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L? ESTIMATES FOR BILINEAR
AND MULTIPARAMETER HILBERT TRANSFORMS

WEI DAI AND GUOZHEN LU

Muscalu, Pipher, Tao and Thiele proved that the standard bilinear and biparameter Hilbert transform does
not satisfy any L” estimates. They also raised a question asking if a bilinear and biparameter multiplier
operator defined by

T (fi, f2)(x) := / meE, M FiELm) fr(Ea, no)e?™ > G+ ge gy
R

satisfies any L? estimates, where the symbol m satisfies

1 1
dist(£, Tl dist(n, T)IF

109 m(&, )| <

for sufficiently many multi-indices o = (a1, a2) and 8 = (81, B2), I'; (i = 1, 2) are subspaces in R? and
dimI'; =0, dimI', = 1. Silva partially answered this question and proved that 7, maps L”! x L?2 — L”
boundedly when % + é = % with pi, pr > 1, p—ll + % <2 and é + pz—l < 2. One notes that the admissible
range here for these tuples (p;, p», p) is a proper subset of the admissible range of the bilinear Hilbert
transform (BHT) derived by Lacey and Thiele.

We establish the same L? estimates as BHT in the full range for the bilinear and d-parameter (d > 2)
Hilbert transforms with arbitrary symbols satisfying appropriate decay assumptions and having singularity
setsI'y, ..., 'y withdimI'; =0fori =1,...,d — 1 and dimI'; = 1. Moreover, we establish the same
L? estimates as BHT for bilinear and biparameter Fourier multipliers of symbols with dim 'y =dim ', =1
and satisfying some appropriate decay estimates. In particular, our results include the L? estimates as
BHT in the full range for certain modified bilinear and biparameter Hilbert transforms of tensor-product
type with dim I'y = dim I'; = 1 but with a slightly better logarithmic decay than that of the bilinear and

biparameter Hilbert transform BHT ® BHT.
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1. Introduction

The bilinear Hilbert transform is defined by

dt
BHT(f1, f2)(x) 3=P-V-/ fl(x—l)fz(X-H)T; (1-1
R
or, equivalently, it can be written as the bilinear multiplier operator
BHT: (fi, ) | fi®) e 7 de dn, (1-2)
E<n

where f| and f, are Schwartz functions on R. M. Lacey and C. Thiele proved the following celebrated
L? estimates for the bilinear Hilbert transform:

Theorem 1.1 [Lacey and Thiele 1997; 1999]. The bilinear operator BHT maps L? (R) x L4 (R) into
L"(R) boundedly for any 1 < p, g < oo with %—I—% = % and% <r <oo.

There are lots of works related to bilinear operators of BHT type. J. Gilbert and A. Nahmod [2001] and
F. Bernicot [2008] proved that the same L?” estimates as BHT are valid for bilinear operators with more
general symbols. Uniform estimates were obtained by Thiele [2002], L. Grafakos and X. Li [2004] and Li
[2006]. A maximal variant of Theorem 1.1 was proved by Lacey [2000]. C. Muscalu, Thiele and T. Tao
[Muscalu et al. 2004b] and J. Jung [> 2015] investigated various trilinear variants of the bilinear Hilbert
transform. For more related results involving estimates for multilinear singular multiplier operators, we
refer to, for example, [Christ and Journé 1987; Coifman and Meyer 1978; 1997; Fefferman and Stein
1982; Grafakos and Torres 2002a; 2002b; Journé 1985; Kenig and Stein 1999; Muscalu and Schlag 2013;
Muscalu et al. 2002; Thiele 2006] and the references therein.

Since Lacey and Thiele [1997; 1999] established the L? estimates for % < p < 00, whether the bilinear
operators of BHT type satisfy L? estimates all the way down to % has remained an open problem. Though
we do not have a counterexample yet for the L? estimates for the bilinear Hilbert transform in the range
of % <p< %, we have established in [Dai and Lu > 2015b] a counterexample for a modified version of
bilinear operators of BHT type. To describe this result, we denote by &L” (R) the space consisting of all
functions f whose Fourier transform f satisfies f € L?(R). The Hausdorff—Young inequality indicates
that || f Ly ®) S Sp I fllLr@ for 1 < p <2. Then, by Theorem 1.1, it implies that the bilinear Hilbert
transform maps FLP1 x LP> — L? for p; > 2 and maps L”' x FLP> — LP for p, > 2 w1th : —i— — = %.
Thus it will be interesting to know whether the bilinear operators of BHT type map FLP x LP2 — Lp for
p1 <2or LP x FLP> — LP for P2 < 2 boundedly w1th 1 -+ E —. Our work in [Dai and Lu > 2015b]
gives a negative answer to the boundedness of FL1 x Ll’2 — LP for p; <2 and L' x FLP> — LP
for p, < 2.

To date, we are still not aware of any uniform L? estimates for bilinear Fourier multiplier operator of
BHT type in the range p € (% %) By decomposing the bilinear multiplier operator 7;,, into a summation
of infinitely many bilinear paraproducts without modulation invariance, we have proved in [Dai and Lu
> 2015b] that there exists a class of symbols m (with one-dimensional singularity sets), which also satisfy
the symbol estimates of BHT type operators investigated in [Gilbert and Nahmod 2001] and are arbitrarily
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close to the symbols of BHT type operators, such that the corresponding bilinear multiplier operators 7},
associated with symbols m satisfy L? estimates all the way down to %

In multiparameter cases, there are also large amounts of literature devoted to studying the estimates
of multiparameter and multilinear operators (see [Chen and Lu 2014; Dai and Lu > 2015a; Demeter
and Thiele 2010; Hong and Lu 2014; Kesler > 2015; Luthy 2013; Muscalu and Schlag 2013; Muscalu
et al. 2004a; 2006; Silva 2014] and the references therein). In the bilinear and biparameter cases, let I';
(i =1, 2) be subspaces in R?, we consider operators 7,, defined by

T (f1, f)(x) = / m(E, ) &1, m) fr(&, na)e? G+ Em) ge gy (1-3)

R4
where the symbol m satisfies'

1
dist(€, T)lel  dist(y, Ty)Ifl
for sufficiently many multi-indices o = (o1, a2) and 8 = (B1, B2). If dimI'y = dim ', = 0, Muscalu,
J. Pipher, Tao and Thiele proved in [Muscalu et al. 2004a; 2006] that Holder-type L” estimates are
available for T,,; however, if dimI'y = dim I, = 1, let T,, be the double bilinear Hilbert transform on
polydisks BHT @ BHT defined by

10898 m(E, )| S (1-4)

ds d
BHT ® BHT(f1, f2)(x, y) :=P-V-/ fl(x—s,y—t)fz(X+s,y+t)?sTt; (1-5)
R2

they also proved in [Muscalu et al. 2004a] that the operator BHT @ BHT does not satisfy any L? estimates
of Holder type by constructing a counterexample. In fact, consider bounded functions fi(x, y) =
f>(x,y) = e*; one has formally

2152‘
dsdt =in(fi- f2)(x. ) f )

BHT @ BHT(/1, f2)(x. ) = (fi - f2)(x, y) /

then localize functions fi, f>» and let f1 (x,y)= f2 (x,y)= e’xyx[_N’N] (x)x=n~,n1(). One can verify

the pointwise estimate
21&1‘
/ / ds dt
ﬁ
10
5N

forevery x, y € [ 100NV 100 ] and sufficiently large N € Z", which indicates that no Holder-type L?
estimates are available for the bilinear operator BHT ® BHT. When dim 'y = 0 and dim I'; = 1, there is
the following problem:

IBHT @ BHT(f, fV)(x, y)| > +0()>ClogN+0(1)  (1-6)

Question 1.2 [Muscalu et al. 2004a, Question 8.2]. Letdim I'; =0 and dim I', = 1 with ['; nondegenerate
in the sense of [Muscalu et al. 2002]. If m is a multiplier satisfying (1-4), does the corresponding operator
T,, defined by (1-3) satisfy any L” estimates?

]Throughout this paper, A < B means that there exists a universal constant C > 0 such that A < CB. If necessary, we use

explicitly A Ss,..x B to indicate that there exists a positive constant Cy ... , continuously depending only on the quantities

.....

,,,,,
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P. Silva [2014] answered this question partially and proved that 7, defined by (1-3), (1 4) with
dim Fl O and dimI', = 1 maps L? x LY — L”" boundedly When ; 1 with p, g > 1, —i— <2
and L + < 2. One should observe that the admissible range for these tuples (p,q,r)isa proper subset
of the reglon p,q>1 and < r < 00, which is also properly contained in the admissible range of BHT
(see Theorem 1.1).

Naturally, we may wonder whether the biparameter bilinear operator 7, given by (1-3), (1-4) (with
appropriate decay assumptions on the symbol m and singularity sets I'j, I'; satisfying dimI'y =0 or 1,
dimI'; = 1) satisfies the same L?” estimates as BHT.

To study this problem, we must find the implicit decay assumptions on symbol m to preclude the
existence of those kinds of counterexamples constructed in (1-6) for BHT ® BHT. To this end, let us
consider first the bilinear operator 7,, ® BHT of tensor product type that is defined by

K:s) ds dt. (1-7)

T, @ BHT(f1, f2)(x,y) :=p.v. /[RZ fik—=s,y—0) folx +s,y+1)

where the symbol m(fll, 521) =m(¢) = K (¢) with ¢ := 511 - 521 has one-dimensional nondegenerate
singularity set I';. Let fi(x, y) = fa(x, y) = ¢/*?; one can easily derive that

Ztst

Ty @ BHT(f1, f2)(x, y) = (f1- fa)(x, y)/ K(s)S—dsar. (1-8)
From (1-8) and the above counterexample constructed in (1-6) for the operator BHT @ BHT, we observe
that one sufficient condition for precluding the existence of these kinds of counterexamples is K € L'
or, equivalently, m = K € F(L"). From the Riemann-Lebesgue theorem, we know that a necessary
condition for m € F(L"') is m(¢) — 0 as || = o0o. Moreover, if K € L'(R) is odd, one can even derive
that | fR m(¢)/¢ de | < ||K || (this indicates that many uniformly continuous functions with logarithmic
decay rate do not belong to (L')). Therefore, in order to guarantee that the same L? estimates as the
bilinear Hilbert transform are available for the bilinear operators 7,, ® BHT and BHT ® BHT, we need
some appropriate decay assumptions on the symbol.

The purpose of this paper is to prove the same L? estimates as BHT for modified bilinear operators
T,, ® BHT with arbitrary nonsmooth symbols which decay faster than the logarithmic rate.

For d > 2, any two generic vectors §| = (Sl)l &= (Sé)l‘.{: | in R? generate naturally the following
collection of d vectors in R?:

Ei=8), b=@ELeD, ... E=@El&D. (1:9)

Let m = m(§) = m(£) be a bounded symbol in L>®(R??) that is smooth away from the subspaces
'uU...uUl'y_; UI'y and satisfies

dist(E,, Tg)l! / |8§1 - 0 m(&)|

- - dEj_1 < B < 400 (1-10)
R2@-1) H?:_]l dist(&;, Fl.)Z—Iotil
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for sufficiently many multi-indices «y, ..., ay, where dim['; =0 fori =1,...,d — 1 and I'y :=
{(Sld , Szd ) e R?: Sld = 551 }. Denote by T,,(,d) the bilinear multiplier operator defined by

T (f1, f)(x) = /r; _m(@) 16 falE)e ™ O g (1-11)

Our result for bilinear operators Tn(,d) satisfying (1-10) and (1-11) is the following:

Theorem 1.3. Forany d > 2, the bilinear, d-parameter multiplier operator T,,(ld) maps L' (RY) x LP2(RY)
into LP(RY) boundedly for any 1 < py, p» < oo with % = % + é and % < p < oo. The implicit constants
in the bounds depend only on py, ps, p, d and B.

