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We consider the problem of extending functions ¢ : §” — S” to functions u : B"*! — S" forn =2, 3. We
assume ¢ belongs to the critical space W and we construct a W 1-*+1.:%)_controlled extension . The
Lorentz—Sobolev space W :("+1:%9) s gptimal for such controlled extension. Then we use these results to
construct global controlled gauges for L*-connections over trivial SU(2)-bundles in 4 dimensions. This
result is a global version of the local Sobolev control of connections obtained by K. Uhlenbeck.
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1. Introduction

The use of Hodge decomposition is by now one of the classical tools in the study of elliptic systems and
is related to important breakthroughs such as the famous “div—curl”-type theorems [Coifman et al. 1993].
More recently, in [Riviere 2007], such use allowed the solution of S. Hildebrandt’s [1982] conjecture. At
the same time, it has helped establish important links to apparently unrelated fields of geometry, such as
the study of conformally invariant geometric problems in 2 dimensions [Hélein 1996] and the study of
Yang—Mills bundles and gauge theory [Uhlenbeck 1982b], with the introduction of controlled Coulomb
gauges.

The study of 2-dimensional problems using controlled gauges has already given its fruits, and in
connection to the discovery of H. Wente’s inequality (which gave the basis for introducing the Lorentz
spaces L(2-%) in geometric problems) allowed the successful use of controlled moving frames in the
study of harmonic maps and prescribed mean curvature surfaces [Hélein 1996; Miiller and Sverdk 1995].
We come back to this in Section 2H. Techniques and function spaces related to the moving frame method
also apply to the study of the Willmore functional [Riviere 2012] for immersed surfaces.
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The use of controlled gauges especially in relation to Lorentz spaces in dimensions higher than 2 is far
less developed. We attempt here a first attack of this completely new area of research, and we obtain
some extensions of previous results for the case of Yang—Mills fields on 4-dimensional manifolds.

1A. Yang-Mills theory and controlled gauges. Yang—Mills theory for 4-manifolds is often associated
to the famous result of S. Donaldson [1983] who, using the moduli spaces of anti-selfdual connections,
described new invariants of smooth manifolds.

The study of moduli spaces used by Donaldson [1983] starts from the result of K. Uhlenbeck [1982b],
who proved that one can find a gauge in which the W !»2-norm of the local coordinate expression of the
connection is controlled by the L2-norm of the curvature. Moreover the connection 1-form A can be also
made to satisfy the Coulomb condition d*4 = 0.

It is easy to construct a Coulomb gauge in which we have just an L?-control in terms of the curvature
(see [Petrache 2013] or [Petrache and Riviere > 2014]). This is done by first obtaining any gauge in
which

[AllL2 = Cll Fll L2

and then finding the smallest norm coefficients with respect to that gauge on our manifold M :

min{/ g7 dg + g ' Ag|?dx : g e Wh3(M, SU(2))}.
M

A unique minimizer will exist by convexity, and it will satisfy the Coulomb equation d*4 = 0.
The control of A in the higher norm W -2 is more difficult. A smallness hypothesis on || F|| L2(M) 18
required in order for the control to be achievable:

Theorem 1.1 (controlled Coulomb gauge under assumption of small energy [Uhlenbeck 1982b]). There
exists a constant €y > 0 such that if the curvature satisfies f jvard |2 < € then there exists a Coulomb gauge
¢ € W22(M,SU(2)) such that in that gauge the connection satisfies A llwr2an) < ClIFllL2ar) with
C > 0 depending only on the dimension.

The reason the smallness of the curvature is necessary is that || || .2 () being above a certain threshold
allows the second Chern number of the bundle to be nontrivial:

c(E) = # /M tr(F A F) #0.

If, for such F, the controlled gauge were global, i.e., if we had a global trivialization in which the
connection of the above F is expressed as d + A with

lAllw12an) = C.

then by the Sobolev and Holder inequalities we would have enough control on the quantities involved to
prove the following formal identity for our A:

t[(dA +[A, A A (dA +[A, A)]| =d w(ANdA+ZANANA).
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Now the right side, being an exact form, would have integral equal to zero over the boundaryless
manifold M, which would contradict ¢, (E) # 0.

M. Atiyah, N. Hitchin, I. Singer [Atiyah et al. 1978] and C. Taubes [1982] constructed instantons
with nontrivial Chern numbers behaving as in the above heuristic. To exemplify the phenomena at
work consider the simplest instanton, having ¢, (E) = 1 over M = S* (see [Freed and Uhlenbeck 1984,
Chapter 6] for notations and details). Recall that we may use quaternion notation due to the isomorphisms
SU(2) ~ Sp(1) and su(2) ~ ImH, under which Pauli matrices correspond to quaternion imaginary units.
We then have the following local expression of 4 over R* (identified by stereographic projection with

A=Im( xdx )
1+ |x|?

If W is the inverse stereographic projection then W*4 is smooth away from the pole p, but near p we
have |W*A4|(q) ~ distea(p, )™, which is not L* in any neighborhood of p.
Such behavior like 1/|x| shows that we are in any space L? for p < 4 but not in L*. The natural

S*\ {p}) in a trivialization:

space is the weak-L*# space L**°, which is strictly contained between all L?, p <4, and L*:

Definition 1.2 [Grafakos 2008]. Let X, i be a measure space. The space LP°°(X, ) (also called
weak-LP or Marcinkiewicz space) is the space of all measurable functions f* such that

117 500 := sup AP pdx | f ()] > A}

is finite.

We note immediately that the function f'(x) = 1/|x| belongs to L** on R* and the above global gauge
gives an L+ 1-form W*4 on S*. Spaces L?-* arise naturally in dealing to the critical exponent estimates
for elliptic equations. Indeed, the Green kernel K, (x) of the Laplacian on R” satisfies VK e L"/(n—1).00
but not VK € L"®=D_ Thus Au = f with f/ € L! implies Vi = VK x f € L"/=1:% by an extended
Young inequality (see [Grafakos 2008]). This is unlike the higher exponent case f € L?, p > 1, which
gives the stronger result Vu € L?.

1B. Controlled global gauges. As shown heuristically by the explicit case of the instanton A4 above, it
is known how to construct L* global gauges. Our main effort in this work is to obtain norm-controlled
gauges, mirroring Theorem 1.1 by Uhlenbeck. The main result is the following:

Theorem A. Let M* be a Riemannian 4-manifold. There exists a function f : RT — RY with the
following property: Let V be a W '-2-connection over an SU(2)-bundle over M. Then there exists a
global W 1:(4:29) _gection of the bundle (possibly allowing singularities) over the whole M * such that in
the corresponding trivialization V is given by d + A with the bound

4l L@.co = SUFL2an))

where F is the curvature form of V.
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This theorem is related to a second main result of this work, namely the introduction of Lorentz—Sobolev
extension theorems for nonlinear maps. This result takes most of our efforts and can be stated as follows:

Theorem B. There exists a function fi : RT — R with the following property: Let ¢ € W1-3(S3,S3).
Then there exists an extension u € W1(4:%) (B4 S3) of ¢ such that

IVl La.copay = S1 (VP L3).

The originality of Theorem B with respect to the previous results [Bethuel and Demengel 1995; Mucci
2010] is that, whereas the previous works were concerned with the existence of an extension, in our case
a control is provided in terms of the boundary value. We show below that, even under the hypothesis
deg(¢) = 0—so that a W !**-extension surely exists — no energy control will be available in the (stronger)
W 4_norm.

Controlled global gauges as above will probably have many applications in the analysis of gauge theory,
for example in simplifying compactness results; see [Petrache 2013]. Controlled global gauges could
allow a global control on the Yang—Mills flow provided we obtain also the Coulomb condition, which is
however an open question:

Open Problem 1.3. Prove that it is possible to find L**-controlled global Coulomb gauges as in
Theorem A. In other words, prove that it is possible to find a gauge as in Theorem A, but with the further
requirement that d*4 = 0.

1C. Strategy of gauge construction. The link between Theorems A and B is given by the well-known
identification SU(2) ~ S3. Therefore, Theorem B can be rephrased as follows:

Theorem B'. Fix a trivial SU(2)-bundle E over the ball B*. There exists a function f; : Rt — RT with
the following property: if g € W13(S3,SU(2)) gives a trivialization of the restricted bundle E|;gas, then
there exists an extension of g to a trivialization § € W+ (B* SU(2)) such that

V&l La.co(pay = S1(IVE I L3(s3))-

The proof of Theorem A is by a sequence of gauge extensions along the simplices of a suitable
triangulation. We use simplices where Uhlenbeck’s Theorem 1.1 holds, i.e., F has energy < €g. To ensure
a lower bound on the size of simplices we cut areas of energy concentration and use induction on the
energy; see the graphical summary (5-1).

1D. Extension of Sobolev maps into manifolds. We discuss the relevance of our theorem, several possi-
ble extensions and related phenomena in Section 2.

Here we point out the main open questions in the area of controlled nonlinear extensions and some
analogues of Theorem B. The fundamental group 7, (N) is a useful tool to control the topology of N.
It is a quotient of C°(S™, N). To say that any map in this space is continuously extendable to B!
amounts to asserting that 77, (N) = 0.

We consider here the controlled extension problem for maps S$™ — S". As is usually the case,
interesting new features appear when smooth maps are not dense in W1-?(S”, "), in which case we
expect topological obstructions to gradually disappear as p decreases. The first facts to note are:
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» For extensions of maps from W 1-7(S™ S") to B! the natural space given by continuous Sobolev
and trace embeddings is W 1:P(m+1D/m(pm+1 gn) (gee Section 2A and 2B).

e For p <m(n+ 1)/(m + 1) the controlled extensions exist (see Section 2A).

e For p > m the extension question reduces to a purely topological problem (see Section 2B).
The open cases when p < m are thus among the following ones:

Open Problem 1.4. Assume that m(n +1)/(m 4+ 1) < p <m and m > n. For which such choices of m,
n, p does there exist a finite function f;;»,p : RT — R™ such that for every ¢ € WP (S™ S™) there
exists an extension u € W LPm+1/mpm+1 g1y for which the estimate

lullp1.oemtv/mgm+t gny < fmn,p(l@ |l w1.p(sm sny)
holds? Does the estimate hold for p = m for the norm W 1-(n+1.00)(gm+1 gny9
Open Problem 1.4 is partially understood or solved just in some cases:
¢ Due to a relation between extension problems and lifting problems, we answer the above problem
forn=2<mand 3m/(m+1) < p <4m/(m + 1); see Proposition 1.7 and Section 2D.
¢ In particular, we cover all p for the dimensions m = 3,n = 2.
e Forn=1,m >3 and 3m/(m + 1) < p < m, it was shown by F. Bethuel and F. Demengel [1995]

that no extension exists.

It will be interesting in the future to look at the link between extension and lifting problems in detail.
It is possible to do this also in the case of S!-valued maps and in nonlocal Sobolev spaces, e.g., using the
results of J. Bourgain, H. Brezis and P. Mironescu [Bourgain et al. 2000].

In the critical case p = m, left aside in Open Problem 1.4, we have the following results:

¢ Using the Hopf lifts as in the works of R. Hardt and T. Riviere [2003; 2008], we prove Theorem C,
which is the solution to the case p = m = n = 2 (see Section 3).

¢ The extension in that case exists but cannot be controlled in the above Sobolev norm, making the
Lorentz—Sobolev weakening of Theorem B and of Theorem C below optimal (see Section 2E). This
is analogous to the case of global gauges in 4 dimensions pointed out in the introduction.

e We also prove an analogous result for p = m = n = 1 (see Theorem 2.5). However this is not
the natural space to look at, unlike in higher dimensions. In this case, indeed, the trace space
H'Y/2(S!,S') is the natural space to look at, because W1-1(S!, S!) does not continuously embed
in it (we recall a counterexample in Section 2C).

These theorems leave open higher-dimensional cases:

Open Problem 1.5. Assume 7 > 4. Prove that there exists a finite function f;, : RT™ — R™ such that, for
each ¢ € W1"(S" S"), we can find an extension u € W 1-(*+1.00)(gn+1 gn) for which

||u || W l.(n+1,00) (Bn+1 gn) =< fn(||¢|| Wl,n(gn,gn)).
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Unlike in linear Sobolev spaces, not only the topology of the domain must be compared to the Sobolev
exponent p, but also the dimension and structure of the constraint (i.e., the target manifold) plays a critical
role. This is also related to the topological global obstructions to density results for smooth functions
between manifolds found by F. Hang and F.-H. Lin [2001; 2003] and discussed by T. Isobe [2006].

A general tool allowing extensions is the projection trick of Section 2A, which works well for Sobolev
exponents smaller than the target dimension plus one. Lifting theorems allow us to increase this dimension
and thus to apply the projection trick with higher exponents.

