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INVERSE SCATTERING WITH PARTIAL DATA
ON ASYMPTOTICALLY HYPERBOLIC MANIFOLDS

RAPHAEL HORA AND ANTONIO SA BARRETO

We prove a local support theorem for the radiation fields on asymptotically hyperbolic manifolds and
use it to show that the scattering operator restricted to an open subset of the boundary of the manifold
determines the manifold and the metric modulo isometries that are equal to the identity on the open subset
where the scattering operator is known.

1. Introduction

We recall that the ball model of the hyperbolic space H"*! is given by
4dz?
(I—lz[»*

It is well known that (B"*!, g) is a complete manifold with constant curvature —1. On the other hand,

B! ={z e R""!:|z] <1} equipped with the metric g =

(B!, (1 —|z]*)%g) is the interior of a compact Riemannian manifold with boundary. This structure can
be generalized by replacing B"*! with the interior of a C* compact manifold X, with boundary dX, of
dimension n + 1 and replacing 1 — |z|*> with a function p € C*°(X) which defines 3 X; that is, p > 0 in
the interior of X, {p =0} =9 X, and dp # 0 at d X. Such a function p will be called a boundary-defining
function. We will denote the interior of X by X.If g is a Riemannian metric on X such that

is C* and nondegenerate up to dX then, according to [Mazzeo and Melrose 1987], g is complete and its
sectional curvatures approach —|d,0|%{ as p | 0. In particular, when

ldplgz =1 at 90X, (1-2)

the sectional curvatures converge to —1 at the boundary. A Riemannian manifold (X, g), where X is a
compact C* manifold with boundary and where (1-1) and (1-2) hold, is said to be an asymptotically
hyperbolic manifold (AHM). Any compact C* Riemannian manifold with boundary X can be equipped
with such a metric.

We will study certain properties of the asymptotic behavior of solutions to the Cauchy problem for the
wave equation on (X, g). In particular, we will study the Friedlander radiation fields on AHM, and show
that the support of the radiation fields restricted to an open subset of d.X controls the support of the initial
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data of the Cauchy problem for the wave equation. Such theorems are usually called support theorems;
see, for example, [Helgason 1999]. When X = H""!, the radiation fields are given by the Lax—Phillips
transform which involves the horocyclic Radon transform, and our support theorem generalizes the results
of [Lax and Phillips 1982] to this setting.

We will use this result and adapt the boundary control theory of [Belishev 1987; Belishev and Kurylev
1992; Tataru 1995; 1999], and a refinement of the results of [Belishev and Kurylev 1992] due to Kurylev
and Lassas [2002] and Katchalov, Kurylev and Lassas [Katchalov et al. 2001], to prove that the scattering
operator restricted to a nonempty open set I' C d X determines (X, g) modulo isometries that are equal to
the identity on I'. There is a very large body of work on scattering and inverse scattering for Schrodinger
operators, obstacle problems, etc., however much less is known about inverse scattering on manifolds. It
was proved in [S4 Barreto 2005] that the scattering operator on the entire boundary of an AHM (X, g)
determines the manifold and the metric modulo isometries that are the identity at d X. Guillarmou and Sa
Barreto [2008] extended the result of [S4 Barreto 2005] to asymptotically complex hyperbolic manifolds.
Isozaki, Kurylev and Lassas [Isozaki et al. 2010; 2013] studied the case of manifolds of cylindrical ends
and asymptotically hyperbolic orbifolds; see also their survey paper [Isozaki et al. 2014]. One should
also mention the book by Isozaki and Kurylev [2014], where they discuss spectral theory and inverse
problems on AHM. If an AHM manifold is also Einstein, Guillarmou and S Barreto [2009] showed that
the scattering matrix at one energy determines the manifold.

2. Preliminaries and statements of the results

We begin by recalling the definition of the radiation fields and the scattering operator. Let u(¢, z) satisfy
the wave equation .
(D?—Ag— %nz)u =0 on Ry x X,
u©,2)= fi, Du©.2)=f, fi. feCFX).
The spectrum of the Laplacian A,, denoted by o (A,), was studied by [Mazzeo 1988; 1991; Mazzeo
and Melrose 1987] and more recently by Bouclet [2013]. They showed that 0 (Ag) = 0;,p(A,) Uoac(Ay),
where o0,,(A,) is the finite point spectrum, o,c(Ay) is the absolutely continuous spectrum and

2-1

Oac(Ag) = [1n%,00),  opp(Ag) C (0, 1n?). 2-2)

The role of the factor n?/4 in (2-1) is to shift the continuous spectrum of Ag to [0, 00).
Equation (2-1) has a conserved energy given by

E(u, du)(t) = / (Idu(®))> — 30 |u(®))* + [8,u(1)]?) d vol,,

X (2-3)

E(u. u)(0) = E(fi. f2) = f (dfil? = L2 L1 A + 1 fal?) d vol,
X

However, E(f1, f») is a nonnegative quadratic form only when projected onto LﬁC(X ). As in [Sa Barreto
2005], we define the energy space

He(X) ={(fi, L) : fi, e LA(X), dfi € L*(X) and E(fi, f») < 0o}
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and, if {¢; : 1 < j < N} are the eigenfunctions of A,, we define the projector

N
Pt L2(X) = LX), fr> F= (.0,
j=1
and the space E,.(X) = Po.(Hp(X)).
The wave group induces a strongly continuous group of unitary operators,

U(t) : Eqoe(X) = Eoc(X),  (f1, f2) = (u(1), 8u(2)).

Next we recall the definition of the forward and backward radiation fields from [S4 Barreto 2005]. We
will work with a specific boundary defining function and, since our definition will depend on this choice,
we will recall the construction from [Graham 2000]. Since any two defining functions of 3 X, p and p,
satisfy p = e®p with w € C*°(X), if H = p%g and H = p%g then H|yx = ¢>*©Y) H|yx. Hence, p2glax
determines a conformal class of metrics on X. We have H = p2g = ¢*?%g, and so H = ¢2“ H. Since
dp =e®(pdw +dp), we have

dplyy = |dp + pdwly, = 1dpIy + 5*ldlf +25(V g po.

Hence,
. . N . 1 s
ldx|z =1  if and only if 2(vﬁp)w+p|dw|§;:;(1—|d,o|§}), wlyx =0.

Since, by assumption, |dp|; =1 at X, this is a noncharacteristic ODE, and hence it has a solution in a
neighborhood of 0 X. Notice that the function p is in principle defined only on a collar neighborhood of
dX, but it can be extended to the whole manifold as a boundary-defining function.
The boundary-defining function p gives an identification between [0, €) x d X and a collar neighborhood
UofoX,
U:[0,e) xdX >UCX, (x,y)—>exp(xVgp)(y),

where exp(x Vg p)(y) just means that one follows the integral curve of Vg p starting at y for x units of

time. In this case,
_dx?* | h(x)

\y*g_7 5 on 0,e) x0X, h(0)=H|yx,

(2-4)
W =Id on dX,

where A (x) is a C* family of metrics d X for x € [0, £). From now on we will use this identification
U~0,¢), x0X.

In the coordinates (2-4), for fixed y € d X the curve y(s) = (s, y) is a geodesic for the metric g, the
distance between (x, y) and (x', y), x < x/, is log(x’/x), and if time ¢ is the arc-length parameter then
t =logx’ —logx. So, to analyze global properties of u(z, z) in space and time, it is convenient to work
with an exponential compactification of R > ¢, and we choose a function T such that {7 =0} = {r = 0},
T=1—e¢"ift>1,and T =—1+¢"ift < —1. Let Y =[—1, 1] x X be the compactified space; see
Figure 1. The light cones will converge to the corners of the manifold Y and to separate them one blows
up the intersection of d X with {T' = —1} and {T" = 1}. This gives a manifold with corners Y, pictured in
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{T' =1} ={r =00}

{T'=0}={t=0}

{T'=-1}={r=—o0}

Figure 1. The manifold ¥ =[—1, 1] x X, and f’, its blow-up along 0 X x {T = +1}. All
the light cones intersect at {x =0, 7T ==+1}in Y, butin Y they are separated at the faces
Fyand F_.

Figure 1. In local coordinates, the blow-up is the equivalent of introducing polar coordinates x = r cos 6,
T+1=rsiné.

It was proved in [Sd Barreto 2005] that, if (f1, f2) € CJ°(X), the solution u to the wave equation
(2-1)is in C®°(Y \ (Y4 UY_)) (see Figure 1 for the definition of Y.). The analysis of the behavior of
u(t, z) on the faces Yy give, among other things, information about the local energy decay, and will
not be studied here. A similar discussion about the asymptotic solutions of the wave equation on de
Sitter—Schwarzschild space, including the pictures, can be found in [Melrose et al. 2014a; 2014b]; see
also [Vasy 2013].

Following Friedlander [1980; 2001], one defines the forward and backward radiation fields of u as

Ry (fio ) =x" ol 5,
R_(f1. f2) =x"Poulp 5.

If we use projective coordinates x and 7, = x/(1 — T), valid near F, \ Y, and 7_ = x/(1 +T), valid
near F_\Y_, and set s, =log 7y and s_ = —log 7_, then, for (fi, f>) € C(‘)’O()o() X C(‘)’o()o(), the solution
u(t, z) to (2-1), with z = (x, y), satisfies

Vi(x, s, ) =x " u(sy —logx, x, y) € C([0, &), x Ry, x 9X)

, (2-5)
V_(x,s,y) =x"" u(s_ +logx,x,y) € C®([0, &), x R;_ x 3X).
In these coordinates, the forward and backward radiation fields can be expressed as
Ry CE(X) X C*(X) = C¥R % 8X), R (f1, f2)(s4,Y) = D5, Vi (0, 54, ), 06

R COX) x C°(X) —> C®R x 0X), R_(f1, f2)(s_,y)=D;_V_(0,5_, y).
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It was shown in [S4 Barreto 2005] that %1 extend to unitary operators

Ri: Ee(X) > LPRx0X),  (f1, f2) = Rx(f1, f2), 2-7)

where the measure on dX is the one induced by the metric &g defined in (2-4).
It follows from the definitions that %1 are translation representations of the wave group as in the
Lax—Phillips theory [1989], i.e.,

ReUT)(f1, f2)(5, ) =Re(f1, )+ T, y). (2-8)

One can define the scattering operator
P LPRx0X) > L*(Rx 3X), $=R,oR-", (2-9)

which is unitary in L*(3X x R) and, in view of (2-8), commutes with translations in the s variable.
The scattering matrix s4(}) is defined by conjugating & with the Fourier transform in the s variable:

AN =FoFoF ', Ff) :/e—l‘“f(s)ds. (2-10)
R

In particular, & determines & (1), A € R and vice versa. It was proved in [Joshi and S& Barreto 2000] that

A (A1) continues meromorphically to C\ D, where D is a discrete subset of C.

As discussed above, the distance between (x, y) and (x', y), x < x” < ¢, is log(x’/x). The finite speed
of propagation for the wave equation implies that the solution u(z, z) of (2-1) satisfies u(z,z) = 0 if
t < dg(z, Supp(fi, f2)). In particular, if fi(x’, y) = fo(x’, y) = 0 for all x" < p, then u(t, x) = 0 for
x <x' < pandt < log(x’/x). This implies that V. (s, x, y) = x "/?8,u(s — log x, x, y) = 0 provided
x<x'<pands=r1t+logx <logx’ <logp. This shows that, if fi(x’,y) = fo(x’,y) =0inx’ < p,
then R4 (f1, f2)(s, y) =0 for s <log p. The converse of this statement for initial data of the type (0, f)
was proved in [S4 Barreto 2005]: if f € LﬁC(X) and R4.(0, f)(s,y) =0fors <logp < 0and y € 90X,
then f(x,y) =0in x < p. Due to possible cancelations, one cannot expect the converse to be true for an
arbitrary pair (f1, f2). In this paper we prove the following refinement of this result:

Theorem 2.1. Let I' C dX be a nonempty open subset, let f € Lﬁc (X) and let sg € R. Let € > 0 be such
that (2-4) holds in (0, €) x 0X, and let ¢ = min{e, *}. Then R (0, f)(s,y) =0in{s <s9, y € '} ifand
only if, for every 7 = (x,y) € (0, &) = Us,

50
dq(z, Supp f) > log 67 (2-11)

where dg, denotes the distance function with respect to the metric g and Supp f denotes the support of f.
Another way of stating (2-11) is to say that f = 0 on the set

e’ e’
D, ={zeX:3g = eUs dyc) <log =} = | B(x.ylogS),  @12)
(x,y)eUs

where B(p, r) denotes the open ball of radius r centered at p with respect to the metric g.
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IfI' =0X and & = €% then, for any z = («, y) with o < €%, pick g = (x, y) with x < o < €%. Then
de((a, y), (x,y)) =log(a/x) <log(e®/x). Therefore, {(a, y) :a < e*, y € X} C Dy, (3X), and hence
Theorem 2.1 shows that, if f € Lﬁc(X) and R4 (0, f)(s,y)=0fors <spand y € X, then f(x,y)=0
for x < €. This particular case of Theorem 2.1, when I' = 0 X and & = ¢ was proved in [S4 Barreto 2005].

Lax and Phillips [1982] proved Theorem 2.1 for the case when (X, g) is the hyperbolic space. In that
case the radiation field is given in terms of the horocyclic Radon transform, and their result says that,
if the integral of f over all horospheres tangent to points (0, y) with y € I" and radii less than or equal
to %es(' is equal to zero, then f = 0 in the region given by the union of these horocycles. It is useful to
explain what the set 9, (I") is when (X, g) is the hyperbolic space, and verify that Theorem 2.1 implies
the result of Lax and Phillips. It is easier to do the computations for the half-space model of hyperbolic
space, which is given by

H*"' = {(x,y) :x >0, y € R"} with the metric g = #.

