
from (7-14) that h € H"2(Q1).

To prove the monotonicity, note first that since y < yy(2;) and h € H L2(Q)), it follows from
(7-13) and the comparison principle that # > 0 in €2 (indeed, this is obtained by multiplying (7-13) by
h_ e D%(Q) and integrating; therefore, coercivity yields 2_ = 0). Since h # 0, it follows from Hopf’s
maximum principle that for any § > 0 small, there exists C(5) > 0 such that 2(x) > C(8)d(x, 982) for
all x € 9Bs(0) N €21. We define the subsolution u,_(,),— as in Proposition 4.3. It then follows from the
inequality above and the asymptotics in (4-5) that there exists €g > 0 such that 2(x) > 2epuq_(y),—(x)
for all x € 9Bs(0) N ;. This inequality also holds on Bs(0) N 92 since uy_(y),— vanishes on 9€2;. It
then follows from the maximum principle that 2(x) > 2€puq_(y),—(x) for all x € B5(0) N 2. With the
definition of & and the asymptotic (4-5), we then have that for §' > 0 small enough

d(x s 092 1)

Hy(x) — Hi(x) > EOW—_(V)

for all x € By (0) N Q2. (7-15)

We let ¥ be the inner unit normal vector of 3€2; at 0. This is also the inner unit normal vector of 32, at 0.
Therefore, for any ¢ > 0 small enough, we have that d(tv, 9$2;) =t for i = 1, 2. It then follows from the
expressions (7-12) and (7-15) that

t t t
(my, (22) _my(Ql))ta,(y) -I-o(ta(y)) > GOW ast | 0.

We then get that m,, (22) —m,, (21) > €o, and therefore m,, (£22) > m,, (£21). This proves (7-10) and ends
the first part of Proposition 7.2.

The proof of the second part is similar. Indeed, we take €2 := R’} and we define H>(x) := x;/ x|+ (),
Arguing as above, we get that 0 > m,, (€2), which completes the proof of Proposition 7.2. ]
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Note that we have used above that the mass m,, (R'} ) is 0 even though we had only defined the mass
for bounded sets. In the rest of the section, we shall extend the notion of mass to certain unbounded sets
that include R’ . For that, we shall use the Kelvin transformation, defined as follows: for any xo € R”", let

. b X —
ixo(x) 1= x0 + [x0]

ﬁ for all x € R"\ {xo}. (7-16)
X — X0

The inversion iy, is clearly the identity map on 0 B|y,|(xo) (the ball of center xo and of radius |xp|), and in
particular i,,(0) = 0.

Definition 7.3. We say that a domain Q C R”" (0 € dQ) is conformally bounded if there exists xo & Q2
such that i,,(€2) is a smooth bounded domain of R" having both 0 and xo on its boundary 9 (i, (£2)).

One can easily check that R} is a smooth domain at infinity. For instance, take xo:=(—1,0, ..., 0). The
following proposition shows that the notion of mass extends to unbounded domains that are conformally
bounded.

Proposition 7.4. Let Q2 be a conformally bounded domain in R" such that 0 € 0K2. Assume that yg (Q2) >
A—Il(n2 — 1) and thaty € (%(n2 — 1), )/H(Q)). Then, up to a multiplicative constant, there exists a unique
function H € C*(Q\ {0}) such that

14

—AH—-———H=0 in<Q,
|x|?
H=>0 in 2, (7-17)
H=0 on 32\ {0},
H(x) <Clx|'"+®)  forx e Q.
Moveover, there exists c1 > 0 and ¢, € R such that
d(x,09) d(x,0) d(x,09Q)
H(x)=c ) as x — 0.
|x|01+(}/) |x|017()/) |x|a7(7)
We define the mass b, (2) := ¢y /c1, which is independent of the choice of H in (7-17).
Proof. For convenience, up to a rotation and a dilation, we can assume that xo := (—1,0,...,0) € R" so

that the inversion becomes

X0

. X
i(x):=x0+ 2

— for all x € R™\ {xo}.
|x —xo
For any u € C*(U), with U C R", we define its Kelvin transform i : U—>R by
G(x) = |x —xol* Mu(i(x)) forallx e U :=i " "(U\ {xo0}).

This transform leaves the Laplacian invariant in the following sense:

—Al(x) = |x — x0| "2 (= Au)(i(x)) forall x e U. (7-18)
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Define Q := i(€2) and suppose u € C%(Q\ {0}) is such that

Au—Lu=0 imne,
|x|?

u>0 in 2,
u=20 on 9%2.

The Kelvin transform u of u then satisfies

—Aii—Vi=0 in%Q,
where

Vix):= for x € R"\ {0, xo}. (7-19)

_r
|x|%|x — xol?
It is easy to check that

_ 7+ 0(x)

x|

_ v+ 0(x —xol)
B |x — xo/?

V(x) x—0 and V(x) as x — xg.

In other words, the Kelvin transform allows us to reduce the study of the Hardy-singular boundary mass of a
conformally bounded domain €2 into defining a notion of mass for the Schrédinger operator —A +V on Q.

Note that the coercivity of —A — y|x|~% on  (since y < yg(2)) yields the coercivity of —A — V
on S~2; that is, there exists co > 0 such that

/~(qu|2 — V@) u)dx > CO/N |Vul?>dx forall u € D3(Q).
Q Q

Arguing as is Section 4, we get for § > 0 small enough, a function u,, satisfying

(—A = Vg, = 0(d(x, Q) |x|7+P=1) in QN B;,

Ug, >0 in QN B;,
e, =0 on 92\ {0},
and N
d(x,09)
Uy, (x) = W(l +0(x]) asx— 0.
The function f := —Auy, — Vu,, then satisfies for all x € Qn §5,

| fo(x)] < Cd(x, 32 |x| "+ ~1 < C|x |7+,

where C is a positive constant. Since y > %(n2 — 1), it follows that fj € L/ (”+2)(§). Let now
vo € DV2(Q) be such that

—Avg—Vuvy= fy weakly in D"3(S). (7-20)

The existence follows from the coercivity of —A—V on €, and the proof of Theorem 7.1 yields that |vy(x)|
is bounded by |x|'~% ) around 0. Note that around x(, we have —Avy — Vvg = 0 and the regularity
theorem, Theorem 5.1, yields a control by |x — xo|' =% ), which means that there exists C > 0 such that

lvo(x)| < Cd(x, 32 (Jx| 7P +|x — xo| 7)) forall x € Q.
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The construction of the mass, Theorem 7.1, and the regularity theorem, Theorem 5.1, then yield that
there exists Ky € R such that

vo(x) = K|

d(x, %) +O(d(x,39))' (7-21)

07 xje- |x |-

Define now ﬁo(x) = Ug, (y)(X) —vo(x) forall x € 9 \ {0, xo}, and consider its Kelvin transform
Ho(x) := |x = x| Ho(i (x)) = |x = %0/ " (ter, ) =) ( (), x € Q. (7-22)

It follows from (7-18) and the definitions of u,_ () and vy that Hy satisfies the properties

—AHy— Y- Hy,=0 inQ,
|lx |2
Hy>0 in Q, (7-23)

Hy=0 in aQ2\ {0).

Concerning the pointwise behavior, we have that

d(x,0Q) d(x,0Q) d(x,0)
Hy(x) = — Ko _— asx —> 0, x € 2, (7-24)
x|+ |x |- |-
and
Hy(x) < C|x|1*"l+ forall x € Q, |x| > 1. (7-25)

This proves the existence part in Proposition 7.4. In order to show uniqueness, we let H € C 2(S_E \ {0}) be
as in Proposition 7.4, and consider its Kelvin transform H (x):=|x—xo|* "H(i(x)) forall x € & \ {0, xo}.
The transformation law (7-18) yields

“AH-VH=0 in%,
H>0 in Q, (7-26)
H=0 in 92\ {0, xo}.

