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QUANTIZED SLOW BLOW-UP DYNAMICS FOR THE COROTATIONAL
ENERGY-CRITICAL HARMONIC HEAT FLOW

PIERRE RAPHAËL AND REMI SCHWEYER

We consider the energy-critical harmonic heat flow from R2 into a smooth compact revolution surface of
R3. For initial data with corotational symmetry, the evolution reduces to the semilinear radially symmetric
parabolic problem

∂t u− ∂2
r u−

∂r u
r
+

f (u)
r2 = 0

for a suitable class of functions f . Given an integer L ∈ N∗, we exhibit a set of initial data arbitrarily
close to the least energy harmonic map Q in the energy-critical topology such that the corresponding
solution blows up in finite time by concentrating its energy

∇u(t, r)−∇Q
(

r
λ(t)

)
→ u∗ in L2

at a speed given by the quantized rates

λ(t)= c(u0)(1+ o(1))
(T − t)L

|log(T − t)|2L/(2L−1) ,

in accordance with the formal predictions of van den Berg et al. (2003). The case L = 1 corresponds to the
stable regime exhibited in our previous work (CPAM, 2013), and the data for L ≥ 2 leave on a manifold
of codimension L−1 in some weak sense. Our analysis is a continuation of work by Merle, Rodnianski,
and the authors (in various combinations) and it further exhibits the mechanism for the existence of the
excited slow blow-up rates and the associated instability of these threshold dynamics.

1. Introduction

The parabolic heat flow. The harmonic heat flow between two embedded Riemannian manifolds (N , gN ),
(M, gM) is the gradient flow associated to the Dirichlet energy of maps from N → M :{

∂tv = PTvM(1gN v),

v|t=0 = v0,
(t, x) ∈ R× N , v(t, x) ∈ M, (1-1)

where PTvM is the projection onto the tangent space to M at v. The special case N = R2, M = S2

corresponds to the harmonic heat flow to the 2-sphere

∂tv =1v+ |∇v|
2v, (t, x) ∈ R×R2, v(t, x) ∈ S2, (1-2)

and is related to the Landau–Lifschitz equation of ferromagnetism; we refer to [van den Berg et al. 2003;
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Angenent et al. 2009; Guan et al. 2009; Gustafson et al. 2010] for a complete introduction to this class of
problems. We shall from now on restrict our discussion to the case

N = R2.

Smooth initial data yield unique local-in-time smooth solutions which dissipate the Dirichlet energy

d
dt

{∫
R2
|∇v|2

}
=−2

∫
R2
|∂tv|

2.

An essential feature of the problem is that the scaling symmetry

u 7→ uλ(t, x)= u(λ2t, λx), λ > 0,

leaves the Dirichlet energy unchanged, and hence the problem is energy-critical.

Corotational flows. We restrict our attention in this paper to flows with so-called corotational symmetry.
More precisely, let us consider a smooth closed curve in the plane parametrized by arclength

u ∈ [−π, π] 7→
∣∣∣ g(u)

z(u),
(g′)2+ (z′)2 = 1,

where

(H)


g ∈ C∞(R) is odd and 2π periodic,
g(0)= g(π)= 0, g(u) > 0 for 0< u < π,
g′(0)= 1, g′(π)=−1.

(1-3)

Then the revolution surface M with parametrization

(θ, u) ∈ [0, 2π ]× [0, π] 7→

∣∣∣∣∣
g(u) cos θ
g(u) sin θ
z(u)

is a smooth 1 compact revolution surface of R3 with metric (du)2+g2(u)(dθ)2. Given a homotopy degree
k ∈ Z∗, the k-corotational reduction to (1-1) corresponds to solutions of the form

v(t, r)=

∣∣∣∣∣
g(u(t, r)) cos(kθ)
g(u(t, r)) sin(kθ)
z(u(t, r)),

(1-4)

which leads to the semilinear parabolic equation{
∂t u− ∂2

r u−
∂r u
r
+ k2 f (u)

r2 = 0,

ut=0 = u0,
f = gg′. (1-5)

The k-corotational Dirichlet energy becomes

E(u)=
∫
+∞

0

[
|∂r u|2+ k2 (g(u))

2

r2

]
r dr (1-6)

1See [Gallot et al. 2004], for example.
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and is minimized among maps with boundary conditions

u(0)= 0, lim
r→+∞

u(r)= π (1-7)

onto the least energy harmonic map Qk , which is the unique, up-to-scaling solution to

r∂r Qk = kg(Qk) (1-8)

satisfying (1-7); see for example [Côte 2005]. In the case of S2 target g(u)= sin u, the harmonic map is
explicitly given by

Qk(r)= 2 tan−1(r k). (1-9)

The blow-up problem. The question of the existence of blow-up solutions and the description of the
associated concentration of energy scenario has attracted considerable attention for the past thirty years.
In the pioneering works of Struwe [1985], Ding and Tian [1995], and Qing and Tian [1997] (see [Topping
2004] for a complete history of the problem), it was shown that if occurring, the concentration of energy
implies the bubbling off of a nontrivial harmonic map at a finite number of blow-up points

v(ti , ai + λ(ti )x)→ Qi , λ(ti )→ 0 (1-10)

locally in space. In particular, this shows the existence of a global in time flow on negatively curved
targets where no nontrivial harmonic map exists.

For corotational data and homotopy number k ≥ 2, Guan, Gustaffson, Nakanishi, and Tsai [Guan et al.
2009; Gustafson et al. 2010] proved that the flow is globally defined near the ground state harmonic
map. In fact, Qk is asymptotically stable for k ≥ 3, and in particular no blow-up will occur. Eternally
oscillating solutions and infinite time grow up solutions are exhibited for k = 2.

In contrast, for k = 1, the existence of finite time blow-up solutions has been proved in various
geometrical settings strongly using the maximum principle; see in particular the work of Chang, Ding,
and Ye [Chang et al. 1992], Coron and Ghidaglia [1989], Qing and Tian [1997], and Topping [2004].
Despite some serious efforts and the use of the maximum principle (see in particular [Angenent et al.
2009]), very little was known until recently about the description of the blow-up bubble and the derivation
of the blow-up speed, in particular due to the critical nature of the problem.

For the rest of the paper, we focus on the degree

k = 1

case, which generates the least energy, nontrivial harmonic map Q ≡ Q1. For D2 initial manifold and
S2 target, van den Berg, Hulshof, and King [van den Berg et al. 2003], in continuation of [Herrero
and Velázquez 1994], implemented a formal analysis based on the matched asymptotics techniques and
predicted the existence of blow-up solutions of the form

u(t, r)∼ Q
(

r
λ(t)

)
(1-11)
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with blow-up speed governed by the quantized rates

λ(t)∼
(T − t)L

|log(T − t)|2L/(2L−1) , L ∈ N∗.