Using the Hopf fibration H : S* — S? we construct controlled lifts and apply a version of the projection
trick obtaining the following theorem with much less effort than for the 3-dimensional case of Theorem B:

Theorem C (see Section 3). Suppose ¢ € W 1-2(S2, S?) is given. Then there exists u € W1(3:°) (B3 §2)
such that, in the sense of traces, ulygs = ¢ and such that the following estimate holds, for a constant
independent of ¢:

lullpri.c.00 3y = Cligllwrzszy(1+ @llp2s2))-

The Hopf fibration has a natural structure of U(1)-bundle with nontrivial characteristic class, P — S2.
Lifting a map ¢ : X — S? to a map ¢ X — S? for which H o d) ¢ corresponds to giving the
trivialization of the pullback bundle ¢*P. Analogous lifts are interesting to study for general principal
G-bundles, using universal connections. The next case after the one with target S? is the SU(2)-bundle
of the introduction, which corresponds to the Hopf fibration S7 — S*.

The Hopf lift idea seems to be much more difficult to extend to the case where the target is S3. We
cannot use principal bundles because 7, (G) = 0 for all compact Lie groups G. For other fibrations, the
following question is open:

Open Problem 1.6. Is it possible to find a fibration 7 : E — S* with compact fiber M and a constant
C > 0 such that, for each ¢ € W13(R3,S?), there exists a lift ¢ : R3 — E satisfying the estimate
VA 1 G.oor < CS ||V 13) for some finite function f : RT — R*?

The controlled Hopf lift result for S? yields also an answer to Open Problem 1.4 for dimensions m = 3,
n=2
Theorem D. Assume ¢ € W'-3(S3, S?). Then there exists a controlled extension u € W1 (4:2) (B4 S2)
with the control
[ullpp1.@.00(pe,s2) < Cll@llwrsss sy (I + 1@lpr1.3(s3,52))-
If instead we have ¢ € WP (S3,S?) for % < p < 3, then there exists an extension u € Wl’%P(B“, S?)
with
laell ,
The same proof allows us to also answer Open Problem 1.4 for n = 2 < m for some exponents p:

Proposition 1.7. Assume n =2, m >3 and 3m/(m+1) < p <4m/(m+ 1) and let p € WP (S™ S?).
Then there exists a controlled extension u € W L-Pm+D/mpm+1 g2y iy

4ppigr) = = Cllgllwr.r(s3,s2)(1 + [@llwr.r(s3,s2))-

ullp1.pomtn/m(pa s2y < Cllgllwirss,s2y(1+ 1@l w1.r(s3,52))-
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1E. Ingredients used in the construction of W 1:(4:°) (B4, S3).extensions. The starting new idea was
to the use of implicit function theorems and of a limit on the integrability exponent as done in [Uhlenbeck
1982a] for the extension result. Note that the procedure of Appendix A is generalizable to other contexts
with no new ingredients, at least as long as a Lie group structure is present.

For the implicit function theorems above, we needed here a new product estimate valid in Sobolev
spaces, which is presented in Appendix B, extending partially the results of [Brézis and Mironescu 2001];
cf. [Runst and Sickel 1996; Triebel 1995].

The second idea was to use 4% functions such that the L*-estimate would fail just near a controlled
number of points. Such singular points (where “singular” is meant with respect to the L*-estimates) are
introduced via Lemma 4.6 and Theorem 4.3.

The uniform L*-°)_control is obtainable just in the case where the boundary value has no large energy
“hot spots”. To deal with the case where energy concentrates, we use two tools which are available in the
particular case of S* ~ SU(2): (1) the group operation of SU(2), which gives a continuous product on
W3 (X,S?); (2) the Mabius group of S3 coupled with the conformal invariance of the L3-norm of the
gradient on S3.

Under a balancing condition on the boundary value ¢, we can write ¢ = ¢¢,, where the product is
taken in SU(2), and the energies of ¢;, i = 1, 2, are strictly less than that of ¢, allowing an induction on
the energy. If the balancing is not valid, we apply a Mobius transformation F, to S3 and either reduce to
a balanced situation for F, o ¢ for some v or provide a substitute v € B* f§3 ¢ o F, to the harmonic
extension of ¢, to which we can now apply the projection trick. The natural parametrization of the Mobius
group of S3 via vectors in B* fits very well in this setting, and we were inspired to use it by the similar
use of it in [Marques and Neves 2014].

1F. Plan of the paper. Section 2 contains a list of positive and negative results concerning phenomena
parallel to ours, showing that our results are optimal. Section 3 contains the proof of Theorem C. In
Section 4 we prove Theorem B, and in Section 5 we prove Theorem A. Appendix A deals with our new
“extension” version of Uhlenbeck’s gauge construction and in Appendix B we prove the needed new
product inequality. Appendix C contains computations and notation for the Mdbius groups of B"T!
and §”.

2. Controlled and uncontrolled nonlinear Sobolev extensions

Classical Sobolev space theory features optimal extension theorems in natural trace norms. For example,
if @ C R” is a bounded smooth domain and u : 9Q — R is a W !"~!_function, then there exists an
extension i : Q@ — R such that 7 € W!+" and the estimate

il < Cllullp1.n—1

holds (with C independent of ). This extension theorem is optimal in the sense that for dimensions
n > 2 the natural trace operator it € W1"(Q) > ii|yq sends W7 to the optimal space W1 =1/77 (see
[Tartar 2007, Chapter 40] for the natural appearance of this space), and we have the optimal Sobolev
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continuous embedding W !~1/nn _ W1n=1 (see [Tartar 2007]) which brings us back to the original
space. A similar result still holds if we replace the codomain R by R™.

However, for n = 2, the space w1 (Sl , Sl) does not continuously embed in H 1/ 2(81 , Sl), making
the above reasoning less effective; see Section 2C.

A construction of i is possible by imitating the model, valid for Q = R :={(xy,...,X»)|xn = 0},

U(X1yenes Xp—1,€) = (e *U)(X1,..., Xp—1),

where pe is a standard family of radial smooth compactly supported mollifiers.
An equivalent construction of # in terms of function spaces is by harmonic extension. The optimal
result is the following:

Proposition 2.1 (harmonic extension; cf. [Gazzola et al. 2010, Chapter 10]). Assume g > 1 and
uewi-1/a.4 (0B™ 1 R, Then there exists a harmonic extension it € W14 (Bm‘H, R”+1) such that

||1/_l||W1,q(Bm+l,Rn+l) =< Cm,n,q |Ll||W1—l/q,q(3Bm+l’Rn+l).

By Sobolev embedding, we have the controlled inclusion W17 < W1=1/4:4 on an m-dimensional
bounded open domain (or a compact manifold like dB™ 1) for ¢ < p(m + 1)/m; therefore, this g is the
largest exponent where we can hope to have a control for the extension.

If u is a constrained function with values in a subset of R"*! (e.g., a curved n-dimensional submanifold
like S™) then averaging even on a very small scale could push the values of & quite far from the
constraint obeyed by u. This happens in particular for Sobolev exponents that make the dimension
“supercritical”, i.e., exponents such that W1-4(B™¥1) is not constituted of continuous functions. We
now describe some cases where directly projecting back to S” does not destroy the norm control of
Proposition 2.1.

2A. Projection from a well-chosen center. We present in this section a trick which probably appeared
for the first time in relation to nonlinear Sobolev extensions in R. Hardt, D. Kinderlehrer and F.-H. Lin’s
works [Hardt et al. 1986; Hardt and Lin 1987]. For a Lorentz space version see Proposition 3.4.

Proposition 2.2 (projection trick). If f € W14(Q, B*t1) with g < n + 1 and Q is a bounded open

n+1
1/2

n such that if fo(x) = ma(f(x)), where 7y : B"T1\ {a} — S" is the projection which is constant along
the segments [a, w], w € S", then

simply connected domain of R™ 1, then there exists a € B and a constant C depending only on q, m,

I fallp1a@,sry = Cllf lwra, Brtry-

Proof. We just have to estimate the gradient of f; in terms of that of f since in any case the functions

Bn+1

themselves are bounded and €2 is assumed of finite measure. We first note that, since a € 1/2

is away

from the boundary of B"T!, we have the pointwise estimate

V1)
IV fal(9) S e
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where the implicit constant depends only on n. We next consider the following “average” on a:

q q L)
/;9’1%1(/Q|Vfa| (x)dx) da5/9|vf| (X)(/B?le | f(x)—al? dx.

We note that the inner integral is of the form

da
1 = ,
5= fps T

1/2

and

1/2
max I(y) = 1(0) :Cn/ r"t9dr = Cyy <00 since g <n+1;
y 0

therefore, we obtain

[ 19 el da = Cag 911,

1/2

and the proof is easily concluded. O

The above proposition together with Proposition 2.1 and the remark on Sobolev exponents following it
give the following:

Theorem 2.3 (corollary of the projection trick; cf. [Hardt and Lin 1987, Theorem 6.2]). Let m,n € N*,
If1 < p<m(n+1)/(m+1) then for any ¢ € WH-P(9B™+1 S") there exists a nonlinear extension
u € WhpmtD/mpm+1 gny satisfying the control

lullppr1.p0n+0/mgm+1 sny = Comon, p @l 1.0 pm+1 smy.-

Remark 2.4. Note that from the same ingredients we obtain also the stronger estimate where for
g = p(m + 1)/m < m the weaker space W1~1/@4(9B™*1 S} replaces W -2 (9B™*! S™). This
was done in [Bethuel and Demengel 1995; Hardt and Lin 1987]. We stated Theorem 2.3 as above to
emphasize the connection with our Theorems B and C. Indeed, taking m = n we see that those theorems
cover the critical exponent p = n for which the projection trick stops working.

2B. Large integrability exponents. We now consider functions in W1-?(S™ S") with p > m; there
is a continuous embedding of C 0.1=m/p (8™,S") into this space. The candidate extension space
wlp(mtD)/mpm+1 g1y s also composed of C%!~"/P_functions. As described in Section 1D, the
extension problem is guaranteed to have a solution as long as 7, (S") = 0. This is true for m < n but
false for many choices of m > n and for m = n.

When an extension exists for ¢ representing the identity of the (nontrivial) group 75, (S"), a controlled
extension can be constructed based on the fact that a bound on the C ®%-norm for « > 0 implies a control
on the modulus of continuity.
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2C. Extension for maps in W1:1(3S1, S1). For maps with values in S3, we are helped by the existence
of a well-behaved product structure on S3, i.e., the one which gives the identification S3 ~ SU(2). This is
enough to get the analogous result for n = 1, as we will see now. It is however well known (see [Hatcher
2009, Section 2.3]) that this is a very unusual case: a group operation exists on sk only for k =1, 3.

We can state a similar extension problem in the 1-dimensional case. This kind of controlled extension
result is related to the recent work on Ginzburg—Landau functionals in [Serfaty and Tice 2008].

Here the main structural ingredients present for S3 are again present: namely, we have a group operation
on S! (in this case it is the abelian group U(1) ~ R/Z) and a M&bius structure on D? restricting to one
on S'. We follow the strategy of proof described in Section 1D. The result is:

Theorem 2.5 (1-dimensional version of the extension). There exists a function g : RT™ — R with the
following property: if € W1 (S!, S1) then there exists u € W (2.0 (D2 Sby with ulgp2 = ¢ in the
sense of traces and we have the norm control

[lee]| Ww1.2.00)(p2,sl)y = g(lell W1~1(§1,§1))-
We will explain the changes which occur with respect to the proof of Theorem B (see Section 4).

Sketch of proof. The procedure is as in Section 4 and Appendix A; we have just to replace exponents
and dimensions 3,4 with 1, 2. For the analogue of Proposition 4.9 the biharmonic equation (4-36) is
replaced by a harmonic equation, while the resulting estimates persist. Perhaps the only significant
change is Lemma B.1 of Appendix B. It should be replaced by the following product estimate, valid for
fewbl(D?), ge LN Wh2(D?):

Ifgllwia = 1/ lwralliglize + lIglw2). O

We must however note that the naturality of the space W !-1(S!, S') in Theorem 2.5 is less evident,
since the trace space H'/2(S',S!) does not continuously embed in it, unlike what happens in higher
dimensions. This is seen by considering

ue(0) = exp(i min{l, e ! distg1 (9, [—%n, %n])})

It is then clear that || Vue|| 1 (s1) = 2, while we estimate the double integral in 6, 6" giving the H 1/2_norm
by the contribution of the regions 6 € [0, 7], 0’ € [$7 + €, 7 + €]. Under these choices, u¢(6) = €,
ue(9') = e, and their distance in S' is 1. Thus,

diste:1 (u (9),Me(9/))2
2 — S e !
”uGHHl/Z(SlaSl) - /§1 /;1 distg1 (0, 67)? 409

1 1
1
=< dx d
/0/0 x+2e/m—y2 Y

<|loge|+ 1.
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2D. Using controlled liftings to obtain controlled extensions. The control obtained for extensions of
maps in W13(S3,S3) and W1(S!, S!) is exponential in the norms of these maps. In Section 3
we describe an approach, which works for ¢ € W12(S2,S?), which is completely different than in
dimensions 1 and 3 and yields a faster proof and a better control. Such an approach was first considered
in [Hardt and Riviere 2003]. This is based on the existence of controlled Hopf lifts. The result (see
Corollary 3.3) is that there exists an L2**-controlled lifting q~5 : §? - S3, i.e., a function such that
H o¢~> = ¢, where H : S — S? is the Hopf fibration and we have the control

IVl 2.00 = CIVl2(1+ [Vl 2)-

The analogous controlled lift exists also for ¢ € W1-3(S3, S?), whereas for 2 < p < 3 we have a control
on the L?-norm of the lift instead of the L#-°° one; cf. Proposition 1.7. This lift allows us to prove,
along the same lines, Theorems C and D.