Moreover, we have that H(x) < Clx|'"*®) 4+ C|x — x0|'"*®) for all x € Q. It then follows from
Theorem 6.1 that there exist Cy, C> > 0 such that

d(x,d)

d(x,d%)
|x — xp[*-()’

e and  H(x) ~y_y, Ca

H(x) ~10 Ci (7-27)
where @ € {a_(y), a4+ (y)}. We claim that « = o1 (y). Indeed, otherwise, we would have He DI’Z(SNZ)
(see Theorem 6.1) and then (7-26) and coercivity would yield H =0, which is a contradiction. Therefore
o = a4 (y). By the same reasoning, the estimates (7-27) hold for ﬁo (with different constants Cy, C»).
Arguing as in the proof of Theorem 7.1, we get that there exists A > 0 such that H = )H,, and therefore

H = AHy. This proves uniqueness and completes the proof of Proposition 7.4. O

Note that as a consequence of (7-24), the mass m,, (€2) is well-defined and is equal to — K.
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8. Test functions and the existence of extremals
Let 2 be a domain of R” such that 0 € Q2. For y € R and s € [0, 2), recall that
Hya(@i= b G, (8-1)

ueD2(Q\{0
where

_ Jo(Vul —uPy/1x?) dx
(Jo lul? /Il dx)™*

Note that critical points u € DY2(Q) of J}ffs are weak solutions to the PDE

Q .
Jy’s(u) :

22
14 lu|= ~“u

— W = T for some A € R, (8-2)
X X

which can be rescaled to be equal to 1 if A > 0 and to be —1 if A < 0. In this section, we investigate the
existence of minimizers for J},S?S. We start with the following easy case, where we do not have extremals.

Proposition 8.1. Ler Q C R” be a smooth domain such that 0 € 02 (no boundedness is assumed). When
s =0and y <0, we have that j1,, 0(2) =1/K (n, 2)2 (where 1/K (n, 2)2 = 10,0(R") is the best constant
in the Sobolev inequality (1-19)) and there is no extremal.

Proof. Note that 2*(s) = 2*(0) = 2* Since y <0, we have for any u € C2°(2) \ {0},
Jo(Vul* —u?y /1x[*) dx . Jo IVul*dx . 1
(Jo lu dx)* 7 ([ ul? dx)™* ~ K0, 2%

and therefore u, 0(2) > 1/K (n, 2)2. Fix now xp € Q and let n € C2°(£2) be such that n(x) = 1 around xo.
Set

(8-3)

€ (n=2)/2
ue(x) :=n(x) (m)

for all x € Q2 and € > 0. Since x( # 0, it is classical (see, for example, [Aubin 1976]) that lim_, o Jé?o(ue) =
1/K (n, 2)% Tt follows that 1, o(Q2) < 1/K (n, 2)% This proves that i, 0(2) = 1/K (n, 2)

Assume now that there exists an extremal ug for 1, o(£2) in D'2(Q) \ {0}. It then follows from
(8-3) that ug € D"2(Q) ¢ D"2(R") is an extremal for the classical Sobolev inequality on R". But these
extremals are known (see [Aubin 1976]) and their support is the whole of R", which is a contradiction
since uo has bounded support in 2. It follows that there is no extremal for 1, o(£2). ([

The remainder of the section is devoted to the proof of the following.

Theorem 8.2. Let Q2 be a smooth bounded domain in R" (n > 3) such that 0 € 0Q2 and let 0 < s < 2 and
y < zltnz. Assume that either s > 0, or that {s =0, n >4 and y > 0}. There are then extremals for 1, ;(£2)
under one of the following two conditions:

(1) y< %(n2 — 1) and the mean curvature of 02 at 0 is negative.

2) y > Alf(n2 — 1) and the mass m,, (2) of Q2 is positive.
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Moreover, if y < yu(2) (resp., v = yu(R2)), then such extremals are positive solutions for (8-2) with
A >0 (resp., A <0).
The remaining case n =3, s =0 and y > 0 will be dealt with in Section 10.

According to Theorem 3.6, in order to establish existence of extremals, it suffices to show that
My,s(82) < uy s(RY). The rest of the section consists in showing that the above-mentioned geometric
conditions lead to such a gap. The existence of extremals on R’} as described in Proposition 1.3 is essential
here.

In the sequel, hq(0) will denote the mean curvature of <2 at 0. The orientation is chosen such that the
mean curvature of the canonical sphere (as the boundary of the ball) is positive. Since {s > 0}, or {s =0,
n>4and y > 0}, it follows from Proposition 1.3 that there are extremals for w, (R’ ). The following
proposition combined with Theorem 3.6 clearly yield the claims in Theorem 8.2.

Proposition 8.3. We fix y < in% Assume that there are extremals for |1, s(R',). There exist then two
Jamilies (Mi)e>0 and (uf)e>o in DV2(Q), and two positive constants c)l,’s and c]z/’s such that:

(1) Fory < JT(nz — 1), we have that
Tl) =y (R (1+c), ha0) - e+o(e) whene— 0. (8-4)
(2) Fory = %(n2 — 1), we have that
J(u;)::uyJ(Ri)(14-c;s-hQ(O)-ehlé-+o(ehlé)> when € — 0. (8-5)
(3) Fory > %(n2 — 1), we have as € — 0, that
J(uz) = My,s(Ri)(l — C;Z/,s -my, (Q) - e+ W)—a-() + 0(60‘*(7/)_“’(}/))). (8-6)

Remark. When y < JT(nz — 1), this result is due to Chern and Lin [2010]. Actually, they stated the result
for y < Alf(n —2)2, but their proof works for y < ‘l‘(n2 — 1). However, when y > Alf(n2 — 1), we need the
exact asymptotic profile of U that was described by Corollary 5.3.

Proof. By assumption, there exists U € Dl’z(Ri) \ {0}, U >0, that is a minimizer for u, s(R’.). In other

words,
S AVUP = Uy /1x]?) dx

= R”l .
TR
+

Therefore, there exists A > 0 such that

Rn
Jys (U) =

21
—AU-Lu=2"—— nm,
|x|2 |x|s 8.7
U=>0 in R", (8-7)
U = 0 in aRﬁ_,
and there exist K, K> > 0 such that
X1 X1
Ux)~ys0Ki—— and U(x) ~x|—>+o00 K (8-3)

, L
x| |x e
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where here and in the sequel, we write for convenience
ar:=ay(y) and o_:=a_(y).