We will further discuss the presence of quantized rates which is reminiscent of the classification of type
II blow-up for the supercritical nonlinear heat equation [Mizoguchi 2007].

We completely revisited the blow-up analysis in [Raphaël and Schweyer 2013] by adapting the strategy
developed in [Raphaël and Rodnianski 2012; Merle et al. 2011] for the study of wave and Schrödinger
maps, with two main new approaches:

• We completely avoid the formal matched asymptotics approach and replace it by an elementary
derivation of an explicit and universal system of ODE’s which drives the blow-up speed. A similar
simplification further occurred in related critical settings; see in particular [Raphaël and Schweyer
2014].

• We designed a robust universal energy method to control the solution in the blow-up regime, which
applies both to parabolic and dispersive problems. In particular, we aim to make no use of the
maximum principle.

These techniques led to [Raphaël and Schweyer 2013] the construction of an open set of corotational
initial data arbitrarily close to the ground state harmonic map in the energy-critical topology such that the
corresponding solution to (1-5) bubbles off a harmonic map according to (1-11) at the speed

λ(t)∼
T − t

|log(T − t)|2
, that is, L = 1.

This is the stable2 blow-up regime.

Statement of the result. Our main claim in this paper is that the analysis in [Raphaël and Schweyer 2013]
can be further extended to exhibit the unstable modes which are responsible for a discrete sequence of
quantized slow blow-up rates.

Theorem 1.1 (excited slow blow-up dynamics for the 1-corotational heat flow). Let k = 1 and g satisfy
(1-3). Let Q be the least energy harmonic map. Let L ∈ N∗. Then there exists a smooth corotational
initial data u0(r) such that the corresponding solution to (1-5) blows up in finite time T = T (u0) > 0 by
bubbling off a harmonic map

∇u(t, r)−∇Q
(

r
λ(t)

)
→∇u∗ in L2 as t→ T (1-12)

at the excited rate

λ(t)= c(u0)(1+ ot→T (1))
(T − t)L

|log(T − t)|2L/(2L−1) , c(u0) > 0. (1-13)

Moreover, u0 can be taken arbitrarily close to Q in the energy-critical topology.

2In the presence of corotational symmetry, blow-up dynamics are expected to be unstable by rotation under general
perturbations; see [Merle et al. 2011].
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Comments on the result. 1. Regularity of the asymptotic profile. Arguing as in [Raphaël and Schweyer
2013] and using the estimates of Proposition 3.1, one can directly relate the rate of blow-up (1-13) to the
regularity of the remaining excess of energy, in the sense that u∗ exhibits an H L+1 regularity is some
suitable Sobolev sense; see Remark 4.1. See also [Merle and Raphaël 2005b] for a related phenomenon
in the dispersive setting.

2. Stable and excited blow-up rates. The case L = 1 is treated in [Raphaël and Schweyer 2013] and
corresponds to stable blow-up. For L ≥ 2, the set of initial data leading to (1-13) is of codimension (L−1)
in the following sense: there exist fixed directions (ψi )2≤i≤L such that, for any suitable perturbation ε0 of
Q, there exist (ai (ε0))2≤i≤L ∈ RL−1 such that the solution to (1-5) with data

Q+ ε0+

L∑
i=2

ai (ε0)ψi

blows up in finite time with the blow-up speed (1-13). Building a smooth manifold would require proving
local uniqueness and smoothness of the flow ε0 7→ ai (ε0))2≤i≤L , which is a separate problem; see, for
example, [Krieger and Schlag 2009] for an introduction to this kind of issue. The control of the unstable
modes relies on a classical soft and powerful Brouwer type topological argument in continuation of [Côte
et al. 2011; Côte and Zaag 2013; Hillairet and Raphaël 2012].

3. On quantized blow-up rates. There is an important formal and rigorous literature on the existence of
quantized blow-up rates for parabolic problems. In the pioneering works [Herrero and Velázquez 1994;
Filippas et al. 2000], the authors predicted the existence of a sequence of quantized blow-up rates for the
supercritical power nonlinearity heat equation

∂t u =1u+ u p, x ∈ Rd , p > p(d), d < 7,

and this sequence is in one to one correspondence with the spectrum of the linearized operator close to
the explicit singular self similar solution. After this formal work, and using the a priori bounds on radial
type II blow-up solutions of Matano and Merle [2009; 2004], Mizogushi completely classified the radial
data type II blow-up according to these quantized rates. Note that Mizogushi finishes the classification
using the Matano–Merle a priori estimates on threshold dynamics, which heavily rely on the maximum
principle, but the argument is not constructive. One of the main points of our work is to revisit the formal
derivation of the sequence of blow-up rates and to relate it not to a spectral problem, but to the structure of
the resonances of the linearized operator H close to Q and of its iterates, that is, the growing solutions to

H k Tk = 0, k ∈ N∗.

In particular, we show how the dynamics of tails as initiated in [Raphaël and Rodnianski 2012; Merle et al.
2011] lead to a universal dynamical system driving the blow-up speed, which admits unstable solutions
(1-13) corresponding to a codimension (L − 1) set of initial data. Another by-product of this analysis is
the first explicit construction of type II blow-up for the energy-critical nonlinear heat equation [Schweyer
2012].
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4. Classification of the flow near Q. The question of the classification of the flow near the harmonic map,
and more generally near the ground state solitary wave in nonlinear evolution problems, has attracted
considerable attention recently; see, for example, [Raphaël 2013]. This program has been concluded for
the mass-critical (gKdV) equation in [Martel et al. 2012a; 2012b; 2012c], where it is shown that, provided
the data is taken close enough to the ground state in a suitable topology which is strictly smaller than
the energy norm, the blow-up dynamics are completely classified. In contrast, arbitrarily slow blow-up
can be achieved for large deformations of the ground state in this restricted sense. The existence of
such slow blow-up regimes remains however open in many important instances, in particular for the
mass-critical NLS equation; see [Merle et al. 2013] for a further introduction to this delicate problem. For
energy-critical problems like wave or Schrödinger maps, Krieger et al. [2008] showed that arbitrarily slow
blow-up can be achieved, but the known examples so far are never C∞ smooth. The structure of the flow
near Q is also somewhat mysterious, and various new kinds of global dynamics have been constructed;
see [Donninger and Krieger 2013; Bejenaru and Tataru 2014]. One of the new results of our analysis
in this paper is to show the essential role played by the control of higher order Sobolev norms, which
provide a new topology to measure the distance to the solitary wave which is sharp enough to see all
the blow-up regimes (1-13). The control of these norms acts in the energy method as a replacement of
the counting of the number of intersections of the solution with the ground state, which, in the parabolic
setting, plays an essential role for the classification of the blow-up dynamics [Mizoguchi 2007], but relies
in an essential way on maximum principle techniques. We believe that the blow-up solutions we construct
in this paper are the building blocks to classify the blow-up dynamics near the ground state in a suitable
topology.