The gist of the proof is the following: Once we have the controlled lift, the lifted map takes values
into a sphere of a higher dimension. This allows a wider range of application for the projection trick of
Proposition 2.2 or of its Lorentz space analogue of Proposition 3.4.

Having extended the lift, reprojecting the extension to S? via the Hopf map maintains the gradient
estimates. This is due to the fact that the Hopf fibration is a submersion (cf. (3-4)) and our lift can be
taken so that the “vertical” component 7 is also controlled.

Work on the existence of nonlinear liftings has been very active regarding S'-valued maps (see, e.g.,
[Bourgain et al. 2000; 2004; Bethuel and Zheng 1988] and the references therein). Looking also at
higher-dimensional analogues seems very promising in relation to extension results.

2E. Small energy extension with estimate. As for the case of curvatures over bundles with a compact
Lie group, the small energy regime allows a kind of linearization of the problem and gives estimates
which are better than what is expected in general. We obtain in particular an estimate in W !-# instead
of W1:(4:) for the extension, provided that the norm of the boundary trace is small:

Proposition 2.6 (see Theorem 4.4). There is a constant €y > 0 and a finite constant C such that, if
/ IVo|® <ep. ¢:S*—S°,
s3
then there exists u € W4(B*, S%) such that

u=¢ on dB* in the sense of traces and [Vullpacpay = ClIVP| L3 (s3)-

This is part of our proof of Theorem B and is proved in Section 4B using a method developed in
Appendix A in the spirit of [Uhlenbeck 1982b].

2F. Existence of W 1*4-extension without norm bounds. As for the case of global gauges, we can in
general obtain W 1-4(B*, S3)-extensions once we give up the requirement to have a norm control of the
extension such as in Theorem B. This phenomenon represents one example of situations in which function
spaces have behavior which is more complex than what can be detected by only looking at their norms.
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Proposition 2.7. If ¢ € W13(S3,S3), then its topological degree is well defined; cf. [Schoen and
Uhlenbeck ~1980; White 1988]. Suppose that deg ¢ = 0. Then there exists u € W *(B*, S?) such that

u=¢ on JdB 4 in the sense of traces.
Proof. We use the extension as in Section 4A. The construction using Lemma 4.5 is done on a series of
domains B(x;, p;) N B*, where x; € 0B*, p; € (o> 20 ] for the choice

,oF:=inf{p>O:EIxoeaB4,/ |V¢|3260}-
B

(x0,2p)NOB4
Note that we have no a priori control on how small p . could get, but (by absolute continuity of V| 3dx
and compactness of dB*) it cannot be zero for a fixed ¢. Then a Lipschitz extension u : % — S3 to a
Lipschitz region % included between B*\ B;_, p, and B*\ B 1—p,, €Xists as in Section 4A and such a
u will also be Lipschitz (with constant bounded by ,ol_,l) and will have degree zero (the preservation of
degree follows because the extension used in the construction preserves the homotopy type; cf. [White
1988]). In particular we can do a further Lipschitz (thus W 1-#) extension to the interior of B* \ %. This
provides the desired u. O

The proof of the above proposition is constructive, and no hint that the construction is optimal is
available. In the next section we prove that actually no general bound in W '+* can be achieved, because
of the intervention of the topological degree, much as in the case of SU(2)-instantons.

2G. Impossibility of W 1*4 bounds for an extension.

Proposition 2.8. There exists no finite function [ :RT — RT such that for each ¢ € W13(S3,S3) there
exists a function u € WH4(B*, S3) satisfying

u=q¢ on IB* in the sense of traces and Vullpapay = FIIVPllL3(s3))-

Proof. We recall the robustness of degree under strong convergence in W1-3(S3, S3) (see [Schoen and
Uhlenbeck ~1980; White 1988; Brézis and Nirenberg 1995; 1996]). Consider ¢ = idgs, which has
degree 1. Suppose an extension u : B* — S3 to ¢ were to exist with ||u||1.4 < C’. It would then be
possible to approximate « in W **-norm by functions u; € C*®(B*, S3), since smooth functions are
dense in W14(B*,S3). In particular the degrees deg(¢;) of ¢; = u;|;p+ would have to be zero. This
contradicts the fact that ¢; — ¢ in W !>-norm because the degree of the boundary trace is preserved
under strong W !>3-convergence.

This proves the absence of a continuous extension operator. To show that boundedness is also impossible,
we use a slightly different argument.

Consider ¢y € W13 N C®(S?, S?) that is a perturbation of the identity equal to the south pole S
in a neighborhood Ng of S. Then consider a Mdbius transformation F : S3 — S3 such that F~!(Ng)
includes the lower hemisphere, and let ¢’ = ¢ o F, ¢ = ¢g o (—F). Then, identifying S ~ SU(2) so
that S ~ idgy(2), use the group operation to define ¢ = ¢'¢”. Note that ||@| 1.5 < 2||doll 1.3, since the
conformal maps F, —F preserve the energy; moreover, ¢ has zero degree.
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Let F, be a family of Mdbius transformations symmetric about S that concentrate more and more
near S (with the notation of Appendix C we may take F, := Fy,, for v, = (1—1/n)S). Define ¢, :=¢'o F,
and ¢, := ¢/,¢". It is clear by conformal invariance of the W !:3-energy that the ¢, have constant energy.
They converge weakly to ¢” and have degree zero.

Call uy, the extension of ¢, and suppose that |u,| ;1.4 < C independent of n. We may suppose that,
in Wh4-norm, u, — us € WH*(B*,S3) and we obtain Usolgps = ¢” in the sense of traces. We then
apply the result of [White 1988] (see also [Schoen and Uhlenbeck ~1980]), which in this case says that
the 3-dimensional homotopy class passes to the limit under bounded sequential weak-W 1:4(B*, S%)
limits. We again obtain a contradiction to boundedness, since deg(¢”) = —1 whereas the same degree is
zero for the maps ¢y,. O

2H. Moving frames and their gauges. We describe here a lifting problem arising in the theory of moving
frames on 2-dimensional surfaces, where the Lorentz spaces appear again in the optimal estimates. The
model question is as follows:

Question 2.9. Given a map (representing the normal vector of an immersed surface) 7 € W12(D?, S?),
does there exist a W1-2-controlled trivialization é = (¢1,é,) of the pullback bundle #~!7S?? A
trivialization is defined by two vector fields é;, é, € W1-2(D?,S?) such that the pointwise constraints
|e1] = |éa| =1, é; - €, = 0 are satisfied almost everywhere and 77 = ¢ X é,.

This problem behaves like the one of global controlled gauges; namely for small energy a lift exists
and is controlled, and, for large energy, lifts can be found but with no general control. Uhlenbeck’s
e-regularity estimate is mirrored in the following theorem. This result was proved initially by F. Hélein
[1996, Lemma 5.1.4] under the hypothesis || V#|| ;2 < C and improved by Y. Bernard and T. Riviere, who
proved that it is enough to assume a smallness condition in weak-L?2:

Theorem 2.10 [Bernard and Riviere 2014, Lemma IV.3]. There exists €y such that, if | Vii| 1 2.00 < €9,
then there exists a trivialization with the controls

IVérllz2 + IVerllp2 < Cl|Viillpz and ||Véq|p2.00 + Ve f2.00 < C||Vii| 1 2.00 -

Note that, for the improvement above, the L?-energy might blow up yet still control the energy of the
trivialization, as long as we stay small in Lorentz norm. It would be interesting to explore this kind of
phenomenon also for curvatures in higher dimensions, like in our setting.

The bad behavior in large energy regimes starts at the energy level 87 (and this is optimal; see [Kuwert
and Li 2012]). This number has an evident topological significance because, if 71 is homotopically non-
trivial, i.e., parametrizes a noncontractible 2-cell of S2, then 47 = |§2| < sz u*dVolgz < %sz |V71|2,
so 87 is the smallest energy of a topologically nontrivial 7.

We also have the following lemma, similar to Section 2G:

Lemma 2.11. For [ |Vii|? > 87 there can be no controlled W -2 -trivialization é.

Sketch of proof:. We choose 7i mapping a neighborhood D?\ B, := N for small r to the south pole of
S? that has degree 1 and equals a conformal map outside a small neighborhood N, 3 N;. Such 7 exists
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with energy as close as desired to 87, independently of r, by conformal invariance of the energy.

Supposing a trivialization & = (€;, &,) exists, on N it will span the “horizontal” 2-plane of R* which is
perpendicular to S = (0,0, —1). On circles 0B, p > r, by Fubini’s theorem, for almost all € we will have
that &;, i = 1,2 will be W !-2 and thus C° and they have values in the equator of S2. By well-posedness
of the topological degree and since 7 is nontrivial in homotopy, we obtain that each ¢; will make a full
turn on each dB,. This gives that f 9B, |Vé;| > 1 on 0B, and by Jensen’s inequality we obtain

1
- 1
/ |Vei|2ZC/ —pdp=C
D2\ B, r P

since there is no positive lower bound for r > 0, we see that we cannot have a controlled trivialization. [J

|
log —|;
r

There is an analogue also of our W 1(4:20) _extension result here, and it corresponds to taking the
so-called “Coulomb frames”. The result is a general estimate with no restriction on 7, but with the Lorentz
norm L% instead of the L2-norm (this estimate follows from Wente’s [1969] inequality using [Adams
1975]):

Proposition 2.12 [Riviere 2012, VIL.6.3]. Let i € W1-2(D?,S?). Then a trivialization é belonging to
W 1(2:20) exists which satisfies the Coulomb condition

diV(él s ng> =0
and the control
IVELlLe.oor + Vel Laoor S I Viill 2 + [ Vill3 -

3. The Hopf lift extension

We now prove Theorem C. We consider a fixed ¢ € W1-2(S2, S?) and we need to construct an extension
u € WH3:00) (B3 §2) guch that

[l r.c.00 B3y S NP llwr2s2y(1 + [1@llpr1.2(s2)),

where the implicit constant is independent of ¢.

The strategy of proof uses a construction based on the Hopf fibration which has been introduced in
[Hardt and Riviere 2003]. The same strategy was later used in [Bethuel and Chiron 2007] for proving
similar lifting results as in [Hardt and Riviere 2003]. In the smooth case we will first lift ¢ : S? — S?2
to ¢ : S? — S3 such that H o = ¢, where H : S* — S3 is the Hopf fibration. Then we will extend
q~5 by using a Lorentz analogue of Proposition 2.2, working with similar conditions on dimensions and
exponents. Projecting back to S via H will keep the estimates.

Before the proof, we recall some properties of the map H.

3A. Facts about the Hopf fibration. Identifying S® with the unit sphere of C? with complex coordinates
(Z, W), the Hopf projection is H(Z, W) = Z/W and its fibers are great circles. This gives a function
with values in CU {oo} ~ S2. If we look at S3 C R* with the inherited coordinates (x1, X5, X3, X4), then
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we can identify
H*ws» =da for a = %(xldxz — Xpdx1 + x3dx4 — X4dx3). (3-1)

Here wg> is a constant multiple of the volume form of $2. Since S' ~ U(1), we can regard §3£I>§2 asa
principal U(1)-bundle P — S2.

Let ¢ : C — S? be a smooth function. Then d(¢p*ws2) = 0, because Q3(R? ~ C) = {0}. Since
H j z(C) = 0, there exists a 1-form 7 such that

dn = ¢*we: . (3-2)

We also note that for a smooth ¢ : C — S? the pullback of the U(1)-bundle P is trivial, since R? is
contractible. A trivialization of the bundle ¢*P — C can be identified with a lift ¢ of ¢. From (3-1) we
can deduce that dn = ¢*H*ws2 = ¢p*da = d(¢* ) and again there exists a 1-form 7] as in (3-2), defined
by

i=¢*a. (3-3)

Note that 77 coincides with 1 up to adding an exact form d6: we have qNS*a —n =d¢. If we come back
to the bundle point of view then d6 represents the effect of change of coordinates of the trivialization
giving q;, i.e., of a change of gauge. We then have n = q~5*o¢ —df = (e_"gq;)*a, where the action of e~?
is intended as a U(1)-gauge change and 6 : C — R is determined up to a constant. Moreover, since DH
is an isometry between the orthogonal complement of the tangent space of the fiber T, H~ ! (H(p)) and
T, pSz, we also obtain the norm identity

1D$I* =iil> + Do, (3-4)
3B. Hopf lift with estimates. We start the proof of Theorem C:

Proposition 3.1. Suppose ¢ € W1-2(C, S?). Then there exists a lifting ¢ : C — S? such that Ho ¢ = ¢
and there exists a universal constant C such that

IVlz200 < CIVRIL2(1+ V9 2)-
Proof. The proof is divided into two steps.