The distance function between z = (x, y) and w = («, y’) satisfies

2xa )

coshd,(z, w) =
Since d,(z, 7') <log(e® /a), we obtain
(x —fe™(1+ ozzefzso))2 +ly =Y P <t +aPe ) — o = 1P (1 — o H0)?,

which corresponds to a ball D(«) centered at (%es(’(l + a?e20), y ) and radius %eSO(l — a2e 20y,
Since o < €%, we have D(«) C D(0), as shown in Figure 2. This ball is tangent to the plane x = ¢* at
the point (e, y"). When « = 0, the ball D(0) has center (%e"‘), y ) and radius %esﬂ and is also tangent to
the plane {x = 0}. The boundary of D(0) is called a horosphere since it is orthogonal to the geodesics
emanating from the point (0, y'). When a = €%, D(e®) = (e*, y’). The set @, (I") consists of the union

(e, y)
D(x)
horospheres
(3¢7.)
D(0)
geodesics
0,y)er

Figure 2. The horospheres tangent at (0, y") and the balls D(«).
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1O -

Figure 3. The set %,,(I") when (X, g) is the hyperbolic space is given by the union of
horospheres tangent to points on I' and radii less than or equal to %e“‘o.

of horospheres with radii less than or equal to %em tangent to points (0, y') with y" € I'; see Figure 3.

Theorem 2.1 can be explained in terms of the sojourn time along a geodesic. In this setting, the sojourn
time plays the role of the distance function to the boundary of X and is closely related to the Busemann
function used in differential geometry. Let y (¢) be a geodesic, parametrized by the arc length, passing
through z = ¢ (0) and such that y(t) — y € X as t — oo. We define

$(z, ) = lim (¢ +log x(y (1))).

The relationship between the sojourn times and the radiation fields for nontrapping asymptotically
hyperbolic manifolds was studied in [S4 Barreto and Wunsch 2005]. We have the following consequence
of Theorem 2.1:

Corollary 2.2. Let f and I C 0X satisfy the hypotheses of Theorem 2.1; then f = 0 on the set of points
z € X such that there exists a geodesic y (t), parametrized by the arc length, with y(0) =z, y () > y el
ast — oo, and s(z,y) < So.

Proof. Suppose there exists a geodesic y (), parametrized by the arc length 7, such that y(0) = z,
im0 ¥ (1) = y and

lim (7 +logx(y () = s < so.

11— 00

Since t is the arc-length parameter, d (z, (x(y(t)), y)) <t and s < sg, there exists T > O such that, for
t>T,y() e U ~|0, &) x dX where the coordinates (2-4) are valid and ¢ 4+ log x(y (t)) < so. Therefore,
ift>T,

eS

d(z, (x(0). y)) <t <50~ logx(y (1)) = log x(yé»-
Hence z € 9, (D). )

Theorem 2.1 says that the support of the radiation field R, (0, f) controls the support of the initial
data (0, f). We will use this result to adapt the boundary control method of [Belishev 1987; Belishev and
Kurylev 1992; Kurylev and Lassas 2002; Katchalov et al. 2001] to study the inverse scattering problem
with partial data.

Let I' C 90X be an open subset and let & denote the scattering operator as in (2-9). We define the
restriction of ¥ to R x IT" as

$r:L>RxT)— L2(RxT), Fr ($F)|r. (2-13)
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In other words, one starts with an F € LZ([R{ x I"), finds the solution of the wave equation that has
backward radiation field equal to F, then finds the corresponding forward radiation field, and restricts it
to the subset R x I'. We study the problem of determining (X, g) from $. Recall that our definition
of & depends on the choice of the product structure (2-4). In fact, the method used in [Graham 2000]
and discussed above to construct the diffeomorphism (2-4) can also be used to show that, given two
AHM (X, g;), j =1, 2, there exists & > 0 such that (2-14) holds for both metrics. Recall that x is just
the time through which one flows along the integral curves of Vg p. One can take ¢ to the smallest one
that works for both metrics, and one finds that there exist collar neighborhoods U; C X; of dX; and
C®° diffeomorphisms
W;:(0,e) xdX; = U;

such that

dx*  hj(x)
* _ J
Visi=—7 7t

in (0,8)x3X;, hj©) =hj, j=12 (2-14)

where 4 (x) is a C* family of metrics on d.X; for x € [0, ¢), and ¥; =Id on 0X ;. In particular, if there
exists an open set I' C dX; N d X5, as manifolds, then (2-14) holds on (0, ¢) x I', and A (x) are C*
families of metrics on I". We prove the following:

Theorem 2.3. Let (X1, g1) and (X3, g2) be connected, asymptotically hyperbolic manifolds and suppose
there exists an nonempty open set I' C dX| N 90X, (as manifolds). Let x be such that (2-14) holds on a
collar neighborhood of 0X ; for j =1, 2. Suppose that h1(0) = hy(0) onT'. Let ¥, j =1, 2, be the
corresponding scattering operators restricted to I, and suppose that ¥1 r = $2 r. Then there exists a C*
diffeomorphism

V:X;— X, suchthat W=Id on ' and V*g,=g. (2-15)

Since we only know & on part of the boundary, we can only expect to recover information on the
connected components of (X, g) that contain I', so we assume that X is connected. This result guarantees
that the scattering operator restricted to I determines (X, g), including its topology and C* structure,
modulo isometries that are equal to the identity on I'.

Theorem 2.3, and the method we use to prove it, are related to the question of reconstructing a compact
Riemannian manifold with boundary from the Dirichlet-to-Neumann map (DTNM) for the wave equation.
One may think of the scattering operator as the DTNM on the boundary at infinity. Belishev and Kurylev
[1992] showed that the DTNM for the wave equation determines a compact manifold and its Riemannian
metric using the boundary control method and a unique continuation result later proved by Tataru [1995;
1999]. Different proofs, which also rely on the result of Tataru, were given in [Katchalov et al. 2001].
This result of Tataru will be important in the proof of Theorem 2.1. The reconstruction of a compact
manifold in the case where the Dirichlet-to-Neumann map is only known on part of the boundary was
carried out by Kurylev and Lassas [2000] using a modification of the boundary control method; see also
Section 4.4 of [Katchalov et al. 2001]. We will adapt the boundary control methods to this setting by
using the radiation fields.
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3. The proof of Theorem 2.1

The sufficiency of condition (2-11) in Theorem 2.1 is just a consequence of the finite speed of propagation
for the wave equation.

Lemma 3.1. Let f € LﬁC(X) be such that dy(z, Supp f) > log(e®/x) for all z = (x,y) € (0,&) x T
Then R0, f)(s,y)=0ifs <spandy €eT.

Proof. Let u(t, z) satisfy the wave equation (2-1) with initial data (0, f). The finite speed of propagation
for solutions of the wave equation guarantees that u(z,z) =0if 0 < < d,(z, Supp f). In particular, if
z=(x,y)withx <&, yeTl', thenu(t,x,y)=0if 0 <t <so—logx <d,(z, Supp f). Since s =1 +logx,
we have that V. (x, s, y) =x""2y(s —logx, x, y) =0 provided log x <s <50, x <&, y € I'. This implies

that R, (0, f)(s,y)=0if s <spand y € I'. [l

We will first outline the proof of the converse, which is based on unique continuation arguments. We
state three propositions, and indicate how to use them to prove the converse of Theorem 2.1. We will
finish the proof of Theorem 2.1 at the end of the section, after we have proved the three propositions.

In the region where (2-4) holds, the Cauchy problem (2-1), with initial data (0, f) translates into the

following initial value problem for V. (x, s, y) = x "/?u(s +log x, x, y):

PVi(x,s,y)=0 1in logx <s, x <&, y€adX,

3-1
Vi(x,logx,y) =0, DgVi(x,logx,y)=x"2f(x,y), x<eg, yedX, -1

where

P=—x"""YD?> - A—L1p?)x"? =3,(20, + x3,) —x A, + Ads + Axdy + LnA. (3-2)
t 4 2

Here, Ay, is the (positive) Laplace operator on d X corresponding to the metric /(x), in local y coordinates,

1 .
Ap = _ﬁay,.(«/éh’fay_,),
| (3-3)
where h=(h;j(x,y), h~'=h"(x,y), 6=det(h;) and A=—0.0.

i

In the first proposition, we are interested in the behavior of V. (x, s, y) for x near {x =0} and {s = —o0}.
As in [S4 Barreto 2005], we work in the compactified space ¥ — see Figure 1 — and set

w=e*'? and v=e""> (3-4)

This implies that s =21log v and x = uv. Notice that u = /74 and v = ,/7_ and that, in these coordinates,
the lateral face X of Y is given by ¥ = {r; = t_ = 0} = {x = v = 0}, and one may think of this as
collapsing the lateral face X, as shown in Figure 4.

In coordinates (i, v, y), the operator P defined in (3-2) has the form

P =103,0, — uvAy+ 3A(ud, +vd,) + 1nA, (3-5)
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T,

Figure 4. A compactification of R, x X with the face X collapsed.

where h = h(uv), A= A(uv, y). If
W, v. ) = Vi v, 2log v, ) = (o) u(log 7. v y). (3-6)
the Cauchy problem (3-1) becomes
PW=0, pn ve(,e),ycdX,

W, w, y) =0, 3, W, p,y)=—p """ f(u?y).

The fact that the initial data is of the form (0, f) implies that the solution u(¢, z) to (2-1) satisfies
u(t,z) = —u(—t, z), and this implies that W (i, v, y) = —W(, u, y).

(3-7)

Proposition 3.2. Let f € L2.(X) be such that R (0, f)(s, y) =0in {s < so} x T'. Let u satisfy the initial
value problem for the wave equation (2-1) with initial data (0, f), and let W (i, v, y) be defined as in (3-6).
Then, in the sense of distributions 8/’iW(/L, v, V) lu=0y =01in [0, /2y x T and afww, v, Y)|p=0y =0in
[0, e%/2) x T fork =0, 1, .... Moreover, for every p € I there exists § > 0 such that W (u, v, y) = 0 if
O<pu<é,0<v<dand|y— p| <$é. (See Figure 5.)

v

es0/2

W=0 £%0/2

Figure 5. Unique continuation from infinity: if R, (0, f)(s, y) =0 for s < s¢ and a.e.
y € I" then, for every p € I, there exists § > 0 such that W(u, v, y) = 0 in the region
shown provided that |y — p| < §.
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N N

s =logx s =logx

T
1
50 ! / 50 /
1
1
1

Nv
=

Figure 6. If PV = 0, and V = 0 in the dark region on the left, then V = 0 in
the dark region on the right. This establishes unique continuation across the wedge
flogx <s <s1, x <6, |[y—p|l<d8}U{x <0, s <s0, |y — p| <8}

Next we need to show that we can increase the size of the neighborhood where V. = 0, and to do this
we will use an iteration scheme involving the next two propositions. We will again use variables (x, s, y),
and this time we will apply Hormander’s unique continuation theorem [1994b, Theorem 28.2.3], to prove:

Proposition 3.3. Let V(x,s, y) € Hléc in the region |x| < e,y € I' and s € R, satisfy PV =0, where P
is given by (3-2). Let 51 < 89, 8 > 0 and p € I" and suppose that

Vx,s,y)=0 on {x e(—¢,0], s <sg, yel'}JU{logx <s <s1, X <4, |y — p| <6}

Then there exists B € (0, §) such that V(x,s,y) =0ifx <B,|y—pl <P andlogx <s <s1+ %(so —51).
(Figure 6 illustrates the result.)

We know from Proposition 3.2 that V. (x,s,y) =0 for x <4, |y — yo| < 8 and logx < s < log$.
We set s; = log§. Proposition 3.3 shows that V,(s,x,y) =0inx < 8 <6, |y —y| < B < and
s <s+ %(so —s51). In other words, V. (x, s, y) =0 in a larger interval in the s variable at the expense of
shrinking the neighborhood of {x =0, y = p}.

The second piece of the scheme is a consequence of a result of Tataru [1995; 1999], and it shows that,
while the neighborhood of p might shrink, the neighborhood of x = 0 in fact does not. Figure 7 illustrates
the result.

Proposition 3.4. Let u(t, z) satisfy (2-1) with initial data f; =0, fo = f € L*(X). Let Vilx,s,y) =
x " 2u(s —logx, x,y). Let p € ', and suppose that there exist s; € R, y > 0 and 8 > 0 such that
Vilx,s,y)=0if0<x <y,logx <s <syand|y—p| <48. Then u(t,z) =0 ifthere is (x, y) withx <y
and |y — p| < 8 such that |t| +d,(z, (x, y)) < log(e®/x), where dg is the distance with respect to the
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Figure 7. If PV =0 and V =0 in the dark region on the left, then V = 0 in the dark
region on the right.

metric g. In particular, if s* < s, is such that coordinates (2-4) holds for x < ¢*", then
Vilx,s,y)=0 if|ly—pl<d§, 0<x< ¢ and logx <5 < s55. (3-8)

The idea is to iterate Propositions 3.3 and 3.4 to prove Theorem 2.1. We know from Proposition 3.2
that for any p € I' there exists § > 0 such that

Vilx,s,y)=0 if x <§, logx <s <log$é, |y— p| <.

Moreover, V,(x,s,y) =0if x <0, s <sg and y € I'. Applying Proposition 3.3 with s; = log §, we find
that there exists 8; < 6 such that

Vilx,s,y)=0 provided x < By, |[y—p|l < B and logx <s <logd + %(so —logé).
Then Proposition 3.4 guarantees that there exists s* < 0 independent of p such that
Vilx,s,y)=0 if x < es*, ly—pl<B1, s <sy=logé+ %(so—logé).

The main point is that, while the neighborhood of p shrinks from one step to the next, the neighborhood
of x = 0 stays the same. Since p € I' is arbitrary, it follows that in fact

Vilx,s,y)=0 ifx<es*, yerl, s<sz=log5+‘l‘(so—log8). (3-9)
After using this argument n times, we find that
Vilx,s,y)=0 if x < es*, vel,s<s, =81+ Z—ll(so —Sp_1)-

The sequence {s, = s,—1 + Alf(so — 8§,—1)} is monotone and bounded by s¢. So it has a limit which is
obviously equal to sg. This implies that

Vilx,s,y)=0 ifx<e“'*, yer, s < sp. (3-10)
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This does not quite yet prove Theorem 2.1, and the proof will be completed after the proof of
Proposition 3.4. Now we will prove the three propositions above.