5. Extension to dispersive problems. We treat in this paper the parabolic problem, but the robustness
of our approach has been shown in [Raphaël and Rodnianski 2012; Merle et al. 2011], which treat
the dispersive wave and Schrödinger maps with S2 target. We expect that similar constructions can be
performed there as well to produce arbitrarily slow C∞ blow-up solutions with quantized rate, hence
completing the analysis of these excited regimes, which started in the seminal work [Krieger et al. 2008].

Notations. We introduce the differential operator

3 f = y · ∇ f (energy-critical scaling).

Given a parameter λ > 0, we let
uλ(r)= u(y) with y =

r
λ
.

Given a positive number b1 > 0, we let

B0 =
1
√

b1
, B1 =

|log b1|
√

b1
. (1-14)

We let χ be a positive nonincreasing smooth cut-off function with

χ(y)=
{

1 for y ≤ 1,
0 for y ≥ 2.
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Given a parameter B > 0, we denote

χB(y)= χ
(

y
B

)
. (1-15)

We shall systematically omit the measure in all radial two dimensional integrals and note that∫
f =

∫
+∞

0
f (r)r dr.

Given a p-uplet J = ( j1, . . . , jp) ∈ Np, we introduce the norms

|J |1 =
p∑

k=1

jk, |J |2 =
p∑

k=1

k jk . (1-16)

We note that

Bd(R)=
{

x ∈ Rd , |x | =
( d∑

i=1

x2
i

)1
2

≤ R
}
.

Strategy of the proof. Let us give brief insight into the strategy of the proof of Theorem 1.1.

(i). Renormalized flow and iterated resonances. Let us look for a modulated solution u(t, r) of (1-5) in
renormalized form

u(t, r)= v(s, y), y =
r
λ(t)

,
ds
dt
=

1
λ2(t)

, (1-17)

which leads to the self-similar equation

∂sv−1v+ b13v+
f (v)
y2 = 0, b1 =−

λs

λ
. (1-18)

We know from theoretical ground that if blow-up occurs, v(s, y)= Q(y)+ε(s, y) for some small ε(s, y),
and hence the linear part of the ε flow is governed by the Schrödinger operator

H =−1+
f ′(Q)

y2 .

The energy-critical structure of the problem induces an explicit resonance

H(3Q)= 0,

where from explicit computation,

3Q ∼ 2
y

as y→∞. (1-19)

More generally, the iterates of the kernel of H computed iteratively through the scheme

H Tk+1 =−Tk, T0 =3Q, (1-20)

display a nontrivial tail at infinity:

Tk(y)∼ y2k−1(ck log y+ dk) for y� 1. (1-21)
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(ii). Tail dynamics. We now generalize the approach developed in [Raphaël and Rodnianski 2012; Merle
et al. 2011] and claim that (Tk)k≥1 correspond to unstable directions which can be excited in a universal
way. To see this, let us look for a slowly modulated solution to (1-18) of the form v(s, y) = Qb(s)(y)
with

b = (b1, . . . , bL), Qb = Q(y)+
L∑

i=1

bi Ti (y)+
L+2∑
i=2

Si (y) (1-22)

and with a priori bounds
bi ∼ bi

1, |Si (y)|. bi
1 yCi ,

so that Si is in some sense homogeneous of degree i in b1. Our strategy is the following: choose the
universal dynamical system driving the modes (bi )1≤i≤L which generates the least growing in space
solution Si . Let us illustrate the procedure.

O(b1). We do not adjust the law of b1 for the first term.3 We therefore obtain from (1-18) the equation

b1(H T1+3Q)= 0.

O(b2
1, b2). We obtain

(b1)s T1+ b2
13T1+ b2 H T2+ H S2 = b2

1 N L(T1, Q),

where N L(T1, Q) corresponds to nonlinear interaction terms. When considering the far away tail (1-21),
we have, for y large,

3T1 ∼ T1, H T2 =−T1,

and thus
(b1)s T1+ b2

13T1+ b2 H T2 ∼ ((b1)s + b2
1− b2)T1.

Hence the leading order growth is canceled by the choice

(b1)s + b2
1− b2 = 0. (1-23)

We then solve for
H S2 =−b2

1(3T1− T1)+ N L(T1, Q)

and check that S2� b2
1T1 for y large.

O(bk+1
1 , bk+1). At the k-th iteration, we obtain an elliptic equation of the form

(bk)s Tk + b1bk3Tk + bk+1 H Tk+1+ H S1 = bk+1
1 N Lk(T1, . . . , Tk, Q).

From (1-21), we have, for tails,
3Tk ∼ (2k− 1)Tk,

and therefore

(bk)s Tk + b1bk3Tk + bk+1 H Tk+1 ∼ ((bk)s + (2k− 1)b1bk − bk+1)Tk .

3If (b1)s =−c1b1, then −λs/λ∼ b1 ∼ e−c1s , and hence after integration in time, |log λ|. 1 and there is no blow-up.
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The cancellation of the leading order growth occurs for

(bk)s + (2k− 1)b1bk − bk+1 = 0.

We then solve for the remaining Sk+1 term and check that Sk+1� bk+1
1 Tk+1 for y large.

(iii). The universal system of ODE’s. The above approach leads to the universal system of ODE’s which
we stop after the L-th iterate:

(bk)s + (2k− 1)b1bk − bk+1 = 0, 1≤ k ≤ L , bL+1 ≡ 0, −
λs

λ
= b1. (1-24)

It turns out, and this is classical for critical problems, that an additional logarithmic gain related to the
growth (1-21) can be captured, and this turns out to be essential for the analysis.4 This leads to the sharp
dynamical system

(bk)s +

(
2k− 1+

2
|log b1|

)
b1bk − bk+1 = 0, 1≤ k ≤ L , bL+1 ≡ 0,

−
λs

λ
= b1,

ds
dt
=

1
λ2 .

(1-25)

It is easily seen (see Lemma 2.14) that (1-25) rewritten in the original t time variable admits solutions such
that λ(t) touches 0 in finite time T with the asymptotic (1-13). Equivalently in renormalized variables,

λ(s)∼
(log s)|d1|

sc1
, b(s)∼

c1

s
with c1 =

L
2L − 1

, d1 =
−2L

(2L − 1)2
. (1-26)

Moreover (see Lemma 2.15), the corresponding solution is stable for L = 1. This is the stable blow-up
regime, and unstable with (L − 1) directions of instabilities for L ≥ 2.