Step 1 (constructions in the smooth case). We have seen that, at least in the smooth case, constructing a
I-form 7 as in (3-2) is equivalent to constructing a lift q~5 : C — S*. We now observe that such a 1-form
can in turn be easily constructed by inverting the Laplacian on C via its Green kernel, which is of the
form K(x) = —y log |x|. In particular, K € W !-(2:) which is the reason why this norm appears. First
note that dd*(K * B) = 0 for a smooth L!-integrable 2-form 8 on C. We can then use this formula for
B = ¢*ws2 and, taking into account the fact that VK is in L2*, by the Lorentz-space Young inequality
(see [Grafakos 2008]), we obtain that the 1-form 7 defined as

n:=d*[K * (¢p*ws2)], n— 0 at infinity, (3-5)
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satisfies (3-2) and the estimates
17l 200 S 19" ws2 L1 SUDPIZ 2@l = [ D75 - (3-6)

We have mentioned where to find the proof that n corresponds up to a unitary transformation to a lift q;,
and from (3-4) and (3-6) we also obtain the estimate for ¢,

1Dl 200 5 Inll 200 + 1Dl L2 S 1Dl L2(1+ [ DYl 2). (3-7

Step 2 (extending the constructions to W !+2). The results obtained so far hold for ¢ € C*°(C, S?). We
use the well-known fact that, while not dense in the strong topology, the functions in C°(C, S?) are
instead dense with respect to weak sequential convergence (see [Bethuel 1991; Hang and Lin 2003]). The
constraint of u, having values in S?, as well as the constraint </3,, o H = ¢, for the (Z)n, are pointwise
constraints (note indeed that the function H is smooth), so they are preserved under weak convergence
én — ¢ € W2, Now we state the only less classical point in the proof in the following lemma:

Lemma 3.2. L>®-estimates are preserved under weak convergence in L?. In other words, if f, € L?
are weakly convergent to f € L?, then || f || 2.00 <liminfy—coll fn|l1.2.00-

Proof. We observe that a positive answer to this question cannot directly and trivially be obtained by
interpolation, since the L°°-norm is not lower semicontinuous with respect to weak convergence in L?2.
We thus proceed by duality; namely, we note that

L322 = (L @Dy and LD 12
Therefore ( f5,, ¢) — (f, ¢) for all ¢ € LD and by usual Banach space theory we obtain the thesis. [

Applying the lemma, we obtain the desired estimate to conclude the proof of Proposition 3.1 via
Bethuel’s weak density result [1991]. O

We observe that, given a map ¢ € W 1-2(S?,S?), we can obtain a map u : C — S? having the same
norm by composing with the inverse stereographic projection W~! : C — S?; we use the facts that the
exponent 2 is equal to the dimension and that W is conformal. In a similar way, having constructed a lift
i : C — S*, we obtain automatically a lift ¢~> of ¢ by composing back with S. The same reasoning using
conformality also shows that the L2>*°-norm of the gradient of q~5 is preserved. This proves:

Corollary 3.3. Suppose ¢ € W1-2(S?, S?). Then there exists a lifting q; :S? — S3 such that H oq; =¢
and there exists a universal constant C such that

IVl 200 < ClIVPlL2(1+ [V L2).
3C. Projection and wise choice of the point. To proceed in our strategy for the proof of Theorem C, we
use a version of the projection trick of Section 2A.
Proposition 3.4 (projection trick 2). Suppose thatq@ e W(2:2)(S2 S3). Then there exists a function

ii: B3 — S® such that ii] B3\s2 = q~5 satisfying the following bound for some universal constant C:

lllppr1.6.00 B3y = Cligllwr.c.oo(s2)-
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Proof. We proceed in two steps: the first one introduces the W 1-3-%)_norm estimate, and the second one
ensures that the constraint of having values in S® can be preserved.

Step 1 (harmonic extension). Consider a solution # of the equation

At =0 B3,
- =0 on 3 (3-8)
u=¢ on 0B-.
By using the Poisson kernel estimates, we obtain that # € W1-(3-%) (B3 B%) and
IVill o0 S 1Vl Lo - (3-9)

Step 2 (projection in the target). We now correct the fact that & has values not in S* but in its convex
hull B*. Fora e B?/z we define the radial projection 7, : B* — S3 of center a, i.e.,

a(x) :=a+tax(x —a), where t5x >0 is chosen so that |7,(x)| = 1.

In order to estimate the norm of u, := 7w, o 4 we note that

Vi
Vg o)) < oL
|u(x) —al
with an implicit constant bounded by 4 as long as a € Bf /2 We just estimate the L?-norm of Vu, for
p €][1,4[. We note that /Bl/z |lit(x) —a|~? da is bounded for all such p by a number C, independent
of x; therefore, by changing the order of integration and applying Fubini, we obtain

/ / Vg (x)|? dx da < Cp/ |Vﬁ(x)|p/ lit(x) —al™? da < Cp||VL7||5.
B2 /B B, B2

In other words, the assignment a — u, gives a map whose L},(B1/2, le’p(Bg’, S%))-norm is bounded
by the L?-norm of Vi for p €1, 4][. First observe that, by Lions—Peetre reiteration (see [Tartar 2007,
Chapter 26]), L% s an interpolation between L?° and L?! with 3 € |po, p1[ C ]1.4[. We now use
the nonlinear interpolation theorem of Tartar [2007, Chapter 28]. Call U(a, x) := Vi(x)/|i(x) —al. We
know that the map u > U is bounded between W :7i and L?i for i = 0, 1. In order to show that it also
satisfies

[Vux)| .
{(x,a) EB\XByppi—F———>Ap|= ”U”z(S.oo) < ||”||?/V1,(3,oo> ) (3-10)

)\3
o u(x)—dl

A>0

we will check the local estimate

Vu(x) B Vo(x)
lu(x) —al  |v(x)—al

S lu—vllLe.
LP1

This follows since

/ / Vu(x) Vou(x)
By JBy,2

D1

u(x)—al o) —dl 5/;91 Vvl /1/2('“(x)_“'_p1 +v(x) —a| ") da dx
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and the same estimates as before apply to the second factor, uniformly in x. Thus (3-10) holds. From
(3-10) it easily follows that there exists a € By, for which

IVitall L0 sy) < liillpr.c.eo - (3-11)

Combining (3-9) and (3-11), we obtain the claim of the proposition for i := u,. O

3D. End of proof.

Proof of Theorem C. Apply consecutively Corollary 3.3 and Proposition 3.4. For # as in Proposition 3.4,
we can then consider u := H ou, : B> — S?. Since H is Lipschitz, we obtain the pointwise estimate

[Vu| < [Vug|. (3-12)
Combining this with the estimates of Corollary 3.3 and Proposition 3.4, we obtain the thesis. O

3E. Modification of proof in the case of W1:P(S™,S2). In this section we prove Theorem D and
Proposition 1.7.

Proof of Theorem D and of Proposition 1.7. We consider n =2 <m and 3m/(m+1) < p <dm/(m+1)
as in Proposition 1.7. We will use the fact that such p is always greater than 2. The construction of the
1-form 7 satisfying (3-3) and (3-4) can be done in a completely analogous way if the domain is R,
m > 3. The only difference is that in that case the Laplacian on 2-forms such as ¢*wg> has the form
§ = d*d + dd*, where the first part does not vanish anymore. In this case however we may still solve

dT] = ¢*0)§2,
d*n=0,
n(x) —0 as |x| — oo.

If $ € WHP(R™,S?) and since p > 2, we then have

|dnll Lor2@my < Cllg™ws2 | Loy < ClAGIL o gmy-

As before, we have (3-4), from which we also obtain |D¢;|P < n|? + | D¢|?. Passing to S™ and noting
that in dimension m > p we have W 1:2/2(§™ S§2) < [ mp/@m=p)(gm S2) <, [ P(S™ S2) we obtain

1Dl Losm.s2) S IDIT p(sm 52y + 1 DPllLo(sm 52)-
Harmonic extension and Proposition 2.2 allow us then to obtain an extension i : B”+! — S2 of ¢~5 such
that
Vit ppontv/mpm+1 g3y S | D@l Losm s3)
provided p(m+1)/m <4 (which is the condition appearing in Proposition 2.2. Composing with the Hopf
map H at most decreases the norm; thus we obtain that u := H o is the desired controlled extension as

in Proposition 1.7 and in Theorem D (note that for m = 3 the condition p(m + 1)/m < 4 is equivalent to
p <3). O
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4. The extension theorem for W 1:3 maps S3 — S3

This section is devoted to the proof of the following theorem:

Theorem B”. There is a constant C > 0 such that, if p € W1-3(S3, S3), then there exists an extension
u € Wh4.) (B4 S3) of ¢ such that

Clvel?

IVullLs.00(pay = Cle L3 4[|Vl L3). (4-1)

4A. Modulus of integrability estimates. In general, during our estimates we indicate by C a positive
constant, which may change from line to line and also within the same line. We start by fixing the notation
for the main quantity which will be used control the energy concentration of our maps.

Definition 4.1. If D C R* and f : D — R is measurable then let E( f, p, D) denote the (possibly infinite)
modulus of integrability of f, which is defined as

E(f,p.D) = sup / I
xeD JB,(x)ND

The modulus of integrability fits into a sort of elliptic estimate as follows:

Proposition 4.2 (integrability modulus estimates). Let ¢ € W1-3(0B*, S?) and assume that u is the
solution to the equation

Au=0 on B*,
u=¢ on dB*.

Then there exists a constant Cy independent of ¢, p such that, when p € ]0, %[
EVal*.p. 8 = CLE(VP 20,089 [ vl #2)
B4
Proof. We have to prove that, for all xo € B*,
4 3 4 3
/ Vult < CLEQVOP. 20,08 [ 196 (43)
B, (x0)NB4 aB4

Step 1 (the case xo € 0B*). Let n:S3 — [0, 1] be a cutoff function such that n = 1 on B;,(x0) N S3,
n=0onS3\ Byy(xg), and |Vn| < p~ 1. Then write ¢ = ¢1 + ¢, with ¢1 = n¢, n, = (1 —n)¢, and let
u =uq + uy with
Au;j =0 on B*,
{ui =¢; on 0B*

for i =1, 2. It suffices to prove (4-3) for each u; separately. By elliptic theory and by the definition of 7,

4/3
/ |w1|4s(/ |V¢|3) .
B, (xo)NB* s’

$2(») dr-

alx =yl

Poisson’s formula gives

us(x) = C(1— |x]?) /aB
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4 1
thus, for x € B,(x9) N B*, p < 7,

V| 9] V|
Vil <5 [ v [ cvso [ —dy
S3\Ba, (x0) 1X — VI S3\ B, (x0) 1X — VI S3\ B2, (x0) |X — VI

Patching together the estimates obtained so far, we write

4/3 |V¢| 4
osnae T = e ) e (75 o
(X0 ’ ” —

where the factor p® comes from the pointwise estimate for Vu,, keeping in mind that | B p(x0)N B* < p*
Let the summands on the right side of (4-4) be I and II respectively. Note that

1/3
15(/ |V¢|3) /|V¢|35E<|V¢|3,2p,884>/ Vol. (4-5)
B> (x0)NIB4 s3 s3

To estimate 1, cover S* \ B, p(x0) by (finitely many) geodesic balls Bg’ o (x7) so that x; form a maximal
2p-net and they are at distance at least 2p from xg. Then

1/3
| |V¢|s|B§,,|(][ |V¢|3) |
ng(xi) B3, (xi)

For y € B;p(x,-), X € Byp(xo) N B*, we have |x — y| ~ dist(x;, xo). Thus

4
1< pb (Zdlst *(xi x0)p’a 1/3)

where a; = fB§ x1) |[V¢|3. By Holder’s inequality we easily obtain
0 1

3
I < pzo(sup a1/3)(z a,-) (Z dist_16/3(x,~,xo)) .
i

i

Now, the first parenthesis is estimated by p~! E(|V¢|?, 2p, dB*)!/3, the second one by p~> f§3 Vol|3,
and the last one by ,0_16/ 3. Thus we obtain

1< p?Pp LE(|Vo|, 2p,9B*)1/3p716 —3/ IVo|* < E(IVe|®, 2p,aB4)1/3/3|V¢|3. (4-6)

By (4-5) and (4-6), we obtain (4-3) for x¢ € dB*.

Step 2. If |xg| < 1 —2p then we can directly apply the estimates for the term I of (4-4), since now the
denominator |x — | in the Poisson formula will be at least p for all x € B,(xy).

The estimate of Step 1 also holds for p > % with the same constant. We can cover the case
|xo0| € 1 —2p, 1] with p < % by noticing that if x; = xo/|xo| then B3,(xg) D By(xo), and that the
measures |V¢|3do, |Vu|*dx are doubling with constants bounded by the packing constants of S* and of
B* respectively, while the function E( f, p, D) is increasing in p. Therefore the inequality (4-3) also holds

for this last choice of x¢ up to changing Cy by a factor depending only on the above packing constants. [J
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4B. Extension in the case of small energy concentration. In small energy concentration regions we
utilize the following:

Theorem 4.3 (small concentration extension). There exists a constant § € ]0, %[ with the following
property: for each ¢ € W13(S3,S3) such that the local estimate

§
E(|Vo|?,20,5%) < —— 4-7
(IVo]®.2p )_CIE 4-7)

holds with ||V¢||z3(§3) = E, there exists a function it € W1*:)(B* S3) \which equals ¢ on S? in the
sense of traces and satisfies

i V)2,
nVumfaas——7;£—+uV¢HLL (4-8)

Theorem 4.3 follows from several ingredients, the proofs of which are postponed to Appendix A and
to the end of Section 4B.