Remark 1.4. For arbitrarily small ¢ > 0, let m® = m®(&) = m®(&) be a bounded symbol in L>(R>?)
that is smooth away from the subspaces 'y U---UT'y_; UT; defined as in Theorem 1.3 and satisfying
differential estimates

d—1
_ 1 - 1
R B < ——— - (log, dist(§;, T; (HS))-_— 1-12
35 - o <s>|Ni|:]|< e Ty Mo distE T) G e 12

for sufficiently many multi-indices «1, ..., ag; then m? satisfies conditions (1-10).

As shown in [Muscalu et al. 2004a], the bilinear and biparameter Hilbert transform does not satisfy any
L? estimates. This is the case when the singularity sets I'y and I'; satisfy dimI"; =dim Iy = 1. Thus, it
is natural to ask if the L? estimates will break down for any bilinear and biparameter Fourier multiplier
operator with dim I'y = dim ', = 1. In other words, will a nonsmooth symbol with the same dimensional
singularity sets but with a slightly better decay than that for the bilinear and biparameter Hilbert transform
assure the L? estimates? Our next two theorems will address this issue.

For d = 2 and arbitrarily small & > 0, let 7° = /m® (&) = m°(£) be a bounded symbol in L>°(R*) that
is smooth away from the subspaces I'; U I, and satisfies

2
g o mt &) S T ]
i=1
for sufficiently many multi-indices o, oy, where (x) := +/1+x2 and I['; := {(Sf, Sé) e R?: Sf = Sé}
for i =1, 2. Denote by Tﬂ(z%) the bilinear multiplier operator defined by

dioie Tyl distE, Ty~ (1-13)

T (fi, H)(x) == /R ) i (&) f1 (&) fa(a)e?™ G118 g (1-14)

Our result for bilinear operators Tﬁ) satisfying (1-13) and (1-14) is the following:

Theorem 1.5. For d = 2 and any ¢ > 0, the bilinear and biparameter multiplier operator Tﬁ(ﬁ) maps
LP(R?) x LP2(R?) — L?(R?) boundedly for any 1 < py, p> < oo with % = % + % and % < p < oo
The implicit constants in the bounds depend only on py, p2, p, € and tend to infinity as ¢ — Q.

Our result for modified bilinear and biparameter Hilbert transform of tensor product type with a slightly
better decay than that of BHT @ BHT is the following:
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Theorem 1.6. For any ¢ > 0, let the bilinear and biparameter operator BHT® ® BHT be defined by

We (s
BHT® ® BHT(f1, f2)(x1, x2) =p.v. /2 filx =) falx +5) s(2 v dsidss
R
with the function V¢ satisfying
91 Be (&) —EDI S 16 — & 17 (log, |&] — &)1 (1-15)

. L . . . Do 2
Jfor sufficiently many multi-indices ay; then it satisfies the same L estimates as T .

Remark 1.7. For simplicity, we will only consider the biparameter case d = 2 and I'; = {(0, 0)}
(i=1,...,d—1)in the proof of Theorem 1.3. It will be clear from the proof (see Section 4) that we can
extend the argument to the general d-parameter and dimI'; =0 (G =1, ..., d — 1) cases straightforwardly.
We will only prove Theorem 1.5 in Section 5 and omit the proof of Theorem 1.6, since one can observe
from the discretization procedure in Section 2 that the bilinear and biparameter operator BHT® @ BHT
can be reduced to the same bilinear model operators I:IED as T r;(ﬁ)

It’s well known that a standard approach to prove L? estimates for one-parameter n-linear operators
with singular symbols (e.g., Coifman—Meyer multiplier, BHT and one-parameter paraproducts) is by the
generic estimates of the corresponding (n+1)-linear forms consisting of estimates for different sizes and
energies (see [Jung > 2015; Muscalu and Schlag 2013; Muscalu et al. 2002; 2004b]), which relies on
the one-dimensional BMO theory, or, more precisely, the John—Nirenberg-type inequalities to get good
control over the relevant sizes. Unfortunately, there is no routine generalization of such approach to
multiparameter settings, for instance, we don’t have analogues of the John—Nirenberg inequalities for
dyadic rectangular BMO spaces in the two-parameter case (see [Muscalu and Schlag 2013]). To overcome
these difficulties, Muscalu et al. [2004a] developed a completely new approach to prove L? estimates
for biparameter paraproducts; their essential idea is to apply the stopping-time decompositions based
on hybrid square and maximal operators MM, MS, SM and SS, the one-dimensional BMO theory and
Journé’s lemma, and hence could not be extended to solve the general d-parameter (d > 3) cases. As to the
general d-parameter (d > 3) cases, by proving a generic decomposition (see Lemma 4.1), Muscalu et al.
[2006] simplified the arguments they introduced in [Muscalu et al. 2004a], and this simplification works
equally well in all d-parameter settings. Recently, a pseudodifferential variant of the theorems in [Muscalu
et al. 2004a; 2006] has been established in [Dai and Lu > 2015a]. Moreover, J. Chen and G. Lu [Chen and
Lu 2014] offer a different proof than those in [Muscalu et al. 2004a; 2006] to establish a Hormander-type
theorem of L? estimates (and weighted estimates as well) for multilinear and multiparameter Fourier
multiplier operators with limited smoothness in multiparameter Sobolev spaces.

However, in this paper, in order to prove our main results, Theorems 1.3 and 1.5 in biparameter settings,
we have at least two different difficulties from [Muscalu et al. 2004a; 2006]. First, observe that if one
restricts the sum of tritiles P” € P” in the definitions of discrete model operators (see Section 2) to a
tree then one essentially gets a tensor product of two discrete paraproducts on x; and xj, respectively,
which can be estimated by the MM, MS, SM and SS functions, but, due to the extra degree of freedom
in frequency in the x, direction, there are infinitely many such tensor products of paraproducts in the
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summation, so it’s difficult for us to carry out the stopping-time decompositions by using the hybrid
square and maximal operators as in [Muscalu et al. 2004a; 2006]. Second, in the proof of Theorem 1.5,
note that there are infinitely many tritiles P’ € P’ with the property that Ipr = I for a certain fixed
dyadic interval I of the same length as Ip/, so we can’t estimate ) _p, |[Ip/| S ] for all dyadic intervals
Ip C I with comparable lengths, and hence we can’t apply Journé’s lemma as in [Muscalu et al. 2004a]
either. By making use of the L? sizes and L? energies estimates of the trilinear forms, the almost
orthogonality of wave packets associated with different tiles of distinct trees and the decay assumptions on
the symbols, we are able to overcome these difficulties in the proof of Theorems 1.3 and 1.5 in biparameter
settings.

Nevertheless, in the proof of Theorem 1.5 in general d-parameter settings (d > 3), one easily observes
that the generic decomposition will destroy the perfect orthogonality of wave packets associated with
distinct tiles which have disjoint frequency intervals in both the x; and x; directions, thus we can’t
apply the generic decomposition to extend the results of Theorem 1.5 to higher parameters d > 3 as in
[Muscalu et al. 2006]. For the proof of Theorem 1.3, we are able to apply the generic decomposition
lemma (Lemma 4.1) to the d — 1 variables xy, ..., xg_|. Although one can’t obtain that supp CD;’,Z D3,
is entirely contained in the exceptional set U as in [Muscalu et al. 2006], one can observe that the suppost
set is contained in U in all the variables xy, ..., x4—1, but not the last, x;. Therefore, we only need to
consider the distance from the support set to the set £ in the x4 direction and obtain enough decay factors
for summation; the extension of the proof to the general d-parameter (d > 3) cases is straightforward.

The rest of this paper is organized as follows. In Section 2 we reduce the proof of Theorem 1.3 and
Theorem 1.5 to proving restricted weak type estimates of discrete bilinear model operators I and 1:1‘;5
(Proposition 2.17). Section 3 is devoted to giving a review of the definitions and useful properties about
trees, L? sizes and L? energies introduced in [Muscalu et al. 2004b]. In Sections 4 and 5 we carry
out the proof of Proposition 2.17, which completes the proof of our main theorems, Theorem 1.3 and
Theorem 1.5, respectively.

2. Reduction to restricted weak type estimates of discrete bilinear model operators I1; and f[ﬂ%

2A. Discretization. As we can see from the study of multiparameter and multilinear Coifman—Meyer
multiplier operators (see, e.g., [Muscalu et al. 2002; 2004a; 2004b; 2006]), a standard approach to obtain
L7 estimates of bilinear operators T,,(,d) and Tn%%) is to reduce them into discrete sums of inner products
with wave packets (see [Thiele 2006]).

2A1. Discretization for bilinear, biparameter operators T,,(zz) with ' ={(0, 0)}. We will use the following
discretization procedure. First, we need to decompose the symbol 7(§) in a natural way. To this end, for
the first spatial variable x|, we decompose the region (& = (Sll, 521) e R?\ {(0,0)}} by using Whitney
squares with respect to the singularity point {Ell = 2‘ = 0}, while, for the last spatial variable x,, we
decompose the region {& = (512, 522) e R%: 512 * 522} by using Whitney squares with respect to the
singularity line I', = {Slz = 522}. In order to describe our discretization procedure clearly, let us first recall
some standard notation and definitions in [Muscalu et al. 2004b].
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An interval I on the real line R is called dyadic if it is of the form [ = 27K[n, n+1] for some k, n € Z.
An interval is said to be a shifted dyadic interval if it is of the form 27%[j + «, j + 1 + «] for some
k,jeZand o € {0, %, —%} A shifted dyadic cube is a set of the form Q = Q1 x O, x Q3, where each
Q; is a shifted dyadic interval and they all have the same length. A shifted dyadic quasicube is a set
0 = 01 x Q2 x O3, where Q; (j =1, 2, 3) are shifted dyadic intervals satisfying the less restrictive
condition | Q1| > | Q2] =~ | Q3|. One easily observes that, for every cube Q C R?, there exists a shifted
dyadic cube O such that Q C % O (the cube having the same center as O but with side length % that
of Q) and diam(Q) ~ diam(Q).

The same terminology will also be used in the plane R?. The only difference is that the previous cubes
become squares. For any cube or square Q, we will denote the side length of Q by £(Q) and denote the

reflection of Q with respect to the origin by — Q hereafter.
Definition 2.1 [Muscalu and Schlag 2013; Muscalu et al. 2006]. For J C R an arbitrary interval, we say
that a smooth function & is a bump adapted to J if and only if the following inequalities hold:

1
| (1 +dist(x, J)/]T])®

1P (0)| St (2-1)

for every integer o € N and for sufficiently many derivatives / € N. If @ is a bump adapted to J, we say
that |J |_%CI> 7 is an L%-normalized bump adapted to J.