(iv). Decomposition of the flow and modulation equations. Let the approximate solution Qb be given by
(1-22), which by construction generates an approximate solution to the renormalized flow (1-18):

9b = ∂s Qb−1Qb+ b3Qb+
f (Qb)

y2 =Mod(t)+ O(b2L+2),

where, roughly,

Mod(t)=
L∑

i=1

[
(bi )s +

(
2i − 1+

2
|log b1|

)
b1bi − bi+1

]
Ti .

We localize Qb in the zone y ≤ B1 to avoid the irrelevant growing tails for y� 1/
√

b1. We then pick an
initial data of the form

u0(y)= Qb(y)+ ε0(y), |ε0(y)| � 1

4See, for example, [Raphaël and Rodnianski 2012] for further discussion.
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in some suitable sense where b(0) is chosen initially close to the exact excited solution to (1-24). From
standard modulation argument, we dynamically introduce a modulated decomposition of the flow

u(t, r)= (Qb(t)+ ε)

(
t,

r
λ(t)

)
= (Qb(t))

(
t,

r
λ(t)

)
+w(t, r), (1-27)

where the L + 1 modulation parameters (b(t), λ(t)) are chosen in order to manufacture the orthogonality
conditions

(ε(t), H k8M)= 0, 0≤ k ≤ M. (1-28)

Here 8M(y) is some fixed direction depending on some large constant M which generates an approxima-
tion of the kernel of the iterates of H ; see (3-7). This orthogonal decomposition, which, for each fixed
time t, directly follows from the implicit function theorem, now allows us to compute the modulation
equations governing the parameters (b(t), λ(t)). The Qb construction is precisely manufactured to
produce the expected ODE’s:5∣∣∣∣λs

λ
+ b1

∣∣∣∣+ L∑
i=1

∣∣∣∣(bi )s +

(
2i − 1+

2
|log b1|

)
b1bi − bi+1

∣∣∣∣. ‖ε‖loc+ b
L+ 3

2
1 , (1-29)

where ‖ε‖loc measures a local-in-space interaction with the harmonic map.

(v). Control of the radiation and monotonicity formula. According to (1-29), the core of our analysis
is now to show that local norms of ε are under control and do not perturb the dynamical system (1-24).
This is achieved using high order Sobolev norms adapted to the linear flow, and in particular we claim
that the orthogonality conditions (1-28) ensure the Hardy type coercivity of the iterated operator

E2k+2 =

∫
|H k+1ε|2 &

∫
|ε|2

(1+ y4k+4)(1+ |log y|2)
, 0≤ k ≤ L .

We now claim the we can control theses norms thanks to an energy estimate seen on the linearized
equation in original variables, that is, by working with w in (1-27) and not ε, as initiated in [Raphaël and
Rodnianski 2012; Merle et al. 2011]. Here the parabolic structure of the problem simplifies the analysis
and displays a repulsive property of the renormalized linearized operator; see the proof of (3-48). The
outcome is an estimate of the form

d
ds

{
E2k+2

λ4k+2

}
.

b2k+3
1

λ4k+2 |log b1|
ck , (1-30)

where the right hand side is controlled by the size of the error in the construction of the approximate
blow-up profile. Integrating this in time yields two contributions, one from data and one from the error:

E2k+2(s). λ4k+2(s)E2k+2(0)+ λ4k+2(s)
∫ s

s0

b2k+3
1

λ4k+2 |log b1|
ck dσ.

5See Lemma 3.3.
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The second contribution is estimated in the regime (1-26) using the fundamental algebra

(2k+ 3)− c1(4k+ 2)= 1+
2(L − k− 1)

2L − 1

{
≥ 1 for k ≤ L − 1,
< 1 for k = L .

(1-31)

Hence data dominates for k ≤ L − 1 up to a logarithmic error

λ4k+2(s)
∫ s

s0

b2k+3
1

λ4k+2 |log b1|
ck dσ ∼ λ4k+2(log s)C

∫ s

s0

dσ
σ 2k+3−c1(4k+2) ∼ λ

4k+2(log s)C ,

which yields the bound

E2k+2 . λ
4k+2
|log s|C , 0≤ k ≤ L − 1, (1-32)

which simply expresses the boundedness up to a log of w in some Sobolev type H k+1 norm. On the other
hand, for k = L , we can first derive a sharp logarithmic gain in (1-30),

d
ds

{
E2L+2

λ4k+2

}
.

b2L+3
1

λ4L+2|log b1|2
, (1-33)

and then the integral diverges from (1-31) and

λ4k+2(s)
∫ s

s0

b2L+3
1

λ4L+2|log b1|2
dσ ∼ λ4k+2(s)

∫ s

s0

1
σ

b2L+2
1

λ4L+2|log b1|2
dσ ∼

b2L+2
1

|log b1|2
� λ4k+2.

We therefore obtain

E2L+2 .
b2L+2

1

|log b1|2
. (1-34)

The difference between the controls (1-32) for 0≤ k ≤ L − 1 and the sharp control (1-34) is an essential
feature of the analysis and explains the introduction of an exactly order L + 1 Sobolev energy.

We can now reinject this bound into (1-29) and, thanks to the logarithmic gain in (1-33), show that
ε does not perturb the system (1-25), modulo the control of the associated unstable L − 1 modes by a
further adjusted choice of the initial data. This concludes the proof of Theorem 1.1.

This paper is organized as follows. In Section 2, we construct the approximate self-similar solutions
Qb and obtain sharp estimates on the error term 9b. We also exhibit an explicit solution to the dynamical
system (1-25) and show that it displays (L − 1) directions of instability. In Section 3, we set up the
bootstrap argument in Proposition 3.1 and derive the fundamental monotonicity of the Sobolev-type norm
‖H L+1ε‖2L2 in Proposition 3.6, which is the heart of the analysis. In Section 4, we close the bootstrap
bounds, which easily imply the blow-up statement of Theorem 1.1.