In particular, it follows from Lemma 5.2 (after reducing all limits to happen at O via the Kelvin transform)
that there exists C > 0 such that

U(x) <Cxi|x|™™ and |[VU(x)| <C|x|™* forall x e R]. (8-9)

We shall now construct a suitable test function for each range of y. First note that

y <}1(n2—1) = ap—a_>1,

y=1*-1) < oa;—a_ =1
Concerning terminology, here and in the sequel, we define as in (4-6)

B, :=(—r,r) x Br(”*l)(O) CRxR"!
for all » > 0 and

Vi=VNRL

for all V C R". Since Q2 is smooth, up to a rotation, there exist § > 0 and ¢y : B(g"*l)(O) — R such that
%0(0) = |Vgo(0)| =0 and _
¢ : B3s > R",
) . (8-10)
(x1,x7) > (x1 +@o(x), x7),
that realizes a diffeomorphism onto its image and such that
@(BisNRY) = p(B3s) N2 and  ¢(B3; NIRL) = ¢(B3s) N 3.
Let n € C°(R") be such that n(x) =1 for all x € Eg and n(x) =0 for all x ¢ §23.
Case 1: ¥y < }‘(n2 — 1). As in [Chern and Lin 2010], for any € > 0, we define
ue(x) = (ne_("_z)/zU(e_lx)) o go_l(x) for x € ga(gz,;) N € and O elsewhere.
This case is devoted to giving a Taylor expansion of J)ffs (ue) as € — 0. In the sequel, we adopt the

following notation: given (ac)e=o € R, let ©,, (ac) denote a quantity such that, as € — 0,

oar) ify <im?-1),
0= {00 LA
O(ac) ify=3(m"—1).
A. Estimate of [o, |Vue|*dx. It follows from (8-9) that
IVue(x)| < Ce* 2 x|7% forall x € Q and € > 0. (8-11)

Therefore, [Vuc|>dx = 0, (¢) as € — 0. It follows that
@ ) 14

((B3s\Bs)NR,

/ |Vu€|2 dx =ﬁ [V (u, ogo)lé,EuCllJac pldx+0,(e) ase—0,
Q Bs,+
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where §5,+ = §5 MR’ . The definition (8-10) of ¢ yields Jac ¢ = 1. Moreover, for any 6 € (0, 1), we
have as x — 0,

1 %o ) 146
*Eucl := J =Id+ H + O(|x|'™),
¢ (aifpo 8ij+0i90 990 (1)

0 3'@0)
H:= J )
(3i<ﬂo 0

/|Vue|2dx=/~ |V(ueo<p)|]§uddx—/~ HY 3; (ue 0 9)d; (e 0 9) dx
Q Bs + Bs +

where

It follows that

+0</~ x|V (ue o<p)|2dx) +0,() ase—0. (812)
Bs +
We have that

H' 9; (ueop)d; (ucop) dx

Bs +

=23 | HY 01 (eop)d(ucop)dx =2 | 00 (x )21 (ucop)d; (ueop) dx

i>2 BS.+ i>2 Bé,+
:22 5 a,-,-goo(o)(x’)f'al(ueogo)a,-(ueogp)dero(/~ |x|2|V(u60(p)|2dx> ase—0. (8-13)
i,j>2" Bot Bs +

We let II be the second fundamental form at O of the oriented boundary 9€2. By definition, for any
X, Y e Tp0L2, we have that

(X, Y) := (dVo(X), Y)Eudl,

where v : Q2 — R" is the outer unit normal vector of 3. In particular, we have that v(0) = (-1, 0, -, 0).
For any i, j > 2, we have that

11 := (39 (0), 3;¢(0)) = (3 (¥ 0 9)(0), 3j9(0)) = —((0), 3;;9(0)) = 3;90(0).

Plugging (8-13) in (8-12), and using a change of variables, we get that

/|Vu€|2dx:/; IVU|? dx —211;; Zﬁ (") U U dx
Q B B

15+ i,j=2" Pl +

+0<f~ 1|10V (ue o<p)|2dx) +0,() ase—>0. (8-14)
Bs,+

We now choose 6 in the following way:
(i) If y < (> — 1), then take 0 in (0, oty —ar— —1).
(i) If y = 1(n*> — 1), take 6 € (0, 1).



HARDY-SINGULAR BOUNDARY MASS AND SOBOLEV-CRITICAL VARIATIONAL PROBLEMS 1061

In both cases, we get by using (8-11), that
/~ X" V(e 0p)|*dx = O, () ase— 0. (8-15)
Bs +
Moreover, using (8-9), we have that

/N IVUPPdx= | |VU|*dx+0©,(e) ase— 0. (8-16)
B R™

5*15,+

Plugging together (8-14)—(8-16) yields

/IVuelzdx—/ VU dx — 211 Z/ () 0,Ud;U dx + O, (e). (8-17)
Q

i,j>2 —ls+

B. Estimate for fQ |u€|2*(s)/|x|s dx. Fix o € [0, 2]. We will apply the estimates below to o0 = s € [0, 2)
or to o := 2. The first estimate in (8-9) yields

lue(x)] < Ce®"2d (x, 9Q) x| 7%+ < Ce+ /2| x| = (8-18)

for all € > 0 and all x € Q2. Since Jac ¢ = 1, this estimate then yields

2* (a) 2%(0)
|uel / |uel dx + 0, ()
x| (B X1
2*(0)
=f lueo?l” 7 4t 0,6) ase—o. (8-19)
By leM)]°

Ify <t@m?—1Dorify=1®n>—1)and o <2, we choose 6 € (0, (ag —a—)2*(0)/2—1) N (0, 1). If
= }f(n2 —1) and o =2, we choose any 6 € (0, 1). Using the expression of ¢(x1, x"), a Taylor expansion
yields

s _ g X1 ; ;
()77 = |x] “(1 ~ 3P D po0) () (x) + 0<|x|1+9>> as € — 0. (8-20)
i,j>2
The choice of 9 yields
2*(0)
lueo @™ 77\ 1140 41 — @) ase 0. (8-21)
By, ()7 ’

Putting together (8-19)—(8-21), using a change of variable and (8-9), we get as ¢ — 0O that

2% (o) 2*(0) 2*(0)

u U U X . .

Juc] dx:fn Y] dx — — Zell,f Yl ﬁ(x/)’(x/)]dx—l—@y(e). (8-22)
+ —ls

o Ix[° |x]® |x]®

i,j>2 +

We now compute the terms in U by using its symmetry property established in [Chern and Lin 2010].
Indeed, there exists U : (0, +00) x R such that U (x1, x") = U (x1, |x’]) for all (x1, x) € R’ . Therefore,
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for any i, j > 2, we get that

U@ 5 U@
/ UPD 5 an= / U 51y
B x| —-1J3

x| ST

e=1s,+

and that

N 8ij ’
x" 0U o;U dx = UK, VU)dx,
B n—1Jz

€_|6,+ 6_15,+

where x = (x1, x') € R’} . Therefore, the identities (8-17) and (8-22) can be rewritten as

2ha(0
/|Vue|2dx=/ IVU|? dx — Q(l)e U, VU)dx + O, (¢) (8-23)
Q Ry n- B,
and
Ue 2'(0) Uz*(g) O'h O U 2'(0) X
IIU _flladx_ 2(0) [ IIU 12 Rdx+ 6, (8-24)
|x] no x| 20—=1) Jg_,,, IxI7 Ix|

as € — 0, where hq(0) = Zi II;; is the mean curvature at 0.