Proof of Proposition 3.2. First we claim that, without loss of generality, we may assume that f € Lic X)n
Cc*® ()0( ). To do this we need to characterize the range R (0, f), f € L%C (X). Notice that the solution u (¢, z)

of (2-1) with data (0, f) satisfies u(—t, z) = —u(t, z), and hence V. (s, x, y) = x " 2u(s — logx,x,y)

and V_(s, x, y) = x"/?

u(s +logx, x, y) satisfy
Vi(x, —s,y) =x""2u(—s —logx, x,y) = —V_(x,s, y). (3-11)
In particular, we have
R10, f)(=s,y) == V)0, =s,y) =8, V_(0,5,y) =R_(0, f)(s, y).
Similarly,
Ry (h, 0)(=s,y) = —R_(h, 0)(s, y).

So, if F =R (h, f) satisfies F*(s, y) = F(—s, y), then
F*(S’ y) = _%—(hv 0)(Sa )’) +%—(07 f)(s7 )’)
We apply ¥ = R, %" to this identity and obtain

SF* = =Ry (h, 0)+R4(0, f),

and we conclude that
SSF*+ F)=R4(0, f),

3-12
HFF*—F) =%, (h,0). G-12)

Hence, $F* = F* if and only if R4 (h, 0) =0, and thus & = 0. Similarly, ¥ F* = —F if and only if
R4(0, f) =0 and hence f = 0. Therefore, we conclude that

(FeL*(Rx3X):$F*=F}={%,(0, f): f € L2.(X)},

2 (3-13)
{(FeEL Rx3X):SF* " =—F}={R4(h,0): (h,0) € Exe(X)}.
The same argument applied to the backward radiation field shows that
(FeL*Rx3X): F*=9F}={R_(0, f): f € L2.(X)}, 1)

(FEL*Rx3X): F* =—FF}={R_(h,0): (h,0) € E.e(X)}.

Since R4.(0, f)(s, y)=0in {s <so} xI", we may take the convolution of % (0, f) with ¥5(s) € C;°(R)
even and supported in (—§, §), with f Ys(s)ds = 1. If F(s,y) =R+(0, f)(s,y) and F(s, y) = 0 for
s <50, and

Hi (s, v) = s % F (s, y) = /R (s —5VF (s, y) ds',
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then Hs(s, y) =0if s <s9—§ and, since s is even,
H{ (s, y) = Hs(—s,y) 2/ Vs(—s —sF(s', y)ds' 2/ Vs(s+s)F(s', y)ds'
R R
= / Vs(s —s)VF(—s', y)ds' = s« F*.
R

But the scattering operator commutes with translations in s, and hence it commutes with convolutions
in the variable s. Therefore, in view of (3-13),

9H3*=1ﬂ5*9F*=1ﬂ5*F=H5.

We then use (3-13) to show that there exists f5 € LﬁC(X) such that Hs = R, (0, f5). Since R is
unitary, | F' — Hsll2rxax) = | f — fsllL2(x), and hence || f5 — fl.2(x) — 0 as § — 0. Moreover, since
2R (0, f) =R4(0, (A —n?/4) f), it follows that, for every k > 0,

02 Hy(s, y) =10, (A — 1n2) f5) e L2 R x 9X),

and thus (A —n?/4)* f5 € L2(X) for all k > 0, using that %, is unitary. Therefore, by elliptic regularity,
fs € COO(JO(). If one proves Theorem 2.1 for f € C°°()°() N Lgc (X), then we conclude that f5(z) =0 for
7 € D5y—s(I"). But, since fs — f as § — 0, it follows that f(z) =0 in D, (T").

Next we will show that, if R(0, f)(s, y) =0 in {s < so} x I', then in the sense of distributions W
vanishes to infinite order at {u =0, v < ¢®/2} x TU{v =0, u < e*/?} x I'. Recall that we are assuming
that f € COO(JO(), so the solution W to (3-7) is C* in the region {u > 0, v > 0}. The issue here is the
behavior of W at {u =0} U {v = 0}.

Notice that, if F(u, y) = u~ =" f(u?, y), then

2
¢ 1 1 [° i)
[ [ wrwsrstetmayan=5 [ [ ireober b @ dydr < By, G-15)
0 JoaxX 0 JoX

We know from Theorem 2.1 of [S4 Barreto 2005] that, if f € Cgo(}o() N LgC(X), then W has a
C° extension up to {i =0} U{v =0} and, since d; = %(UBV — nd,), then, provided f € Cgo()o() ﬂLiC(X),

P10, /)2logv, y) = L3y — ud) W (. v, )| ,_o = 308, W(0, v, y), (3-16)

and we want to show that this restriction makes sense for f € LﬁC(X ). We will work in the region {v > u},
but since the solution to (3-7) is odd under the change (i, v) — (v, 1), the same holds for the backward
radiation field in the region {v < u}.

Again, we assume that f € Cgo()o( )n LﬁC(X ), and W satisfies (3-7). If one multiplies the equation
PW=0 by vd, W — o, W, one obtains the identity

; 2 2 2 _ 1 2 ) )
s LI W+ ividy (uo) W) )] T LW P + Vsl () W )Vh]

+ /LU(S},(MU)((VQUW - Mauw)dh(uv) V)+ oW, Maqu va, W, /'“)ayj W) =0,
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o W

Figure 8. The region of integration in (3-17).

where 8;,0) 1s the divergence operator on the section dX dual to dj(.,) with respect to the met-
ric h(uv), and Q is a quadratic form. One then integrates this identity in the region £2,, 7 x 0X,
where Q,,, 7 = {0 < <v, u <v < T}is pictured in Figure 8, uses the divergence theorem and then
the analogue of Gronwall’s inequality, to arrive at the following inequality: for 0 < o < T, T € (0, */?),
with T small enough that coordinates (2-4) hold for x = pv, there exists C > 0 which does not depend
on f or W such that

T
f fa X[<|W|2+u|a,LW|2+uv2|dh(w>vv|2>¢5<uv>]|vﬂdydu
Ho

T
+/ f (AW + 10, WP + 12V]dngun W) VOun)]| _, dydv < Cll fll7ax) G-17)
o J0X

n= X)"

We refer the reader to the proof of Lemma 4.1 of [S4 Barreto 2005] for the details. In fact, this follows
from equations (4.11), (4.14) and (4.15) of [S4 Barreto 2005], and (3-15) above.
We let

T
f[(|W|2+v|aUW|2+u2v|dhw)W|2>«/é(uv)]l
X

IL(W, o, T)=/

o

If fe LgC(X) and if we take a sequence f; € C(C)’O(JO() N LgC(X) with [| f — fillp2x) = 0, (3-17) shows
that, for fixed ug € [0, T'],

o dydv.

n=

I(W; = Wi, o, T) < CILfj = fill 2 -

and in particular, if g € [0, T] and W is a solution of (3-7) with f € Lgc(X ), then, for ug € [0, T'], the
integral

T
f / V13, W (1o, v, Y)IPVO(ov, y) dvdy < CIl f 754, (3-18)
no JoX

is well defined uniformly up to wo = 0. Since the radiation field is unitary, then in the sense of (3-18) the
restriction vd, W (o, v, ¥)|{u,=0y is well defined, and hence (3-16) holds for f € LﬁC(X).

As was done in [S4 Barreto 2005], it is convenient to get rid of the term A(ud, + v9,) in (3-5), by

1/4

conjugating the operator by 6~ '/%. Since Ay, is the positive Laplacian, we find that, in local coordinates
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near a point p € I',
O =64 Po"1* = 3,8, + v Z R (v, y)dy, 3y, + v Z B (uv, )y, +C(uv,y),  (3-19)
ij J
where C(uv, y) and % (v, y) are C*, and h~' = (h'/) is the matrix associated with the metric 4. Let

W =6"4W; then QW =0. For ¢ (y) € C°(U), where U €I is such that (3-19) holds in [0, ] x [0, e] x U,
let

G(u,v) = fa W, v, )¢ () dy. (3-20)
X

Notice that this is consistent with the conjugation of P by #'/4, and the factor 6'/2 is no longer present in
the L? product. Let

Z(uv,y, Dy) = Q — 0,0, = UV Zh’:"(;w, ¥)0y, 0y, + v Z%j(,uv, y)ay; + C(nv, y),
i,J J

and let Z*(uv, y, Dy) denote its adjoint with respect to the L?(dX) product defined by (3-20); then

8,0,G (1, v) = /B WGa v, ) 7G5, DR dy (3-21)

It follows from (3-17) that there exists C > O such that
2

T
/0 18,0,G (i, T dp < C( Y sup |a;‘¢|) 11 cx)
lo|=<2
, ) (3-22)
/ 19,,0,G (o, v)I* dv < C< > sup|a§¢|) 1172, for poe€ (0, T1.
j7

0 o] <2

Let us write K = (ZW'52 sup |8§,‘¢|)||f||Lz(X). Therefore, if § < u < &,

18,G (11, v) — 3,G (8, v)| = <CK(u—=58">.

%
/ 050,G(s,v)ds
s

Hence, for v > 0,

limsup |0,G (6, v)| < liminf|d,G(u, v)|,
§—0 u—0

so lim, ¢ 9,G (u, v)| exists. On the other hand, % (0, f)(s, y) =0for y € I' and s < 50, so according
to (3-16) it follows that
9,G(0,v)=0, ve(0,T).

Now we use (3-22) to show that, if 0 < u < v < T, then there exists C > 0 such that

1
172 . 2 2
<u [050,G (s, v)|~ds
0

fu”z(/ |asauG(s,v>|2ds) <CKu' (3-23)
0

10,G (e, v)| =

nw
/ 050, G (s, v)ds

0

N|—
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Since W(u, u, y) =0, we have, for u <v <T,

|G, v)| = <CKu'?Ww—p). (3-24)

/ 0sG(u, s)ds
“w

This shows that, for every ¢ € C3°(U),

<CKu'?,

/ W (i, v, )0 dy
X

< CK/LI/Z.

/ 8, W (1, v, NP0 dy
X

Since C§°(R2) x C§°(U) spans C§°(IR{2 x U), it follows that for any ¥ (u, v, y), with u, v € [0, T,

< C( Z sup |3§f¢|> 1 2o m'’?,

o] <2

< C( 2 supla;"wl)”f”u<xw”2~

lo|<2

/ W(w, v, ¥ (i, v, y)dy
0X

(3-25)

/ 8, W (1, v, TG 3) dy
X

Now we differentiate (3-21) with respect to d,. We have, for u, v € [0, T],

3,9,0,G(u, v) = fa X[avww, v, WZ*(v, y, DY) (y) + W, v, )3, Z*(uv, y, Dy)d ()] dy,

we apply (3-25) to ¥ (u, v, y) = Z*(uv, y, Dy)¢(y) and ¢ (i, v, y) = 8,Z*(uv, y, Dy)$(y), and we
conclude that

10,02G (1, v, y)| < C( > Isup a;‘¢|) 1 2com'”?

la|<4
Let us denote Ky (¢) = (34 <y | 5up 39@1) £ | 12(x)- Since W (u, i, y) =0, we have 8,,9,G (i, ) =0,
and so

19,,0,G (u, v)| = < Kq(p)u'2. (3-26)

/ 3,02G(u, s)ds
y7

On the other hand, since W (1, w, y) =0, it follows that (0, W) (u, ., y) =—(0, W) (1, i, y). In particular,
when v = u, we have

18,,G (11, )| < CKo(p)u'/?

and, since
%

0,G(,v) =(0,G)(, u) +/ 050, G(u, s)ds,
"
we have

18,,G (11, v)| < C(Ka2(o) + Ka(gp)) /2. (3-27)

Proceeding as above, since 3, G (0, v) = 0, it follows from (3-26) that |8, G (1, v)| < CK4(¢)1>/? and,
since G(u, u) =0, we have |G (i, v)| < CK4(¢)p>/? and |8M85G(,u, V)| < CKg(@) />, Iterating this
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argument, and using the symmetry of W, we get that, for k > 0,
GO,v) =0, G, 0)=0, [(0.G)(w, w)|=1@3,G) (1, W < Cpt. (3-28)
This shows that, in the sense of distributions, W (i, v, y) vanishes to infinite order at
{(u=0,v<T}xTTU{r=0, u<T}xT,

where T has been chosen to be small enough that (2-4) holds for x = uv < €. But this argument can be
used finitely many times to show this holds for any T € (0, ®/2). In particular this shows that in the
sense of distributions W can be extended across the wedge { = 0} U {v = 0} so that

QW —0 in (_650/2, eSo/Z) % (_eso/Z’ eso/Z) xI'=0,

- (3-29)
W=0 in{u<00<v<e?}xTUfr<0, 0<p<e?}xT.
From (3-17) we know more about the regularity of W. We also know that
WeC™®(0\(u=0,v=0lUfv=0, u>0}),
and in fact Hérmander’s propagation of singularities theorem implies that
WFW)Clu=0,v=0,&=5=0U{p=0,u>0, & =£&=0}, (3-30)

where &) and &, are dual to u and v respectively. If this were not true, singularities would propagate into
the region where we know W is C*. Indeed, the principal symbol of Q is

q=—&& — puvh(uv, y,n),

and hence its bicharacteristics satisfy

==&, p(0) = po, v=—§, v(0) = vy,
£ =v(h+pnv(d:h), &1(0) =&, £y = u(h+ puv(dch)), &(0) = &y,
y] :_Mvan_,'h’a yj(o):yj09 77] :Ml)ayjh, 77](0)27710

Therefore, the bicharacteristics over u = 0 satistfy u =0, & =0, y = yg and n = 59 and

D=—&, v0)=v, =0, & =vh(0,y0,1m0), &1(0)=Ep,

and hence, if we denote hg = h(0, yo, no),

v(t) = vg cos(ry/ho) — %10 sin(ty/ho),  &1(t) = E19 cos(ty/ho) + voy/ho sin(tv/ho).