2. Construction of the approximate profile

This section is devoted to the construction of the approximate Qb blow-up profile and the study of the
associated dynamical system for b = (b1, . . . , bL).
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The linearized Hamiltonian. Let us start by recalling the structure of the harmonic map Q, which is the
unique up-to-scaling solution to

3Q = g(Q), Q(0)= 0, lim
r→+∞

Q(r)= π. (2-1)

This equation can be integrated explicitly.6 Q is smooth Q ∈C∞([0,+∞), [0, π)) and using (1-3) admits
a Taylor expansion7 to all order at the origin,

Q(y)=
p∑

i=0

ci y2i+1
+ O(y2p+3) as y→ 0, (2-2)

and at infinity,

Q(y)= π −
2
y
−

p∑
i=1

di

y2i+1 + O
(

1
y2p+3

)
as y→+∞. (2-3)

The linearized operator close to Q displays a remarkable structure. Indeed, let the potentials

Z = g′(Q), V = Z2
+3Z = f ′(Q), Ṽ = (1+ Z)2−3Z , (2-4)

which, from (2-2),(2-3), satisfy the following behavior at 0,+∞:

Z(y)=


1+

∑p

i=1
ci y2i
+ O(y2p+2) as y→ 0,

−1+
∑p

i=1

ci

y2i + O
(

1
y2p+2

)
as y→+∞,

(2-5)

V (y)=


1+

∑p

i=1
ci y2i
+ O(y2p+2) as y→ 0,

1+
∑p

i=1

ci

y2i + O
(

1
y2p+2

)
as y→+∞,

(2-6)

Ṽ (y)=


4+

∑p

i=1
ci y2i
+ O(y2p+2) as y→ 0,∑p

i=1

ci

y2i + O
(

1
y2p+2

)
as y→+∞,

(2-7)

where (ci )i≥1 stands for some generic sequence of constants which depend on the Taylor expansion of g
at (0, π). The linearized operator close to Q is the Schrödinger operator

H =−1+
V
y2 . (2-8)

and admits the factorization
H = A∗A (2-9)

with

A =−∂y +
Z
y
, A∗ = ∂y +

1+ Z
y

, Z(y)= g′(Q).

6See [Raphaël and Schweyer 2013] for more details.
7up to scaling
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Observe that, equivalently,

Au =−3Q
∂

∂y

(
u
3Q

)
, A∗u =

1
y3Q

∂

∂y
(uy3Q), (2-10)

and thus the kernels of A and A∗ on R∗
+

are explicit:

Au = 0 if and only if u ∈ Span(3Q), A∗u = 0 if and only if u ∈ Span
(

1
y3Q

)
. (2-11)

Hence the kernel of H on R∗
+

is

Hu = 0 if and only if u ∈ Span(3Q, 0) (2-12)

with

0(y)=3φ
∫ y

1

dx
x(3φ(x))2

=


O
(1

y

)
as y→ 0,

y
4
+ O

(
log y

y

)
as y→+∞.

(2-13)

In particular, H is a positive operator on Ḣ 1
rad with a resonance 3Q at the origin induced by the energy-

critical scaling invariance. We also introduce the conjugate Hamiltonian

H̃ = AA∗ =−1+
Ṽ
y2 , (2-14)

which is definite positive by construction and (2-11); see Lemma B.2.

Admissible functions. Explicit knowledge of the Green’s functions allows us to introduce the formal
inverse

H−1 f =−0(y)
∫ y

0
f3Qx dx +3Q(y)

∫ y

0
f 0x dx . (2-15)

Given a function f , we introduce the suitable derivatives of f by considering the sequence

f0 = f, fk+1 =

{
A∗ fk for k odd,
A fk for k even,

k ≥ 0. (2-16)

We shall introduce the formal notation
fk =Ak f.

We define a first class of admissible functions which display a suitable behavior both at the origin and
infinity.

Definition 2.1 (admissible functions). We say a smooth function f ∈ C∞(R+,R) is admissible of degree
(p1, p2) ∈ N×Z if

(i) f admits a Taylor expansion at the origin to all order

f (y)=
p∑

k=p1

ck y2k+1
+ O(y2p+3); (2-17)
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(ii) f and its suitable derivatives admit a bound, for y ≥ 2,

for all k ≥ 0, | fk(y)|.
{

y2p2−k−1(1+ |log y|) for 2p2− k ≥ 1,
y2p2−k−1 for 2p2− k ≤ 0.

(2-18)

H naturally acts on the class of admissible functions in the following way.

Lemma 2.2 (action of H and H−1 on admissible functions). Let f be an admissible function of degree
(p1, p2). Then

(i) for all l ≥ 1, H l f is admissible of degree

(max(p1− l, 0), p2− l), (2-19)

(ii) for all l, p2 ≥ 0, H−l f is admissible of degree

(p1+ l, p2+ l). (2-20)

Proof of Lemma 2.2. This a simple consequence of the expansions (2-2), (2-3).
Let us first show that H f is admissible of degree at least (max(p1−1, 1), p2−1), which yields (2-19)

by induction. We inject the Taylor expansions (2-17), (2-18) into (2-8). Near the origin, the claim directly
follows from the Taylor expansion (2-6) and the cancellation H(y)= cy+O(y3) at the origin. The claim
at infinity directly follows from the relation uk = fk+2 by definition.

Now let p2 ≥ 0 and u = H−1 f be given by (2-15), and let us show that u is admissible of degree at
least (p1+ 1, p2+ 1), which yields (2-20) by induction. From the relation uk = fk−2 for k ≥ 2, we need
only consider k = 0, 1. We first observe from the Wronskian relation 0′(3Q)− (3Q)′0 = 1/y that

A0 =−0′+
Z
y
0 =−0′+

(3Q)′

3Q
0 =−

1
y3Q

.

Thus, using the cancellation A3Q = 0, we compute

Au =−A0
∫ y

0
f3Qx dx =

1
y3Q

∫ y

0
f3Qx dx . (2-21)

Moreover, we may invert A using (2-10) and the boundary condition u = O(y3) from (2-15), which
yields

u =−3Q
∫ y

0

Au
3Q

dx =−3Q(y)
∫ y

0

dx
x(3Q(x))2

∫ x

0
f (z)3Q(z)z dz. (2-22)

Using (2-2), this yields the Taylor expansion near the origin:

Au =
p∑

k=p1

c(1)k y2k+2
+ O(y2p+4), u =−3Q

∫ y

0

Au
3Q

dx =
p∑

k=p1

c(2)k y2k+3
+ O(y2p+5),
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and hence u is of degree at least p1+1 near the origin. For y ≥ 1, from (2-21), (2-22), (2-18), we estimate
by brute force, for p2 ≥ 1,

|Au| = |u1|.
∫ y

0
τ 2p2−1(1+ |log τ |) dτ . y2p2(1+ |log y|),

|u|.
1
y

∫ y

0
τ 2p2(1+ |log τ |)τ dτ . y2p2+1(1+ |log y|),

and, for p2 = 0,

|Au| = |u1|.
∫ y

1
τ−1 dτ . 1+ |log y|,

|u|.
1
y

∫ y

0
(1+ |log τ |)τ dτ . y(1+ |log y|).

Hence u satisfies (2-18) with p2→ p2+ 1 and k = 0, 1. �

Let us give an explicit example of admissible functions which will be essential for the analysis. From
(2-2) and the cancellation A3Q = 0, 3Q is admissible of degree (0, 0), and hence Lemma 2.2 ensures
the following.