C. An intermediate identity. We now claim that as € — 0,

ﬁ UK, VU)dx
B

5718.-%—
" 24(s) 2 "o 2
U U U
=/ x| );1 (A s ‘H/_z) dx—/ de+@y(1), (8-25)
B 2|x| 2%(s) |xIs x| oRINE ., 4

e=1s,+

where A > 0 is as in (8-7). This was shown by Chern and Lin [2010], and we include it for the sake of
completeness. Here and in the sequel, v; denotes the i-th coordinate of the direct outward normal vector
on the boundary of the relevant domain (for instance, on dR" , we have that v; = —§;;). We write

/~ U (X, VU)dx_Z/ 01U (x") 8;U dx
B, B

-5+ j=2" Pels+
1P
=>"|  aUy ;U dx
Jj=2 B-154 2
| /|2 | /|2
=Z/ B 01U ——8;Uv,do— Z/ —19;,(0,Ud;U)dx
j>27 Be-154) =2 Pelo
712
:Z/ 81U| Xl dj Uvjdo—i-O(/ |x/|2|vU|2(x)do)
j>2 3R10§€,|5 2 Rnﬂi)Ee,lB

72
—Z/ 'xl Bl (0,U8U+8U 0;U)dx. (8-26)
j=27 Pelo
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Since U (0, x") =0 for all x’ € R"~!, using the upper—bound (8-9) and writing V' = (9s, ..., 9,), we get that

UK, VU)dx = —
fgg WU (', VU) dx Z/

15+ j=>2 -5+

U 8;U + 81U 9;;U) dx +©,(1)

_ x'|? 2 x'|?
_— T AVUPdx+ | U (=AU +31,U) dx + O, (1)
B€718,+ B67

X! 2 VU 2 x/2
=—f~ MWM/N M U (- AU dx
aB 15 ) B

4 6713,1’ 2
o,
Be_

(|x/|2(alU)2
| —
Using again that U vanishes on dR’, and the bound (8-9), we get as € — 0,

s+

7 ) dx+0,(1). (8-27)

s+

/~ nU (', VU)dx
B

5718,+
72 712 2
U
=f~ x| - . f ) ledx—kO(/N Ix/|2|VU|2a’x)+®y(1)
Be’lé,#» 2 aRnerBe’IB 4 a(B6718)0R1
72 2
U
:f x] 81U(—AU)dx—f OO 4 to, ). (8-28)
§5*16,+ 2 IR QE 1s 4
Now use equation (8-7) to get that
712 712 2*(s)—1
U U
/ Wl alU(—AU)dx:/ o (s +y—)dx. (8-29)
B, 2 B |x[$ |x|?
=15+ e—ls,+

Integrating by parts, using that U vanishes on dR’, and the upper-bound (8-9), for o € [0, 2], we get that

2 0)-1 U?©)
f Ix'|?0,U ———— dx =/ |x/|2|x|_“81( )dx
Ee*]zS# |x|U Ee*'éHr 2*(0)
y?©) U2
=f "1 x| 77— dx—/ al<|x’|2|x|—")< - )dx
0B, 2*(0) B, 2*(0)

. I3 X'12X1 o
= 0</ kU@ da) +—— | kel 'H; U@ dx
RLNOB. 1, , 25(s) JB, .y, , Xl

o |x"|2x1
T ook ~ Tolo+2
2o i, W

o UF D dx +0,(1) ase— 0. (8-30)

Putting together (8-28)—(8-30) yields (8-25).
D. Estimate for J§} (uc). Since U € D'"*(R"), it follows from (8-7) that

U?®
WU - XU dx =2 dx. (8-31)
. P » Xl
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This equality, combined with (8-23) and (8-24) gives
Jo(IVuel> —uly/Ix|?) dx
(fg |u€|2'(s)/|x|3 dx)z/z*(S)
S (IVUP = Uy /IxP) dx ( . ho(0)
(Jo 10O/l dx) (n = DA fgu (U /|x]* dx

TS (ue) =

Ce+ ®y(e)), (8-32)

where for all € > 0,

o= _2/ U’ VU)dx—I—V/ ¥ U2 ’ lx/|2x; UF©)
€= ,

S — x [
~ ~ 2 2 ~ 2
B, B, P Il () J5_,,. kP IaP

The identity (8-25) then yields as € — 0,

72 2
U
Ce:f de‘f‘@y(l)-
oRLNB_,, 2

Therefore, (8-32) yields that as € — 0,
ho0) [y, ¥ P@U)? dx’
2(n— 1A fRi U2 /|x|5 dx

TS (ue) = py s (RY) (1 +e +0, (e)). (8-33)

We now distinguish two cases:
(i) y < 3(n* —1). The bound (8-9) then yields x’ — |x'|?[3;U (x)|* is in L'(3R") and so we get from
(8-33) that
T2 ue) = py s (R (14 Co - ho(0) - € +0(€))  as e — 0, (8-34)
with
Sogn |X'12(01U)* dx’
= 2= D [ [UF O apdx
(n—1) fml |2 /]x]s dx

C()Z

(i) y = }L(n2 —1). From (8-8), Lemma 5.2 and the Kelvin transform, we have that

lim  |x/| [8;U(0, x")| = K5 > 0.

|x"| =400
Since 2oy —2 =n — 1, we get that

/ |X/|2(31U)2dx/:a)n_1K221n1+o(ln l)
IR%NB 1, € €

as € — 0. Therefore, (8-33) yields

IS () = MV,S(R’;)(l + Clha(0)e ln% + o(ln é)) as e — 0, (8-35)

where )
/. Wn—1 KZ

Cl = 0
° T 20— D Jy U O/l dx ~

Cases (i) and (ii) prove Proposition 8.3 when y < 4—1‘(n2 —1).
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Case 2: y > 4—1‘(112 —1). In this case, the construction of test functions is more subtle. First, use Theorem 7.1
to obtain H € C2( \ {0}) such that (7-1) holds and

H(x) = d(l))cc,|f+52) my(Q)d(x’ 082) (d(&,lfﬁ)

) when x — 0. (8-36)

|_x|0(,

As above, we fix n € C°(R") such that n(x) =1 for all x € Eg and n(x) =0 for all x ¢ §25. We then
define § such that

H(x)= (77 |xx|l‘+) O(p_l(X) + B(x) forall x € Q.
Here ¢ is as in (4-7)—(4-12). Note that 8 € D'?(Q2) and
d(x, dS2) d(x, d8)
Bx) = my(Q)W +0<W> asx — 0. (8-37)

Indeed, since oy —a— < 1, an essential point underlying all of this case is that
x| =o(x]* %) asx— 0.

We choose U as in (8-7). By multiplying by a constant if necessary, we assume that K, = 1; that is,

X1 X1

Ux) ~x-0 Ky [ and U (X) ~|x|=+o00 e (8-38)
Now define
ue(x) = e " 22U Yo (x) + €@ T)2B(x) forx € Qande > 0. (8-39)
We start by showing that for any £ > 0,
. Ue . ko5
lim =H in C(2)\{0}). (8-40)

e—0 elor—a-)/2

0
loc

the asymptotic behavior (8-38). For convergence in C*, we need in addition that V/(U — x;|x|~%) =
o(Jx|'~®+~1) as x — 400 for all i > 0. This estimate follows from (8-38) and Lemma 5.2.
In the sequel, we adopt the following notation: 6 will denote any quantity such that there exists

Indeed, the convergence in C (Q\{0))isa consequence of the definition of u., the choice K, =1 and

0 : R — R such that lim._,¢ lim._,¢ 65 = 0.

We first claim that for any ¢ > 0, we have that

/ (quel2 — Lzuz) dx
Q\p(B(0)1) |x|

Wy —
= Ea+—ot_ ((Ol+ — I)Cn_2a+ _;nl +my(§2)

~ Do
%)4—956%’_“_. (8-41)

Indeed, it follows from (8-40) that

|Vuel> —uly /|x|?) dx
lim Jonpia IVl — 1 ) = / <|VH|2— v HZ) dx. (8-42)
Q\@(B:(0)4)

e—>0 ed+—a- |x|2
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Since H vanishes on 32\ {0} and satisfies —AH — Hy /|x|> = 0, integrating by parts yields

/ <|VH|2—L2H2> dx:—/ Ho,Hdo
Q\p(B.(0)4) |x| (RN B, (0))

T / Ho@dy,,(Hop)d(p*o), (8-43)
R Nd B, (0)

where in the two last equalities, v(x) is the outer normal vector of B.(0) at x € 9 B.(0).
We now estimate H o d,,, H og. Since ¢,v(x) =x/|x|+ O(|x]) as x — 0, it follows from (8-36) that
2

(A l)xl2

1—n
| |2 +1 +o(jx]"™) asx —0.