Theorem 4.4 (Uhlenbeck analogue). There exist two constants 5 > 0, C > 0 with the following property:
Suppose y € W1-3(S3, S3) is such that |V | L3(s3) =8. Then there exists an extension v € Wh4(B*,S3)
satisfying the estimate

vl 144y = CIVY Il L3 (s3)-
Proof. See Theorem A.2. O

Ifu e W4(B* R*) and p € |0, [, xo € 3B*, then by a mean value argument there exists € [p, 2p]

such that
/3/ |Vu|* < c/ |Vu|*. (4-9)
int(B4)NJ Bz (x0) B4N By (xp)

In this case the following lemma will prove useful:

Lemma 4.5 (Courant-Lebesgue analogue). Fix p € |0, 1[. There exists a constant C > 0 such that, if
u e WH(B* R*) is the extension of ¢ € W13(S3,S3) and

gl Vul*<C
int(B4)NdB5 (x0)
with xo € B4, then for almost every x € d(B* N B5(xo)) we have
dist(u(x), S%) < . (4-10)
The restriction of u to a smaller ball B;_,, being harmonic, is smooth. Then we may utilize the
following result:

Lemma 4.6 (interior estimate). Given u € W14 N C1(B*, B*), there exists a constant C independent of
u such that, for half of the points a € B*,

4

1
< c/ |Vu|*.
L4,oo(B4) B4

|u—al
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Proof of Theorem 4.3. Step 1. We first observe that the harmonic extension u of ¢ satisfies

@ llmw1.3(s3)

|Vu|(x) < for x € Bi_,.

A direct way to see this is by estimating via the Poisson formula together with Poincaré’s inequality and
a good covering by p-balls B; C S3:

\Y%
|Vu|(x) 5,0(/ Ix _qj;|4 dy+/§3 |x |j>|y|4 dy)

15, |V¢>|+|¢| ,
< Z e LAY where dj ~ dist(B;, x)

< ;(%) ]gj [Vo|+ 1, by Poincaré
3 A 2/3 3 1/3 )
< (Z<E) ) (;(]ﬁ, |v¢|) + 1) , by Holder

J

ol
P

To justify the last step we observe that Card{;j : d; ~ 2/ p} ~ 2% and thus the first factor in the

penultimate line is bounded by (Z >0 272J )2/ 3, while for the second factor we use Jensen’s inequality.
Step 2. We now use Lemma 4.6 and observe that if 77, : B*\ {a} — S? is the retraction of center a then

\Y%
V(rgou)| <124

lu—al’
In particular, using Step 1 and Lemma 4.6 we obtain

1
|u—al

Vs
P

IV (a0 )l oo < | Vil oo H IVl s @11

L4.c
Step 3. Consider a maximal cover {B;} of S* = 9B* by 4-dimensional balls of radius p and centers
on dB*. Tt is possible to find a constant C, depending only on the dimension, such that the collection of
balls of doubled radius {2 B;} can be written as a union of C families of disjoint balls %y, ..., Fc.

Then apply (4-9) to each ball B; € %,. This will give a new family of balls {B] : B; € %} with
radii between p and 2p to which it will be possible to apply Lemma 4.5. Thus dist(u(x), 0B*) < % on
d(B* N B)) for all B!. Because of the choice of F; it also follows that the balls B/ are disjoint.

If we choose a projection 7, from Step 2 so that dist(a, dB%) > %, then

u’l :=mg0 (ulypenp)) satisfies |Vu"1| <C|Vu| on dB;N B*

by the estimates of Step 2. Note that @ will be fixed during the whole construction.
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We extend ui1 (denoting the extension again by u"l) inside B N B* via Theorem 4.4, obtaining a new

function A
mgou on B*\J B,
up .= .
ul on Blf.

Theorem 4.4 implies that #; satisfies

1/3
191l s ary < c(/ |Vu1|3) |
! 3B
We can rewrite this as follows:

] 4/3
Vu,|*=<C Vol + vul|?
1
B;NB4 B;NOB int(B)NJB;

4/3 . 4/3
< (/ |V¢|3) + (/ IVu’lP) : (4-12)
B;iN0B int(B)NJB;

We note that (using Lemma 4.5)

C\4/3 .
([ |Vu’1|3) 5%3(83,-)1/3/ |Vl [*
dB;Nint(B) d0B; Nint(B)
<p / Vul*
dB; Nint(B)

s/ |Vu|?; (4-13)
B;NB4

therefore, u; still satisfies (4-2) with a constant C; which is now changed by a universal factor.

Step 4. It is possible to repeat the same operation starting from the function u#; and using the balls of the
family &, to obtain a function u,, and then do the same iteratively for all the families %, ..., Fc.

Denote by % the union of all the perturbed balls B; corresponding to the families %, ..., Fc. Recall
that the number of families is equal to the maximal number of overlaps of balls of different families and
depends only on the dimension. Then, iterating the estimates (4-12) using (4-13) for all families &;, we
obtain for the last function u ¢ that

[|Vuc|4sE<|V¢|3,zp,s3)“32/ |V¢|3+/ IVl
R i B;NOB R

< Vo113 353 (VL. 20,8 + [Vl L3(s3)), (4-14)
where for the last inequality we also used the elliptic estimates for # in terms of ¢.

Step 5. We now combine the estimate (4-11) for the part B\ ® C Bj_, and (4-14). Observe that in
general || f'||4.00 < ||f |14+ and that the L#*°-norm satisfies the triangle inequality. We obtain

IVl 5

~ 3/4
IVallzase £ =+ 19l + 194 !

L E(Ve[R. 2. 8%V, (4-15)

Using the trivial estimate E(|V@|*®,2p,S?) < Js3 |V|?, the desired estimate follows. O
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We now proceed to prove the above lemmas.

Proof of Lemma 4.5. The hypotheses xo € dB*, 5 < 1 have the following two geometric consequences:
(1) dB* N 0Bj;(xo) has positive measure; (2) B*n Bj(x¢) is 2-bi-Lipschitz equivalent to B;. Therefore,
we may just prove that (4-10) holds true on 0B, for a function u such that

{ﬁfagﬂ IVul* < C,
[{x ¢ |ul(x) =1} > 0.

To do this note that, by definition, u(x) € S for a.e. x € dB*, then use the Sobolev inequality

llnsoayy 57 [ 19l
0
which is valid in dimension 3. For C small enough we obtain (4-10). O

Proof of Lemma 4.6. By the coarea formula we have

s ) —al ™' > A} = [u~ (By-i (@)] = f

BAfl (a)

Card(u~!(x)) dx < Cf |Vu|?.
B4

We then observe that the measurable positive function F(x) := Card(u~'(x)) belongs to L' (B*). The
maximal function MF, has L!**-norm bounded by the L'-norm of F,, and in particular there exists a
constant C independent of u such that for at least half of the points @ € B* we have

1
sup — F,=C FMSC/ |Vu|*.
r A B B* B4

For such a we have, after the change of notation A = A~!, the desired estimate
{x : Ju(x) —a|™! >A}|A4§C/ |Vu|*. O
B4

4C. The case of large energy concentration. Following Theorem 4.3, we are led to divide the set of
boundary value functions W13(S3, S3) into two classes, based on whether or not the energy concentrates.
Let Lg :={p € W'(S?,S%): Vo], < E} and for ¢ € L define Eg := E(|V9|*, pg, S%). We
distinguish between the following two classes of “good” and “bad” boundary value functions:
gE Z:LEH{¢1E¢§(§},
£ _ (4-16)
BT :=LgN{p: Ey > 6}

‘We will fix the constants
PE = e—CmaX{l,E3} and g

at the end of Section 4D.
The precise steps of our extension construction are as follows (see also the graphical summary (4-17)):

(1) Theorem 4.3 gives a good estimate for the boundary values in 4Z.
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L;ﬁ

then it is possible to write ¢ = ¢ ¢, with

fIV@PSE——
53

(the product of S3-valued functions is pointwise the product on S3 ~ SU(2)).

(2) If ¢ € BE has average close to zero, i.e.,

<1
_47

N[ O

(3) If we are not in the two cases above, we use the functions
Fy(x):=—v+ (1 —|v]>)(x*—v)*,

where a* = a/|a|?, v € B*, which form a subset of the Mobius group of B*. We have two cases:

(a) For all v € B*, we have US3 ¢o Fv‘ > %, in which case

i(v) := n§3(/§3¢on)

gives an extension of ¢ with values in S3 that satisfies

lullpis < l@llwis

(b) There exists v € B* such that } f§3 ¢o Fv} < %, in which case we can apply the reasoning of
cases (1), (2) above to q§ := ¢ o Fy. Since Fy is conformal and |¢| = |q~§| = 1, we have

IVolls =Vellrs. lolwrs = lollprs.

Again we reason differently in the two cases gz; € 4E and q; e BE:

(4) If, in case (3b), q; e BE, then we apply case (2) to ¢~> and we can express
$=¢1¢2 and ¢ =(d1oF, )20 F).

Then ¢; := &i o Fv_1 are as in case (2).

(5) If, in case (3b), (,z; € 4 then we apply case (1) to qg With a careful study of the relation between
the position of v € B* relative to dB* and the parameter p > We construct

ue Wl’(4’°°)(B4,S3) extending ¢ =¢~’° Fv_lv

starting from the extension # of (;7) given in case (1).
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(4-17)

(¢ewr| | Extend

Extend

Iterate

Proposition 4.7 (balancing = splitting). There exists a constant C with the following property: Suppose
that ¢ € BE with the notation of (4-16), and assume § < C and p E= e~ Cmax{LE*} ' Fyrther assume
that, as a function in W13 (S3,R?), ¢ satisfies

Lo

Then, identifying S* ~ SU(2), there exists a decomposition

¢ =¢192 (4-18)

1
i

=

such that, fori = 1,2, B
8
/3|V¢i|3<E—§- (4-19)
S

Proof. Step 1. Fix a concentration ball B = BS® (o xo0) such that
/ IVo|® > 8. (4-20)
B

Step 2. Consider dyadic rings in S* defined as R; :=2/T1 B\2! B, where we denote 2 B= B s Qip £ X0)-
For an easily computed constant C we can fix Ng = Cllog, pg| such that, for i < N, it follows
that 21 p . < 1. Since

Ng
> [ 1vor <.
R;

i=1
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by the pigeonhole principle there exists i € {1, ..., Ng} such that
| 1P <o
Ri, NE
Again by the pigeonhole principle (using the fact that the cubes are dyadic), there therefore exists
te [2i°+1pE, ZiOpE] such that

z/ o <L (4-21)
3BS* (t,x0) NEg

where C is a constant depending only on the geometry of S3.

Step 3. Denote B; = = BS’ (z, xo) as in Step 2. We define the function ¢1 via a suitable harmonic extension
outside of B; by

{¢~51 =¢ on 0B;,
A(@ oW)=0 on B¥,

where ¥ : R? — S3\ {xo} is a stereographlc projection composed with a dilation of R3 such that
\IJ(BRz (1,0)) = S*\ B;. On B, we define ¢1 ¢. By Holder’s inequality, using elliptic estimates and
the conformality of dilations and inverse stereographic projections, we have

~ Lo\3/2 _ 3/2 3
7 |V¢1|32C(/ |V¢1|2) =c(/ |V¢1ow|2) =c [ 1Vhiour
9B, 9B, 9B® B

1 1
= C/ Vil (4-22)
S3\B;
Step 4. We define
1 = g3 °§1§1-

As in Lemma 4.5, there exists a universal constant C such that if

E
[ < 4_

then
dist(¢1, S*) < 1.

This implies, like in Theorem 4.3, that pointwise a.e. we have the estimate
V1| < CVu .