Now let ¢ € $(R) be an even Schwartz function such that supp¢@ C [—%, 13—6] and ¢(§) = 1

on [—é, %], and define v € ¥(R) to be the Schwartz function whose Fourier transform satisfies

V(&) = ¢(E/4) — ¢(£/2) and suppy € [—2, 1] U [}, 3], such that 0 < ¢(&), ¥ () < 1. Then,
for every integer k € Z, we define ¢y, Y € $(R) by

Pr(&) = w(%) Y (&) = lﬁ( 5

27) = Qk+2(8) — Prt1(§) (2-2)

and observe that
supp ¢ C [~ -2, 2 -2¢], suppyn [-3-25, -1 2FJu[f -2k, 3.0,

and supp ¥ N supp Y = @ for any integers k, k' € Z such that |k — k’| > 2, and supp ¢ Nsupp Y = &
for any integer k > 0. One easily obtains the homogeneous Littlewood—Paley dyadic decomposition

1= (&) forall £ R\ {0} (2-3)

keZ

and inhomogeneous Littlewood—Paley dyadic decomposition

1=¢@&E) + > Y& forall £ R (2-4)

k>—1

As a consequence, we get a decomposition for the product 1(§ 11, Szl) =1( 11) . 1(521) as follows:

16D = geEDTeED + 3 T EDve @) + Y P €)de ) (2-5)

k'ez k'eZ k'eZ
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for every (511, 521) £ (0, 0), where
Y = E Y forall k' € Z.
lk—k'|<1, keZ

By breaking the characteristic function of the plane (Sll, 52]) into finite sums of smoothed versions of
characteristic functions of cones as in (2-5), we can decompose the operator T,ff) into a finite sum of
several parts in the x; direction. Since all the operators obtained in this decomposition can be treated in
the same way, we will only discuss one of them in detail. More precisely, let

Q:={0' =0, x 0, CR*: Q) :=2"[-1,1], 04 :=2"[L. &) forall K €Z}.  (2:6)
For each square Q' € @', we define bump functions ¢4 ; (i =1,2) adapted to intervals Q: and satisfying
supp ¢ ; S 150 by
~ S A~
by 1) = <—~ = @i (&) 27
o=@y

and

¢Q'2,2(5) = 1/A/( ) (g0 = Y (&) - X{E>0}> (2-8)

§
Q")
respectively, and finally define smooth bump functions op adapted to Q' and satisfying supp ¢ o S % 0’
by

$5 (1. 6) =g 1 (ED 051 55 (2-9)
Without loss of generality, we will only consider the smoothed characteristic function of the cone
{ (511, 521) eR?: |§11| < |§21 [, 521 > 0} in the decomposition (2-5) from now on, which is defined by
> pElLED. (2-10)
Q’E@’
As to the x; direction, we consider the collection Q" of all shifted dyadic squares Q" = Q7 x Q)
satisfying
Q" C{(E7.6) eR 167 #&),  dist(Q", I2) ~ 10* diam(Q"). (2-11)

We can split the collection Q" into two disjoint subcollections, that is, define
Q:={Q"eQ": Q" C{&f <&}, Qp:=1{0"€Q": Q" C{& > &1} (2-12)

Since the set of squares {17—0 Q" : Q" € Q"} also forms a finitely overlapping cover of the region {§7 # &3},
we can apply a standard partition of unity and write the symbol x (24£2) A

Xigwy = D ¢Q~(s%,s§):( S+ ) )¢Q~(s%,s§)=x{glz<gzz}+ Xig2=e2)» (2-13)

” // " U " !/
0"eQ 0"eQ  Q0"eQy

where each ¢~ is a smooth bump function adapted to Q” and supported in % Q.
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One can easily observe that we only need to discuss in detail one term in the decomposition (2-13),
since the other term can be treated in the same way. Without loss of generality, we will only consider the
first term in (2-13), that is, the characteristic function (£2<£2) of the upper half plane with respect to the
singularity line I";, which can be written as

Xg<eny = ) bor (€l E). (2-14)

Q”E@”

In a word, we only need to consider the bilinear operator T (l n.1) 8iven by

T (f1 @) =Y /R m(E)d 5 ENGor &) f1(E) fr(Er)e™ ™ 1) g (2-15)
0y
Q"eqy

from now on, and the proof of Theorem 1.3 can be reduced to proving the L? estimates

2
I (Fro P oy Spopropns 1fillo @) - L f2ll ey (2-16)

aslong as 1 < py, pp <ooand 0 < 4 =
On one hand, since Sl e supp ¢Q 1 € E(Q )[ i 16] and 52 € supp qbQ 2 S K(Q )[% %] it follows
that 51 52 el(Q )[ 16, 478] and as a consequence, there exists an interval Q3 zﬂ(Q’)[—ﬁ, —ﬁ]
and a bump function ¢Q 5 adapted to Q3 such that supp ¢Q 3 C E(Q )[—ﬁ, — ] - %Q’3 and ¢Q’3,3 =1
on £(Q"[— 13- —35]-

On the other hand, observe that there exist bump functions ¢¢; (i = 1, 2) adapted to the shifted
dyadic interval Q7 such that supp bori S 19—0Q;’ and ¢gr; =1 on I%Q;/ (i =1, 2), respectively, and

suppngu C 5 8 Q” thus one has ¢gr 1 - ¢Q/2r’2 = 1 on supp¢gr. Since &7 € supp gy 1 S 1%Q/{ and

£2 e supppor 2 C Q” , it follows that —&2 — &2 € — 9 Q” 9 Q” and, as a consequence, one can

2 05, 2 15

find a shifted dyadlc interval Q% with the property that 1— Q’ ; C % Q’ { and also satisfying

1071 =105 = |Q%]. In artlcular there exists a bum functlon v 3 ada ted to Q% and supported in
p p 04, p pp

10Q3 such that d)Qgﬁ =1lon—q; Q” 10Q i i i i i i ) i

We denote by Q' the collection of all cubes Q" := Q) x Q) x Q with Q| x Q) € Q' and Q) defined
as above, and denote by Q" the collection of all shifted dyadic quasicubes Q" := Q7 x Q5 x Q% with
Q7 x Q% € Q@ and QY defined as above.
Definition 2.2 [Muscalu et al. 2004b]. We say that a collection of shifted dyadic quasicubes (cubes) is
sparse if and only if, for every j =1, 2, 3:

(1) If Q and Q belong to this collection and |Q ;| < |Qj|, then 108|Qj| < |Qj|.

(i) If O and Q belong to this collection and |Q;| = |Q,, then 105Q,; N 10%Q; = @.

In fact, it is not difficult to see that the collection Q” can be split into a sum of finitely many sparse
collection of shifted dyadic quasicubes. Therefore, we can assume from now on that the collection Q” is
sparse.

Assuming this we then observe that, for any Q" in such a sparse collection Q”, there exists a unique
shifted dyadic cube Q” in R? such that Q" C 110 Q" and with the property that diam(Q") ~ diam(Q").
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This allows us in particular to assume further that Q" is a sparse collection of shifted dyadic cubes (that

is, |07 =105 =105 = £(Q")).
Now consider the trilinear form Afi)(l n) (f1, f2, f3) associated to Tn(le nl )( f1, f2), which can be written
as

Al(nz,)(lh,ﬂ)(fl, f2. f3)
:=/ Tn%h (1, 2)(x) f3(x) dx

3
= / my €1 6, 8) [ [(fix Bg , @ boy.) " €) dé1 derdEs,  (2-17)
§1+62+5=0 i=1

Q'<Q"
where & = (£, £) fori = 1, 2, 3, while
my o (€1 62, &) =m(E1L &) - By @ Borxoy - Doya)) L &2, &), (2-18)

where qBQ, is an appropriate smooth function of (Sl , 52 53) which is supported on a slightly larger
cube (with a constant magnification independent of E(Q )) than supp(¢Q 1(51 )¢Q 2(éz)q‘)Q 3(§3 )) and

equals 1 on supp(qbQ, 1(51 )b 35, 2(52 )qbQ/ 3(53 )), the function qbQ x QY (él , 52) is one term of the partition
of unity defined in (2-14), and ¢>Q~ 3 is an appropriate smooth function of Eg supported on a slightly
larger interval (with a constant magnification independent of £(Q")) than supp ¢y .3 which equals 1 on
supp ¢Q§/,3. We can decompose me on (&1, &, &3) as a Fourier series,

ngQv(Sl» £, &) = Z CAQ/,Q/: e2ﬂi(n’]Jl’gsngl(éf,Szl,531)/@(Q’)627”'("’{,"'2’,11;’)~(512»$22,§32)/€(Q")’ (2-19)

ni,na,n3
ﬁ],ﬁz,ﬁ3€lz

where the Fourier coefficients C;ZQ Q7 are given by
1,12,n3

2L = /R my o (@& LQMED). (0% L(Q"E). (D55 L(Q"ED)
x e 2rii-&1+ir-Eatiiz-E3) d€| d&, d&.  (2-20)
Then, by a straightforward calculation, we can rewrite (2-17) as

2
Al(n,)(lh,ﬂ)(fl’ f2. f3)

Q’ 4 ’j n” ]

O'e Q' 1i.iip,i3€Z?

Q//e Q//
Definition 2.3 [Muscalu et al. 2004b; Thiele 2006]. An arbitrary dyadic rectangle of area 1 in the phase-
space plane is called a Heisenberg box or tile. Let P := Ip X wp be a tile. An L?-normalized wave packet

1906() p and obeys the estimates

dist(x, 1P)>‘M
|1p|

on P is a function ® p which has Fourier support supp Up C

15 ()] < |1,,|;(1 +
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for all M > 0, where the implicit constant depends on M.

Now we define ¢ 2miniE! /00" . ¢, and ¢Q,, 1= Q2min{EH/UQ") ~pgri fori =1,2,3. Since
any Q' € Q and Q” e Q” are both shifted dyadic cubes, there exist integers k', k" € Z such that
00 =10, =105 = 104 = 2¢ and £(Q") = Q]| = Q4| = |Q4] = 2¥", respectively. By splitting
the integral region R? into the union of unit squares, using the L?-normalization procedure and simple
calculations, we can rewrite (2-21) as
Aﬁ)(lh (1, f2, /3)

Q/ Q" 3

// "
n 7a,n v P
S IED N WAL IED I T8, 035, v a
7y,iin, 3 €72 QEQ/ 0 Idyadlc I”dyddlc |I |2 Xll j=1
Q//EQ// |I| 2 « |I,,| 2- e
3
CQ 7
1,712,113 g v
= 2 f/ 2 [Tess @57 av, (222)
1,12, ngelz p P’®P”EP |I |2 j=I

where (-, -) denotes the complex scalar L? inner product, and we have:
0.0" .
fy,0ig,0i3°

o tritiles P":= (P, P;, P}) and P":= (P|, P}, P});

» Fourier coefficients Co i, i, ii; 1=

o tiles P/ := 13 xwp, where [ 5 :=1'=27¥[I', '+ 1] =: I 5, and the frequency intervals are w3, := Q!
fori=1,2,3;
o tiles ij/ =1 P! X @pr, where | S 1" =2"K[I",1" + 1] =: Ip» and the frequency intervals are
wpr = Q’j’ for j=1,2,3;
« frequency cubes Q5 = Wp X Wp X Oy and Qpr = wpy X wpy X Wpy;
o [P’ denotes a collection of such tritiles P’ and P” denotes a collection of such tritiles P”;
« bitiles Py, P, and Ps defined by
Pri= (P, P)= Q7 [, ' + N x 2X[-L, 1], 2% 7, 1" + 11 x 0Y),
Pyi= (P, Py = 7M1, 1+ 11 x 2[4, B, 27K 107, 17 + 11 % 03),
Py:=(P§, Py = 27¥ 11, '+ 11 x 2[5, 5] 2791, 1" + 11 x QF);
« the biparameter tritile P := P’ ® P” = (P, P,, Ps);

» rectangles I '_Ilf,xlfw_lp,xlpu_ I fori=1,2,3,and hence |I3| = [Ip X Ipr| = |I
| =IIp |—2" 27,

5l=

o the double frequency cube Q3 :=(Qp/, Opr) = (w,;l, X Wp; X @p;, Wpr X Wpy X wp;);
o P:=[P x P” denotes a collection of such biparameter tritiles P;

« L2-normalized wave packets @;l)r,”’v associated with the Heisenberg boxes ﬁi’ defined by

' (xl):=¢§;f [ =27 k/2¢Q QKU 4+vy—x)) fori=1,2,3;
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in' v

o L2-normalized wave packets <I> """ associated with the Heisenberg boxes P/ defined by

l n// U//

Bl () 1= Gy g () 1= 2K PG, QK V) —x) for i =1,2,3;

in v

» smooth bump functions <I>;’3""’” = Zn v ® CDP,, " fori = 1,2, 3.