If (0, vo, yo, £10, 0, 1m9) € WEF(W) with vy > 0 and &9 > 0, then v(T) = —(vy + &)/+/2 < 0 for
T =3m /(4 hp), and so the point

(0, _%(VO +£10), Yo, %(—510 + hovp), 0, 770)

lies in WF(W). On the other hand, if &9 < 0, take T = 57 /(4+/hp) and so



INVERSE SCATTERING WITH PARTIAL DATA ON ASYMPTOTICALLY HYPERBOLIC MANIFOLDS 531

(o %(—Vo +£10). Yo, —%(510 +how), 0, ) € WF(W).

But this is not possible, since W € C* in {v < 0}. The same analysis applies to {v =0, u > 0}.
The next step is to prove the following unique continuation result:

Lemma 3.5. Let I’ C 90X be open and not empty. Let W(u, v, y) satisfy (3-17), and let W = 0'/*W
satisfy (3-29). Then for any p € I there exists § > 0 such that W(,u, v, ¥) = 0 provided || <6, |v] <8
and |y — p| <é.

Proof. 1t is not clear that this result is a consequence of Theorem 1.1.2 of [Alinhac 1984], but (3-31)
below is similar to the estimates in Section 4.1 of [Alinhac 1984]. As usual, the proof of this result
is based on a Carleman estimate. However, we need to be quite careful when applying the Carleman
estimate, which is proved for C° functions, to W. In general, one would have to cut off and mollify W
and then apply Friedrich’s lemma; see for example the proof of [Hérmander 1994b, Theorem 28.3.4].
This usually requires the solution to be in HILC. However, here the regularity for W is given by (3-17),
which is not quite Hléc near {u = 0} or {v =0}. We will avoid cutting W in the variables (u, v), as the
commutator of Q with the cut-off function would produce terms in 0, W and 9, W, which we cannot
yet control. However cut offs in the y do not offer any problem, since the commutator of Q with a
cut-off function in y only would produce terms like wvdy, W, which can be controlled by (3-17). We will
prove the following Carleman inequality, which will be used to prove the stated unique continuation from
infinity, and will also be used to improve the regularity of W.

Lemma 3.6. Let p € T, and let Q be the operator defined in (3-19). For 0 < vy < €*/2, let
Qe ={(w.v.y):lul <& v <vo, ly—pl<2e}, Tie={v=w, 0<p<je |y—pl<2e},
QF ={(u,v,y) €Q:u>0, v>0}, Y. ={u=13e, 0<v =<y y—pl<2e}
Let Co = supq, |C|, where C is the zeroth order term of Q. Let y > 0 be such that yC§v3 is small enough,

and let o, (, v, y) =+ yv+ %ayly — p|?, where a =0 or a = 1. Then there exist &g > 0, M > 0 such
thatif 0 < e <ggand k > JT, then the following estimate holds for all v(u, v, y) € C*°(2;) supported in

{(w,v,y): w=0,v>0, |y—p|<e})

Mo Gl + Mk / Lve = 19,0~ vl? + K22 v 2] dyu dy
z:l,e

btk [ g 19,07 o+ 2 P dv dy
EZ,F

>kl ™ 202 + Kl a0 vl + K2 lle v R ulIF + kI y ) P 2V R )12, (3-31)
where ||v||* = fQ;r |>dudvdy.

Proof. The estimate with a = 0 was proved in [S4 Barreto 2005]. We are doing it again here for the
convenience of the reader, and we will use it to improve the regularity of W. But this estimate with a = 0
is not strong enough to prove the unique continuation result, for which we need the estimate with a = 1.
We will use ¢ = ¢, in the proof to simplify the already heavy notation.
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Without loss of generality, we assume that p = 0 and that v is real-valued. We know from (3-19) that

n n
O, v, ¥, By By, 3y) = 30y +ev > B (v, Y)3y,dy; + v Y B, y)dy; + Cuv, ).
i,j=1 j=I1

As usual, we define Qy = ok Q(pk and, since 9,¢ =1, d,¢ =y and dy;,¢ =ayy;, we have
Or =9 0¢" = 0, v, y, 0+ ko', 8, +kyop™", 8y +kayyp™),
and we write
Or = % + k&,
with
L= (0_1(81) + Vau)’
0% = 8,0y + ¥ (K = k)92 + b (v, y) @y, +kayyip™ )@y, +kayyjo™")
+ uvB; @y, +kayyje ) +C,

n
where we used the notation "21 A;jBijj=A;jB;jand D;E; = 2?21 D; E; to indicate sums over repeated
ij=

10xvI1? = 124v1* + K2 Lv)1? + 2k( 24 v, Fv), (3-32)

indices. Therefore,

where
(u,v):/ uvdydudv and |v|> = (v, v).
Qf

The first term of (3-32) is positive and we will compute k2||Lv || 4 2k(2xv, Lv). Since v is supported
in {u >0, v > 0}, we will assume that £ > 0 and v > 0 in the computations below. We will also use M
for a generic constant. The first term of (2 v, Lv) is

(9,0,0, 0~ By + ¥ 3,)v)

1 _
=§/+<P 10,(8,0)? + 8, (3,v)*) dy dudv
Q¢

L - - 1 -
=5 f L@@ 00)) + 8 (ve ™ uv) ) dy dpdv + 5 / 00007 + Qo)) dy dpdv
Qf o
= 3070 0l + lle™ 0. (3-33)

Here we used that v and all its derivatives vanish at {u = 0} U {v = 0}, and the boundary terms in X; .,
j =1, 2 are nonnegative. The next term is

y (k> = k) {9 v, o (yd, +3,)v)
:%V(kz—k)/+<ﬂ_3(yau+av)v2dydudv
Q

— @0 [ 80 D dydudv+ 3@ =0 [ g P dudy
Q Q¢

=1y (k> —k) o v dudy + 1yr(k* — k) e dvdy + 3y (K> = k)|l 2v)?.  (3-34)
El.s 22,8
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Since we want to prove (3-31) for all £ > Alf, we need to get rid of the negative term —3ky?|lo"%v|?

in (3-34). To do this we use the term [l¢~'d,v||> from (3-33). Notice that ¢~ '3,v = 3, (¢~ 'v) + y ¢ ?v,
and hence

(0~ ') 2 2 0% + 2797200 (07 ) = ¥ 20T+ v (e )%
Therefore,
lg~"a,vl1? = 22 [l %% |1%,

and so
3y (k> =0l > + Ll awl* = 3y* (K2 —k + ) le *v)1> = 2%y 2 [lo~2|%.
Hence, the first two terms satisfy

(8,8,0, 0713y + ¥ ) V) + (K> — k) {9 %v, 0 (Y, + 8,)v)

> 292l vl 4+l auvll® + 2Ky Al vl

+ 1> = k) o v dudy + 1y (k> — k) e v2dvdy. (3-35)
21.8 Z2,.9

To estimate the third term, we integrate by parts in y;, recalling that v is compactly supported in the
y variable in the interior of €. We use that 4"/ is symmetric to write it as

(k" @By, +kayyip~ )@y, +kayy o~ Hv, £v)

= %f+ uvht [(Dy, —i—kayyi(p_l)(ayj —|—kayyj<p_1)v]§£v dydudv
o

13

+ % /+ uvh'/ [(dy; +kang0_1)(8yl. +kayyio HYvlPvdydudyv =1 +11,

=— /+ 1oh (3,0 +kayy;o ' v)[(3y, — kayyip Y Evldy dpdv
Q¢

| . _ B
—§/+uvh’(8yiv+kayyi<p ")y, —kayyjo~HLvldydpdv,

£

11=_/ [0y, (uvh)] @y, v+ kayyjo~'v)Lvdy dudv.
Qf

We can bound I/ from below by using that
3y, (VR ) By, v +kayy o~ v)Ev = =M (uv)> 19y, 0 + kayy o~ v| ()1 L]
= —M((u)* 2|V + K2y (o) P ly Po 0% + () 2 Lo ).
Hence,
1= =M (|| () Vo l* + 22 a? [ (uv) 4 yle ™ > + [ (uv) V4 o). (3-36)
Using that

By, —kayyip~ VLo = L@, —kayyip v —ayy;p ' Lv—2kay?yip v,
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we write I = I} + I, where
L= —5 /m ;Lvhij(ay_,.v —i—kayyj(p_lv)[ﬁﬁ(ayiv —kayyipo~ ') dydpdv
-5 -+ kaysg DIy —kayyye ldvdudy @37
L =a /sz* Mvhi-i(aij—I—kayyj(p_lv)(yyigo_léﬁv+2ky2yig0_3v) dydudv.

To bound the term /> from below, we write

wvh' By v+kayyio~ v)(yyie Ev+ 2ky yip )
> — My pve (18y,v] +kay|yle~ D)y (y L] + kay o~ |v))

> =M (Iyl(uv)? 0 2 Vv > + ¥ 2y () + K2a?y 2y P ()2~ * + K2ayHyle ™ v)?).

Therefore,

L = =Ma([[ly]"?uve™ Vyull® + y 211y 2 Loll? + K2a?y 2y P2 pve vl + Kay 1y 2ol
(3-38)
Next we consider the term ;. Since & = ¢! (0, + 9y), integrating by parts in u and v we conclude

that the term I satisfies

I = —% /+ Mvh[‘/ocli[(a},_/v —|—kayyj(p_lv)(8yiv —kayyigo_lv)] dydpdv
Q;

1 —14ii _ _
=3 | B+ 0 [ae™ WG, 0+ kay e o), —kayyip™ v dy diedy

1 “10j - -
+§/+[(yau+av><uw W] @y, v +kayyjo~ )@y v —kayyip~ v dy dpdv
Qe

1 1,0 - _
=—§/ pve™ B (By, +kayyjo~ o) (@y,; —kayyjp~Hv)dudy
Z;l,e;"

Y —1ij — _
-3 / e~ h ((3y, + kayyjo~Ho)((@y; —kayyp~v)dvdy
22,8

1 —1ij - -
+5 / [0 0u+ 8 (e~ W) ]y, v +kayyjo ™ v) 0y v — kayyig™'v) dy dpdv.
2

Notice that
(3 +8) (uoh' (uv, Yo ™) = [(v+ e ™" =2y wve [ + (u+yv)uve™ (3:h")
=0 [((w+yv)(n+yv+3ayIyl?) = 2y uv)h (uv, y)
+uv(e+yv) (e +yv + 3ayyl?) 0:hY) (v, y)]
=0 2 [(1* +y2 4+ Say (u+yv)ly A (u, )
+ v+ yv)(n+yv+3ay|y?)@chY) (v, y)]. (3-39)

1
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Hence,

(v 3y + 8) (k™ (v, y)o™Hl < Mo~ (u+yv). (3-40)
On the other hand, since 4% is positive definite, we know that there exists M > 0 such that
RIW,W; > MIW[>, W eR", (3-41)

We conclude from (3-39), (3-40), (3-41) and the symmetry of h¥ that, for & small enough, there exists
M such that

[+ 8,) (k" o™ H](@y,v + kayyje~'v)(y,v —kayy;o~'v)
= [(@y + 3,) (uvh ™13y, 08y, v — K2a*y2yiy ;0 v?)
> M+ yv)e Vyul? — ME2a*(u+yv)yilylPe 3 vl2 (3-42)

Hence, for ¢ small enough,
L= M~ P (u+yn)'2V0l? = MEEa? Y2l yl(n+ yv) 2o P)?

—M | (e IVl ke yPu?) ddy
21.5

-M (@ Vvl + ka3 |y Pv?) dv dy. (3-43)
22.5

We write the last term of (2;v, £v) as
(B 3y, +kayyje~ v+ Cv, $v)

= (uve~ 2B (dy, +kayyjo~ Yo+ 2Cv, ¢! 2%0)
> —|lp'2Lv||2 — |Co™Pu||* — ME*a?y? || |yluve 2| — M| (uv)e ™ 2V 0|12, (3-44)

Therefore, provided gg is small enough, we deduce from equations (3-35), (3-36), (3-38), (3-43) and
(3-44) that

K| Fv )12+ 2k (90, Pv) + Mk [ (nve~ | Vyv]? + k20 v?) dudy
+Mk | (uve ' |Vl + ke v dv dy
22.5
> sky e vl + %ku«p—lavvnz+f+<k2—kMF1<u, v, Y)IEvI* ddv dy
Q¢

[ 19RO G+ e = ME v ) dpdv dy
Q¢

+k / Kyte ™ (3 — MF3(u, v, y)) dpdvdy —k / IClo~ v’ dpdvdy, (3-45)
Qf Q

+
£
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where
Fi(p, v, ) = ()" +y2yl+ ¢,
Fa(u, v, y) = (1) + [y ()0 + (u)’p ™",
F3(p, v, y) = (uv) 21y Pe? + 1y (00)? + 721y + 1y (e + y ) + [y P (uv)e.
The term involving C is the most problematic. Recall that ¢ = u + yv + %ay |y|? and, since |u| <&,
|y| < e and v < vy, it follows that ¢ < &+ yvy + %aysz. Therefore, if Cop = supg,_ |C|,
3k2 2074 _|CPy! > (p*4(§k2y2 —Cg(p3) > <p74(%k2y2—9C3(83 —|—y3v3+ %aySgG)).

If one picks y such that 9y COZUS then

256’
22 —9yCivy = 2k* forall k> 1,
and therefore
%k2y2¢_4 —|CPe~ ! > <p_4(13—6k2y2 — 9C§(83 + %ay386)) for all k > }1

Notice also that 1 < ¢, and hence the coefficient of |Vv|? in (3-45) satisfies
My (e +y )~ = M((uv)? + [y ()29 + (u)?e ™)

@~ (Mi(u+yv) — MI(u) 20 + |yl v® + (uv)?))
> IMi(n+yv)e™!

for &9 small enough.