By (4-23) it follows that, extending via ¢; = ¢ on B, we obtain ¢; € W13(S?, S3) such that

e P <cE (4-24)
S3\ B, NE
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Step 5. We now estimate from below the energy of ¢|s3\ p,. Denote by (]_59 the average of ¢ on a domain
Q C S3. First we use the Poincaré inequality on S \ B; and the fact that |¢| = 1 almost everywhere:

3
/ VP z/ 16— dosng, I’ 2 (/ |¢—¢>§s\3,|)
S3\ B, S3\B; S3\B;

n 3
2 (IS’ \ Bi|(1 = I¢s3\5,1) - (4-25)
Using the fact that |<,z_5§3| = %, |¢§Bt| <1 and the triangle inequality, we have
S°\ Bil|pss\ g, | < 16531 1S°| + | Bilds,| < 31S° [+ | Byl. (4-26)

Now, (4-25) and (4-26) and the estimate ¢ < % from Step 2 give
/ IVol® = (31S°]—2/B,))’ = C. (4-27)
3\B,
From this inequality, if § is small enough then we obtain
/ |Vo|® > 6. (4-28)
S3\B;

Step 6. We now define ¢, := ¢1_1 ¢, where the pointwise product uses the group operation on S* ~ SU(2).
Observe that, since |¢| = |¢1]| = 1 a.e.,

V@' 9) =107 V1,6 + 67 V| < [Vo| + Ve,
Thus, if C/Ng < 1in (4-24) (i.e., if pgp = e~ CNE ig small enough), then

1/3 2/3
/ Voo ? 5/ Vol +7(/ |V¢1|3) (/ |V¢|3) .
S3\ B, S3\ B, S3\ B, S3\ B,

By using (4-28), (4-24) and (4-20) we then obtain

= E
/ |V¢2|3§/ Vo> + C 1/3 SE-§+C—. (4-29)
S3\B; S3\B; Ng Nj

Step 7. It is now possible to conclude the proof. The estimate (4-19) for ¢, follows from (4-29) if
N > CE3§3. (4-30)

Similarly, by construction ¢; = ¢ on B;, and

[woir = [ 1veP+ [ el sE-Froor.
s3 B, S3\ B, NEg
Thus we reach (4-19) if

Ng > CES . (4-31)
Recall from Step 2 that Ng = —C log, p, so (4-30) and (4-31) translate into the requirement that
Pg = e=C max{ES,(E 8)3}, which is implied by our hypothesis since § is bounded. d
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Remark 4.8. The proof of (4-27) in Step 5 gives the following general estimate, valid for bounded
Sobolev functions on a compact manifold M and for any Poincaré domain 2 C M:

IVollLr) = CalIMI(I¢]lLooar) — [oar]) =21l |l Looany | M \ 1], (4-32)
where Cg, is the Poincaré constant of 2.

Consider now the conformal transformations of the unit ball B*
a

Fy(x) =—v+ (1—|v/*)(x*—v)*, where ve B* and a* = Pk
a

Proposition 4.9 (balancing = extension). Let ¢ € W13(S3, S3). Suppose that, for all v € B*,

poFy|>1 4-33)
s3 4
Then the following function u : B* — S? extends ¢:
u(v) :=mg3 (][ ¢o Fv), where mg3(a) = |a_| for a € R*\ {0}. (4-34)
S3 a
Moreover, there exists a constant C independent of ¢ such that
[Vullpspsy = ClIIVO| L3(s3)- (4-35)
Proof. Step 1. After a change of variable,
oo rmar={ o0l Yo a.
s3 s3
where |(F, )| is the conformal factor of DF;!. From Lemma C.1,
_ 1—1v|?
F 1\/ — F/ — :
|(Fy)1() = [FL, () PEE
therefore,
1= vf? )3
oFy, = d
Loeori=f oo(i15) @
From [Nicolesco 1936], the function
1—y27?
Ker) =197 |22
lx =yl
is the Poisson kernel for the equation
A2y =0 on B*,
Ju
ou = 4-36
v |aB4 0 (4-36)
ulpp = ¢.

Therefore, the function #(v) := fgs ¢ o Fy satisfies (4-36).
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Step 2. The following classical estimate holds for (4-36) (see [Gazzola et al. 2010, Chapter 2] for the
stronger estimate |[u||p1.4(q) =< @ lpr1-1/4.450)):

IVullLa(psy = ClIIVEll L3 (B3)-

Step 3. We note that

I<la(x)|=C forall ve B*

because of our hypothesis (4-33), |¢| = 1 and by the elementary estimate f§3 (1=|>)/|y+v|®)3dy <C.
As in Step 2 of the proof of Theorem 4.3 (with notation g3 = 7, for a = 0), we obtain the pointwise

estimate
|V(rgs out)| ~ |Vid].

The estimate (4-35) follows via Step 2. O

Consider now the case in which the hypothesis of Proposition 4.9 is false, i.e., that there exists v € B*
with

=

(4-37)

=

$poFy
s3
Fy|s3 is conformal and bijective (see Appendix C); thus, for A C S3,

/ VP =[ Vol
A Fyl(A4)

in particular, g27> := ¢ o Iy has energy at most E, like ¢. We observe that Proposition 4.7 applies to q~5
directly due to our hypotheses. Therefore, we can find ¢, ¢, € W13(S3, SU(2)) such that

(=]

¢ =192, /|V¢~5i|3§E—— for i =1,2.
s3

[\

We then precompose with F~ I which preserves the pointwise product and the L3-energy of the gradients,
obtaining the same decomposition for ¢.
The case ¢ € G is a bit more difficult:

Proposition 4.10. Under the assumption (4-37) and with q; := ¢ o Iy, suppose that q; € GE. Then there
exists an extension u € W4 (B* S3) of ¢ such that

C
IVitllscocpey < 2= 19917553 + 199 lL3(s3) (4-38)
E

under the assumption that
pp =t (4-39)

Proof. To simplify notations, let p = p during this proof. We divide the domain B* into

A:=F; ' (B(0,1-p)), A :=B*\A4.
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By Lemma C.2, there exists a constant C' dependent only on the dimension and a function /(v) such that,

for x € A and under the condition (4-39),
h

(é)) |F)|(x) < Ch(v). (4-40)

Therefore, we have
[{x € A:|Vul(x) > A} = |{x € 4 |Va|(Fy(x)) | Fyl(x) > A}|

){xeA |Vu|(Fv(x))>Ch( )}‘

|Fy|~* dy

/Fu (DN Val(»)> A/ (Ch(v))}

<C*h~ 4(v)‘{y631 o [Vil] > Ch(v)}‘

< CY ATVl s o, )

By bringing A to the other side, it follows that
AY{x € A1 |Vul(x) > A} < C¥|| Vil L4.0o(B(0.1-p))- (4-41)
By conformal invariance, the invertibility of F, and the usual estimate between L*° and L*, we have
A*{x € A" |Vul(x) > A} = C|Vulja gy = ClIVill s\, _,)- (4-42)
We now sum (4-41) and (4-42) and we take the supremum on A > 0. It follows that, up to increasing C,

[Vulpa.copay = C(|Vitl| 4.0, _,) + IVitllLap\B,_,))- (4-43)

The estimate (4-43) together with Theorem 4.3 applied to & gives the desired estimate for the first
summand, while for the second summand we proceed as in Step 3 of the proof of Theorem 4.3. On
the small concentration regions B; for ¢; we apply Courant’s Lemma 4.5, due to which we may project
the values of u :=ii o F, ! on S3 with little change of the gradient of u. Since F, ! is conformal, the
L3-energy of i on dB; is the same as the L3-energy of u on dF, ! (B;). By Theorem 4.4 applied to @i as
in Step 3 of the proof of Theorem 4.3, we obtain

IVull pap1m\ B,y = IVitllLagrB, ) = ClIVeliLsss) = CIVelLs(ss)-

This and (4-43) conclude the proof. O

4D. End of the proof of Theorem B”. We refer to the scheme (4-17) for the idea of the proof.

Choice of §. In (4-16), take § < § /C1 with the notations of Theorem 4.3 and with § is as in Theorem 4.4.
If necessary, shrink § so that the bound of Proposition 4.7 is also satisfied.

Choice of p . From Proposition 4.7 with the above choices of 8, we get p ES e~ C max(1,E%)
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Estimates for extensions. Consider again the scheme (4-17). Each time we extend some boundary
datum ¢ obtained during our constructions via a function u : B* — S3, we do so with one of the following
estimates:

¢ In the case of the extensions of Theorem 4.3 or of Proposition 4.10 (which in turn actually depends
on Theorem 4.3) we have

IVl
IVullps.co S ——5= + [Vl Ls.
PE

¢ In the case of the biharmonic extension of Proposition 4.9, we have the much better
[Vullps < IVPliLs -

The number of iterations to be made when we apply the procedure described in scheme (4-17) is bounded
by
E/i§~E.

Since each iteration creates two new boundary value functions out of one, in the end we may have a
decomposition into no more than

eCE boundary value functions.

By the triangle inequality we see that, in this case, there exists an extension of the initial ¢ satisfying
Cc|vel®
IVullpsce 5 eIV PILs V)2 + 1Vl s (4-44)

This gives the estimate (4-1) of Theorem B”, finishing the proof. O

5. Controlled global gauges

In this section we prove Theorem A.

SA. Scheme of the proof. We indicate here the sketch of the proof, before going through the details.

Proof. We will denote the L?-norm of F by E. We may assume that a first guess for 4 (i.e., a fixed
trivialization) is already given and belongs to W -2 (if the bound by € on the energy of F is available,
we may assume more by Uhlenbeck’s result stated above, namely that one controls the W !2-norm of A4
by the energy).

It can be seen from the formula of change of gauge that it is equivalent to estimate either the gradient
of the trivialization g or the gradient of the connection A4 in that gauge.

We define f by iteration on the energy bound E. The main steps are as follows (see the scheme (5-1)):

e Uhlenbeck’s theorem [1982b] already gives a gauge with an L*-estimate of the gradient of the
trivialization if the energy of F is smaller than €.

* Let pj be the largest scale at which no more than %eo of the L2?-norm of F concentrates.
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* In the case pp = pp := Cpinj(M )2~ E/€1 | we iteratively extend our gauge on the small simplices of
a triangulation using Theorem B”’; see Section 5B. The estimates depend only on M 4.

e The alternative is p, < py. Then, consider a point xo at which | F| concentrates and look at the
geodesic dyadic rings

Ry := B(xo, 2k+1,0F) \ B(xo, 2k:0F)» k € {0’ s Ung(CPinj/PF)J}-

By the pigeonhole principle and by the choice of €;, we ensure the existence of a small energy slice
along a geodesic sphere of radius ¢ ~ 2%0 p p- We have extensions of the connections with curvatures
of energy smaller than E — %eo. We use Lemma 5.4. To avoid subtleties about traces, we will ensure
that these two connections coincide on an open set. The choice of slice is described in Section 5D.

¢ Then we separately trivialize these two connections. By iterative assumption we then define f(E)
based on f (E — %60) and on the function f; of Theorem B. The detailed bounds are given in

Section SE.
(5-1
[dyadic balls until ~ ,oinj] Extend gauge
[small energy slice at ~ pq ]
Ay, A, ofenergny—%eo] [Al,Az ofenergyfso]
Iterate Extend gauge
5B. Iterations based on a suitable triangulation. Define, for €; as in Theorem 5.1, the radius
pF:=inf{p>0:/ |F|2:%eo for some xoeM}, (5-2)
By (x0)

where p g 1= Cpinj(M y2~E/€1 and Pinj(M) is the injectivity radius of M. The constant €; will be fixed
later. Fix a triangulation on M with in-radius 2 p 5 and size < p g, with implicit constants bounded by 4.
We choose C < 1 in the definition of p 5 so that each simplex of the triangulation is contained in a ball of
radius % Pinj(M ). In particular, all k-simplices of the triangulation are bi-Lipschitz equivalent to Sk for
k=1,...,4.

We recall here the main result of [Uhlenbeck 1982b]:
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Theorem 5.1 (Uhlenbeck gauge). There exists €g > 0 such that, if the curvature satisfies | B, |F|? < €,
then there is a gauge ¢ € W*2 (B, SU(2)) in which the connection satisfies I 4gllw128,) <CIFllL2B,)
with C > 0 depending only on the dimension.

Theorem 5.1 gives a trivialization ¢; associated to each 4-simplex C; such that the expression of A4 in
those coordinates,

Ai =7 dei + 67 Agi on G, (5-3)
satisfies
[Aillw1.2c;y = CIFlL2(c;)- (5-4)
If we call
gij =7 " ¢i. (5-5)

then g;jg;jx = &ik, 0 in particular gi;l = gji; MOreover,
Aj =gijdgji+g,~jA,~gj,- on aCiﬂaCj. (5-6)
It follows that g;; € W13(3C; N 3Cj, SU(2)).

Lemma 5.2 (extension on a sphere). Let S}r be the upper hemisphere, S3 N {x3 > 0). For any
g € WL3(S3 SU(2)), there exists g € W1-3(S3,SU(2)) such that § = g on Si and

IV&llLss3) = ClIVElLs(s3)-
Proof. Let S3 be a spherical cap of height ¢ € [% %] such that
lglass [w12s2y = Cllghpisess)- (5-7)

We observe that g|, 5362 e W12(S?,SU(2)), and we desire to extend this trace inside B*> ~ S3 with

a good norm estimate. Let
Ag=0 on B3,
g=g on dB3.