We have the following rapid decay estimates of the Fourier coefficients Cg i, i,,ii; With respect to the

parameters 7iy, iip, 3 € Z°:

Lemma 2.4. The Fourier coefficients C o i, i, iiy Satisfy estimates

.C (2-23)

1

3
1
C - < P re—
| Qp,nlynz,n3| N/l=|1 (1+|nj|)M

for any bi]?arameter tritile P € [ﬁ’, where M is sufficiently large and the sequence Cp := C\i,, for
15| =27 (k' € Z) satisfies

Y Cw < B <+oo. (2-24)
k'eZ

Proof. Let £(Q p/) = 2K and £(Qpr) =2~ for k', k” € Z. For any 7iy, fis, 7i3 € Z> and P € P, we deduce
from (2-18) and (2-20) that

CQﬁﬁlﬁzﬁ3
= f mo,.0,, (28] 2VED). 2V 2VE)). (21 2 g)e PN ETIN) 4ty dgy dis, (2:25)
R

where

mg,. 0, (QXEL2MED), Q¥ 2X D), (2¥e5, 2K D))
o k' £ k' N7 k' 1 k' 1 k' e1 k' N7 k" &2
=m(2Y8.2" 8o, (V8] 298] 260 iy 2 8, 32V ED). (2:26)

Since supp((l;Qi,/ (S]l ’ %.21 ’ E?})q&wpl// ><a)P2// (éZ)Q’;wl,}//ﬁ(S:‘?)) g Q};/ X QP”? we haVe that
supp($o,, (2" 51, 2451 2 ), xpy (2 8200, 32 ED) € QF, x O,
where the cubes Q(,)s/ and Q(},,, are defined by

0}, = wy x o x oy ={(E]. £, &) e R 28], 26, 2°) € 05}, (2-27)
Q= wpy x @y x Wy = (67,5, 65) € R (2K'e2, X €2 2 €2y e Qpr) (2-28)

and satisfy |Q0 | ~10Y%,| ~ 1. From the propertles of the Whitney squares we constructed above, one

obtains that dlst(2k £, ~ 2K for any £ € a) X a)l3 and dist(2K £, T2) ~ 2K for any & € a)P,, X a)(;, .
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One can deduce from (2-25), (2-26) and integrating by parts sufficiently many times that
1C 0.7y iiaiis |
1

<
N]l:[l (1+ i, )Y

x / ol moy.0, (V8] 28D, 0¥ 2 D). (2ME. 2V D)) | a8 dea dts
Q XQP//

3
1 / . il " . K= ’ / ” K = Y = P
<l dist(2¥'Ey, )" / dist2¥ E, T 1102 02 m(2X Ey, 24" By)| dE, ds
jl;[l 1+ |nj|) ,,><w . lewgz, 16
3
<I1 1 / dist(&, T)""! f dist(&, T 720 8% 'm (&, £)| d&, d&
N/ (1+|n]|)M K(QP”)Z a)P//XwP// ’ (1)131/X(1)132/ ’ 51 EZ ’

=1
3
= o= <1+| e et

j=1

where the multi-indices «; := (ozl.l, ozl.z) fori =1,2,3 and |o;| = |a2| = |az| = M are sufficiently large,
the multi-indices o’ := (&}, @), @), &” := (@], &}, &) with & < oc and oc” < oz2 fori, j =1, 2, 3. This
proves the estimates (2-23).

Moreover, for [15,| = 2%, we define the sequence Cy := Cj,| (k' € Z). From the estimates (1-10)
for symbol m (£, &), we get that

dist(Er, ). f distE1. ')~ 0% m(E)| dfy < B < +oo. (2-29)

and hence we can deduce the following summable property for the sequence {Cy }i'ez:

1 . - |(¥”| . - |05/|*2 (X, Ol” - - - -
Z Cr < dist(52, I2) dist(§1, D1 2[0g 82 m (€1, §2)] dé1 dé
E(QP”) L()P//XwP// U (a)P/ Xa)P/)P/ ! 2
2 Plep! !
1 _
< Bd& < B < +o0. (2-30)
K(QP//) a)Puwazu
This ends the proof of the summable estimate (2-24). O

Observe that the rapid decay w1th Trespect to the parameters fiy, iy, 113 € 77 in (2-23) is acceptable for
summation, all the functions ®'; P/ " (i =1, 2, 3) are L?-normalized and are wave packets associated
with the Heisenberg boxes P/ umformly with respect to the parameters 7, and all the functions d>; Y
(j =1,2,3) are L?-normalized and are wave packets associated with the Helsenberg boxes P’ ' umformly
with respect to the parameters n ; therefore we only need to consider from now on the part of the trilinear
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form A,(nz’)(lh,ﬂ)(fl, f2, f3) defined in (2-22) corresponding to 7] = iy = ii3 = 0,
m (lh n)(fl f27 f3) - / f Z

where Cp; :=C

1” W fo, <I>2” f,cb};:)dv, (2-31)

0..0.0.0» We have parameters v = (1', v") and d>’—” = CD’qO Vfori=1,2,3.
5

Remark 2.5. We should point out two important properties of the trltlles in P” (see [Muscalu and Schlag
2013; Muscalu et al. 2004b]). First, if one knows the position of P{’, P’ or P;’, then one knows precisely
the positions of the other two as well. Second, if one assumes for instance that all the frequency intervals
wpr of the P/’ tiles intersect each other (say, they are nonlacunary about a fixed frequency &), then
the frequency intervals wpy of the corresponding Py tiles are disjoint and lacunary around & (that is,
dist(§o, wpy) = |wpy| for all P” € P"). A similar conclusion can also be drawn for the P; tiles modulo
certain translations. This observation motivates the introduction of trees in Definition 3.1.

We review the following definitions from [Muscalu et al. 2004b].

Definition 2.6. A collection P of tritiles is called sparse if all tritiles in [® have the same shift and the
sets {Qp: P €P}and {Ip : P € P} are sparse.

Definition 2.7. Let P and P’ be tiles. Then we write:
(i) PP < PifIp C Ip and wp C 3wp;
(i) PP<Pif PP<Por P =P,
(iii) P’ < P if Ip C Ip and wp C 10%wpr;
(v) PP<Pif PPSPbut PP £ P.
Definition 2.8. A collection [P of tritiles is said to have rank 1 if the following properties are satisfied for
all P, P’ € P:
(i) If P # P', then P; # P} for 1 < j <3.
(1) If wp; = wp for some j, then wp; = wp forall 1 <j<3.
(iii) If PJ/. < P; for some j, then PJ’. SPjforalll <j<3.
(iv) If in addition to Pl/ < P; one also assumes that 1081p/| <|Ip|, then one has P! <’ P; forevery i # j.

It is not difficult to see that the collection of tritiles P” can be written as a finite union of sparse
collections of rank 1; thus we may assume further that P” is a sparse collection of rank 1 from now on.
The bilinear operator corresponding to the trilinear form A;(j,)(lh,u)( f1, f2, f3) can be written as

Ms(fi, f2)(x) = // Z

Since ﬁﬂa,( f1, f2) is an average of some discrete bilinear model operators depending on the parameters

T @ (fo, @503 (0 dv. (2-32)
211512 S

v = (v, n) €[0, 1]%, it is enough to prove the Holder-type L? estimates for each of them, uniformly
with respect to parameters v = (vq, v2). From now on, we will do this in the particular case when the
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parameters v = (v1, v2) = (0, 0), but the same argument works in general. By Fatou’s lemma, we can also
replace the summation in the definition (2-32) of f[ug,( f1, f2) on the collection P=0 xpP” by arbitrary
finite collections P’ and P” of tritiles, and prove the estimates are uniform with respect to different choices
of the set P.

Therefore, one can reduce the bilinear operator 1;[@ further to the discrete bilinear model operator I
defined by

Co
Ma(fi, () = Y —2 <f1, s ) (f2, D) P (), (2-33)

Pu3>|

where CIDJ = d>] {00 or j =1, 2, 3, respectively, P = P’ x P” with an arbitrary finite collection [’
of trltlles and an arbltrary finite sparse collection P” of rank 1. As discussed above, we now reach a
conclusion that the proof of Theorem 1.3 can be reduced to proving the following L? estimates for
discrete bilinear model operators IT5:

Proposition 2.9. [f the finite set P is chosen arbitrarily, as above, then the operator Il given by (2-33)
maps LP'(R?) x LP2(R?) — L?(R?) boundedly for any 1 < pi, p» < 0o satisfying % = % + i and
% < p < 00. Moreover, the implicit constants in the bounds depend only on py, p>, p, B and are

independent of the particular choice of the finite collection P.

2A2. Discretization for bilinear, biparameter operators Tn%). We will use the discretization procedure
as follows. First, we need to decompose the symbol m°(£) in a natural way. To this end, for both the
spatial variables x; (i = 1, 2), we decompose the regions {£; = (Sf , Sé) eR?: Sli 7+ Sé} by using Whitney
squares with respect to the singularity lines I'; = {Ef = 55} (i =1, 2) respectively. Since the Whitney
dyadic square decomposition for the x; direction has already been described in (2-11), (2-12), (2-13) and
(2-14) in Section 2A1, we only need to discuss the Whitney decomposition with respect to the singularity
line I'; in the x; direction.
To be specific, we consider the collection Q" of all shifted dyadic squares Q" = Q| x Q) satisfying

Q' C{(E]. &) eR* 18 #£&).,  dis(Q', 1) = 10* diam(Q"). (2-34)
We can split the collection Q' into two disjoint subcollections, that is, define
F={Q e Q'S <g)), Qp={Qe@: 0 S >§)) (2-35)

Since the set of squares {17—0 Q': Q' € @'} also forms a finitely overlapping cover of the region {&/ # &)},
we can apply a standard partition of unity and write the symbol x (&1 2€)) @S

Xtz = D oGl 8) = ( RS )¢Q’(§1 JE2) = Xjed<el) T Xjeloel) (2-36)
Qe Q'eQ; Q'eQy
where each ¢ is a smooth bump function adapted to Q” and supported in 1% 0.
Notice that, by splitting the symbol m? (&), we can decompose the operator Tﬁ(z%) correspondingly into
a finite sum of several parts, and we only need to discuss one of them in detail. From the decompositions
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(2-13) and (2-36), we obtain that

nwél,éz):( DAY+ D+ )¢Q/<s]‘,sz‘>¢g~<s%,s§>-na€<§1,§2>

Qe 0'eQy 0'eQy 0'eQy
QUEQE/ QUEQE/I] Q//€®6/ Q// @/ﬂ{I

=:mj (&1, &) +mi (&1, &) +mjy (1, &) +mfy (&1, &). (2-37)

One can easily see that we only need to discuss in detail one term in the decomposition (2-37), since the
other terms can be treated in the same way. Without loss of generality, we will only consider the third
term in (2-37), which can be written as

i &L E) = Y w1 E)o (El. 6o (ELL E3). (2-38)
Q'eQy
Q//e@ﬁl

In other words, we only need to consider the bilinear operator Tr;(l%) given by
[N

Tio (fiu ) = Z/ i ()po ENbor () f1(Er) fa(Er)e 68 dg (2-39)
0'eqQy,
0'<q]

from now on, and the proof of Theorem 1.5 can be reduced to proving the following L? estimates for Tn%)u:

2
1757 | (fre i@ Seopoprpn Ifilln @) - 12l g (2-40)

as long as 1 <p1,p2§ooand0<;=E+E<%.

Observe that there exist bump functions ¢! ; (i =1, 2) adapted to the shifted dyadic interval Q; such
that supp ¢g: ; © %Q; and ¢, ; =1on %Q; (i =1, 2) respectively, and supp ¢’ € %Q/, so one has
$0;.1-$0,.2 =1 onsupppg'. Since 511 €supp o1 S %Q/l and 521 €supp g, 2 © %Q/Z, it follows that
—& 11 — 521 € —% 0| — % Q) and, as a consequence, one can find a shifted dyadic interval Q with the
property that —P—OQ’I — 19—0Q’2 C 17_0Q/3 and also satisfying | Q| = | Q5| = | Q%|. In particular, there exists
a bump function ¢, 3 adapted to Q} and supported in %Q’3 such that g, 3 =1 on —%Q’l — %Q’z.
Recall that the smooth functions ¢Q;;, j (j =1, 2, 3) and shifted dyadic intervals Q7 have already been
defined in Section 2Al1.