Lemma 2.3 (generators of the kernel of H i ). Let the sequence of profiles for i ≥ 1 be

Ti = (−1)i H−i3Q. (2-23)

Then Ti is admissible of degree (i, i).

b1-admissible functions. We will need an extended notion of admissible functions for the construction
of the blow-up profile. In the sequel, we consider a small enough 0< b1� 1 and let B0, χB0 be given by
(1-14), (1-15). Given l ∈ Z, we let

gl(b1, y)=


1+ |log(

√
b1 y)|

|log b1|
1y≤3B0 for l ≥ 1,

1y≤3B0

|log b1|
for l ≤ 0,

(2-24)

and, similarly,

g̃l(b1, y)=


1+ |log y|
|log b1|

1y≤3B0 for l ≥ 1,

1y≤3B0

|log b1|
for l ≤ 0.

(2-25)

We then define the extended class of b1-admissible functions.

Definition 2.4 (b1-admissible functions). We say a smooth function f ∈C∞(R∗
+
×R+,R) is b1-admissible

of degree (p1, p2) ∈ N×Z if the following hold:

(i) For y ≤ 1, f admits a representation

f (b1, y)=
J∑

j=1

h j (b1) f̃ j (y) (2-26)
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for some finite order J ∈ N∗, some smooth functions f̃ j (y) with a Taylor expansion at the origin to
all order, for all y ≤ 1,

f̃ j (y)=
p∑

k=p1

ck, j y2k+1
+ O(y2p+3), (2-27)

and some smooth functions h j (b1) away from the origin with

for all l ≥ 0,
∣∣∣∣∂ lh j

∂bl
1

∣∣∣∣. 1
bl

1
. (2-28)

(ii) The function f and its suitable derivatives (2-16) satisfy a uniform bound for some constant cp2 > 0:
for all y ≥ 2 and all k ≥ 0,

| fk(b1, y)|. y2p2−k−1g2p2−k(b1, y)+ y2p2−k−3
|log y|cp2 + Fp2,k,0(b1)y2p2−k−31y≥3B0, (2-29)

and, for all l ≥ 1,∣∣∣∣ ∂ l

∂bl
1

fk(b1, y)
∣∣∣∣

.
1

bl
1|log b1|

{
y2p2−k−1g̃2p2−k(b1, y)+ y2p2−k−3

|log y|cp2
}
+ Fp2,k,l(b1)y2p2−k−31y≥3B0, (2-30)

where, for all l ≥ 0,

Fp2,k,l(b1)=

{
0 for 2p2− k− 3≤−1,
1/(bl+1

1 |log b1|) for 2p2− k− 3≥ 0.
(2-31)

Remark 2.5. Let us consider the solution T1 to

H T1 =−3Q.

An explicit computation reveals the growth for y large

3Q ∼ 1
y
, T1(y)∼ y log y.

The b1-admissibility corresponds to a log b1 gain on the growth at∞, which is an essential feature of the
slowly growing tails in the construction of the modulated blow-up profile in Proposition 2.12. Observe for
example that (2-29), (2-31) imply the rough bound

| fk |. (1+ y)2p2−1−k,

∣∣∣∣∂ l fk

∂bl
1

∣∣∣∣. (1+ y)2p2−1−k

|log b1|
, k ≥ 0, l ≥ 1, (2-32)

and hence a logarithmic improvement with respect to (2-18). This gain will be measured in a sharp way
through the computation of suitable weighted Sobolev bounds; see Lemma 2.8.

We claim that H, H−1 and the scaling operators naturally act on the class of b1-admissible functions
in the following way.
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Lemma 2.6 (action of H , H−1 and scaling operators on b1-admissible functions). Let f be a b1-admissible
function of degree (p1, p2). Then we get:

(i) For all l ≥ 1, H l f is b1-admissible of degree

(max(p1− l, 0), p2− l). (2-33)

(ii) For all l, p2 ≥ 1, H−l f is b1-admissible of degree

(p1+ l, p2+ l). (2-34)

(iii) 3 f = y∂y f is admissible of degree (p1, p2).

(iv) b1∂ f/(∂b1) is admissible of degree (p1, p2).

Proof of Lemma 2.6. Proof of (i). We show that u=H f is b1-admissible of degree (max(p1−1, 0), p2−1),
which yields (2-33) by induction. Near the origin, the claim directly follows from the Taylor expansion
(2-27) with (2-26) and the cancellation H(y)= cy+ O(y3) at the origin. For y ≥ 1, H is independent of
b1 so that, by definition,

for all l ≥ 0,
∂ luk

∂bl
1
=
∂ l fk+2

∂bl
1
,

which satisfies (2-29), (2-30), (2-31) with p2→ p2−1 and Fp2−1,k,l(b1)= Fp2,k+2,l(b1). Equation (2-33)
follows.

Proof of (ii). Now let p2 ≥ 1 and let us show that u = H−1 f is admissible of degree (p1+ 1, p2+ 1),
which yields (2-34) by induction. Observe that, for k ≥ 2 and all l ≥ 0,

∂ luk

∂bl
1
=
∂ l fk−2

∂bl
1
,

which satisfies (2-29), (2-30), (2-31) with p2→ p2+ 1 and Fp2+1,k,l(b1) = Fp2,k−2,l(b1). It thus only
remains to estimate u, Au, and their derivatives in b1.

Estimate for u near the origin. The inversion formulas (2-21), (2-22) ensure the decomposition of variables
near the origin

u(b1, y)=
J∑

j=1

h j (b1)ũ j (y),

where, using (2-2) the Taylor expansion near the origin,

Aũ j =

p∑
k=p1

c(1)k, j y2k+2
+ O(y2p+4), ũ j =−3Q

∫ y

0

Aũ j

3Q
dx =

p∑
k=p1

c(2)k, j y2k+3
+ O(y2p+5).

Hence u is of degree at least p1+ 1 near the origin.
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Estimate for u1 = Au for y ≥ 1. We use the formula (2-21) and the assumption p2 ≥ 1 to estimate, for
1≤ y ≤ 3B0,

|Au|.
∫ y

0
| f | dτ .

∫ y

0
[τ 2p2−1g2p2−1(b1, τ )+ τ

2p2−3
|log τ |cp2 ] dτ

.
1

bp2
1 |log b1|

∫ √b1 y

0
σ 2p2−1(1+ |log σ |) dσ + O(y2p2−2

|log y|1+cp2 )

. y2p2
1+ |log(

√
b1 y)|

|log b1|
+ y2p2−2

|log y|1+cp2

= y2(p2+1)−2g2(p2+1)−1(b1, y)+ y2(p2+1)−4
|log y|1+cp2 ,

and, for y ≥ 3B0,

|Au|.
∫ y

0
| f | dτ .

∫ 3B0

0
τ 2p2−1g1(b1, τ ) dτ +

∫ y

3B0

Fp2,0,0(b1)τ
2p2−3 dτ + O(y2p2−2

|log y|1+cp2 )

.
1

bp2
1 |log b1|

+

∫ y

3B0

Fp2,0,0(b1)τ
2p2−3 dτ + O(y2p2−2

|log y|1+cp2 ).