Then we have, by the usual elliptic estimates,
18 1w133) = Cllglass w123 )- (5-8)

Fora e Bf /20 if g4 is the radial projection of the values of ¢ on the boundary with center a, then (as in
the projection trick of Section 2A)

_ . 1vg s s
|Vgal = C— and [Vga =C | |V (5-9)
g —al acB?t,, J B B3

Therefore, there exists a € B f /2 such that
IVeallL3(p3~s3) = CIVEIlL3(B3~s3)- (5-10)

Combining the inequalities (5-7), (5-8), (5-9) and (5-10), we obtain the thesis for g = g, with a as
above. O
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Corollary 5.3 (iteration step). Suppose that on our 4-manifold M a connection A is fixed and an
Uhlenbeck gauge ¢ is defined on a 4-simplex Cj, i.e., (5-4) holds with notation (5-3). Suppose that a
global gauge ¢y is defined on a finite union of simplices Cy 1=y Ci, and that 3C; N CI(3) (where
CI(3) is the simplicial 3-skeleton of Cy) contains some, but not all, 3-faces of Cj. It is then possible to
extend the gauge change gij of (5-5) to g;;j defined on the whole of dC; with

||v§ij ||L3(8C]~) = C”Vgij ”L3(3CjﬂCI(3))’
where C depends only on M.

Proof. H := (0C;j \ C 1(3)),; is bi-Lipschitz to a ball for § equal to two-thirds of the smallest in-radius

of a face of C;. Here, A; is a §-neighborhood of A4 inside dC;. Let H' := (dC; \CI(3))25' The triple
(0C;, H, H') is C-bi-Lipschitz to (S*, S, K) where K is the spherical cap of height % extending S3 .
We apply Lemma 5.2 in order to “fill the hole” H extending the gauge g;; with estimates. The bi-Lipschitz
constant is bounded by the geometric constraints on our triangulation only. O

Given Lemma 5.2 and Corollary 5.3, we proceed iteratively on the triangulation as follows (the indices
labeling the simplices are redefined during the whole procedure in a straightforward way):

¢ Suppose that we already defined the gauge ¢~5j_1 on a set of j — 1 simplices Cy,...,Cj_; whose
union forms a connected set.

 Consider a new simplex C; extending this connected set. Use Corollary 5.3 to extend g;; to g;;.

» We apply Theorem B” and extend g;; to a gauge change /;; defined inside C; so that
IVhijllpa.coc,y = fUIVE&ijliLic;)) = Cos (5-11)
with Cy depending only on universal constants and on €.
e On Ui<j C; let ¢~5j = q‘;j_l, while on C; we define q;j = ¢jhij.
Let A ;j be the local expression corresponding to the gauge q‘;j. Then
[4jllL@0oc;y S NAjlliLac;) + IVhijllp@.coc;)y = €0+ Co.

Iterating this gauge extension strategy, we obtain a global gauge A on the whole of M such that

~ Vol(M
|4l £ @000 (ary = C(number of simplices)(Co + €9) < C ° (4 ) . (5-12)

PE

The above bound depends on the geometry of M and on the energy E of the curvature only. Note that
the above reasoning works only as long as p. < p. We next consider the case pp > pg.
5C. Extending the connection with small curvature changes. Let € be as in Theorem 5.1.

Lemma 5.4 (finding good slices). There exists a constant €1 with the following properties: If M is a fixed
4-manifold with a W -2-connection A and if By;(xo) C M is a geodesic ball such that

f/.. |F|* <ep,
0B;
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then there exists A € Wl’z( /\lM, su(2)) such that A = A on B; and

€0
|Fa?<—.
/M\Bt 4 4

Proof. Up to a change of gauge, which does not increase the norm, we may assume the Neumann condition
(A,v)=0 on 0B;. (5-13)

This is obtained, for example, by minimizing ||g~!dg + g_lAg||Lz(Bt) among g € W22(B,,SU(2)).
Extend A4 to By; \ B; by A:= w*i*yp, A, where m(x) = tx/|x| and iyp, is the inclusion. Using the

hypothesis, we obtain

‘2

/ |dA+ LA, A" < Ce.
B>/ \B;

We apply a change of gauge g = g(o) depending only on the angular variable o € dB* and such that
d*aB,Ag}aBt =0.

This preserves (5-13) and gives, as s — 0,

Cey z/ |dAg + %[Ag,Ag]\z > / |dA)* —o(s) |VA|?.
BsNIB; B;NdB; B;NIB;

Therefore, Ag € W12(A10B;, su(2)), Zg € WH2(Al By, \ By, su(2)), and Ag, /Tg satisfy (5-13). There-
fore, A4 extends by Ag in a neighborhood of dB;, giving still a W12 gauge. Observe that, by Sobolev

embedding,
2
/ |[A,A1|Zs(f |VA|2)
aB[ aBt

and, by Hodge decomposition and using d*3p, 4 = 0,

2
/ |VA|25[ (|dA|2+|d*A|2>s[ |FA|2+(/ |v,4|2).
3B[ 8B, 3B[ 8Bt

we get X < ¢e; 4+ X2, and thus we may assume that

z/ |VA|2§CZ/ |F|%.
3Bt aBt

Define A4 := Xt A for a smooth [0, 1]-valued cutoff function x; such that x; = 1 on B; and x; = 0 outside

B,;. We obtain
[ 1= [ 1R ce
By, B;

and we can extend A = 0 outside B, obtaining the desired estimate for €1 small enough. O

For X = ||VA”§,2(8B,)
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5D. Cutting M by a small energy slice. Suppose for this subsection that p < p. Let C be as in the
definition of p . and define

. {inf{,o > pp [p,\m, |FI* < g1} if this is less than Cpiyj(M),
p1-= Cpinj otherwise.

Since p < py and by the choice of €1, py is rather small and B;,, is bi-Lipschitz to By. Thus Lemma 5.4
applies. More precisely, let t; € [p1. 3 p1].12 € [3p1.2p1]. There exist f;, i = 1,2, such that

ti/ |F|2§€1.
0B,

5E. Strategies after cutting. Let €y be as in Theorem 5.1. We pursue different strategies depending on
the energy of F outside B, .

The case || M\B,, |F|? > %eo. Split to the regions B;, and M \ B, and do induction on the energy in
order to separately find gauges satisfying our estimates. Lemma 5.4 gives extensions

{/Il =4 on By, st for 1F g, 12 < /5, |Fq|* 4 Cey,

. (5-14)
Ay=A on M\ By, st [y |F; |7 ffB” |Fq|? + Ce;.

In particular, /il , /Iz are equivalent on B~ o \ Bs o1 and
4 4

[1540 = [ 1FaP oo

If we can find global gauges g7°, i = 1, 2, in which A; have expressions /floo with L*°) bounds as in
Theorem B, then it is enough to apply

855 = (g5 g5

on R := B%m \ B%m in order to obtain

AL =g AT () +853d(g5) ™" and |V SllL@corr) < S (E — §€0)-
Then there exists 73 € [% P15 % ,01] such that
fa Vg5’ < f(E — 3€o)-
3

By Theorem B we can find a W !-(4-°°)_extension h$s of g5 to amap from By, to SU(2). Thus, if we
call f7 the function of Theorem B, then

IVASS Lo B,y < Ji (f(E - 1e0)).
If we define

& on M*\ By,
g°°.:{ 2 3 (5-15)

o0
h$5g7° on By,
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then Vg is estimated by an universal constant times

Si(f(E = z€0)) + [ (E — g<o).

The case || M\Bs,, |F|? < %eo. Outside B, we apply directly Theorem 5.1, while on B,,, we extend
the so-obtained gauge via Theorem B”. If we call Ay, A, the so-obtained connections on By,,, M \ By,
respectively, then there exists ¢ € [p1, 2p1] such that

/BB (A41)? + 1421%) < C(fi (o) + €0)-

As above, the same bound is true also for the gradient of the change of gauge Vg;,. Theorem B gives
the extension /i, to a gauge in W 1-(4+:%) (B, SU(2)) with

IVhi2llLs.00(B,) = /1(C(f1(€0) + €0))-

Then choose
o . on M* \ By; .

82
g% = (5-16)
{h12g1 on By .

This g satisfies an estimate independent on E and dependent only on €, again allowing us to define
f(FE) inductively. O

Appendix A: Uhlenbeck small energy extension

We use the strategy from [Uhlenbeck 1982a] to prove Theorem 4.4. The analogy is in the method of
proof more than in the result.

First recall that W12(X,S%) = WH2(X,R*) N {u : u(x) € S* a.e.} and observe that we attain the
infimum

inf{/ |IVP|>: Pe Wh2(B* S?), P= Py on 834}. (A-1)
B4

Indeed, a minimizing sequence will have a W 1-2-weakly convergent subsequence, which thus converges
pointwise everywhere. By weak lower semicontinuity a minimizer exists, and by convexity it is unique.
The minimizer P distributionally verifies

div(P~'VP) =0. (A-2)

Lemma A.1 (a priori estimates). There exists € > 0 with the following property: Let P be an extension
of Py e WH3(S3,S3) with | P — I lyr1.4(pay < € that satisfies (A-2). We identify S3 with the Lie group
SU(2). Then there exists a constant C¢ such that

[P —1lwarszpey = CellVPollL3(s3,53)- (A-3)
Proof. By L?-Hodge decomposition,

P ldP =dU +d*V, (A-4)
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where V is the unique minimizer of

min{/ |d*V — P7YdP|?, %V |ypa =0, dV =0};
B4

thus,
AV =dd*V =dP~ ! AdP,
dVv =0,
*V =0.
We claim that
IVVilLs@ap) S €llP —Ilwracpsy. (A-5)

To see this, observe that d(P~!) = P~ dP P~ ! and P, P~! € L> with norm equal to 1 so, by the
elliptic, Holder and Poincaré estimates,

IVVliwi2eg4y S I1dPT1 AdP| L2gay S 1d(PT Yl Lacps) APl Lacps)
SNdPllpapay P~ 300 IV PliLacey
SelP—1Ilwrapay. (A-6)
The trace and Sobolev embedding inequalities
IVILr@sey < IVIwi-1/a.a@sy S NV lwi.acpay

are valid for ¢ = 2, p = 3. Therefore, we obtain (A-5).
Using the trace of the Hodge decomposition formula (A-4) on the boundary, we obtain from (A-5) that

IdU — Py ' dPo| 3 apey S €llP—Illprracps- (A-7)

Like for V', for U we have
AU =d*dU = d*(P~'dP) = 0.

We apply the elliptic estimates for U to obtain
1dU lw1/3.384) S IVU L334 (A-8)
while (A-7), the triangle inequality and the fact that || Py||p = 1 give
1U | L3084 S AU — Py ' dPy| s apey + | Py dPoll L3 oy
SellP—1llyr.acpey + 1dPol L334y (A-9)
Using (A-4), the triangle inequality and (A-6), (A-8), (A-9) we obtain
1P dP /33y S 1™V Igi/33 ey + 1dU 3.3 pe)
SellP—1lyracpey +ldPoll L3584y (A-10)

Write dP = PP~ 1dP and observe that P € L® N W 14 since S3 is bounded, while P~1dP e wl/3.3
by (A-10). We now use Lemma B.1 for the product fg with f = P, g = P~!dP and we obtain

ldP 13384 < 1P dPIlly1/33 (1P| Loe + 1P = Illyr1.a(pe))- (A-11)
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Note again that || P||L = 1 and deduce then from (A-10), Lemma B.1 and the Poincaré inequality that
| P —Ilpaszzpey = ClldPolp3(s3) + Cell P — Ilpr1.acpey- (A-12)
By the Sobolev inequality we can absorb the || P — I || term to the left, and we obtain the thesis. O

We are now ready for the proof of Theorem 4.4. We restate the same result with a slight change of
notation and more details.

Theorem A.2 (small energy extension). There exist two constants § > 0, C > 0 with the following
property: Suppose Q € W13(S3,S3) is such that |dQ|lL3(s3y < 8. Then there exists an extension
P e WH4(B*, S3) satisfying

| P~ I llyraggs < ClAQ] L3 (s3)- (A-13)
Proof. Define the following two sets, with K > 0 fixed later:
G ={Q e WS’ SU2): [VQIls <€},
Feo={0 e3P e WH¥(B* SU(2)).div(P~'VP) =0 on B* P =Q on dB*,
IP = Illwracpsy < KIVOILs@opsll P — Iiwrate sy < CIVOILs+a(aps ). (A-14)

The claim of our theorem states that a P € 9'72 ¢ can be constructed to extend any O € (Qg when § is

small enough. The strategy of the proof is to use the supercritical spaces 9%, o > 0 to approximate ‘Qg.
We divide the proof into five steps, paralleling Uhlenbeck [1982a].

Claim 1. 42 is connected for all €, o > 0.
Claim 2. %‘6"’ c 18 closed (in 63) with respect to the W3 norm for « > 0 and for any C > 0.

Claim 3. For € > 0 small enough and a > 0, there exists C = Cy such that the set FZ . is open in 9¢
with respect to the W13 %%_topology.