We denote by Q' the collection of all shifted dyadic quasicubes Q" := Q' x Q% x Q% with Q] x Q) e Q)
and Q defined as above, and denote by Q" the collection of all shifted dyadic quasicubes Q" :=
Q' x Q) x 0f with Q7 x Q7 € Q] and Q defined in Section 2A1.

In fact, it is not difficult to see that the collections Q" and Q" can be split into a sum of finitely many
sparse collection of shifted dyadic quasicubes. Therefore, we can assume from now on that the collections
Q' and Q" are sparse.

Assuming this, we then observe that, for any Q' in such a sparse collection Q’, there exists a unique
shifted dyadic cube Q’ in R? such that Q' C % Q' and with the property that diam(Q’) ~ diam(Q"). This
allows us in particular to assume further that Q' is a sparse collection of shifted dyadic cubes (that is,
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1011 =105 = 10%| = £(Q")). Similarly, we can also assume that Q" is a sparse collection of shifted
dyadic cubes.
Now consider the trilinear form A%)n H (f1, f2, f3) associated to T’%)H (f1, f2), which can be written as

A%)u,u(fl’ 12, f3)
- fR T2 (fi, () fo(x) dx

3
=y / My o1 6, 8) [ [(fi % g, @ dor ) (E)) dé1 d&rdEs,  (2-41)
o'eq VEtatEH=0 j=1
Q//EQ//

where & = (Sil, ";'1.2) fori =1, 2, 3, while

iy o€, &, &) :=m" (€1, &) - (Do x 0, - 0,3) ® (Dorxoy - Por )1, &2, &), (2-42)

where ¢3Qf3 .3 is an appropriate smooth function of 531 which equals 1 on supp ¢, 3 and is supported on a
slightly larger interval (with a constant magnification independent of £(Q’)) than supp ¢g;.3, and dgr 3
is an appropriate smooth function of 532 which equals 1 on supp ¢¢y 3 and is supported on a slightly
larger interval (with a constant magnification independent of £( Q")) than supp $gy 3. We can decompose
ﬂng,’Q,/ (&1, &, &3) as a Fourier series,

mSQ”Q”(sl’ £, &) = Z C&Y .0, 0" i1, 1) &8, 53)/K(Q) i1y, 13, 15)- (€ €3, S;)/K(Q”) (2-43)

I.h.I5
l1,,l3e7?

where the Fourier coefficients C~ 7 ZQ are given by
l 2,43

Cre = / iy o ((EQDEL LQMED). (@& LQ"E). (L(Q)Es. L(Q"ED)
NES R
% o= 2mil-E1+T 548 dE| dEy dEy.  (2-44)
Then, by a straightforward calculation, we can rewrite (2-41) as

Ag (fis fo f3)

3
v v 4 4
E Q Q . 7o "o —_— ! L -
Z Z ll 12 l3 /RZ H(f’ * (¢Qis’ ®¢Qi v’))<x (Z(Q/)’ E(Q//) )) dx. (2 45)
0'€Q' [}l l;e7? i=1
Q"eQ”
Now we define ¢) 27”[5 Q. ¢Q and ¢Q” - 27”1”5 /6Q" . ¢Q// fori =1, 2, 3. Since any

Q'e Q' and Q" € Q” are shifted dyadic cubes, there exist integers k', k” € Z such that £(Q") = | Q| =
|05 =105 = 2K and €(Q") = 1071 =105 =105 = 2K respectively. By splitting the integral region
R? into the union of unit squares, the L?-normalization procedure and simple calculations, we can
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rewrite (2-45) as
A (fii fo £5)

8 Q Q// 3
l/ )\‘/ l// A,H
= > Z Z > l"l”‘ [T 60 @1 gy i/
|I/|2X|IN|2 1,0}, 17,
I, zez? Q€@ I dyadlc I” dyadic i=1
Q"eQ” ['|=2—* 11"|1=2-~"
ce .
03,1010 l,,A
> // >, — l_[fud* A, (2-46)
1.5, lyez? _perep B i
where we have:
« Fourier coefficients C¢ - - . := 29"
0p.11,b.13 1,113
o tritiles P':= (P{, Py, P}) and P" := (P, Py, P});
o tiles P/ := Ipl/ X wpr, where Ipl_’ =1 = 2_"/[11/, n’ + 1] =: Ip: and the frequency intervals are
wp/ = Qi fori=1,2,3;
o tiles P” = IP// X wpr, where IP// :=1"=2"¥[n", n" +1] =: Ip» and the frequency intervals are
wpy :— o for] —1 2,3;
» frequency cubes Qp :=wp; X wp; X wp; and Qpr := wpr X Wpy X Wpy;

o [P’ denotes a collection of such tritiles P’ and P” denotes a collection of such tritiles P”;
« bitiles Py, P, and Ps defined by
Pi=(P,P)=Q ' 0+ 11x 0, 27¥ ", n" +11x Q) fori=1,2,3;
o the biparameter tritile P:=P' Q®P"'= (P, P, Py);
« rectangles I* = IP/ X IPI/’ =1Ip xIpr=:1pfori=1,2,3,and hence |I3| = |Ip x Ipr| = |1131| =
I3l =105 =27 27",
e the double frequency cube Q5 :=(Qp/, Qpr) = (Wp; X wp; X Wp;, Wpy X Wpy X Wpy);
« P:= P’ x P denotes a collection of such biparameter tritiles P;

7,7

o L2-normalized wave packets dD associated with the Heisenberg boxes P/ defined by

ol A(161) = ,,Q l(xl) =27 "/2¢Q Q2 Km +N)—x)) fori=1,2,3,

o L2-normalized wave packets @ P,, e associated with the Heisenberg boxes P/’ defined by

l// £z l// Az v , .
’P,, (x) =}, oy (x2) =27 K /2%,_, (2K (" + 1) —x2) fori=1,2,3,
. -7 ,Z~,)\./ l// A .
» smooth bump functions QJ"f”A =P Y ®" " fori = 1,2, 3.
P; P P
We have the following rapid decay estimates of the Fourier coefficients C° - 71 with respect to the

0p.l1,b.13
parameters ll, lz, 13 e 7%
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Lemma 2.10. The Fourier coefficients C SQ iL7 satisfy estimates
potls by, 3
c; ~(1+e)
QP I, l3| S’ 1_[ a + gZE(QP’» (2-47)
J=1

for any biparameter tritile Pe I]S, where M is sufficiently large.

Proof. Let £(Q p)) = 2% and £(Qpr) =2 for k', k” € Z. For any ¢ > 0, Ii,lr,l5€7%and P € P, we
deduce from (2-42) and (2-44) that

& - o o
05,110,103

=/ iy, 0,,/(2YEl2VED), @V} 2 D), @¥e] 2V e b e gy agy gy, (248)
R

where

w0, (V&1 2N ED), Y], 2 8D), (2¥8). 2V D))
= 17" (281, 28, o (2180 32X 6D Py iy 2 80, 321D (249)

Since SUPP (s, sy (E1) oy 3(E) By xpy (E2)usyy 3(6)) € Qpr x Qpr we have that
SUPP (Pasy i, (261080, 32 63) By 2 8200,y 3246D)) € Q% x O,
where the cubes Q(;,, and Q(;),, are defined by
0 = o}y x oy x wp, = (5], 6. 5) e R : Vg, 2g). 2 € 0, (2-50)
0 = ol x &y x = (€], 6. &) e R : 2V7.2V . 26D € 0pr) (2-51)

and satisfy |QY,] ~ |09, | ~ 1. From the properties of the Whitney squares we constructed above, one
obtains that dlSt(2k Sl, )~ 2K for any f;‘l € a) , X a)P, and d1st(2k f;‘z, Ip) ~ 2K for any f;‘z € a)P,, X a)(;),,.
By taking advantage of the estimates (1- 13) for syrnbol mé (&), one can deduce from (2- 48) (2- 49)
and integrating by parts sufficiently many times that
~e
| 05, Ih.b, Z3|

3
l:[ 1+Il HM

x /Q ol |ogragz oz [msy o, (V8] 2eD), 28], 2M'E]), @2YE]. 24 6D))]| d&1 d&, dis

3
STl [, dsm@Er® [ a8, mo o o' @461, 2 Bl s dy
(1+|l |)M //Xw(}),// wg,xw(;),

l 2 2

j=1 1
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2/\

1} Py

11(

[l (1+|l 57 - {log2 Q).
j=1

3
2 / / dist(E, T)"-dist(E, 01 [o¢ 92 * (&1, &)| &1 d&,
: 1+|z ) oy Xty Sy xay

2/\

where the multi-indices «; := (oel.l, al.z) fori=1,2,3and |o;| = |a2| =laz| = M are sufficiently large,
the multi-indices o := (o], &}, &}), o 1= (e, &), @f) with ] < a and ot” < Ol fori, j =1, 2, 3. This
ends our proof of the estimates (2—47). U

Note that the rapid decay with respect to the parameters ll, lz, 13 € 77 in (2-47) is acceptable for
summation, all the functions d> Ll (i=1,2,3)are L?-normalized and are wave packets a_ss//oc/1/ated with the
i =123

are L>-normalized and are wave packets associated with the Heisenberg boxes P unlformly with respect

Heisenberg boxes P/ unlformly Wlth respect to the parameters [/, and all the functions @

to the parameters l” therefore we only need to consider from now on the part of the trilinear form
A(~25) (f1, f2, f3) deﬁned in (2-46) corresponding to 11 = lz = l3 =

A2 (o fon 1) = / f Z
- - -, we have parameters A = (A, 1”), andCID _<I>’~O’\forz =1,2,3.

where CSQ_ =C¢ 56,00
The tritiles P’ = (P], P}, P! 2 in the collection P’ also satisty the same propertles (as P” € P") described
in Remark 2.5. It is not dlfﬁcult to see that both the collections of tritiles P’ and P” can be written as

u Y fo cbz/\ VW fo <I>3’\d (2-52)

|1I

a finite union of sparse collections of rank 1; thus we may assume further that P and P” are sparse
collections of rank 1 from now on.
The bilinear operator corresponding to the trilinear form Af;?g) (f1, f2, f3) can be written as
0,0

fie (fl,fz)(x)—/f Z

Since ﬁ%( f1, f2) is an average of some discrete bilinear model operators depending on the parameters

FRIVCR el S COL7N (2-53)

L = (A1, A2) € [0, 17%, it is enough to prove the Holder-type L” estimates for each of them, uniformly
with respect to parameters A = (A1, Ap). From now on, we will do this in the particular case when the
parameters A = (A1, A2) = (0, 0), but the same argument works in general. By Fatou’s lemma, we can also
replace the summation in the definition (2-53) of 1:[‘[% (f1, f2) on the collection P=P x P’ by arbitrary
finite collections [P’ and P” of tritiles, and prove the estimates are uniform with respect to different choices
of the set P.

Definition 2.11. A finite collection P = P’ x P” of biparameter tritiles is said to be sparse and of rank 1
if both the finite collections P and P” are sparse and of rank 1.
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Therefore, one can reduce the bilinear operator 1:[% further to the discrete bilinear model operator IZI%
defined by
CS
AS(fi, ) = —2 )2, %) (2, (2-54)

PeP |

where CDJ = qDJ 00 for j =1, 2, 3, and the finite set P =P xP”is an arbitrary sparse collection
(of blparameter trltlles) of rank 1. As discussed above, we now reach a conclusion that the proof of
Theorem 1.5 can be reduced to proving the following L? estimates for discrete bilinear model operators Hfﬁ.

Proposition 2.12. [fthe finite set P is an arbitrary sparse collection of rank 1, then the operator 1:["83 given
by (2 54) maps LP' (R?) x LP*(R?) — L?(R?) boundedly for any 1 < pi, pa < 00 sansfymg - = —1 + é
and < p < 00. Moreover, the implicit constants in the bounds depend only on ¢, p, pz, p and are
mdepena’ent of the particular finite sparse collection P of rank 1.