If p2 = 1, which is the borderline case 2p2− 3=−1, then Fp2,0,0 = 0, and we thus get the bound, for all
p2 ≥ 1, y ≥ 3B0,

|Au|. y2p2−2
(

1
b1|log b1|

+ Fp2,0,0(b1)

)
+ y2p2−2

|log y|1+cp2

.
1

b1|log b1|
y2p2−2

+ y2(p2+1)−4
|log y|1+cp2 ,

and (2-31) is satisfied for (p2→ p2+ 1, k = 1) thanks to 2(p2+ 1)− 1− 3≥ 0.
We now pick l ≥ 1. H is independent of b1, so

H
(
∂ lu
∂bl

1

)
=
∂ l f
∂bl

1
,

and therefore, from (2-21), we compute

∂ lu1

∂bl
1
=

1
y3Q

∫ y

0
3Q

∂ l f
∂bl

1
x dx .

This yields the bound, for |y| ≤ 3B0,∣∣∣∣∂ lu1

∂bl
1

∣∣∣∣. ∫ y

0

1
bl

1|log b1|
{y2p2−1g̃2p2−1(b1, y)+ y2p2−3

|log y|cp2 } dy

.
1

bl
1|log b1|

[y2p2 g̃1(b1, y)+ y2p2−2
|log y|cp2+1

]

=
1

bl
1|log b1|

[y2(p2+1)−2g̃2(p2+1)−1(b1, y)+ y2(p2+1)−4
|log y|cp2+1

],
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and, for |y| ≥ 3B0,∣∣∣∣∂ lu1

∂bl
1

∣∣∣∣. 1
bl

1|log b1|

[
1

bp2
1
+ y2p2−2

|log y|cp2+1
]
+

∫ y

3B0

Fp2,0,l(b1)y2p2−3 dy.

Again, if p2 = 1, then Fp2,0,l = 0, and we therefore obtain the bound, for all p2 ≥ 1,∣∣∣∣∂ lu1

∂bl
1

∣∣∣∣. y2p2−2
[

1

bl+1
1 |log b1|

+ Fp2,0,l(b1)

]
+

y2p2−2
|log y|cp2+1

bl
1|log b1|

.
y2(p2+1)−1−3

bl+1
1 |log b1|

+
1

bl
1|log b1|

y2(p2+1)−1−3
|log y|cp2+1,

and (2-31) is satisfied for (p2→ p2+ 1, k = 1) thanks to 2(p2+ 1)− 1− 3≥ 0.

Estimate for u. Now, from the above bounds and (2-22), for 1≤ y ≤ 3B0 we estimate

|u|.
1
y

∫ y

0
|Au|τ dτ .

1
y

∫ y

0
[τ 2p2+1g2p2+1(b1, τ )+ τ

2p2−1
|log τ |1+cp2 ] dτ

. y2p2+1 1+ |log(
√

b1 y)|
|log b1|

+ y2p2−1
|log y|2+cp2

= y2(p2+1)−1g2(p2+1)(b1, y)+ y2(p2+1)−3
|log y|2+cp2

and for y ≥ 3B0 we estimate

|u|.
1
y

[∫ 3B0

0
τ 2p2+1g(b1, τ ) dτ +

∫ y

3B0

Fp2+1,1,0(b1)τ
2p2−1 dτ

]
+ y2(p2+1)−3

|log y|2+cp2

. y2p2−1
[

1
b1|log b1|

]
+ y2(p2+1)−3

|log y|2+cp2 ,

which satisfies (2-29) for (p2 → p2 + 1, k = 0) thanks to 2(p2 + 1)− 3− 1 ≥ 0. Finally, for l ≥ 1,
1≤ y ≤ 3B0,∣∣∣∣ ∂ lu

∂bl
1

∣∣∣∣. 1
y

∫ y

0

∣∣∣∣∂ lu1

∂bl
1

∣∣∣∣τ dτ .
1

ybl
1|log b1|

∫ y

0
[τ 2p2+1g̃2p2+1(b1, τ )+ τ

2p2−1
|log τ |1+cp2 ] dτ

.
1

bl
1|log b1|

[y2(p2+1)−1g̃2(p2+1)(b1, y)+ y2(p2+1)−3
|log y|cp2+1

],

and, for y ≥ 3B0,∣∣∣∣ ∂ lu
∂bl

1

∣∣∣∣. 1
y

[∫ 3B0

0

τ 2p2+1g̃1(b1, τ )

bl
1|log b1|

dτ +
∫ y

3B0

Fp2+1,1,l(b1)τ
2p2−1 dτ

]
+

y2(p2+1)−3
|log y|2+cp2

bl
1|log b1|

.
y2(p2+1)−3

bl+1
1 |log b1|

+
y2(p2+1)−3

|log y|2+cp2

bl
1|log b1|

.

Hence u is b1-admissible of degree (p1+ 1, p2+ 1).
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Proof of (iii) and (iv). The property (iv) is a direct consequence of the definition of b1 admissible functions
(Definition 2.4) and the trivial bound

g̃l(b1, y)
|log b1|

|. gl(b1, y).

We now turn to the proof of (iii). First we rewrite the scaling operator as

3= y∂y =−I d − y A+ (1+ Z).

Near the origin, the existence of the decomposition (2-26) follows directly from the even parity of the
Taylor expansion of Z at the origin (2-5). Far out, let

3 f =− f − y f1+ (1+ Z) f.

A simple induction argument similar to Lemma D.1 yields the expansion for k ≥ 1,

(y f1)k = ck+1 y fk+1+ ck+2 fk +

k∑
i=1

Pk,i (y) fi , (2-35)

with the improved decay

|∂ l
y Pk,i (y)|.

1
1+ y2+l+k−i for all l ≥ 0, y ≥ 1. (2-36)

We therefore obtain from (2-32), (2-35), (2-36), (2-5) the bound

|(3 f )k |. |y fk+1| + | fk | +

k∑
i=0

1
y2+k−i y2p2−i−1

. y2p2−k−1(g2p2−(k+1)+ g2p2−k)+ y2p2−k−3
|log y|cp2 + (Fp2,k,0+ Fp2,k+1,0)y2p2−k−31y≥3B0 .