Claim 4. G2 is contained in the W '3 -closure of | - 9.
Proof of Claim 1. This is straightforward, since 4% embeds in C%7(S3, SU(2)). O

Proof of Claim 2.. Consider a family Q; € %S,C with associated P; as in (A-14) which converge to Q in
W13+ We extract a weakly convergent subsequence of the P; and the estimate passes to the limit by
weak lower semicontinuity (and by convergence of the Q). Similarly, the equations pass to weak limits,
since they are intended in the weak sense. O

Ideas for Claim 3. For the proof we need to study the behavior of solutions to div(P~!V P) = 0, which
is regarded here as an equation Ny (P) = 0 with P close to the constant /, which is a zero of Ny. The
equation considered is elliptic. The proof of the claim is thus done by linearization of N near / and by the
implicit function theorem. Ellipticity of the equation translates into invertibility of this linearized operator.
The estimate of the W **-norm follows from the a priori estimate of Lemma A.1 once we choose, for
example, K < %Ce. See Lemma A.3 for the complete proof. O
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Proof of Claim 4. Consider Q € GS . There exists a sequence Q; € C*(S3, SU(2)) such that Q; — Q
in W13(S3,SU(2)); see [Bethuel 1991; Hang and Lin 2003] — by the density proofs of these works it
follows that we may also assume Q; € Ge. for some sequence o;; — 07 The L3-norm of a function f
can be obtained as

lim || flza,
q—>3+
so in particular we may assume up to extracting a subsequence that ¢; < 2e. O

To conclude the proof, consider Q € ‘Qg. We use Claim 4 to approximate Q in W13-norm by Q; € (Qgg
with o; > 0. From Claims 1-3 it follows that there exist functions P; € W 1:4+%i (B4 SU(2)) such that

”Pl — I||W1.4(B4) 5 K||in||L3(§3) f 2K5

The P; have a weakly convergent subsequence whose limit P satisfies

div(P~!'VP)=0 on B*

1P —Illw1.4pey = 2K5  and {p:Q on S°.

Choose § > 0 such that 2K 6 < € for € as in Lemma A.1. We can then apply that lemma and obtain that
I[P —1Illwracpay = cllP—1llgaszscpay = cCellQlliL3(s3)- o

We now complete the details of the proof of Claim 3:

Lemma A.3. There exist € > 0, K > 0 such that for all o > 0 there exists Cy > 0 with the following
property: Let Qg € W131T%(S3 SU(2)) and let Py € W 4T%(B* SU(2)) be an extension of Qo which
satisfies div( Py 1V Py) = 0. If the estimates

||dQ0||W13(§2) <€, (A-15)
1Po—Tllw1.4epsy = KlldQollw1.3(s3). (A-16)
| Po— I llppr1.a+e(pey = CalldQollpr13+a(s3) (A-17)

hold then, for some § > 0 depending on Qy, for all Q satisfying

10 = Qollw13+e(s3,suy <$ (A-18)

there exists an extension P of Q satisfying the same equation div(P~'V P) = 0 and such that (A-15),
(A-16), (A-17) hold with P, Q in place of Py, Q.

Proof. We fix Q satisfying (A-18) and (A-15). The proof is divided into two parts:

Claim 3.1. For § > 0 small enough and for Q satisfying (A-18), there exists an extension P of Q solving
div(P~'V P) = 0 and such that (A-17) holds.

Claim 3.2. The function P of Claim 3.1 satisfies (A-16).
Proof of Claim 3.2. This follows directly from Lemma A.1. O
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Proof of Claim 3.1. First note that V' = exp™! (le Q) is well defined for @ > 0, because in that case we
have an estimate of the form

_ €
10 — Qollw1.3+a = callQ — QollLe < 05O —I|Lo < —

o
d —1
and exp

is well defined in a neighborhood of the identity.

We consider the problem of extending Qg exp(V) inside B* to a function P = Pyexp(U). Extend V
to V such that AV = 0 inside B*.
We look for a P of the form Py exp(V) exp(U). We thus consider the equation

N(U, V) :=d*(exp(~U) exp(—V) Py ' d(Po exp(V) exp(U))) = 0. (A-19)
In order to solve (A-19) it is useful to look at the operator

NV, U) : Wy (B4, su(2)) — W14 (B su(2)).

(A-20)
We have to show that for § > 0 small enough, for each Q satisfying (A-18) (i.e., for each small enough V),

there exists a unique U such that N(V, U) = 0. We prove that N(U, V) is C! near (U, V) = (0, 0) and
that N /U (0, 0) is an isomorphism, given the existence of § > 0 as desired.
A simple calculation gives

oN i ~ ~

au =3 NWU+mV)=d dn—d*[n.exp(=U) exp(=V) Py 'd(Po exp(V)) exp(U)]
t=0
= An—Ln.

We observe that d*d = A is an isomorphism between the spaces above, so it will be enough to show that

for U, V small enough in the W1#+%_norm the commutator term L is just a small perturbation of A
(with respect to the norms present in (A-20)). First note that we can write

Ln=[Vn, X]+[n,divX], where X:=exp(—U)exp(— 17) Po_ld(PO exp(f;)) exp(U).
Estimate for [V, X|]. First note that by the Sobolev, Holder and triangle inequalities,

IV, XUW 544 <[V, XTllLre < Vil patel| Xl zs .
where
1 1 1
Pa dta T3
‘We then observe

X =exp(=U)exp(— 17) PO_1 d(Py 17) exp(l7) exp(U)
and note |exp A| = 1, therefore,

[X|pa = d(PoV)llps S dPollps +11dV s S €+3.
‘We thus have the first desired estimate,

IIVn, Xlw-1.44e S (€ +8)nllp1.a+a
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Estimate for 1, div X']. Here we start with
In. div Xl ppr—1.4+e < [0l Lol div X || Lre .

Note that ||n||Lo < ||1]lpr1.4+« by the Sobolev embedding. We start the computations for the second fact
or above. Note that
V(PoexpV)=(VPy)expV + PyV(exp V)
and then expand:
div X = divlexp(—=U) exp(— 17) PO_1 V(Pyexp 17) exp U]
= V(exp(—U)) exp(=V) Py ' V(Pyexp V) exp U
+exp(—U)V(exp(=V)) Py ' V(Pyexp V) exp U
+ exp(=U) exp(— 17) div (PO_1 VPO) exp 17) expU
+exp(=U) exp(— 17) Po_1 Py div V(exp 17) expU
+exp(—U) exp(— 17) PO_1 V PyV (exp 17) expU
+exp(—=U) (3,)(p(—I7)P()_1 V(P exp I7)V(exp U)
We have div(P, IV Py) = 0 and div V(exp(f;)) = 0, so two terms cancel. Note also the fact that
| Py 'V Pollps < ||V Pollpa <e. Forestimating V(exp(+ V7)) observe that V satisfies a Dirichlet boundary
value problem, therefore we assume the estimate ||V || ;1,440 <8, and ||U || 1,440 < 8, which, by the

smoothness of exp, imply ||V (exp(+ 17))||L4+a <dand ||V(exp(£U))| fa+e < J. From all this it follows
that we can estimate

I div X [|Lre < |V (exp(=U) | e+ IV (Poexp V) s + IV (exp(—V) | o+ | V(Po exp V)| Lo
+ IV Poll L4l V(exp(V )| a+a + | V(exp(U)) | La+a | V(Po exp V) | 4
S8|IV(Pyexp V)| e + €6
< dé(e +9).
‘We combine all the estimates and obtain the desired smallness result,
1, div X1l py—1.440 < (e + ) nllp1.ate - m
End of proof. We now have that

ILnllp—1a+a < (8 + D)€ +8)nllpr.a+a ,
while

ANl 1440 2 [Inllpr1a+a .

Therefore, for small enough €, § we have also

(A = L)nlly—1.4+a 2 [Inllpr1.a+a .
This concludes the proof. O
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Appendix B: A product estimate with only one bounded factor

Lemma B.1 (cf. [Brézis and Mironescu 2001]). Let 2 be a smooth compact 4-manifold. If f € W1/3:3(Q)
and g € W4 N L®(Q), then we have the following estimate, with the implicit constant depending only
on €2:

I/ glwirss@) S 1/ wrss@liglLe@) + lglwrag)-

Proof. The estimates for the nonhomogeneous part of the norms are trivial, so we concentrate on the
homogeneous part.

We use the Littlewood—Paley decompositions f = Z}io fis & =Y kw0 k- and we recall that the
WS:P_norm is equivalent to the Triebel-Lizorkin F j,z—norm and the W?%*-norm is equivalent to the

FS

,p-horm, where in general the following definition holds:

1/, = 125 feCOlea | 1o -

We use different notations | - ||, | - | for the different norms just to facilitate the reading of formulas. As
is usual in the theory of paraproducts, we estimate separately the following three contributions (where
gk .= Z?:o gk, and similarly for /%)

fe=3 fig™+ Y fear+ Y ST = I+ 4L
i

lk—1|<4 i

The support of (f;g'~*) is included in B,i+2 \ B,i—2; thus,

. _ 3/291/3
~[/(Z22’/3|fig"4|2) } (B-1)
Ww1/3.3 Q\7

and analogously for IIl =) ; f i=4¢;. Regarding the term II, we will estimate only /I’ := > figi
because the same estimate will apply also to the finitely many contributions of the form ) ; f;g;4; with
0<|l|<4.

We start with the most difficult term, /7/. From above we have

1 lyiss.s = HZ figi™
i

3/291/3
221’/3 i—4 12 / /
21| 1 3.5 ~ D 228 pitg

- i

- 3/2 3/241/3
/( 2—4i/3|fi—4|2) (Z 22i|gi|2) :|
; -

- 1

Jrene )] e |

1

A

A

IA

1/ lwr=2/5.02 11 lpr1.4

=N flwirssliglwra
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For the term I we have

. . 3/241/3
1 llpss ~ [ / (Z 22 3|figl‘4|2) ] < Nl flpirss
i

because of the estimate ||g"~*||zo < ||g|lzoo. Finally, we estimate II’, as promised. We prove it by

duality; namely, we prove that II’ is bounded as a linear functional on the unit ball of the dual w—1/3.3/2,

Consider therefore /4 in this ball. The support of (f,g,) is included in B,i+2, so some terms cancel:

/h-l['wkz’i/hkﬁgi =) /hkfifj =2j:/ki+4ﬁgi

k<i+4

Z/z—i/3hi+42i/3figi‘
i
] ) 1/2 ) 1/2
< ||g||Bgooo/(22_21/3|hl+4|2) (2221/3|]fl|2)
i i

= lgllwrallbliw—1s320/ wisss

=

The last estimate follows, recalling that

lglge, = sup lgill oo
and that in dimension 4 we have continuous embeddings

W4 < BMO — BY, ., .

Summing up the different terms, we are done. O

Appendix C: The Mobius group of B"

We call the M6bius group of R” the group M (R") generated by all similarities and the inversion with
respect to the unit sphere. Recall that a similarity is an affine map of the form

x—>AKx+b with A>0, K€ O®n), beR",

and the inversion i, , with respect to the sphere dB(c, r) is the map

Xt=>c+r .
Ix—c|?
The formula i, = (r?id +c) 0ig 1 o (id —c) shows that all inversions belong to M (R"). We use the

abridged notation
by
% .
xT =i 0(x)=—.
1,0(x) BE

The Mobius group of B"t! is the subgroup M (B"*!) of all transformations belonging to M (R"*1)
which preserve B"T!. Similarly, we define the Mébius group M (S”) of the unit sphere S” C R"*!. The
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general form of an element y € M (B"*1) is
y=KoF, with KeOm),veB"! F,i=—v+(1—|v*)x*—v)*
We use the following basic properties of the functions F3,, which can be found in [Ahlfors 1981, Chapter 2]:

Lemma C.1. o We have
1—1|v|?

ol =~

where [x, y] = |x[|x* = y[ = [y||y* = x].
e F, is conformal. We have F;! = F_,, F,(0) = —v and F,(v) = 0.
e The conformal factor | F}|(x) is explicitly computed as
1= vf? _ P

1+ |x]2|v)2=2x-v |x—v¥2’

| Fyl(x) =

e The restriction Fy|sn belongs to M(S"); in particular, Fy|sn is a conformal involution and

— v

|(Fylsn)[(x) = W .

The next lemma gives the estimate needed for the case when v is close to 9B 1:

Lemma C.2. Suppose that

-hl»—

p=
Then, on I, (B 1—p), the following estimate holds with a constant C dependent only on the dimension:

"W < 1#)0) = Chiv)

Proof. We will calculate

max{|Fy(0):y € Fy (Biop)} _ ( Fyl0)
min{|F{|() ' € Fy ' (B1-p)} FI00

y/ € Fu_l(Bl—p)}

and we show that this quantity is bounded. The following equalities hold:

a"{||§||((;')> B "} :ma"{“g:”(( )) %% & Bi- ”}
1
{||<(§ 1)) ||((;/)) X/EB“”}
/ 1 /
il < Bioof
:mln{||I;,||((y/)) y' e Fv_l(Bl_p)}.
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From the formula of the previous lemma it follows that

x| v|(x)_ m(v —X);

therefore, | F, | achieves its extrema on Bj_, at (1 — p)v/|v|. The maximum M and the minimum m
of | F}| satisfy

1— v 1— v
M = 2 2 = 2
L+ 2 (1=p)*=2(1=p)v] A —=(1-=p)|v])
1—]|v|? 1—|v|?

T+ P =p2+2(=p)v]  (A+1A=p))?’

M 1+(1—p)|v|)2N Lo 2
(—1_(1_p)|v| (= =p)oh) 2~ 1.

which finishes the proof. O

m
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