2B. Multilinear interpolations. First, let’s review the following terminologies and definitions of multi-
linear interpolation arguments:

Definition 2.13 [Muscalu and Schlag 2013; Muscalu et al. 2002]. An n-tuple 8 = (81, ..., B,) is said to
be admissible if and only if B; < 1 forevery 1 < j <n, Z;Zl B; =1 and there is at most one index j for
which B; < 0. Anindex j is called good if B; > 0 and bad if B; < 0. A good tuple is an admissible tuple
that contains only good indices; a bad tuple is an admissible tuple that contains precisely one bad index.

Definition 2.14 [Muscalu et al. 2002]. Let E, E’ be sets of finite measure. We say that E’ is a major
subset of E if E' C E and |E'| > 1|E|.

Definition 2.15 [Muscalu and Schlag 2013; Muscalu et al. 2002]. If 8 = (84, ..., B,) is an admissible
tuple, we say that an n-linear form A is of restricted weak type B if and only if, for every sequence
E1, ..., E, of measurable sets with positive and finite measure, there exists a major subset E // of E; for
the bad index j (if there is one) such that

IACSL ooy SIS IELP | Ey )P (2-55)

for all measurable functions | f;| < x E! (i =1,...,n), where we adopt the convention E; = E; for good
indices i. If B is bad with bad index jy, and it happens that one can choose the major subset £ ;0 CEjin
a way that depends only on the measurable sets E, ..., E, and not on 8, we say that A is of uniformly
restricted weak type.

Definition 2.16 [Muscalu and Schlag 2013]. Let 1 < p;, p» <oocand 0 < p < oo be such that # + i

An arbitrary bilinear operator T is said to be of the restricted weak type (pi1, p2, p) if and only if, for all
measurable sets E{, E,, E of finite measure, there exists £’ C E with |E’| >~ | E| such that

/ T(fi, f)(x) f(x)dx| S|Eq VP Ey| /P2 ENVP (2-56)

for every | fi| < xE,» | 2| < xE, and | f| < xE'.
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By using multilinear interpolation (see [Grafakos and Tao 2003; Janson 1988; Muscalu and Schlag
2013; Muscalu et al. 2002]) and the symmetry of the operators T and lzlfﬁ, we can reduce further the
proof of Proposition 2.9 and Proposition 2.12 to proving the following restricted weak type estimates for
the model operators I and l:ID%:

Proposition 2.17. Let p| and p; be such that py is strictly larger than 1 and arbitrarily close to 1 and p;

is strictly smaller than 2 and arbitrarily close to 2 and such that, for % = % + é, one has % <p<l
Then both the model operators 1y and 1:[%) defined in (2-33) and (2-54) are of the restricted weak type
(p1, p2, p). Moreover, the implicit constants in the bounds depend only on py, p2, p, € and B, and are

independent of the particular choice of the finite collection P.

Indeed, first we should note that, if p;, p>, p are as in Propositions 2.9 and 2.12, then the 3-tuple
1

(%, i, %) lies in the interior of the convex hull of the following six extremal points: ,31 = (—%, 35 1),
B (1) B = (b 1) B = (L 4), %= (51 —4) and 6 o= (1,1, ). Then,
if we assume that Proposition 2.17 has been proved, from the symmetry of operators I3 and 1'5% and
their adjoints we deduce that both the trilinear forms associated to bilinear operators I and H% are
of uniformly restricted weak type g8 for 3-tuples 8 = (81, B2, B3) arbitrarily close to the six extremal
points B!, ..., B° inside their convex hull and satisfying that, if g ; 1s close to % for some j =1, 2, 3,
then B; is strictly larger than % By using the multilinear interpolation lemma, [Muscalu and Schlag 2013,
Lemmas 9.4 and 9.6] or [Muscalu et al. 2002, Lemma 3.8], we first obtain restricted weak type estimates
of A for good tuples inside the smaller convex hull of the three coordinate points (1, 0, 0), (0, 1, 0) and
(0,0, 1). After that, we use the interpolation lemma [Muscalu and Schlag 2013, Lemma 9.5] or [Muscalu
et al. 2002, Lemma 3.10] to obtain restricted weak type estimates of A for bad tuples and finally conclude
that restricted weak type estimates of A hold for all tuples 8 inside the convex hull of the six extremal
points 81, ..., BS.

It only remains to convert these restricted weak type estimates into strong type estimates. To do this,
one just has to apply (exactly as in [Muscalu et al. 2002]) the multilinear Marcinkiewicz interpolation
theorem in [Janson 1988] in the case of good tuples and the interpolation lemma [Muscalu et al. 2002,
Lemma 3.11] in the case of bad tuples. This ends the proof of Propositions 2.9 and 2.12, and, as a
consequence, completes the proof of our main results, Theorems 1.3 and 1.5. Therefore, we only have

the task of proving Proposition 2.17 from now on.

3. Trees, L? sizes and L? energies

3A. Trees. We should recall that, for discrete bilinear paraproducts, the frequency intervals have already
been organized with the lacunary properties (see [Muscalu and Schlag 2013; Muscalu et al. 2004a; 2006]),
so we could use square function and maximal function estimates to handle the corresponding terms
easily, at least in the Banach case. By the properties of the collection P” of tritiles we have explained in
Remark 2.5, we can organize our collections of tritiles [, P” into trees as in [Grafakos and Li 2004],
which satisfy lacunary properties about a certain frequency. We review the following standard definitions
and properties for trees from [Muscalu et al. 2004b]:
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Definition 3.1. Let P be a sparse rank-1 collection of tritiles and j € {1, 2, 3}. A subcollection T C [P is
called a j-tree if and only if there exists a tritile Py (called the top of the tree) such that

Pj < Pr,j (3-1)
forevery P eT.

Remark 3.2. A tree does not necessarily have to contain the corresponding top Pr. From now on, we
will write I and wr ; for Ip, and wp, ; for j =1, 2, 3. Then, we simply say that T is a tree if it is a
j-tree for some j =1, 2, 3.

For every given dyadic interval Iy, there are potentially many tritiles P in P’ and P” with the property
that Ip = Iy. Due to this extra degree of freedom in frequency, we have infinitely many trees in our
collections [P and P”. We need to estimate each of these trees separately, and then add all these estimates
together, by using the almost orthogonality conditions for distinct trees. This motivates the following
definition:

Definition 3.3. Let 1 <i < 3. A finite sequence of trees 71, ..., Ty is said to be a chain of strongly
i-disjoint trees if and only if:

(i) P; # P/ for every P € T}, and P’ € T;, with [; # [,.

(ii) Whenever P € T;, and P’ € Tj, with [} # [, are such that 2wp, ﬂZa)Pi/ # @, then if |wp,| < |a)P/| one
has Ip/ N ITll = and if |Cl)Pi’| < |wp,| one has Ip N Ile = .

(iii) Whenever P € T;, and P’ € T;, with [} < I, are such that 2wp, ﬂZa)P/ # O, then if |wp,| = |a)P/| one
has Ip/ N ITll = .

3B. L? sizes and L* energies. Following [Muscalu et al. 2004b], we give the definitions of standard
norms on sequences of tiles:

Definition 3.4. Let [P be a finite collection of tritiles, j € {1, 2, 3}, and let f be an arbitrary function. We
define the size of the sequence ({f, CIDij V) pep by

1

. ~ 1 2\

size; (((f. @} ) per) 1= sup (— NIF2 q>§).>|2> , (3-2)
/ rep\r| 7= /

where T ranges over all trees in [P that are i-trees for some i # j. For j =1, 2, 3, we define the energy

of the sequence ({f, CDfD/_))pEp by

1

energy ;(({f, ®},)) pep) := supsup 2" (Z |1T|) : (3-3)
TeT

neZ T

where now T ranges over all chains of strongly j-disjoint trees in P (which are i-trees for some i # j)

having the property that
1

(Z 152 <I>L_,>|2)2 > 2"|Ir|2 (3-4)

PeT
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for all T € T and such that

1

( >l ¢;j>|2)2 <2172 (3-5)

PeT’
for all subtrees 7' C T € T.

The size measures the extent to which the sequences ({f, CD ))pep (j =1, 2, 3) can concentrate
on a single tree and should be thought of as a phase-space Varlant of the BMO norm. The energy is a
phase-space variant of the L? norm. As the notation suggests, the number ( f, QDij ) should be thought of
as being associated with the tile P; (j =1, 2, 3) rather than the full tritile P.

Let P be a finite collection of tritiles. Denote by I1p the discrete bilinear operator given by

1
Mp(fi. )(X) =Y —(fi. Pp ) (fo. Pp,) Dp, (x).
PeP |IP|2

The following proposition provides a way of estimating the trilinear form associated with the bilinear
operator I1p(f1, f»). We define

Ap(fis fon f3) = fR M (fi, )00 f3(x) dox.

Proposition 3.5 [Muscalu et al. 2004b]. Let PP be a finite collection of tritiles. Then

3
Ao (1, fon IS [] (size; (((f0 @) pep))” (energy ; (((f7. @5 Dper) ™ (3-6)
j=1

forany 0 <0y, 05,03 <1 with 0 +6>+03 = 1; the implicit constants depend on the 0; but are independent
of the other parameters.

3C. Estimates for sizes and energies. In order to apply Proposition 3.5, we need to estimate further the
sizes and energies appearing on the right-hand side of (3-6).

Lemma 3.6 [Muscalu and Schlag 2013; Muscalu et al. 2004b]. Let j € {1,2,3}and f € L*(R). Then
one has

size; ((f, @) pep) S sup —— / | F1X1 dx 3-7)

~ pep |1pl

for every M > 0, where the approximate cutoff function X, M (x) equals (1 +dist(x, Ip)/|Ip])™ and the
implicit constants depend on M.

Lemma 3.7 (Bessel-type estimates [Muscalu et al. 2004b]). Let j € {1,2,3} and f € L*(R). Then
energy ; (((f, @} ) pep) S I1f 1112 (3-8)

4. Proof of Theorem 1.3

In this section, we prove Theorem 1.3 by carrying out the proof of Proposition 2.17 for model operators
I defined in (2-33) with P = P’ x P”.
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Fix indices p1, p2, p as in the hypothesis of Proposition 2.17. Fix arbitrary measurable sets E;, E;, E3
of finite measure (by using the scaling invariance of I, we can assume further that |E3| = 1). Our
goal is to find E} C E3 with |E}| ~ |E3| = 1 such that, when | 1| < xg,, | f2| < xE, and | f3] < Xk, the
trilinear form A (f1, f2, f3) defined by

As(fis fou f3) = fR T ) f(0) da @-1)

satisfies the estimate

[Ap(f1, f2, f3) =

Co;
s

) (2 @) (f5, @ ’N,,,,lp23|E1|”p'|Ez|”m (4-2)
PcP

where p; is larger than but close to 1, while p; is smaller than but close to 2.

In order to prove our Theorem 1.3 in biparameter settings, one can easily observe that the main difficulty
from [Muscalu et al. 2004a; 2006] is that, if we restrict the sum of tritiles P” € P” in the definition of
discrete model operators IT to a tree, then we essentially get a tensor product of two discrete paraproducts
on x| and x, respectively, which can be estimated by the MM, MS, SM and SS functions, but, due to the
extra degree of freedom in frequency in the x; direction, there are infinitely many such tensor products of
paraproducts in the summation, so it’s difficult for us to carry out the stopping-time decompositions by
using the hybrid square and maximal operators as in [Muscalu et al. 2004a; 2006]. Instead, we will make
use of the L? size and L? energy estimates of the trilinear forms, the almost orthogonality of wave packets
associated with different tiles and the decay assumptions on the symbols. Furthermore, we can extend
our proof of Theorem 1.3 to general d-parameter settings (d > 3) by applying the generic decomposition
lemma (Lemma 4.1) to the d — 1 variables x, ..., xg—;. Although one can’t obtain that supp <I>3 ‘o @3 .
is entirely contained in the exceptional set U as in [Muscalu et al. 2006], one can show that thls support
set is contained in U in all the variables xy, ..., x4—1, but not x4. Therefore, we only need to consider
the distance from this support set to the set E in the x, direction and obtain enough decay factors for
summation; the extension of the proof from biparameter case to the general d-parameter (d > 3) cases is
straightforward.