One can then pick &g, such that for every ¢ € (0, &),

K|S0 )12+ 2k (90, L) + Mk [ (nve | Vyv)? + k20307 dudy
El.s

+Mk | (uve |V + Ko vH) dv dy
Z2,6

> M(kll(n+yv)' 2o 2V 0|12 + K2 Loll* + Kl 8,01 + ke dyvll* + Ky lo 0],
This ends the proof of Lemma 3.6. (I

Next we want to use (3-31) to prove Lemma 3.5. Let x € Cgo({|y| < 8/4}), x =1on {|y| <e&/8}.
Let V(u, v, y) = x(») W(u, v, y). We choose ¥ (y) to be a C° function supported in {|y| < &/4} with
f ¥ (y)dy =1, and define ¥5(y) = (8) "¥(y/5), § > 0. Then, for § small enough,

=5+ V € C{°(Qe) issupportedin {u >0, v>0, |y| <3¢}

where * denotes convolution in the y variable. To see that, let £ (u, v) € CS°; then the Fourier trans-
form ¢ V5 satisfies

EVs(Er, &, m) =Y ENEV)(ErL &, 1),

which in view of (3-30) is rapidly decaying in any conic neighborhood of a point (§;9, £20, 7o) 7 0. Hence
Vs € C*°, and (3-31) holds for V5. Now we would like to take the limit of (3-31) for V5 as § — 0.
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Notice that ¢ > € on X5 ; and ¢ > y vy on X, and, in view of (3-17),

[ 19,0 R Rl R ddy < MG
Ee (3-46)

[ w190 R R i P dvdy < me
22,6

and these terms in (3-31) do not offer any problem when passing to the limit.
One cannot use (3-31) with a = 0 to prove Lemma 3.5, however we will use it here to show that

(+y») VY. w+yn) TV ()T,
(+yv) 2V e LA(Q,) with k> 1. (3-47)

For now, we take a =0 and ¢ = u+yv. We know from (3-17) that W, [;w(,u+yv)]1/2VyW e L*(2,).
Since puyv < %(u + yv)2, it follows that y (1 + yv) " (uv)?> < (u + yv)uv, and hence one can apply
Friedrich’s lemma — see, for example, Lemma 17.1.5 of [Hormander 1994a] —to show that

53%” (A4 yv) VU dy,0y, + Bjay s ¥V — s ¥ (07,8, + B0y, V)| =0 (3-48)

We also know from (3-17) that, for fixed T > 0, MI/ZGMW(M, T,y) € L*([0, T] x 8X). Hence the same
holds for V and for V; for all § > 0. One can easily show that

(8, V5)? = " (log 1) V5 — 9, ((—log )~ V).

Since Vs vanishes to infinite order at u = 0, if we integrate the above on [0, %8] X dX we obtain

2\ T T _ _
/ (log—) Vs(3e. T, y)dy+/ / M(auVa)zdyduz/ / n ' og )PV dydu.  (3-49)
X € 0 Jax 0 Jax

Since, in view of (3-17), the left-hand side is finite for V, if one applies (3-49) to Vs — Vy it follows that
Vs is a Cauchy sequence in the norm given by the right-hand side of (3-49). So it converges and, since V;
converges weakly to V, we conclude that w=Y 2|10g wl~'V e L*(Q,), and in particular

(n+v)"VV e L2(Q,). (3-50)
Since Q is given by (3-19), it follows from (3-48) and (3-50) that
lim | 2+ )@+ V) = ¥ (QV) | =0. (3-51)
Since QW = 0, it follows that
OV = Q(x ()W) = uvh" (Way, dy, x + 23y, xdy, W) + uv(B;dy, x)W.
So we conclude that, in view of (3-17), (u + v)_1/4QV € L*(Q,) and hence

lim| (e +y) " OVsllia@,) = I +y W™ QVIl <00, k=7 (3-52)
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Therefore (3-31), witha =0 and k = Alf, holds for V in place of V;, and in particular we conclude that
(3-47) holds for k = }l (notice that in this case (u + yv)(p_1 = 1). We then apply the argument used
above to show that (3-31) holds for k = ; + 1, and hence (3-47) holds for k = ; + 1, and by induction
and interpolation, this shows that (3-47) holds for all £ > %.

Now we use the same argument with ¢ = ¢; =+ yv + %y |y|%. Notice that in this case ¢ > 4+ yv
and we have from (3-47) that

e Vv, eV, eV, 0T PV e LA, k= (3-53)

Since ¢ depends on Yy, it is not clear how to apply Friedrich’s lemma in the bootstrapping argument above
to prove (3-53), as one would have to analyze the commutator of the convolution and the weight, which
is of course singular. But, given (3-53), Friedrich’s lemma can be easily applied and we conclude that
(3-31) holds for V and ¢ = ¢;. In particular we conclude from (3-46) that, for ¢ small enough,

MIBe ™ +Clo*OxWWI? =l > x W2 (3-54)

Now we really use the power of (3-31) with a = 1: since OW =0, and x = 1 for ly] < %8,
O(x(MW) =10, x(»)]W is supported in |y| > %8, and hence ¢ > A2 on the support of OV, where
A= ﬁy. We deduce from (3-54) that, for & small enough, there exists C = C (W) > 0 such that

Cen) > o2 Fx (MW

—k
() o

and therefore W (u, v, y) = 0 if ¢ < A2, and in particular W = 0 if 0 < p1 < 1162, 0 < yv < 12&?
and y|y|> < %kez. This ends the proof of Lemma 3.5, and consequently the proof of Proposition 3.2. [J

Hence,

<C, k>1,

Notice that since vy € (0, ¢%/2) is arbitrary, this result also establishes regularity for W, and in particular
it shows that W € H,!

loc*

Proof of Proposition 3.3. We will use Hormander’s unique continuation theorem, and we will find a
function whose level surfaces are strictly pseudoconvex. The key point here is that the coefficients of
the operator P defined in (3-2) do not depend on s, and hence P is invariant under translations in the
variable s. Let

ox,s,y)=—x—k(s—s1)—|y— p|2, where « > 0 small will be chosen later.

Since, for |y — p| <38, V=0if x € (—¢,0] and s < 59, or if x < § and logx < s < 51, we have — see
Figure 6 —
Vix,s,y)=0 if >0, —e<x <§, and |y— p| <. (3-55)

The principal symbol of the operator P is

p=—20& —xéz —xh(x,y,n), (3-56)
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where (€, o, n) are the dual variables to (x, s, y). Since Vo(x, s, y) = (—1, —k, —2(y — p)), we have

p(X,S, Y, V‘p(xvsv y)) =2k —X(l +h(xv Y, 2(y_p))) (3'57)

If |y — p| < B is small enough and x > —«, then x(l + h(x,y,2(y — p))) > —%K, and hence

plx,s,y, V) < —%K. Therefore ¢ is not characteristic at (x, s, y) if x > —« and |y — p| < B, for small
enough 8.
The Hamilton vector field of p is

H,=—280; —2(0 +x&)dy — xHy + (E* + h + xd:h) e, (3-58)
where Hj denotes the Hamilton vector field of 2(x, y, n) in the variables (y, n). Hence,

(Hyp)(x,s,y,&,0,1) =2(0 +xE) +2kE +xHyly — p|* and
(H}@)(x,s,y,€,0,1)
= —2(0 +x&)(2& + Hply — pI* +x8: Hyly — p1») — (xHp)*|y — pI* + 20k +x)(E* + h + xd,h).

If H,p =0, it follows that
Hlp(x,s,y,& 0,1) =2(x +3K)E> + 26((x + k) Hyly — p|* + kxdc Hyly — p*) +2(k +x)(h + xd,h)
+x((Hyly = pI*)* +x Hyly — pI*0x Haly — pI* = x Hy|y — pI*).
If |y — p| < B is small enough, there exists C > 0 depending on % only such that
|Hply = pPPl <CBlnl and [8:Hyly — pI’| < CBlnl.

If we impose that —%K < x < B, it follows that there exists &g > 0 depending on & such that, if 8, x € (0, &9)
are small, then there exists C > 0 such that

h+xd.h > Clnl?,

and hence

Hy(x,s, p, & 0,m) = kC(E> = BIE| I+ nl>)
> Cr(E2+1n1%) if —1k<x<§p, |ly—pl<p andk,38e(0,e).

So we conclude that there exists &9 > 0 depending on £ such that

p(x,s,y, 6,0, =Hyp(x,5,y, 6,0, =0 = Hpx,s &0 >0
if (6,0,m)#0, —3k<x<B, ly—pl<pB, k.0, ). (3-59)

Since P is of second order, we deduce from (3-57) and (3-59) that the level surfaces of ¢ are strictly
pseudoconvex in the region

—lk<x <P, ly—pl<p provided «, g € (0, £o); (3-60)
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see for example the first paragraph of Section 28.4 of [Hormander 1994b]. As mentioned above, the fact
that the coefficients of P do not depend on s imply that the conditions in (3-60) do not depend on s. Now
we appeal to Theorem 28.2.3 and Proposition 28.3.3 of [Hormander 1994b] and conclude that, if

Y= {—iK <x < %,B, ly —pl < \/Léﬂ, |s —s1] <s0—s1},
then there exist C > 0, tgp > 0 and A > O large such that, if ¢ = er,
Clle™ Pv|* = o*le™v|* + e v|7, forall ve C(Y) and T > 79 > 0. (3-61)

Let§ € C°(Y) with 0 = 1if —itk <x < 1B, |y — pl < 1B and |s —s1| < 3(so —s1). Since PV =0, it
follows that
P@OV)=[P,6]V.

But, for (x,s,y) €Y, V(x,s, y) is supported in the region x > 0, s > 51, so we conclude that
P(@(x,s,y)V) is supported in (x,s,y) €Y, x > 1B, or s —s; = 3(so—s1), or |y—p| > 1B
Therefore, by the definition of ¢ we have
¢(x,s,y) < —min{1B, 13k(so—s1), $8°} on the support of P(OV). (3-62)

Pick « small so that min{%,@, %K(So —51), ‘—1‘,32} = %K(so —s1) = v. We deduce from (3-61) and (3-62)
that
2"y <0, 1> 1.

We remark that, due to Friedrich’s lemma, one can apply (3-61) to 8V even though V is not C*; see
[Hormander 1994b]. Therefore, 8V =0 if e’ —e™" > 0,500V =0 if ¢ > —y. So we deduce that
OV(x,s,y)=0 provided «(s —s1) < %y, 0<x< %y ly —pl* < %y.

In particular,
V(x,s,y) =0 provided s <s1+ ‘l‘(so —s51), 0<x < %y, ly —p|2 < %y. (3-63)
This concludes the proof of Proposition 3.3. (]

Proof of Proposition 3.4. The key point in the proof is the following consequence of Tataru’s theorem
[1995; 1999]; see also [Hormander 1997; Robbiano and Zuily 1998]. Let 2 be a C* manifold equipped
with a C* Riemannian metric g. Let L be a first-order C* operator that does not depend on 7. If u(z, z)
is a C* function that satisfies

(D? — Ay +L(z, D)u=0 in (~T,T) xR,
u(t,z) =0 in a neighborhood of {79} x (—7,T), T < T,
then
u(t,z) =0 if |t|+dg(z,20) <T, (3-64)

where d, is the distance measured with respect to the metric g.
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Since the initial data of (2-1)is (0, f), u(t, z2) = —u(—t, z). f0<x <y,logx <s < sy, and |y— p| <,
it follows from the definition of V. that

K
ut,x,y)=0 if 0<x <y, |y—p|l<d and |t|§sz—1ogx=log€7.

Applying (3-64) with zo = (x, y), we obtain
S
u(t,z) =0 provided |t|+d,(z; (x,y)) < logex—2 with 0 <x <34, |y — p| <§é.

If z=(a, y) with ¢’ > & > x, de((x,y); (a,y)) =log(a/x), it follows from (3-64) that

. o e”?
u(t, (a,y))=0 if t+log— <log—.
X X
In particular this guarantees that u(¢, «, y) =0 if 0 < ¢t < log(e®?/«) and, since s =t 4+ log o, we have

Vi(a,s,y)=0ifa <e',logx <s < s> and |y — p| < 8. This ends the proof of Proposition 3.4. [

Proof of Theorem 2.1. As promised at the beginning of the section, we shall now finish the proof
of Theorem 2.1. We start with (3-10), which says that V, (x, s, y) = x " 2u(s — log x, x, y) satisfies
Vi(x,s,y)=0if yeT, x <¢* andlogx <s < s < 5.

/2y(s —logx, x, y) and so, if w = (, p) with 0 < a < &*

Now we recall that V  (x,s,y) = x
and p € I', then the solution u(¢, z) vanishes in a neighborhood of {w} x (0, log(e®/«)). Again we
use that the data is of the form (0, f), and hence u(—t, z) = —u(t, z). So in fact u(z, z) vanishes in a

neighborhood of {w} x (—log(e*/a), log(e* /a)). Therefore, by (3-64),
50
u(t,z) =dult,2) =0 if |t]| +dg(z, w) < log %

In particular, when ¢t = 0 we find that 9;u(0, z) = f(z) = 0 provided d¢(z, w) < log(e®/a), and this
concludes the proof of Theorem 2.1. O

Final remarks. The following result will be useful in the next section:

Corollary 3.7. Let (X, g) be a connected AHM and let T' C 39X be open, I # @. If f € L2.(X) and
R0, £)(s,y)=0inRx T, then f =0. Similarly, if (h,0) € E,o(X) and Ry (h,0)(s,y) =0inRx T,
then h = 0.

Proof. If R (0, f)(s,y) =0in R x I', then f(z) =0 if z € D, (') for every so9. Since the distance
between any two points in the interior of X is finite, it follows that f = 0.

Suppose F =R (h,0)(s, y) =0in R xI". As in the proof of Proposition 3.2, by taking the convolution
of F with ¢ € Cg°(R), even, we may assume that (A —n2/4)"h € LﬁC(X) forevery k > 0. Let u(¢, z) satisfy
(2-1) with initial data (%, 0) and let V = 0;u. Then V satisfies (2-1) with initial data (0, (A, — n?/4)h)
and R (0, (A, —n?/4)h)(s, y) =0in R x I'". But, as we have shown, this implies that (A, —n?/4)h =0.
Since (h, 0) € Ey(X), this implies that 2 = 0. U

One should remark that this result can be proved by applying a result of Mazzeo [1991]; see also [Vasy
and Wunsch 2005]. The solution to (2-1) with initial data (0, f) is odd and, since %, (0, f)(s, y) =0
for s e R, y € I', it follows that R_(0, f)(s, y) =0 for s € R, y € I'. Taking the Fourier transform in ¢,
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we find that
(Ag —A2— %nz)ﬁ()\, 72)=0

and, using that R (0, f)(s, y) =R_(0, f)(s, y) = 0, one deduces that u (A, z) vanishes to infinite order
at I', using a formal power series argument as in the proof of Proposition 3.4 of [Graham and Zworski
2003]. Theorem 14 of [Mazzeo 1991] implies that 2 = 0 and hence u = 0. In particular, f = 0.