Hog a(p*v(H op) = +(n Z)my(Q)

| |n+1

Integrating this expression on B.(0); = R’ N dB.(0) and plugging into (8-43) yields

/ <|VH|2 - LHZ) gy = G DO @il g
Q\p(B.(0)4) |x|? 2n 2n @

where lim._,¢ 6, = 0. Here, we have used that

1 1 _
/ xfdo:—/ x}do = — xdo =27 :=/ do.
§1_1 2 §nfl 2n gn-1 2n gn—1

This equality and (8-42) prove (8-41).

‘We now claim that

ure® —2)w,—
/ Vi =i dxz,\f dx+my(Q)Me“+_“‘+o(e“+_“‘) as € — 0. (8-44)
Q X no|x|® 2n

Indeed, define U, (x) := e~ *2/2y (e~ 'x) for all x € R’} . The definition (8-39) of u can be rewritten as
Ue 0 p(x) = Ue(x) +€@+7428 0 p(x) forall x € R" N Bs.

Fix ¢ € (0, §), which we will eventually let go to 0. Since dgy is an isometry, we get that

/ <|Vue|2_ ;/2 6) dx
0(B.(0)4) |x]
14 2
= |V (tte 0 9)2pue — —— (e 0 @) >|Jac<p|dx
/m( IR o)

- VU, |2, U2)|Jac¢|dx
/W( “lorBu |<>|2

+ 2¢O / ((vue,vwoso))mcl ——
B.(0)+ [% ( )

e /B C(O)+<|v<ﬂo¢>|i*ﬁud " ()|2<ﬂoso>2)|Jac<oldx (8-43)

—U.(uc o <p)> |Jac ¢| dx
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Since ¢*Eucl = Eucl+ 0 (|x]), |¢(x)|=]|x|+ O(|x|*) and B € D'?(R2), we get that

f (qu€ 2 Lzug) dx
0(Be(0)+) |x]
y U?
- / (WUAéud Uz) dx+0( f |x|(|VU Boa+ =5 )dx)
B.(0)+ x| B.(0)+ |x|?

+2e(@r—a)/2 / ((VUG, V(B o 9))Euc — —te(ﬁ ° ‘P)) dx

B.(0)+ x|
U,
+0 <e<“+—“>/2/ x| (|VU€| V(Bo)| + %) dx) +€+7Y-0¢ (8-46)
B:(0)+

as € — 0. The pointwise estimates (8-38) yield

f <|w€| ——2u€>dx—/ (|VU€|123uC1 2U2>dx
(B (0)4) | x| Be(0)+ |x|

+26(°‘+_°“)/2f ((VUG’V(,BO(/’))EUCI 2U (ﬂow)) dx+e* 7 0F
B.(0)1

as € — 0. Integrating by parts yields

|V | — )a’x
/<p(Bc(0)+)( |x |2 e
:/ < AU — 2 )U dx—i—f U, 3,U, do
B.(0); |x|? 8(B.(0)1)

+26(“+°‘)/2(/ ( AU, — VZU)ﬁogodx—i—/ ﬁowavUedo)+e“+“9§
B.(0); |x| 3(B.(0)4)

as € — 0. Since both U and B o ¢ vanish on 0R’} \ {0}, we get that

/ (|Vu5|2—L2u€) dx
9(Bo(0);) x|
:/ ( NI )Uedx—i—/ Ue 3,Uc do
B.(0)4 x| R N9 B.(0)

+2e<“+—“—>/2(/ ( AU, — y2U>ﬁo<pdx+/ Bogd,Ue da>+e°‘+—°‘—9§
B.(0)+ x| RN B, (0)
(8-47)

as € — 0. The asymptotic estimate (8-38) of U and Lemma 5.2 yield (after a Kelvin transform)
0y Ue = —(org — D) 72 [ 747 4 o (e 072 5 7)
as € — 0 uniformly on compact subsets of IRT’f|r \ {0}. We then get that

BowdUe=e "2 (—m, (@) (s — Dxilx| ™" +o(x|'™))
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and

Ue 3,Uc = €*+ 7% (—(oty — Dxglx| 72~ 4 o(jx|'72*%))

as € — 0 uniformly on compact subsets of [RT’_L \ {0}. Plugging these identities into (8-47) and using

equation (8-7) yields, as € — 0,

2*(s)
U Wy—
/ <|Vue 2 %u?) dx = / A— —dx — (a4 — H—— Len—2a goy—a
$(B:(0)1) x| B0y, x| 2n

y2o-1
+ 26(a+_“)/2f A— Bowdx
By  1XF
Wp—1 o —a_ oA —a_ e
—(ay+—1) m,, (e +€ 0.

n

As € — 0, we have that

2%(s5) 2%(s)
/ I dx = / A—— dx + o(e* ).
BC(O)+ R

x|* "
The expansion (8-37) and the change of variable x := €y yield as ¢ — 0,

2 -1

2*(s)—1
/ s Bogpdx = )Lm],(Q)e("l*_o‘*)/2 / 1 dy + 6(0”_“*)/295.
B (0)+

s re Iyl
Integrating by parts, and using the asymptotics (8-38) for U, we have

UZ*(S)—]
,\/ My
I 4 R ]

n
+

UZ*(S)—I
= lim A L dy=lim <—AU—L2U) o
R—+0o Jpooy, VI [y|* R—>+00 Jp,(0), |yl |y|-

W
— lim U(-A-%)( 1 )dy—f U1 do = (s — 1)L,
R—>+00 J Bo(0), |yl [y]*- aBr(O),  |1Y|*~ 2n

Putting together (8-49)—(8-51) gives

U2*(S) _9 B
/ (|vue|2 - #uz) dx = )\,/ dx +mV(Q)M€a+—¢L +0(€(¥+—Ol,)
Q X R

|x|* 2n

1
as € — 0. This finally yields (8-44).
We finally claim that

2%(s) 2*(s) *

u U 2*(s oy — Dowy—

/ € _dx= / dx + ( )my(Q)Me‘“_“* +0(e®* %) ase— 0.
o x| x| A 2n

(8-48)

(8-49)

(8-50)

(8-51)

(8-52)
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Indeed, fix ¢ > 0. Due to estimates (8-37) and (8-38), we have that

u2*(S) MZ*(S)
/ < dx:/ € dx +o(e* %)
o |xI° e(B.(0)4) 1XI°

_ / |Ue + €028 0 ¥ )
B.(0)4 lp(x)|*

|Jac | dx + o(e*+7%")

U (ay—a-)/2 2%(s)
=/ |Ue ¢ Fotl ™ (14 0(xD) dx + o)
B (0)+

|x|*

as € — 0. As one checks, there exists C > 0 such that for all X, Y € R,
X+ YO — X170 =2 ()| X[PO2XY | < CUX PO Y P+ Y [P D). (8-53)

Therefore, using the asymptotics (8-37) and (8-38) of U and 8, we get that

2*(s) 2*(s)
u U
/ |;|S dx:/ |;|s (140 (|x|)) dx
Q Bc(0)+ 2% (s)—1

U
+24 ()€ / o Bop(1+0(|x])) dx+er*)/%;

B, 1XF
2*(s) 2*(s)—1
- f dx+2*(s)e@rme)/2 / S Bopdx+eTI29¢ as e — 0.
B, XI° B, X

Then (8-52) follows from this latest identity, combined with (8-49)—(8-51).
We finally use (8-31), (8-44) and (8-52) to get

(ot = 3n)@n
2*(s)
”)‘/R’jr U /x5 dx

TS (ue) = Jff’ﬁ*(U)(l — m,, (Q2)e™+ - +0(6°‘+_°“)> as e — 0,

which proves (8-6). This completes Proposition 8.3 and therefore Theorem 8.2. ([l

9. Domains with positive mass and an arbitrary geometry at 0

In this section, we construct smooth bounded domains in R” with positive or negative mass, regardless of
the local geometry of d€2 at 0. This is illustrated by the following result.