From [Muscalu et al. 2006], we can find the following generic decomposition lemma:

Lemma 4.1. Let J C R be a fixed interval. Then every smooth bump function ¢; adapted to J can be
naturally decomposed as

b= 2710,

£eN

where, for every £ € N, ¢f is also a bump function adapted to J but having the additional property that
supp(qbﬁ) C 2YJ. If in addition we assume that fR ¢j(x)dx =0, then the functions d)§ can be chosen so
that [, ¢'(x) dx =0 for every £ € N.

We use 2¢J to denote the interval having the same center as J but with length 2¢ times that of J.
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By using Lemma 4.1, we can estimate the left-hand side of (4-2) by

IAs(f1s oo IS Y27 AL (1, fo, ) (4-3)

£eN

The trilinear forms A% (f1, f>, f3) (€ € N) are defined by

|CQﬁ|

ASCf fn ) =) o i @) (2 @RI @F, (4-4)

Pep ''P

where the new biparameter wave packets are CIDTB"Z = CIDi;’fZ ® QD;,, with the additional property that
3 3 3
3,0 €7 _Hly.
supp(d>133, )2 IP;’ =21p.
For every £ € N, we define the sets

2

— 2. XE; 10¢ i
Q100 ._]L:Jl{xe[Ri .MM(lEj )(x)>C2 } (4-5)
and
Q_100 == {x e R : MM(xa_,,,)(x) > 27°), (4-6)

where the double maximal operator MM is given by

1
MMh)(x, y) := sup —/ |h(u, v)|dudv. 4-7)
dyadic rectangle R |R] R
(x,y)eR
Finally, we define the exceptional set
U:=J% 0 (4-8)
eN

It is clear that |U| < % if C is a large enough constant, which we fix from now on. Then, we define
E} := E3\ U and note that |E}| ~ 1.
Now fix £ € N, and split the trilinear form A% (f1, f2, f3) defined in (4-4) into two parts as follows:

A%(fl, J2, f3)

1Co;| | 2 3.0 1Co; 1 2 3.6

= ¥ o U @RI PRI, @R 3 U @RI RIS, @501
PeP: P PeP: P
T30, #2 1300, =2

= A5 (fi. fao )+ AL, (fis f2. f3), (4-9)

where A¢ denotes the complement of a set A.

4A. Estimates for trilinear form Aé} I( Jf1, f2, f3). We can decompose the collection P’ of tritiles into

P = Pt (4-10)
k'eZ



702 WEI DAI AND GUOZHEN LU

where
P =P el |15 =27F). (4-11)

As a consequence, we can split the trilinear form A% 1( fi, f2, f3) into

<—lj7 q)i)//> X
|Iﬁ/|7 J

(5. D)
TR

2
115
AL (=3 D 1Co =] L)l @12
KeZ el <p": [T 5= 1152
I3NQE 10, #9

By Lemma 2.4, we can estimate the Fourier coefficients Cg , := C 0;.0.0.0 for each P € [ﬁ’;(/ xP" (k' € Z)
by
ICo;| SCe with > Cp < B < +o0. (4-13)
k'ezZ
For each fixed P’ € [/, we define the subcollection
PY = {P" €P": I[5NQ o, # D).
Therefore, by using Proposition 3.5, we derive the estimates

A%’I(fl, f2, 13)

S Ce Y Ul

Kel  prep,

2 (fj» @5 1-6; (fj» @ 0;
o () (),
: : 11512 PrePy, 11512 Prept,

Jj=1

(f3. @3, 0 (f3, @5, 9 163
X (si263 ((<— o3 //>) )) (energy3 (<<— o3 ,/>> )) (4-14)
|52 Pep”, [15]2 P"ePY,

for any 0 <6, 6,03 <1 with 6 +6, +63 = 1.
To estimate the right-hand side of (4-14), note that 13 N Q° |, # @ and supp f3 € E} C RZ\U; we
apply the size estimates in Lemma 3.6 and get, for each P/ € [P’;{,,

fl’ / <f1’ (I)lp'/>
sizej <(<— CD}J,,>> )N sup f . XIPH dx<210£| Eil, (4-15)
|I}5’|2 1 P”EP/I/;, Pre [FDH |IP”| |I};/|§
(f2, ®5, (f2, CD%,
sizez((<— q>2,,>) )N sup / = (X1, dx S 2% Eyl, (4-16)
|1,;,|z prepr,) " prepr, |Ipr 1152
(f3, D) (f3, @)
size3((<— 3 >) )N sup / 5 e <, (4-17)
152 P"eP’, P"ePY, [ 1pr| [15]2 g
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where M > 0 is sufficiently large. By applying the energy estimates in Lemma 3.7 and Holder estimates,

(fi, @ (fi, @) %190 (xp) }

energy, ((<— Cb}o,,>> ) S|l—F (/ ————dx dxz> , (4-18)

|II;,|2 P"eP’, |11;,|7 L2(R) e Upl

energy, ((<— P32 ,>> ) S|l—= (/ ———dx dm) ; (4-19)
|II;,|2 P PreP”, |113,|2 L2(R) e, pl

Z100.6 (0

(f3, @ (f3, @ 2 X[ 3
energys <<<— d>34,>) )5 —_— </ I—dx1 dxz) . (4-20)
[1512 P7eP?, |11;,|2 L2(R) . 1151

where the approximate cutoff function x X 1 (xl) decays rapidly (of order 100) away from the interval 1 5,

we have, for each P’ € P},

N

N

N

at scale |/3,| and satisfies the additional property that supp x 1100 tcalg pre
Now we insert the size and energy estimates (4-15)—(4- 20) into (4-14) and get

AL (fis fou f3)

ST T M

k'ez IS/EHED;(,

0 1—-6> 1-6;

1—
2 2 2
Lx}godx) (/E X}[‘j,odx> (/E/X}O/”dx) . @21

1 2

Since |15/| = 2 for every P’ € [ﬁ);(,, all the dyadic intervals /3, are disjoint, thus, by using Holder’s

inequality, we can estimate the inner sum in the right-hand side of (4-21) by

9' 1—93

~ 2 — —_
(Z / }Qodx> (Z / x};{o’@dx) SIE TR Ey (7, (4-22)
E/

prep, prepr, ” 5

Combining the estimates (4-13), (4-21) and (4-22), we arrive at

NG (f1, fa 3 S2UENT o [E P E |2 Y "
’ kez
Sor.00,05,8 21|y |02y 122 (4-23)

for every £ e Nand 0 <6y, 65,603 <1 with6; +6, + 63 =1.

By taking 6, sufficiently close to 1 and 6, sufficiently close to 0, one can make the exponent
2/(1 4+ 61) = p; strictly larger than 1 and close to 1, and 2/(1 4+ 6,) = p, strictly smaller than 2
and close to 2. We finally get the estimate

Agj’l(fl: va f3) Sp,pl,pz’B 2105|E1|]/p]|E2|1/p2 (4_24)

for every £ € N and p, pi, p» satisfying the hypothesis of Proposition 2.17.
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4B. Estimates for the trilinear form A‘ ( J1s f2, f3). It I3 S 20, then 2075 5 xIpr C Q_ 10¢. There-

fore, for each fixed P’ € P/, we define the corresponding subcollection of P” by
U:D;/;, = {P” eP’: 113 C Q _10¢},

then we can decompose the collection IP’}’;, further, as follows:

"o /"
PI}/ - U Pﬁ/,d”’ (4_25)
d"eN
where
P = (P € P 25 x 27 Tpr € Qjor) (4-26)

and d” is maximal with this property.
Now we apply both the decompositions of P’ and [P’/}), defined in (4-10) and (4-25) at the same time,
and split the trilinear form Aé H( fi1, f2, f3) into

Aé,’”(fl’ f2, 3)

L2 e (3 @5
=YY ol Y Y : ]_[< - ,<I>fw> x <— <1>p~> (4-27)
KeZ prep, d"eN Prep’, [pr|2 500N ]2 ! 152
In the inner sum of (4-27), since 2¢ I % 2d//1p~ - Q_m,
supp(<I>3 Z) C2'75 and supp f3 € E5 CR?\ U,
we can assume hereafter in this subsection that
[ f3] < XE{ X215 X" T on)e- (4-28)

By using Proposition 3.5 and (4-13), we derive from (4-27) the estimates

AG (1. fa )

2 (fj, @ ;) 1-0;
S Ce Y gl Z[H(energyj (<<T @, ”>)P,,ep,, ))

kez ﬁ/e[ﬁ:;{, d"eN=j=I | P’ pra

(fj, @ ~_) ; 0
we (2227 4
8 (Slze’ ((< |1;,,|z b >>p - )) }

P’.a"

(f3, P 03 (f3, @ 1-63
(| G (S S
512 1plp " peny,

// / d//

for any 0 < 6y, 6,, 03 < 1 with 6; +92+93 =1.
To estimate the inner sum in the right-hand side of (4-29), note that I3 € Q_jo¢, P” € [P”I’J ar and f3

satisfies (4-28), so we apply the size estimates in Lemma 3.6 and get, for each P’ € P;a and d” e N,



LP ESTIMATES FOR BILINEAR AND MULTIPARAMETER HILBERT TRANSFORMS 705
1 1
(f1. @) 1 (f1.@5) o ead”
size; <(<—1', @P,,>) ) sup / - X, dx $2 TUEL],  (4-30)
p2 reey, /) ey, IRl 112
2 2
o ®p) V2 PR, 11e+d”
sizep ((<—1, CDP,/>) ) sup f | X7, dx S2 |E>|, (4-31)
|II;,|? PPy, P'ePY, [1pr] e
3.6y
s @ 3 s @ - M M—100)d"
sizes <<<— <DPH>) ) S osup i / 13 Xiny dx <27 ( 4" (4-32)
1518 prew, ) pern, 1Te] el

where M > 0 is arbitrarily large. Similar to the energy estimates obtained in (4-18), (4-19) and (4-20), by
applying the energy estimates in Lemma 3.7 and Holder estimates we have, for each P’ € [IED;(/ and d” € N,

(fi.® ] %190 (xy) 3
energy, (| {————. ®ps N / ———dx1dxy | , (4-33)
|Iﬁ/|2 P”EP”, p E1 |113/|
(o ®%) X (xn) :
energy, ([ { ———, @5/ S ————dxydxy ) , (4-34)
|II5’|z ’ P”EP’[’;/’W Ey |If~”|
(f @3 i) ;
energys | | {———, Ppy S / ———dxjdxy | , (4-35)
152 Prepy, v gl

where the approximate cutoff function x X 1 (xl) decays rapidly (of order 100) away from the interval 1 5,

at scale |/3,| and satisfies the additional property that supp x 1100 ol pre
Now we insert the size and energy estimates (4-30)—(4- 35) into (4-29); by using the estimates (4-13),

(4-22) and Holder’s inequality, we then get
Aé,ﬂ(fl, 125 f3)

53
y 2
<2V B, |, ch, Z 2—(M03—100)d ( Z / )?}O,de) ( Z / ~1ooedx)
kez  d’eN 4
<6,.6,.05.B.M 2115|E1|(1+91)/2|E2|(1+92)/2 Z 2—(M93—100)d ' (4-36)

d’eN
for every £ e Nand 0 <0y, 6,,603 <1 with6; +6, + 603 = 1.
By taking 6; sufficiently close to 1 and 6, sufficiently close to 0, one can make the exponent
2/(1461) = p; strictly larger than 1 and close to 1, and 2/(1 + 6,) = p» strictly smaller than 2 and close
to 2. The series over d” € N in (4-36) is summable if we choose M large enough (say, M >~ 2006, h). We

finally get the estimate
AL L1 2o 1) Spoprpms 2 LB P Eo ]2 (4-37)

for every £ € N and p, pi, p» satisfying the hypothesis of Proposition 2.17.
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4C. Conclusions. By inserting the estimates (4-9), (4-24) and (4-37) into (4-3), we finally get

1As(fis foo S Spoprpns Y27 O EN P ES P2 S s LEVYPHESY P (4-38)
£eN

which completes the proof of Proposition 2.17 for the model operators IT5.
This concludes the proof of Theorem 1.3.