4. The control space
As we saw in (3-13) and (3-14), the ranges of the forward and backward radiation fields
Rx(0, L2.(X)) = (R0, f) : f € L2(X)}

are closed subspaces of L2(R x 8X) and are characterized by the scattering operator. Moreover, since R
are unitary, [|R+(0, f)ll.2wxax) = Il fllL2x)- The main goal of this section is to show that the ranges
{RL(0, f)Irxr} are determined by the restriction of the scattering operator to I', as defined in (2-13).
Throughout the remainder of the paper we shall write

L’ RxT)={Flpxr: F e L2 (R x 3X)}.
The key observation is:

Lemmad.l. If F = %R, (h, f) € L2(R x ), then
I £llz2x) = (F, 5(F + Sp F¥)),
and in particular | f || 2(x) is determined by Sr F.

Proof. If F(s, y) = R4 (h, f) € L2 (R x I), so in particular F is supported in R x I' then, according to
(3-12) and the fact that R is unitary,

(F. 3(F + 91 F"))=(F, 3(F + (YF")|nxr)) = (F. 3(F + SF"))
= (@R (h, ), R0, ) = 11720, O
This suggests that
CL (R4, Nlrxr) = I1f lz2¢x)

defines a norm on the space {R, (0, f)|rxr: f € LﬁC(X )}. We shall prove that it does and, moreover, the
norm is determined by Sr.

Theorem 4.2. Let I C X be a nonempty open subset such that d X \ I' does not have empty interior. The
space
MIDYF = (RL(O, lpxr : f € LX),

equipped with norm C',. defined by

LR, Nlrxr) =1 fllz2cx), (4-1)

is a Hilbert space determined by Sr.
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Proof. We shall work with the forward radiation field. The proof of the result for % _ is identical. Since
PR, is linear, the triangle inequality for the L2(X)-norm implies that C'} is a norm, and that

<%+(0’ f)|RXF’ gi-l—(ov h)|RXF>C’jr = (f’ h)Lz(X)

is an inner product. Since R is continuous and LﬁC(X ) is complete, it follows that (M(I)™, Cl)isa
Hilbert space. We need to show that it is determined by ¥1. We recall from (3-12) that if F' =R, (f, h)
then

3(F+SF)|rxr = R0, h)|pur. (4-2)
So, if F € L>(R x I'), then F* € L?>(R x I') and hence (F + $F*)|pxr = F + $r F*. We shall let

P L*?RxT)— L*RxT) 3
F> 3(F+9rF*).

Since ¢ is unitary, it follows that ||£|| < 1. Since R, is unitary, given F € L*(R x T') there exists
(f, h) € E,o(X) such that R (f, h) = F. We can say the following about such initial data:

Lemma 4.3. Let I’ C 0X be a nonempty open subset such that 0X \ I' contains an open set O, and
let h € LﬁC(X). Then there exists at most one f such that (f,0) € E,(X) and Ry (f, h) is supported
in R x I". Moreover, the set

G =1{he Lgc(X) s there exists (f,0) € Eac(X) such that R (f,h)(s,y) =0, yedX\TI}

is dense in L2,(X).
Proof. First, if R (f1, h) and R, (f>, h) are supported in R x T, then R (f; — f», 0) is supported in
R x I', but this implies that R, (f; — f2,0) =0in R x O, and so Corollary 3.7 implies that f; = f>.

Ifve LaZC(X) is such that (v, h)2xy=0forall h € 6(I") then, since R is unitary, for all (f, 0) € Eac(X),

(v, h) p2x) = (R0, v), R (f, 1)) L2(mxax)
Since h € 6(I") is arbitrary, it follows that
(R4(0,v), F)2mxsxy =0 forall FeL*RxTD).

Hence %4 (0, v) =0 on R x I' and, by Corollary 3.7, v = 0. O

Lemma 4.4. [fI" C 0X is open, nonempty and d X \I" contains an open subset, then the map <& is injective
and has dense range.

Proof f F =R (f,h) € L>(RxT), then £F =R, (0, h)|gxr. If LF =0then R, (0,h) =0on R x I'.
It follows from Corollary 3.7 that & = 0, and hence F = R(f, 0). Since there exists an open subset
0 C (X \T), and F is supported in R x T, it follows that F = %, (f,0) = 0 in R x 0, and again by
Corollary 3.7, f =0and so F =0.
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Now we prove that its range is dense. Let H € L*>(R x I') be orthogonal to the range of £. Suppose
that H = R (hy, hy), with (hy, hy) € E.o(X). Then for every F =R (f, h) € L>(RxT), hee),

0= (H,(F+9F")|rxr)2mxry = (H, F + $F*) 2wy = (H, R4 (0, 1)) 2w x)
= (Ry(h1, h2), R4 (0, b)) L2mxcax)
= (ha, h) 2(x)-

Since €(I") is dense in LgC(X), h, =0. Hence H =% (h;,0) =0on R x 0, and so H = 0. O
We shall let
FHI) =LL*Rx D) ={R4+(0, f)lrxr : f €€}, (4-4)

and equip %1 (I') with the norm given by Lemma 4.1,

CL@RLO, ) = fllr2x)-

Thus (FT(T), C'}) is a normed vector space and, since 6(I") is dense in L*(X), FT(I') is dense in
(M), C4). Hence (M (IM), C7) is the completion of (F+(I"), C},) into a Hilbert space, and therefore
it is determined by . Notice that the completion of F*(I") with the L?>(R x I')-norm is L?>(R x I"). But

1R +0, W) ®x) | L2wxry = 12l 22(x)s

so C}. is a stronger norm and (Mt (I), C'}) is a smaller space. This ends the proof of Theorem 4.2. []

5. Proof of Theorem 2.3

The operators ¥ r, j = 1, 2 were defined in terms of boundary-defining functions for which (2-14) holds
for both g and g> in U; ~ [0, ¢) x 9X ;. In particular,
dx*  hj(x)

* —_
Vigj = 2 + 2

on (0,e) xI', h1(0)=hy(0)=ho on I. (5-1)

Our first step will be to prove that there exists ¢ > 0 such that the tensors 4, (x) and %, (x) are equal
on [0, &) x I'. Once this is done, if W; : [0,¢) x dX; — Uj, j =1, 2, are the maps that satisfy (2-14),
and if Wy, =W ([0, &) xT), Wh . =W, ([0, &) x I'), then

Uigilw,,) = ¥;(glw,,) on [0,&) xT. (5-2)
Since W; =Idon I', j =1, 2, this implies that
W, =WoW Wit Wae, (WaoW) 'go=g;, W.=Id on T (5-3)

gives an isometry between neighborhoods of I".
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The local diffeomorphism. We will prove that, if 4 ;(x) are such that (5-1) holds, then A (x) = hy(x)
on [0, &) x I', and hence this gives the map W, defined in (5-3). Our first step in this construction will be:

Proposition 5.1. Let (X1, g1), (X2, g2) and T satisfy the hypotheses of Theorem 2.3, and denote by
Rj+(s,y,x',y") the Schwartz kernels of R j + acting on (0, f). Then there exists € > 0 such that (2-14)

holds on [0, ¢) x 90X, j =1, 2, and
hi(x,y,dy) =hy(x,y,dy) ifxe€l0,¢), yerl, (5.4)
Ry +(s,y, X', YV =Ry 2(s,y,x',y) ify,y €T, x' <e.

Proof. The proof of Proposition 5.1 is an adaptation of the boundary control method of [Belishev 1987;
Belishev and Kurylev 1992] to this setting. By working on an open subset of I' if necessary, we may
assume that X \ I does not have empty interior. As in [S4 Barreto 2005], pick x; < ¢ and consider the
spaces

M () ={F e M (') : F(s,y) =0, s <logxi},

M, () ={F e M () : F(s,y) =0, s > —logx1},
and let

97’; c M) — /l/tj{l (I and P M () — My (T) (5-5)

denote the respective orthogonal projections with respect to the norms C’. defined in (4-1). Since
ME(T) and J(/L)jf1 (I") are determined by I, the projections @i are also determined by $. Notice that
(QP;FI F)(s, y) is not necessarily equal to H(s —logx;)F (s, y), where H is the Heaviside function, as
H (s —log x1)F (s, y) may not be in A" (T).
In view of finite speed of propagation and Theorem 2.1,
M) =Ry (0, W) |gxr s h € LE(X), h(z) =0, 2 € Diog, (M)},
My () ={R_(0, h)|rxr 1 h € L2.(X), h(z) =0, z € Diogy, (D)}
As in [S4 Barreto 2005], the key to proving Proposition 5.1 is to understand the effect of the projec-

tors QP; on the initial data. First we deal with the case where Ag,, j =1, 2, have no eigenvalues. In this
case, L>(X ;) = L2.(X ).

Lemma 5.2. Let (X, g) be an asymptotic hyperbolic manifold such that A, has no eigenvalues. Let x be
such that (2-4) holds in (0, €) x 0 X. For x1 € (0, €), let @; denote the orthogonal projector defined in (5-5).
Let xy, be the characteristic function of the set X, = X \ Diog x, (I'). Then, for every f € Lgc (X)=L*(X),

PLRLO, Hlrxr) =Ry 0, 1, ) Rxr-

Proof. Since @; is a projector, there exists fy, € L?(X) such that

9]); (9R+(0, f)l[RXF) = 9R+(O, fxl)leF

and, for every h € L?(X) supported in X,

(R0, fe)lrxr, R4+ (0, h)|[R§xr>(Dn+ = (fxr» M2y =, M) 2 x)-
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Hence fy, = xx, f- [l

Next we will analyze the singularities R (0, xx, f) at {s =logx;} and, as in the proof of Proposition 3.2,
we may assume that f is C*°. In the case where I' =9 X, x,, is the characteristic function of the set {x > x;}
and the singularities of R4 (0, x,, f) can be computed using the plane wave expansion of the solution to
the Cauchy problem

PV =0, V|s:logx =0 and asvls:logx =[x, ) X (5-6)
where P is the operator defined in (3-2). In this case, one just writes
Vx,s,y) =V (x,s,y)+V (x,s,y), where

o0 o0
Vi s, y) ~ Y ol y)(s —logxy)} and  V7(x,s, y)~ > v; (x,y)(2logx —x; —s)L,
j=1 j=1

where s =log x; and s =2log x +log x; correspond to the forward and backward waves emanating from
{x =x1, s =logx}. One then computes the coefficients of the expansion by using a series of transport
equations. The wave V™ (x, s, y) goes towards the interior and will hit {x = 0} for s > log x;, but the
wave V1 (x, s, y) will intersect {x =0} at s =log x;. The ﬁrst coefficient in the expansion of VT (x, s, y)
is given by v} (x, y) = S (|24 (x1, y) /A4 (x, y) x, 271 £ (x1, y). Since (3-16) is well defined for L2,
initial data, 97i+ O, xx, f) =0,V (x,s, y)lix=0}, and hence near {s = log x;} one has an expansion

LA G, 9) et o0 0g ) +Zv 0,97 (s —logx)}.  (5-7)
2 A0, y) ! 1Y) (s —logxi), 55 =

j=1

%+(Ov Xx f)

We refer the reader to the proof of Lemma 8.9 of [S4 Barreto 2005] for details.

In the case studied here, when I' # 90X, this is not so clear since xy, is the characteristic function of
Xy, = X \Diog x, (I'), which is a more complicated set. However, if x is small enough, the boundary of X
contains I'y, = {(x1, y) : y € I'}. We will show that the singularities of R (0, x, f) at {s =logx;, y €T’}
can be computed as in the previous case. The singularities of x,, f lie on the set

0Diogr; = (2 € X : there exists (x,y) € Ug such that d,(z, (x,y)) =logx; —logx}
Since X is complete, there exists a geodesic y joining z € d%)ogy, and (x, y) such that
vy =z, y@®)=(x) and 1=d,(z (%,7)).