Theorem 9.1. Let w be a smooth open set of R". Then, there exist ro > 0 and two smooth bounded
domains Q4, Q_ of R" such that

Q4 N By, (0) = Q_ N B, (0) = wN By, (0), (9-1)
min{yy (1), yu(Q-)} > 1(n* — 1), 9-2)
my(24) >0 >m,(Q_), (9-3)

whenever Alf(n2 —1) <y <min{yr(Q4), ya(2-)}.

We shall need the following stability result for the mass under continuous deformations and truncations.
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Proposition 9.2. Let Q C R" be a conformally bounded domain such that O € d2. Assume that yg(2) >
}l(n2 —Dandfixy € (A—It(n2 — 1), )/H(Q)). For any R > 0, let Dg be a smooth domain of R" such that

e Br(xp) C Dr C Bar(xop),

e QN Dg is a smooth domain of R"

Let ® € C*®°(R x R", R") be such that

d, := (¢, - ) is a smooth diffeomorphism of R”,

®,(x) =x forall |x| > § and all t € R,
®,(0)=0forallt € R,
@y = Id.

Set Q; g := ®,;(2) N Dg. Then as t — 0, R — 400, we have that yg (2; r) > %(n2 — 1) and m,, (2, r)
is well defined. In addition,

Hm  my(Q.p) =m,(Q).

t—0, R—>+o0
As a preliminary remark, we claim that if €2 is a conformally bounded domain of R" such that 0 € €2,
then
liminf ypu (2 r) > yu (), (9-4)

t—0,R—00

where €2, g are defined as in Proposition 9.2. Indeed, by definition, yg (£2; r) > yu (£2;) = yu (D, (£2)).
Inequality (9-4) then follows from (3-7) of Lemma 3.2.

We shall use the same approach as in the proof of Proposition 7.4. Assuming xg:=(—1,0,...,0) e R",
and denoting the corresponding Kelvin inversion by i, this transformation allows us to map the operator
—A —y/|x|? on a conformally bounded domain £ into the Schrodinger operator —A + V on the bounded
domain EZ, where V is the potential defined in (7-19).

Set now Q:=i(Q2), ®(r, x):=io®(t, i(x)) for (1, x) e Rx R", and D, := R"\i(D,-1) in R". Observe
that R — 4-00 in Proposition 9.2 is equivalent to » — 0 in here. Note that ® € C®(RxR", R") is such that:

e For any t € (-2, 2), the map 5, = EIVD(I, -) is a C*°-diffeomorphism onto its open image 5,([R{”).

e dp=1Id.

e ®,(0)=0forallt € (-2,2).

. ED,(x) =ux forall r € (—2,2) and all x € Bys(xg) with § < le'
Set ’SVZ, = 5[(52) and note that the sets 5, satisfy the following properties:

* Bya(x0) C D, C B,(xo).

. Ezt,, = flt \ 5, is a smooth domain of R".
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In particular, we have that €2, , =i(£2, ,-1). Letu € CZ(S_Z,’, \ {0}) be such that

“Au—"u=0 inQ,.
|x |2 ’

u>0 in €,
u=0 on 92 ;.

We shall need the following.

Lemma 9.3. Foranyt € (—1, 1), there exists u; € CZ(SEZ, \ {0, xo}) such that

—Aut—Vut =0 ln S’\ét,
l/t[ > 0 ln 5[’
u; =0 on 852,\{(), X0},

u(x) < Clx|"=+® 4 Clx — xo|' @) forx e ﬁt.

Moreover, we have that
d(x, 082;)

e T O(fe|+ 7777

u(x) =

as x — 0, uniformly with respecttot € (—1, 1).

1071

(9-5)

(9-6)

Proof. We construct approximate singular solutions as in Section 4. For all ¢ € (=2, 2), there exists

a chart ¢, that satisfies (4-7)—(4-12) for SNZ,. Without restriction, we assume that lim,_,g ¢; = @g in
Ck (Ezg, R™). We define a cut-off funciion ns such that ns(x) =1 for x € Ea and ns(x) =0 for x ¢ Ezg.

As in (4-14), we define uy, (), € CZ(Q, \ {0}) with compact support in (p,(§25) such that

e, 1 0@ (x1, X) 1= s (xp, X)xy X[ 7% (1 + O, (x))  forall (xy, x) € Bs \ {0},

-7

where ©, (x1, x') := e *1H&)/2 _1 for all x = (x1, x') € Bys and all t € (=2, 2). Here, H,(x') is the mean

curvature of 85, at the point ¢, (0, x"). Note that lim, .,y ®;, = O in ckw). Arguing as in Section 4, we

get that
(=A = Vug, = 0d(x, 32)|x|7*+=1) in Q, N Bs,
ua+,t >O in étﬂgs,
U, 1 =0 on 9, \ {0},
and
d(x, aQ
Ug, 1 (x) = u(l +O(|x|]) asx — 0.

|x|a+(}’)

The construction in Section 4 also yields
lim g, ;0 ®; =uqy, 0 in CH. (8 {O).
t—0
Note also that all these estimates are uniform in ¢ € (—1, 1). In particular, defining

ft = _Aua+,t - V”a+,t,

9-8)

9-9)
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there exists C > 0 such that
| i) < Cd(x, 3Q) x|+ V7! < Clx |7 ) (9-10)

forallr € (—1,1) and all x € ?z, N §5. Therefore, since y > }L(n2 — 1), it follows from (9-8) and this
pointwise control that f; € L/ ("+2)(§,) for all t € (—1, 1) and that

lim ||ft od, — f0||L2n/(n+2)(g~2) =0. (9'11)
t—0
For any r € (—1, 1), we let v, € Dl’2(§~2,) be such that
—Av, — Vv, = f; weakly in D1’2(§~2t).