5. Proof of Theorem 1.5

In this section, we prove Theorem 1.5 by carrying out the proof of Proposition 2.17 for the model
operators I:I% defined in (2-54) with P=P xP’.

Fix indices p1, p2, p as in the hypothesis of Proposition 2.17. Fix arbitrary measurable sets Ey, E;, E3
of finite measure (by using the scaling invariance of I:I%,, we can assume further that | E3| = 1). Our goal
is to find E C E3 with | E4| ~ | E3| = 1 such that, for any functions | fi| < x,, |f2| < x&, and | f3| < x g}
one has the corresponding trilinear forms AD%( f1. f>, f3) defined by

AS(fis fos f3) = /R TR f2)(0) f3(x) dx (5-1)
satisfy estimates

~e
> “os
1
pep B

Zepprp |E1IYPUEV P2, (5-2)

AL (fi. o 1) = (f1. @5 ) @F) (3, )

where p; is larger than but close to 1, while p; is smaller than but close to 2.

In the proof of Theorem 1.5 in biparameter settings, besides the difficulty that one can’t carry out
the stopping-time decompositions by using the hybrid square and maximal operators as in [Muscalu
et al. 2004a; 2006], we can’t apply Journé’s lemma as in [Muscalu et al. 2004a] either, since we can’t
get the estimate ), |Ip/| S |I] for all dyadic intervals Ip € I with comparable lengths. Therefore,
in order to prove Theorem 1.5, we will take advantage of the almost orthogonality of wave packets
associated with different tiles of distinct trees and the decay assumptions on the symbols to overcome
these difficulties.

We define the exceptional set

2

Q= U{x cR?: MM(%)(}C) > c} (5-3)
j=1 /

It is clear that |Q2] < 11—0 if C is a large enough constant, which we fix from now on. Then, we define
E} := E3\ Q and observe that |E| > 1.
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Now we estimate the trilinear form ]\% (f1, f2, f3) defined in (5-1) by two terms as follows:

AL (f1s fon f)]

| o N ~E N
S X R ORI SR )+ Y U @ I @)1 @)
pep. A1 ) Pep- B2
[;NQ° £ ;N2 =@
=A% (i fo. [+ AL L (f1s fo. f3): 5.4)

5A. Estimates for trilinear form K% I( Jf1> f2, f3). We can decompose the collection P’ of tritiles into

= J P, (5-5)

k'eZ
where

Pl = (P P :£(Qp)=2"}. (5-6)
As a consequence, we can split the trilinear form A% 1( f1, f2, f3) into

(fj. ®%)
it on)|

" (5-7)
plz

3

. —

AS (fi =0 Y 1C,1—— 1]
’ - |IP//|2 .
kEZPe[P’;(,le’”: Jj=1

I5NQ°£D

By Lemma 2.10, we can estimate the Fourier coefficients C EQﬁ =C ‘EQ 565 foreach P € P xP" (k' € Z)
by e
1Co,1 S Chi= (k)"0 = (14 k) =092, (5-8)

For each fixed P’ € ", we define the subcollection P, of P by
P :={P" eP": Iz NQ° # &}.
Therefore, by using Proposition 3.5, we derive the estimates

]\‘U%,J(fl, f2, f3)

. 3 (fj, @ /> 1-6;
< ZC,‘? Z |1p/] H[(energyj<(<— <D’,,>) ))
: IIP/| P”E[P’/;,/

kez Pep, j=1
(fi» ®p) 0
x | size; (( { ——=. ), (5-9)
|1p/|2 i/ prepr,

for any 0 <6, 6,03 <1 with 6 +6, + 63 = 1.
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To estimate the right-hand side of (5-9), note that /3 N Q° # @ and supp f3 C E%, so we apply the size
estimates in Lemma 3.6 and get, for each P’ € P}, and j =1, 2, 3,

<f/a /)
(22 0 ) V<
|IP/| 2 P//Eﬂ:u/}/)/ P”EP” |IP//

where M > 0 is sufficiently large. By applying the energy estimates in Lemma 3.7, we have, for each
P eP,and j=1,2,3,

m&@ ; 1 i 3
enerng —|7q>P// 5 1 |<f]7q)P/>| dxz . (5_11)
[1pr|2 S prery, /o [Ipr2 NJR g

Now we insert the size and energy estimates (5-10) and (5-11) into (5-9) and get

{(fi» Ppi)

J

Ip]2

X, dx S|Ejl, (5-10)

1-6;

2
AL (fis o ) SIENM BN Y Ch Y H(/ [(fr @) dxz) L G12)

k'eZ P’eP’ j=1

Observe that, for any different tritiles P’ € P}, and P e P}, one has I3, N[5 = &, or otherwise one
has I5 =I5 but w P, Nw F= @ for every j =1, 2, 3. By taking advantage of such orthogonality in
L? of the wave packets @fo/_ corresponding to the tiles P]f (j =1, 2, 3), one has that, for any function
Fel*Randk €z,

2
PIRTAE AL BN DI IS <I>L>||< ,,,,cbgfn
P'eP), L P, ﬁ/EP;,I ‘
=07,
If,/ﬂlz/zg
k' 1000 = 1000
rAR I |F<I>’ 2Oy WK 700
P'ep), P’eum’k,:
wﬁ}zw;}
Iﬁ/ﬂlﬁ/zg
, dist(I5, I5)\ " '®
< F, d. 2 R i i
NZ |(F, @3 )] Z T
P’eP;, Pe[FD;C,:
(1)[3/]_=a)l§/j
Ip/ﬂlﬁ/:Z
< >0 KF cpf (5-13)
P’e[FD/

from which we deduce the Bessel-type inequality

> |Fc1>f = <Z<F,d>’ )cI>jD,,F>

J
P'eP), PP,

=

> (F, ) P

: NF N2 SIFI..  (5-14)
P/eP;, !

L2
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where the implicit constants in the bounds are independent of k" € Z. Then, we can use the Bessel-type
inequality (5-14) and Holder’s inequality to estimate the inner sum in the right-hand side of (5-12) by

1-6; 3 1-6;
2 2
¥ (fwoppan) " <I( ] 3 1 oppfan)
Pe[@’ j=1
3
1-6;
51_[ 1Ll 2y S |E|(1=0072| B, 1-02/2, (5-15)

Combining the estimates (5-8), (5-12) and (5-15), we arrive at
AL (fis for 13) SIEUEo| E| T B[ V23 " CF Se oy,0.0 1E1[ T2 B TH22 (5-16)
, k'eZ
for any 0 <6y, 6,03 < 1 with 6 +6, +63 = 1.
By taking 6; sufficiently close to 1 and 6, sufficiently close to 0, one can make the exponent

2/(1 4+ 6y) = p; strictly larger than 1 and close to 1, and 2/(1 4+ 6,) = p; strictly smaller than 2
and close to 2. We finally get the estimate

[\ﬁ%,l(fl’ f2o 13) Seopprpn |E1|V PV Eo] VP2 (5-17)

for every ¢ > 0, and p, pi, p» satisfy the hypothesis of Proposition 2.17.

5B. Estimates for the trilinear form Ae ( J1s f25 f3). For each fixed P’ € ', we define the corre-
sponding subcollection of P by
Ph :={P"eP": 15 CQ},

then we can decompose the collection P/, further, as follows:

Ph = P (5-18)
neN
where
U:D/;)/’M = {P” cPy : Dily (IP/ X Ipr) C Q} (5-19)

and p is maximal with this property. By Dilou (I3) we mean the rectangle having the same center as the
original I3 but whose side lengths are 2 times larger.

Now we apply both the decompositions of P’ and P’,, defined in (5-5) and (5-18) at the same time,
and split the trilinear form ]\‘[’%D ,11( f1, f2, f3) into

Ry, fon =32 D 1GNP Y. D

KeZ prep, HeN Prep), | ol 5

(fi, ®L)
< L, q>§,{,> (5-20)

1
[1pr|2

In the inner sum of (5-20), since Dilyu (Ip x Ipr) € € and supp f3 € E; C RZ\ Q, we get that

| /3] < XE X il (1pr x1p)e = XELX @0 1pye F X@21pn)e = X @Iy X@ 1pr)e s (5-21)
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and hence we can assume hereafter in this subsection that

< / c -
— P
| f3] XE,XQHIpr)es (5-22)

and the other two terms can be handled similarly.
By using Proposition 3.5 and (5-8), we derive from (5-20) the estimates

]\D‘% 21 2, 13)

<z 2 gl (G o), ., )

k'eZ Pe[P” neN j=1 |I /|2

(fj, P <> 0;
(ol ]
|Ipr|2 PrePy,
for any 0 <6, 6,03 <1 with 6 +6, + 63 = 1.

To estimate the inner sum in the right-hand side of (5-23), note that Iz € Q, P" € [P’/;,,’ " and f3
satisfies (5-22), so we apply the size estimates in Lemma 3.6 and get, for each P’ € P}, and 11 € N,

(fi, @L) 1 (fi, ®L)
sizeq ((<—f3 CD}D,,>) )5 sup T '/I/ fl )?IAZH dx <2°MEy), (5-24)
[Tp|2 prepy, /o prepy, PrLJRL (Tpi|2
. <f2, /> 2 1 <f2’ CI)%,) 2
sizey ((<— <I>P,,>) ) < sup / - XI Ldx S2°MEs|, (5-25)
Ip|2 P'eP), prepy, P LRl |1p|2
(f‘37q)3/> 1 <f3’q)3’>
sizes ([ (——22, @3, < sup BgM gy < 2Nk, (5-26)
1 P ~ 1 Ipn ~
[Ip|2 prep, ) premy, [Tpr| Jrl |1Ip|2

where M > 0 and N > O are arbitrarily large. By applying the energy estimates in Lemma 3.7, we have,
foreach P' € P,,, peNand j =1, 2,3,

(fj,fbéj/) ; 1 i 3
energy (({——- @}, S—( [ 1, @l Pde ) (5-27)
|Tpr|2 prepy, /o |Ip|2 \JR !

Now we insert the size and energy estimates (5-24)—(5-27) into (5-23); by using the estimates (5-8)
and (5-15), we derive that

1-6;
2
0 o € (N63—2) 1
AL (fis foo () SIENM o™ Y- Cf Y 2m N2 - 1_[(/|fj, )l dxz)
kKez  peN Pep,, j=1
55,91,02,03,N |E, |(1+01)/2|E2|(1+62)/2 Z 2~ (N8:=2)p (5-28)
neN

for every 0 <61, 65,63 <1 with 6, + 6, + 65 = 1.
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By taking 6, sufficiently close to 1 and 6, sufficiently close to 0, one can make the exponent
2/(1 + 61) = p; strictly larger than 1 and close to 1, and 2/(1 4+ 6,) = p, strictly smaller than 2
and close to 2. The series over u € N in (5-28) is summable if we choose N large enough (say, N ~ 465 1).
We finally get the estimate

A%y fis s £5) Seopprps | B4V 7oV (5-29)

for any ¢ > 0, and p, p;, p; satisfy the hypothesis of Proposition 2.17.
5C. Conclusions. By inserting the estimates (5-17) and (5-29) into (5-4), we finally get

IAS(fis fos | Seopopps |EVIYPUEo |7 (5-30)

for any ¢ > 0, which completes the proof of Proposition 2.17 for the model operators I:[%.
This concludes the proof of Theorem 1.5.
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