One can think of this in terms of the wave equation with y being the projection of a null bicharacteristic
of p= %(r2 — x2£2 —x?h(x,y,n)) in {p =0, T = 1} starting at z and going to (X, ¥). If one then sets
s =t +log x it follows that, along this bicharacteristic, s = ¢ +log x(y (¢)). Hence, at 7, s(f) = log x1. In
these coordinates (we are using £ by abuse of notation but we should use E, whereE =¢ —1 /X),

{p=0,t=1)={p=0E+3xE + Sxh(x,y,n) =0, 0 =1}
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and we have that, for 1 4+ x& #0,

ds & dé  EX4+h+xoh  dn  xdyh dy  xdh

dx  1+4x& dx  2(1+x&) ° dx  2(1+x&)  dx  2(1+x&)
So, unless £ =n =0, ds/dx # 0. But, if £ = n = 0 at a point then, by uniqueness, £ = n = 0 along
the curve. In the latter case s = logx;, y =y € I' along the curve. If § # 0, the geodesic will reach

{x =0} for s # log x;. So we conclude that (5-7) holds for y € I}, where Iisa compact subset of T.
The precise propagation of singularities is given by:

Lemma 5.3. Let x be a defining function of X such that (2-4) holds. Let MT(I') 5 F =R, (0, f)|rxr
with f smooth. Let ©(x1, s, y) = 37271 £ (xr, »)(AIY4(xr, 3) /10140, ¥)) (s —log x1)9. There exists

& > 0 such that, for any x| € (0, ¢),
PHF(s,y)—O(x1,s,y) € Hy (Rx ). (5-8)

Since QP; and JLT (") are determined by & in view of (5-8), ©(x1, s, y) is determined by ¥ provided
x1 € (0, ¢) and y € I". By assumption in Theorem 2.3, hg 1 = ho 2 on I'. Therefore, |41](0, y) = |h2|(0, y),
y eI and, since F =R (0, f)|rxr in Lemma 5.3, we obtain the following result:
Corollary 5.4. Let (X1, g1) and (X2, g2) be asymptotically hyperbolic manifolds satisfying the hypothesis
of Theorem 2.3. Moreover, assume that A gi»J = 1, 2, have no eigenvalues. Let R ; 1, j =1, 2, denote the

corresponding forward or backward radiation fields defined in coordinates in which (2-4) holds. Then
there exists an € > 0 such that, for (x,y) € [0,¢€) x I,

)G, MRTLF (e, 9) = a4 (e, )R L F (L y)  forall Fe (D),

_ ” (5-9)
|4, R F(x, ) = [ho V4 (x, )RS L F(x, ) forall F e (D).
Proposition 5.1 easily follows from this result. Indeed, since
R azF—A IR F 5-10
i—\ 352 = (A, — 317 g1 (5-10)
if we apply Corollary 5.4 to BSZF we obtain
4G, ) (Agy — 307)RTLF (x, y) = [ho /A (x, 9) (A, — 307) %5 L F(x, y). (5-11)

If 97{1_17F = (0, f), where F € M(I")~ is arbitrary and the metrics have no eigenvalues, equations (5-9)
and (5-11) give
)4 (e, p)
[CIRACRY!
for all f € C3°((0,¢) x ') N LgC(X ). Therefore the operators on both sides of (5-12) are equal. In
particular, the coefficients of the principal parts of Ag, are equal to those of A,,, and hence the tensors

V4G, 9)(Ag — n?) £, y) = ho] VA (x, y) (A, — 1n7) fx,y) (5-12)

hy and h, from (2-4) are equal. This proves that

RiLGs . X Y)Y =R (s, .Y, vy el X €0, ¢), 5-13)
hi(x,y,dy) =ha(x,y,dy), yel, xel0,¢),
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and of course the same holds for the forward radiation field. Since ® are unitary, 97%;1 =R*, and hence
this determines the kernel of 2. This proves Proposition 5.1 in the case of no eigenvalues.

Now we remove the assumption that there are no eigenvalues. We need to show that, if 1 r = %>,
then the eigenvalues of A, and A, are equal, and the eigenfunctions can be reordered in such a way
that their traces are equal on I'. In fact they agree to infinite order at I'. To show that, we need to appeal
to the stationary version of scattering theory, and we have to recall the relationship between the scattering
operator, the scattering matrix and the resolvent from [S4 Barreto 2005]. It was shown in [Joshi and
Sa Barreto 2000] that &4 (1), defined in (2-10), continues meromorphically to C\ D, where D is a discrete
set. The eigenvalues of A, correspond to poles of s(A) on the negative imaginary axis. Proposition 3.6
of [Graham and Zworski 2003] states that, if Ay € iR_ is such that Alfn2 + )% is an eigenvalue of A,, then
the scattering matrix ¢(1) has a pole at Ao and its residue is given by

I, if —iko & 3N,

e 1 (5-14)
H)\O—P[ if —l)\.()IEI,ZEN,

Res;,A(A) = {

where P is a differential operator whose coefficients depend on derivatives of the tensor 4 at 0.X, and the
Schwartz kernel of IT;, is

No
K (M), ) ==2ik0 ) ¢7 @69y, ¥, (5-15)
j=1

where Ny is the multiplicity of the eigenvalue inz + A2, the ¢ j» 1 < j < Ny, are the corresponding
orthonormalized eigenfunctions and qb? (y) is defined by

¢ (y) =x 7", (x, y)lx=0. (5-16)

Since A;r = Aar, A € R\ O, it follows from Theorem 1.2 of [Joshi and Sa Barreto 2000] that,
in coordinates where (2-14) is satisfied, all derivatives of 4 and &, agree at x = 0 on I". Therefore
the operators P, ; in (5-14) corresponding to (X, g;) are the same in I". Then (5-14), (5-15), and the
meromorphic continuation of the scattering matrix show that A, and A,, have the same eigenvalues with
the same multiplicity. Moreover, (5-15) implies that if ¢; and v¥;, 1 < j < Ny, are orthonormal sets of
eigenfunctions of A, and Ag,, respectively, corresponding to the eigenvalue %nz + 22, then there exists
a constant orthogonal (Ny x Ng)-matrix A such that d>0|r = AYO - where (&7 = (¢?, q&g, el ¢]0\,0)

and (W07 = (w?, wg e 1//2,0). So, by redefining one set of eigenfunctions from, let us say, ¥ to AW,
where WT = (Y1, ¥, ..., ¥n,), We may assume that
M =¥, yel, j=12,...,No. (5-17)

Note that this does not change the orthonormality of the eigenfunctions in X, because A is orthogonal.
Denote the eigenvalues of A, and Ag,, which we know are equal, by

mj=1in*+i3, Arj€iR., 1<j<N. (5-18)

They are also ordered so that i < pp <--- < pup.
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Again, we use that the singularities of xy, f at Iy, produce the singularities of R (0, xx, f) at
{s =logx;,y € I'} and expand the solution to (2-1) with initial data, (0, x., f). However, in this
case L2(X) # LﬁC(X ) and hence Lemma 5.2 is not valid, and we have to replace it by the following:

Lemma 5.5. Let (X, g) be an asymptotic hyperbolic manifold and let ¢;, 1 < j < N, denote the
orthonormal set of eigenfunctions of Ag. Let x be such that (2-4) holds in (0, €) x 9X. For x; € (0, €),
let 9‘;2 denote the orthogonal projector defined in (5-5). Let x, be the characteristic function of the set
Xx; = X\ Diogx, (I'). There exists gy such that, if € < &g, then for every f € LgC(X) there exists a(xy, f),
which is a linear function of f, such that

N
PL @O, Hlrxr) =Ty (0, X (f =Y ojx, f)¢j))
j=1

RxT

Proof. Leth € LaZC(X) be supported in X, . This means that (h, x,,¢;) =0for I < j < N. Then, since 9’;
is a projector, there exists fy, € LgC(X), supported in X, such that 9’; R+, HIrxr) =R, fi)Irxr

and, for every h € L2.(X) supported in X,
(R4, fe)lrxr, R4 (0, h)|er>q = (fars M 2oy = (s M) 2y

Hence ((fy, — f),h) =0 for all h € Cg°(X) N LgC(X) supported in X,,. We claim that there exist
aj = aj(xy, f) € C such that
N

foa—xaf—xn Zajgbj =0 for x; small enough.
j=1

If such a formula were to hold, since (fy,, xx,¢;) = 0 one would have to have

N
(fs X i) 2 (x) = Z%‘(Xxl(ﬁj’ X1 Pk) 12(x)-

j=1
This gives a linear system of equations
Ma=F, o =(a,...,ay), F'=(Fi(x1),..., Fy(x1)),
Mjk(x1) = (X, ®js Xu1 D) 12x)s  Fre(x1) = (fs Xy @) 2

Since the eigenfunctions are orthonormal, for x; =0 we have M ;(0) = § j;. Therefore, there exists g9 > 0,
which depends on the matrix M, and hence only on the eigenfunctions and not on f, such that the
system has a solution if x; < g9. Notice that, since f € Lgc (X), for x; = 0 we have F;(0) = 0, and
hence (0, f) =0.

With this choice of «;, the function

N
G= fX] - Xxlf — Xx Za]¢]
j=1
is supported in X, and (G, ¢;)12x) =0,80 G € L2.(X). But at the same time (F, h)2x) = 0 for all
he Lﬁc(X) supported in X, . Therefore (G, G)2(x) =0, and so G = 0. ]
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As in [Sa Barreto 2005], we shall denote

TO)f =) e, ).
J

Since (0, f) =0, T(0) = 0. Therefore one can pick & small so that
IT ) <5 for x; <e. (5-19)
In this case, Lemma 5.3 and Corollary 5.4 have to be substituted by:

Lemma 5.6. Let (X, g) be an asymptotically hyperbolic manifold, and let x be a defining function of 0 X
such that (2-4) holds. Let ¢;, 1 < j < N, denote the eigenfunctions of Ag and let T (x) be defined as
above. Let F € MT(T"), F =R, (0, f)|rxr with f smooth and let

—n/2 LIRAEINY)

730, y) [Ad =T (x1)) £](x1, ¥) (s — log x1)..

E(x1,s,y) =
There exists € > 0 such that, for any x| € (0, &),

Pt F(s,y) — E(xy, 5, ) € Hpo (Rx ). (5-20)

Corollary 5.7. Let (X1, g1) and (X», g2) be asymptotically hyperbolic manifolds satisfying the hypothesis
of Theorem 2.3. Let R +, j =1, 2, denote the corresponding forward or backward radiation fields defined
in coordinates in which (2-4) holds. Then there exists an € > 0 such that, for (x, y) € (0,¢) x T,

|40, ) Ad =Ty )P LF (x, y) = [ha| /4 (x, y)Ad =T2(x) Py L F (x, y)  forall F e M~ (),

] e, y)Ad =T )R L F (x, y) = [ho| V4 (x, y)Ad = To () R; L F(x, y)  forall F e M+ (D).
(5-21)

We write 97{;1_17()6, y) = fj(x,y), and pick & small so that (5-19) holds. We apply (5-21) to f; and f>
and to (Ag1 - %nz)fl and (Ag2 — %nz)fz for (x, y) € [0, &) x I" and find that

1h1 )14 Ad =T (0)) f1 = |h2 ()4 (1d = T2(x)) fa,
I (D141 =T () (Ag, — 1n?) fi(x, y) = [h2(0)V4Ad = T2 (1)) (A g, — 302) folx, ).

Therefore,

(5-22)

P 1/4
fz(x,y)=(1d—Tz(X))1:h;:1/4(ld—T1(X))f1(x,y) :h :1/4f1(x W+ K@ fitx, ),

where K is a compact operator. If one substitutes this into the second equation in (5-22), one obtains
hy|'/4
| h |1/4

||V Ad —Ty) (Ag, — 302) f1 = [ha|*(Ad = T2) (A, — 1n? )( fi+ Kfl)

Hence,

7o'/

B4
(Ae = 37°) it ) = =7 (A = 4 )(:hl:wfl)(x ) =K, ),
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where J{ is a compact operator. Since the operator on the left-hand side is a differential operator, and the
operator on the right-hand side is compact, they both must be equal to zero. As above, we conclude that
in coordinates (x, y), the coefficients of the operators A, are equal to those of A,,. Hence, we must
have hi(x, y,dy) = hy(x, y, dy).

We still have to show that (5-4) holds in the case where eigenvalues exist. Let F € T ("), and
let f; = %;LF. Let v; satisfy (2-1) with initial data (0, f;). Let V;(x, s, y) = x"/%v;(s — log x, x, ).
Since R4 (0, f;) = F, we have 0,V;(0, s, y) = F. Since A, = Ag, in (0, &) x I, for P as defined in (3-2),

P(Vi—V,)=0 in logx <s,x<¢g, yel
(Vi = Vo)(x,logx, y) =0, 95(Vi —Va)(x,logx,y) = fi(x,y) — fa(x,y) on x <¢, y e, (5-23)
(Vi —V2)(0,5,y) =0, yeTl,seR.

Now we apply Propositions 3.2, 3.3 and 3.4 as in the proof of Theorem 2.1, to conclude that there exists s*
such that

Vilx,s,y) = Va(x,s,y) provided x < e, verl, seR.

We then apply Tataru’s theorem, as in the argument used in the final step of the proof of Theorem 2.1, to
conclude that f1(z) — f2(z) =0 for every z € (0, ) x I" such that there exists (x, y) € (0, ¢*") x I with
d(z, (x,y)) < e®/x. In particular this shows that f; = f> in (0, &) x I". One cannot say that f; = f, on
X since (5-23) only holds on (0, ¢) x I'. Since F is arbitrary, (5-4) follows. O

Since hy(x) = hy(x) on [0, €) x I', this finishes the construction of the map W, defined in (5-3). We
will use both equalities in (5-4) to extend W, to a global diffeomorphism ¥ : X; — X satisfying (2-15).

The construction of the global diffeomorphism. First we need to show that if the eigenfunctions are
reordered such that (5-17) holds, then in fact ¢; 1(x, y) = ¢; 2(x, y) on (0, &) x I'. To prove this we have
to appeal again to the stationary scattering theory. We know from [Joshi and S4 Barreto 2000] that the
operator

E+ Q)Y (. y) = R0, 9) (0, y) = f e RO, f)(s, ) ds,
R
continues meromorphically to C\ D, where D is a discrete subset. Since their Schwartz kernels satisfy
Ei(h, ¥y, x,y)=Ey;(\,y',x,y) forx €[0,¢) and y, y' € T, A € R, this equality must remain for C\ D.

We also know from equation (3.15) of [Graham and Zworski 2003] that 41—1112 + )% is an eigenvalue of
A, if and only if Ao € iR_ is a pole of E(A, y, z), with the same multiplicity, and its residue is given by

K
5 L KO, yEIX. zEX. (5-24)
k=1

where ¢,9(y) is defined in (5-16) and K is the multiplicity of the eigenvalue. We know from (5-17) and
(5-18) that the eigenvalues and the traces of the eigenfunctions are equal. So if qb,Ej )(x/ ) j=1,2,
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1 <k < K, denote the eigenfunctions, we must have

Z«p(”(x V) =82y () =0, x'€[0,e), y.y' €T

Since the points (x’, y'), x’ € [0, &) and y, y’ € " are arbitrary and can be independently chosen, we must
have

oV, y) =P (', y) forall x' €]0,¢), y €T. (5-25)
We know that the Schwartz kernels of the radiation fields R ; +, j =1, 2, acting on data (0, f), and the

metric tensors i (x, y, dy), j =1, 2, satisfy (5-4). However, if ¢ € C;°((0, &) xI') and (¢, 0) € E,c(X ),
then

0,9 1(9. 0)(s. y) =R £(0, (Ag, — 1n?)g) (5. ).