The existence follows from the coercivity of —A — V on <, which follows itself from the coercivity on
Q = ). We then get from (9-11) and the uniform coercivity on Q, that

limv, o ®, =vo in D"2() and C. (@ {0, xo}).

t—0

It follows from the construction of the mass in Section 7 (see the proof of Theorem 7.1) that around
0, |v;(x)] is bounded by |x|'~% @), Around xo, we know —Awv;, — Vv, = 0 and the regularity theorem,
Theorem 4.1, yields a control by |x — xo|'~*-"). These controls are uniform with respect to ¢t € (—1, 1).
Therefore, there exists C > 0 such that

v ()] < Cd(x, 38 (1x] 7% + |x — x| =)

forallt € (—1,1) and all x € ?2,. Now define u;(x) :=uq, ((x) —v,(x) forall € (=1, 1) and x € 5,.
This function satisfies all the requirements of Lemma 9.3. U

Proof of Proposition 9.2. Let fl,vr = 52, \5,, and note that for r € ((), %8), we have ﬁmﬂBg 0)= QN Bs(0).
We shall define a mass associated to the potential V as in Proposition 7.4 and prove its continuity.
Step 1: The function f; : ﬁt — R defined in (9-9) has compact support in Bys5(0); therefore, it is well
defined also on ﬁt,r. Let v, , € Dl’z(SNZ,,r) be such that

—Av,— Vv, = f; weakly in Dl’z(ﬁt’r). (9-12)

Since the operator —A — V is uniformly coercive on €, it is also uniformly coercive on ?2,, » with respect
to (¢, r), so that the definition of v; , via (9-12) makes sense. The uniform coercivity and (9-9)—(9-10)
yield the existence of C > 0O such that ||v; , Ipr2g,,) =C for all ¢, r. Since xo & 5'2”, (9-9)—(9-10) and

regularity theory yield v, , € C ! (5,,, \ {0}) and for all p > 0, there exists C(p) > 0 independent of ¢
and r such that

e ler @, \8,@UB, (o) = €0 (9-13)
Step 2: There exists C > 0 such that for all r € (—1, 1) and all x € ?2,’,,

[ - (X)] < Cd(x, 32)(1X] 7 + |x — xo| @), (9-14)
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Indeed, around 0, we know SAZ',’ » coincides with Q ¢, and the proof of the control goes as in the construction
of the mass in Section 7 (see the proof of Theorem 7.1). The argument is different around xy. We let
ro > 0 be such that ©; N By, (x0) = 2N By, (xp). Therefore, for r € (0, r9), we have that

Q1.r N Bayy (x0) = (2\ Dy) N Bayy (x0).
Arguing as in the proof of Proposition 4.3, there exists i1, € C 00(5 \ {0}) and 7’ > O such that

Uy >0 in QN By, (x0),

iy =0 in (€2) N By, (x0),

—Aily — Viig_ >0 in N By, (xo).
Moreover, we have that

- d(x, 8?2) ~
Uy (x) = — (1 + O(Jx —xp|)) asx — xg, x € 2. (9-15)
lx — xo|*-
Therefore, since v; , vanishes on By, (x) N 8(5 \ l~)r), it follows from (9-13) and the properties of i,
that there exists C > 0 such that v; , < Cii,_ on the boundary of (5 N 5,) N By, (xp). Since in addition
(A —=V)v, =0 < (—A —V)(Cig_), it follows from the comparison principle that v, , < Cii,_ in
(Q \ 5r) N By, (xp). Arguing similarly with —v; , and using the asymptotic (9-15), we get (9-14).

Step 3: We have 3

Jim 0@ =vo in D" (Q)10c, xg) N Cloe (B {0, x0}). (9-16)
where vy was defined in (7-20), and the convergence in Dl’z(ﬁ)loc,{ xo}c means that lim; 0 nv; ,o®; =nuvg
in D]’Z(?Z) for all n € C*°(R") vanishing around x¢. Indeed, v, , o ®; € Dl’z(?l \ 5,) C Dl’z(ﬁ).
Uniform coercivity yields weak convergence in Dl’z(ﬁ) tov e D1’2(§~2). Passing to the limit, one gets
(—=A —V)v = fy, so that v = vg. Uniqueness then yields convergence in CIIOC(SZZ \ {0, xo}). With a change
of variable, (9-12) yields an elliptic equation for v, . o ®,. Multiplying this equation by n2 ~(vr o Py —vp)
for n € C*°(R") vanishing around x(, one gets convergence of nv; , o ®; to nug in D]’Z(SNZ). This proves
the claim.

It follows from the construction of the mass (see Theorem 7.1) and the regularity theorem, Theorem 4.1,
that there exists Ko € R and for all (¢, ») small, there exists K, , € R such that

d(x, d8,) (d(x, ) d(x,d%) (d(x, Q)

U () = Ker e [~ 05— x|

) and vo(x) =K ) (9-17)

as x € Q goes to 0. Note that around 0, we know SNZ,J coincides with S~2,.

Step 4: We claim that
lim K;, = Kp. (9-18)

t,r—0

We only give a sketch. Noting vy, := v; , o ®;, the proof relies on (9-16) and the fact that
—AgsBuctlyr — Vo by, = fo®, in QN B;(0).

The comparison principle and the definitions (9-17) then yield (9-18).
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Note that
m,y, (2) = —Ko, (9-19)
where the mass of a conformally bounded €2 is defined as in Proposition 7.4.

Step 5: convergence of the mass. We claim that

lim  m, (2 r) =m, (£2). (9-20)

t—0,R—00
We define H; , :=uq, ; — Vs, SO that
_AHZ‘,I‘ - VHI,F = 0 in Qt,r-

It follows from (9-6) and (9-17) that H, » > 0 around 0. From the maximum principle, we deduce that
H, »>0on Q, ~ and that it vanishes on BQ, +\ {0, xo}.

It follows from (9-6) and (9-17) that
d(x, 3%, ) d(x, 8%, (du;aﬁnn)
+o

Hy) =" K, T

e xle-
asx—0, xe ﬁt,r. Coming back to ; g with R = r~! via the inversion i with
2—-n 1y .
H; gr(x) == |x —xo|" " H; (i (x))

for all x € Q; g, we get that

~AH, g~ Y—H, g =0 inQ g,
R |
Ht,R >0 in Qz,R’
HI,R :0 in thR\{O}
and
d(x, 082 d(x, 092 d(x, 082
HI,R(x) _ (x t,R) _ K” (x t,R) +o (x t,R)

||+ %= | [%=

as x — 0, x € Q; r. Therefore, it follows from the definition of the mass (see Theorem 7.1) that
my, (2, r)=—K,, forallt,r, R = r~1. Claim (9-20) then follows from (9-18) and (9-19). O

In order to prove Theorem 9.1, we need to exhibit prototypes of unbounded domains with either
positive or negative mass.

Proposition 9.4. Let Q2 be a domain such that 0 € 0Q2 and Q2 is conformally bounded. Assume that
Y () > 4(n — 1D andfixy € ( n% -1, yH(Q)) Then m,(2) > 0 if R% C Q, and m, (2) < 0 if
QC Ry

Proof. With Hy defined as in (7-22), we set

U(x) := Ho(x) — x1|x|”% forall x € Q.
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We first assume that R C €2. We then have that

—Au-L =0 iR,
|x] (9-21)
W20 in 9R" \ {0},

We claim that

|VU|? dx < +o00. (9-22)
R}
Indeed, at infinity, this is the consequence of the fact that |VU|(x) < C|x|~%* for all x € R} large, this
latest bound being a consequence of (7-25) combined with elliptic regularity theory. At 0, the argument
is different. Indeed, one first notes that d(x, ) = x; + O(|x|?) for x € R’} close to 0, and therefore,
AU(x) = O(|x|'~*-) for x — 0. The control on the gradient |VU|(x) < C|x|~% at O follows from the
construction of Hy. This yields integrability at 0 and proves (9-22).

We claim that U > 0 in R".. Indeed, it follows from (9-21) and (9-22) that U_ € D"*(R"). Multiplying
equation (7-23) by U_, integrating by parts on (Bg(0) \ B.(0)) "R” , and letting ¢ — 0 and R — 400
by using (9-22), one gets U_ = 0, and then U > 0. The result follows from Hopf’s maximum principle.

‘We now claim that

m, () > 0. (9-23)

Indeed, since U > 0 in R}, there exists ¢ > 0 such that U(x) > coxy|x|~*~ for all x € (B1(0)4). It then
follows from (9-22), (9-21) and the comparison principle that WU(x) > cox(|x| ™%~ for all x € B1(0). The
expansion (7-24) then yields — Ky > c¢¢ > 0. This combined with (9-19) proves the claim.

When Q C R}, the argument is similar except that one works on  (and not R} ) and that U < 0 in
a2\ {0}. This ends the proof of Proposition 9.4. U

Proof of Theorem 9.1. Let w be a smooth domain of R” such that 0 € 9€2. Up to a rotation, there exists
¢ € C®°(R" 1) such that ¢(0) =0, Ve(0) =0 and there exists §y > 0 such that

@ N B, (0) = {x1 > p(x) : (x1, x") € Bs,(0)}.
Let n € CZ°(Bj,(0)) be such that n(x) =1 for all x € Bs,,>(0), and define

p(tx’)
t 9y

D, (x) := (xl +n(x) x’) forallt > 0 and x € R",

and ¢ := Idr». It is easy to see that &, satisfies the hypotheses of Proposition 9.2. Moreover, for
0 <t <1, we have that

2N (Byy2(0) = &, (R N By 2(0).
We let 2 be a smooth domain at infinity such that

QNB(0)=R:NB1(0) and yu(Q) > 1(n*—1), (9-24)
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(for example, R”}), and let €2; g be as in Proposition 9.2. It is easy to see that
wNt®(Bs,2(0)) =12 g NP, (Bs,2(0)).
Therefore, for ¢ > 0 small enough, we have that
@ N Bysy/3(0) =182 g N Bysy/3(0).

Moreover, vy (12 r) = yu (2, g) > i(n2 —1)ast— 0and R — +o0; see (9-4). Concerning the mass,
we have

1= Why (194 8) = my (R.8) — my(R) ast— 0, R — +o0.

We now choose 2 appropriately.

To get a negative mass, we choose €2 smooth at infinity such that 2N B;(0) =R’ N B;(0) and 2 C R} .
Then yg(2) = ‘—llnz, (9-24) holds and Proposition 9.4 yields m,, (€2) < 0. With this choice of 2, we take
Q_ :=Q; g for t small and R large.

To get a positive mass, we choose R C Q such that (9-24) holds (this is possible for any value of
v (R2) arbitrarily close to %nz, see point (5) of Proposition 3.1). Then Proposition 9.4 yields m,, (£2) > 0.
With this choice of €2, we take 24 := €, r for ¢ small and R large. This proves Theorem 9.1. U

10. The Hardy singular interior mass and the remaining cases

The remaining situation not covered by Proposition 8.1 and Theorem 8.2is s =0, n=3 and y € (O, %nz).
If y > yn (€2), then Proposition 3.3 and Theorem 3.6 yield 1, 0(€2) <0 < u,, o(R’) and the existence of
extremals is guaranteed. When w,, o(R'} ) does have an extremal U, then Proposition 8.3 and Theorem 3.6
provide sufficient conditions for the existence of extremals. The rest of this section addresses the
remaining case, that is, when y € (0, yg(£2)) and when u, o(R) has no extremal, and therefore
fy.0(R3) = 1/K (3, 2)? according to Proposition 1.3.

We first define the “interior” mass in the spirit of Schoen and Yau [1988].

Proposition 10.1. Let Q C R3 be an open smooth bounded domain such that 0 € 3. Fix xo € Q. If
y € (0, yg (2)), then the equation
AG—LG=0 inQ\ix),

|x|?
G>0 in 2\ {xo0},

G=0 on a2\ {0}

has a solution G € C*( \ {0, xo}) N D%(Q \ {*0D1oc,0 that is unique up to multiplication by a constant.
Moreover, for any x( € 2, there exists a unique R, (xo) € R independent of the choice of G and cg > 0
such that

Gx) = CG< + Ry(xo)> +o(l) asx — xp.

lx — xol
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Proof. Since y < yy (), the operator —A — y|x|~2 is coercive and we can consider G to be its Green’s
function at xo on € with Dirichlet boundary condition. In particular, for any ¢ € C°(2), we have that

w(x)=/QGx<y)<—A<p(y)—y%> dy forx € Q,

where G, := G(x, ). Fix xo € Q and let n € C°(£2) be such that n(x) = 1 around xo. Define the
distribution By, : 2 — R as

Gxo(X)=L< n(x) +,3x0(x)) for all x € 2,
@2 \ |x — xol

where w, := 47 is the volume of the canonical 2-sphere. As one checks,

14 4 n(x)
—A——— By =—|-A0—-——=
( |x|2)’3 ( |x|2>(|x—x0|>
= f=0(x—x0™"

in the distributional sense. Since f € L?(2) and, by uniqueness of the Green’s function (since the operator

is coercive), we have that 8,, € D2(). It follows from standard elliptic theory that
Bry € C¥(Q\ {0, x0}) N C*(Q\ B5(0))
for all 6 € (0, 1) and § > 0. Since f vanishes around 0, it follows from Theorem 4.1 and Lemma 5.2 that
Br@)=0(Ix|'"™* ") and |VB,(x)|=0(x[7*")) whenx — 0. (10-1)

We can therefore define the mass of €2 at x( associated to the operator L, by R, (€2, xo) := By, (x0). As
one checks, By, (xp) is independent of the choice of 7.

The uniqueness is proved as in Theorem 7.1. The behavior on the boundary is given by Theorem 4.1
and the interior behavior around xg is classical. O

Lemma 10.2. Let Q C R? be an open smooth bounded domain such that 0 € 32 and xo € Q. Assume that
y € (0, yn(RQ)) and that j1, o(R3) = 1/K (3, 2)%. Then, there exists a family (u¢)e in D'*(Q) such that

1 R, (x0)
1— :
K(n,?2)? 3fR3 U% dx

To(ue) = € —i—o(e)) as e — 0, (10-2)

where U (x) := (1 + |x|?)~'2 for all x € R? and 2* = 2*(0) =2n/(n — 2).

Proof. The proof is very similar to what was performed by Schoen [1984] (see [Druet 2002a; 2002b;
Jaber 2014]). For € > 0, define the functions

12
€ 172
= _ for all x € Q2.
ue(x) n(x)(62+|x_x0|2) +€ /7By, (x) forall x

As one checks, u, € D'"2(Q). Proceeding as in the case y > 4—1‘(112 — 1) of Section 8, we get (10-2). We
omit the details that are standard. This proves Lemma 10.2. Il

We finally get the following.
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Theorem 10.3. Let Q be a bounded smooth domain of R? such that 0 € 9.
(D) If y = yu(K2), then there are extremals for 1, o(£2).
(2) If y <0, then there are no extremals for (v, o(£2).

(3) If 0 <y < yu(R2) and there are extremals for (1, o(R'}), then there are extremals for j1, 0(S2) under

either one of the following conditions:

oy < %(n2 — 1) and the mean curvature of 02 at 0 is negative.

oy > %(n2 — 1) and the mass m,, (£2) is positive.

4 If 0 <y < yu () and there are no extremals for (1, o(R",), then there are extremals for (1, 0(S2) if
there exists xo € Q2 such that R,, (2, xo) > 0.

Proof. The two first points of the theorem follow from Proposition 8.1 and Theorem 3.6. The third point
follows from Proposition 8.3. For the fourth point, in this situation, it follows from Proposition 1.3 that
myoRY) =1/K(n, 2)2, and then Lemma 10.2 gives 1y 0(€2) < py 0(RY), which yields the existence of
extremals by Theorem 3.6. This proves Theorem 10.3. ]
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