Since ¢ is compactly supported, R+ (O, (Agj — ‘l‘nz)gb) (s,y)=0fors <« 0. So,

N

Ry (Do) =Tt 0, Y1) + / R4 (0. (Mg, — 1n?))(x. y) dr.

—o0

Ry @) =0+ [ Ry 0. (8,  §2)8)r
provided (¢, ¥) € (C5°((0, &) x I') x C5°((0, g) x I')) N Eyc(X ;). Since we know from (5-13) that
Ag = A, on [0, ¢) x I', and we also know from (5-25) that
A((0,8) x T) = (C§°((0, &) x T) x C§C((0, &) x I')) N Eqe(X1)
= (C5°((0, &) x T) x C§°((0, &) x I')) N Exe(X2),

we deduce that

gil,i(‘lﬁaW)(Sa)’)=%2,i(¢,¢)(s,)’)» (S,J’) GRXF, (¢’W) e‘ﬂ((ov 8) X F) (5'26)

But R are unitary operators, and so their inverses are equal to their adjoints, and we deduce from
(5-26) that the Schwartz kernels of the full operators % ; + acting on $4((0, ) x I') are determined by the
scattering operator ¥1-. We conclude that if F € L>(R x I"), and if & L*(RxT) — Eac(X1)|0,6)xT>
j=1,2,is given by

]i|F

Fs,y) = (¢, ) = (uj(0), ;00| o -

then (¢1, V1) = (¢2, ¥2). Here u;(t, z) denotes the solution to the Cauchy problems for the wave
equation (2-1) for the metric g;. But, on the other hand, % ; + are translation representations of the wave
group, and therefore

R F (s +10) = (@), du()),

where u;(t) satisfies (2-1) with initial data (¢, ¥) = %;Hr € A0, e) x I'). We conclude that, if
u;(t, z) solves (2-1) for the metric g;, with initial data supported in (0, &) x T, then u; (¢, z) = u>(t, z),
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provided z € (0, &) x I'. This implies that, if U;(t, z, z') is the forward fundamental solution of the Cauchy
problem for the wave equation in (X, g;), then

Ui(t,z,7)=Ux(t,z,7), z,7€(0,e)xT, t>0. (5-27)
By Duhamel’s principle, if

(D} — Ay, — in*)U;(t, ', 2,2) =8(x, »)8(t —1)) in X; xR, 5:28)
U;(0) =8,U;(0) =0,

then
Ui(t,1'2,7) = Us(t,1',2,2), 1,1 €Ry, 2z, 2 €(0,8) x T, (5-29)

So we have reduced the extension of the diffeomorphism to the following:
Proposition 5.8. Let (X1, g1) and (X3, g2) be AHM such that:

(A) There exists a nonempty open subset I' C 0 X1 M 3d X, as manifolds and an open subset O ~T" x (0, &)
such that 0 C X N X 2 as manifolds.

(B) The metric tensors g;, j = 1,2, satisfy g1 = g> on 0.

O If l~]j (t,t',z,2)), j = 1,2 is the forward fundamental solution of the wave equation in (X, g;),
Jj =1,2, defined in (5-28), then U (t,t',2,7) =Us(t, 1, 2,7)) fort,t' € Ry and z,7 € 0.

Then there exists

WX, — Xo suchthat V*gy=g and ¥V =1d in O. (5-30)

This is similar to the inverse boundary value problem with data on part of the boundary, studied
for example in [Katchalov et al. 2001; Kurylev and Lassas 2000], except that we are not dealing with
boundary control but control from an open set in the interior. A somewhat similar problem for closed
manifolds was studied in [Krupchyk et al. 2008]. Lassas and Oksanen [2014] also dealt with a problem of
this nature. This is also related to the problem studied by Lassas, Taylor and Uhlmann on complete real
analytic manifolds without boundary M;, j = 1, 2, where the Green functions for the Laplace operator
agree on U x U, with U C M| N M,; see Theorem 4.1 of [Lassas et al. 2003]. The difference here is that
we do not have real analyticity of the manifolds, but we are dealing with the wave equation instead of the
Laplace equation.

Proof. We adapt the proof of Theorem 4.33 in [Katchalov et al. 2001]. Instead of working with X and
X, we will fix X = X and reconstruct (X, g) = (X1, g1) from (A), (B) and (C). Of course, we are
reconstructing (X2, g2) as well. First of all, we observe that an AHM has a uniform radius of injectivity
for the geodesic flow. In other words, there exists a pg > 0 such that, if S, X ={v € T,X : |[v|y = 1}, the
map

exp, : [0, po) X S, X — X, (1, v) > exp,(tv),
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is well defined for all p € X. We pick a point p € O and let p € (0, pp) be such that the geodesic ball
B(p,p) CO. Let f(t,2) € CP(R x B(p, p)), f(t,z) =0fort <0, and let u’ (1, 7) be the solution to

(th —Ag — }‘nz)uf(t, z)=f(t,z) in Rx X,

5-31
u’ (0) = d,u’ (0) = 0. 30

From the hypothesis (C) above, we know ul (¢, z) for z € B(p, p), t > 0. We then define the map

B(T) : C57((0, T) x B(p, p)) = C=((0, T) x B(p, p)), (5-32)

F o myenpn -
For T > 0 we will work with the space of functions
6o ="6o(p,p, T) ={¢ € C5((0, T1 x B(p, p)) : $(T) = 0},
and the quotient space
6="6(p,p,T) =60/ (D} — Ay — 1n*)%,.
In other words,

6={[y]:y¥ €6y}, where [{]={¢ cG:thereis { €€y suchthat ¢ = + (D} — A, — n*)¢}.

Since we know g in O, the space € is determined by hypotheses (A), (B) and (C).
For ¢ € 6, let u® be the solution to (5-31) in R x X. We define the map

Cr:€¢— C(X), ¢ u’(T,z).
The formal adjoint of this map is given by
Cr {weC’({ze X :dy(z, B(p, p)) <TH} = €, wr> v|0,7)xB(p,p)

where v is the solution to the Cauchy problem

(D} — Ag—in*)v(t,2) =0 in {t <T}xX,

(5-33)
v(T,z) =0, ov(T,z)=w.

As in the boundary control method, we define
ST :C;CT 16— 6.

The next step is to prove a Blagovestchenskii-type identity to show that St is determined by the map RB(27T),
which the map defined in (5-32) but in the time interval (0, 27"), and hence is determined from (A), (B)
and (C). Let ¢ (¢, z), ¥ (¢, z) € 6 and let u®(t, z), u¥ (¢, z) be the solutions to (5-31), with left-hand side
¢ and ¥ respectively. Let

W(s,t):/ u"’(t,z)u’/’(s,z)dvolg(z).
X
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Notice that this integration is defined over the entire manifold. But, after integrating by parts, we obtain
@ =W (s, 1) = / (@t u” (5.2) —u®(t, )W (5. 2)) d Vol (2)
X
= / [P (1, DBT)Y (s, 2) — ¥ (s, )BT (1, 2)]d volg(2),
X

W(,1)=0,W(0,1) =0, W(s,0)=09W(s,0)=0,

and, since ¢ and ¢ are supported in (0, T') x B(p, p), the last integration is restricted to B(p, p). We can
find W (T, T) explicitly in terms of d’ Alembert’s formula, but we need to extend ¢ and 1 to the interval
(0, 27). As in [Belishev and Kurylev 1992], we define ¢ and ¥ to be the odd extensions of ¢ and v
across t = T, in other words

o(t) if te,7),

(1) = {_¢(2T —t) if t e(T,2T),

and similarly for ¢. This gives

T p2T—t
W(T, T):/o/ <fx(q~>(z,z)%(2r)(¢)(s,z)_%(2T)(<£)(t,z)tﬁ(s,z))dvolg(;z))dsdt

Since ¥ (s, z) is odd with respect to s = T, it follows that

T p2T—t
Wi(T,T) =f / /Jﬁ(t, z)%(ZT)(xZ)(s,z)dvolg(z) dsdt
0 Jt

T 2T —t
=/ qu(t,z)(f %(2T)¢(s,z)ds)dvolg(z)dt.
0 JX t

W(T,T)=(Cr¢,Cr¥) = (¢, C;:Cr¥),

On the other hand, since

it follows that

2T —1
CiCry(t,z) = / BQRT)Y (s, z)ds.
t
Now we define the following inner product in the space :

(@, Ve = W(T, 2), u’ (T, 2)) 2x)-

As shown above, this is determined by the map . We need to show that this is a nondegenerate inner
product. First we show that the range {u?(T) : ¢ € 6} is dense in the space

L*({ze X;:d(z B(p,p)) <T})={ue L*(X;): Supp(u) C {z:d(z, B(p, p)) < T}}.
Suppose that w € L?({z € Xj:d(z, B(p, p)) <T}) is such that

(w,u®(T)) =0 forall ¢ €.
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Let v satisfy (5-33) and let u? satisfy (5-31) with right-hand side equal to ¢. Integrating the identity
v(Df = Ay — n*Ju’ —u? (D} — Ag — gn*)v = v(t. ) (1. 2)

in the domain of influence of ¢ and w, we find that
f v(t,2)¢(t,z)dtd volg(z) =0 forall ¢ € €. (5-34)
B(p,p)x(0,T)
But, again using the fact that v satisfies (5-33), we see that

/ (t,2)(Df — Ag — In*)¢(t, 2) dt d voly(z) =0 for all ¢ € 6.
B(p,p)x(0,T)

This means that (5-34) is satisfied for every ¢ € 6y, and hence v(z,z) =0 in (0, T) x B(p, p). Now
the odd extension v (¢, z) of v(¢, z) across t = T satisfies (5-33) in (0, 2T') x {z : d(z, B(p, p)) < T + p}
and v(¢,z) = 01in (0,2T) x B(p, p). An application of Tataru’s theorem implies that v(¢, z) = 0 if
lt|+d(z, B(p, p)) <T forany q € B(p, p). In particular, this implies that w(z) = d;v(T, z) = 0 provided
d(z, B(p, p)) < T, and hence w = 0.

Now suppose that ¢ € € is such that (¢, ¥ )¢ = 0 for every ¥ € €. From the previous discussion, it
follows that u?(T) = 0. Then

u®(t, z) if t <T,

o) =
ut, ) !—u¢(2T—t,z) ifr>T

satisfies ~
(D} — A, —in*)i=¢ in RxX;
0

in Rx{z:d(z, B(p,p)) > T}

Again, Tataru’s theorem and finite speed of propagation implies that u? e C5°((0, T] x B(p, p)) and
u®(T) = 0. This of course means that u? € €, and hence [¢] = 0.

Next we define € as the Hilbert space given by the closure of € with the norm given by the inner
product (¢, ¥ ), and set up a scheme which is very similar to the one used in the proof of Lemma 5.3,
which is of course similar to the arguments used in [Belishev and Kurylev 1992; Katchalov et al. 2001].
For t € (0, T) define

G, ={pec6:9(t,2)=0,1<1},
and let
P, € — 6,

be the orthogonal projection to 6. Then, using propagation of singularities (and here we do not have to
project onto the continuous spectrum), and that the choices for t = 0 and ¢t = T are arbitrary, we recover
the metric tensor g and the fundamental solution of wave equation in B(p, r), where r = r(p) is the
radius of injectivity of exp,,. In other words, we recover

¢(z), zeB(p,r) and U@, t,z,7), t, 1 €R, z, 7 €Bp,r), r=r(p).
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We repeat the process for every p € 0, and we would like to define M = peo B(p,r(p)). However,
we have to make sure the inclusion map ¢ : Jl < X is injective, which would guarantee that 1 (l) is an
open embedded submanifold of X. Therefore we need to identify the points that are in B(p, r(p)) and
B(q,r(q)). In Section 4.4.9 of [Katchalov et al. 2001], since they are working on a compact manifold,
they use the family of eigenfunctions to do that. Here the precise analogue is to use U(z, ', z, 2'),
and we shall say that z € B(p,r(p)), and w € B(q, r(q)) are equivalent, and we denote z = w if
Ut,t',z,7)=U(t, 1, w, 7)) forall ¢, > 0 and 7/ € 0. In this case, the points z and w correspond
to the same point in X. This is the equivalent of saying that u® (¢, z) = u? (¢, w) for all t € R and for
all ¢ € C3°(R x 0). We also use the same identification for points in O and B(p, r(p)), p € 0. With this
identification, we set 0; = (Upe@ B(p.r(p)))Uo.

We have constructed an open C*° submanifold O; C X such that O = 0y C 0; and such that hypotheses
(A), (B) and (C) are satisfied for 0;. Now we repeat the process for O;. Thus we obtain a sequence of
C*° open submanifolds 0; C X satisfying 0; C0;1; C X, j =0, 1, ..., and satisfying the hypotheses
(A), (B) and (C) above. As in Section 4.4.9 of [Katchalov et al. 2001], we claim that for any compact
subset K C X there exists J € N such that K C 0;. To see that, we observe that, since (X, g) is complete,
there exists M > 0 such that, forany pe K,§ <eand I'" €T, de(p, I x {8}) < M. We also assume
that § < §p, where dy is the radius of injectivity of X. Since X is complete, given a point p € K there
is a geodesic u(s), parametrized by the arc length 0 < s < L < M, joining p to a point z € I’ x 4.
Let xo = z and x; = w(kd), with k =0,1,...,[L/8] = J. By definition xo =z € I' x {§} C O = 60.
Suppose that x; € @; then there exists p > 0 such that B(xy, p) C Oy but, since ¢ is less than the radius
of injectivity, B(xg, §) C Or4+1 and, since s is the arc length, in particular x;; € Oy4;. By induction it
follows that p € 0741 C Oppyys).

This shows that we can reconstruct ()0( , g) from (A), (B) and (C). But we know a priori that (X, g) is
an AHM, and so X can be compactified into a C* with boundary, and there exists a defining function
x of dX for which (2-4) holds. The construction of the function x shows that the compactification is
uniquely defined modulo diffeomorphisms that are equal to the identity in O. (Il
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