We now observe the monotonicity g2p2−k−1 . g2p2−k from (2-24) and Fp2,k+1,0 . Fp2,k,0 from (2-31),
and thus (3 f )k satisfies (2-30), (2-31) for l = 0. Similarly, for k ≥ 0, l ≥ 1, we use the bound, for y & B0,

y2p2−k−5
|Fp2,i,l(b1)|.

y2p2−k−5

bl+1
1 |log b1|

.
y2p2−k−3

bl
1|log b1|

,

to estimate∣∣∣∣∂ l(3 f )k
∂bl

1

∣∣∣∣. ∣∣∣∣y ∂ l fk+1

∂bl
1

∣∣∣∣+ ∣∣∣∣∂ l fk

∂bl
1

∣∣∣∣
+

k∑
i=0

1
yk−i+2

{
1

bl
1|log b1|

[y2p2−i−1
+ y2p2−i−3

|log y|cp2 ] + Fp2,i,l(b1)y2p2−i−31y≥3B0

}
.

1
bl

1|log b1|
[y2p2−k−1g̃2p2−(k+1)+ g̃2p2−k)+ y2p2−k−3

|log y|cp2 ]

+ (Fp2,k,l + Fp2,k+1,l)y2p2−k−31y≥3B0,

and the bounds g̃2p2−k−1 . g̃2p2−k , Fp2,k+1,l . Fp2,k,l now ensure (2-30), (2-31) for l ≥ 1. �
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Slowly growing tails. Let us give an example of admissible profiles which will be central in the con-
struction of the leading order slowly modulated blow-up profile. Given b1 > 0 small enough, we let the
radiation be

6b1 = H−1
{−cb1χB0/43Q+ db1 H [(1−χB0)3Q]} (2-37)

with

cb1 =
4∫

χB0/4(3Q)2
, db1 = cb1

∫ B0

0
χB0/43Q0y dy. (2-38)

Lemma 2.7 (slowly growing tails). Let (Ti )i≥1 be given by (2-23). Then the sequence of profiles for i ≥ 1

2i =3Ti − (2i − 1)Ti − (−1)i+1 H−i+16b1 (2-39)

is b1-admissible of degree (i, i).

Proof of Lemma 2.7. Step 1: Structure of T1. Let us consider T1 = −H−13Q, which is admissible of
degree (1, 1) from Lemma 2.3. For y ≥ 1, explicit computation using the expansion (2-3) into (2-15)
yields

T1(y)= y log y+ e0 y+ O
(
|log y|2

y

)
, 3T1 = y log y+ (1+ e0)y+ O

(
|log y|2

y

)
(2-40)

for some universal constant e0. Hence we get the essential cancellation

3T1− T1 = y+ O
(
|log y|2

y

)
. (2-41)

We now prove that 2i is of order (i, i) by induction on i .

Step 2: i = 1. By definition,

6b1 = 0(y)
∫ y

0
cb1χB0/4(3Q)2x dx −3Q(y)

∫ y

0
cb1χB0/403Qx dx + db1(1−χB0)3Q(y), (2-42)

and thus, by the definition of cb1 , db1 in (2-38),

6b1 =

{
cb1 T1 for y ≤ B0/4,
40 for y ≥ 3B0.

(2-43)

In particular,6b1 admits a representation (2-26) near the origin with J =1, h1(b1)=cb1 , and f̃1(y)=T1(y),
and thus an expansion (2-27) of order p1 = 1 from the first step. A direct computation on the formula
(2-38) yields the bounds

cb1 =
2

|log b1|

[
1+ O

(
1

|log b1|

)]
, |db1 |.

1
b1|log b1|

, (2-44)

and ∣∣∣∣∂ lcb1

∂bl
1

∣∣∣∣. 1
bl

1|log b1|2
,

∣∣∣∣∂ ldb1

∂bl
1

∣∣∣∣. 1

bl+1
1 |log b1|

for all l ≥ 1, (2-45)

which imply (2-28).
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For y ≥ 3B0, from (2-13), (2-43), we estimate

6b1(y)= y+ O
(

log y
y

)
, (2-46)

and, for 2≤ y ≤ 3B0,

6b1(y)= cb1

(
y
4
+ O

(
log y

y

))[∫ y

0
χB0/4(3Q)2x dx

]
− cb13Q(y)

∫ y

1
O(1)x dx

= y

∫ y
0 χB0/4(3Q)2∫
χB0/4(3Q)2

+ O
(

1+ y
|log b1|

)
. (2-47)

We thus conclude from (2-41), (2-47) that, for y ≤ 3B0,

21(y)= y− y

∫ y
0 χB0/4(3Q)2∫
χB0/4(3Q)2

+ O
(

1+ y
|log b1|

)
+ O

(
|log y|2

1+ y

)
= O

(
1+ y
|log b1|

(1+ |log(y
√

b1)|)

)
,

which, together with the bounds (2-40), (2-46) for y ≥ 3B0, yields the bound, for y ≥ 2,

|21(y)|. yg2(b1, y)+ O
(
|log y|2

y

)
. (2-48)

Now, from (2-21), (2-37), we compute

A6b1 =
1

y3Q

∫ y

0
3Q[−cb1χB0/43Q+ db1 H [(1−χB0)3Q]]x dx,

and from (2-44) we estimate, for y ≤ 3B0,

A6b1 =−
4

y3Q
+

cb1

y3Q

∫ B0

y
(3Q)2x dx + O

(
db1

B2
0

1B0≤y≤3B0

)
=−2+ O(g1(b1, y)) (2-49)

and, for y ≥ 3B0,

A6b1 =−
4

y3Q
=−2+ O

(
1
y2

)
. (2-50)

Moreover, a simple rescaling argument yields the formula

A(3u)= Au+3Au−
3Z

y
u

and thus, using (2-40), (2-5),

A(3T1− T1)=3AT1−
3Z

y
T1 =3AT1+ O

(
log y

y2

)
.

Now, from (2-21), (2-3), we estimate

AT1 =−

[
1

y3Q

∫ y

0
(3Q)2x dx

]
=−2 log y+ O

(
log y

y2

)
,

and, similarly,

3AT1 =−2+ O
(

log y
y2

)
,
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from which

A(3T1− T1)=−2+ O
(

log y
y2

)
. (2-51)

We thus conclude from (2-48), (2-49), (2-50), (2-51) that

|A21|. g1(b1, y)+ O
(

log y
y2

)
.

We now turn to the control of H21. First, from a simple rescaling argument, we compute

H(3u)= 2Hu+3Hu−
3V
y2 u, (2-52)

which implies

H(3T1− T1)=−3Q−32 Q+ O
(

log y
y3

)
= O

(
log y

y3

)
.

Hence, according to (2-24), we get the desired cancellation

|H21|. |H(3T1− T1)| + |H6b1 |.
1

(1+ y)|log b1|
1y≤3B0 + O

(
log y

y3

)
.

The control of higher order suitable derivatives in y now follows by iteration using (2-3), (2-6). Hence
21 satisfies the bound (2-29) with p2 = 1, l = 0.

We now take derivatives in b1, in which case from (2-42), for l ≥ 1,

∂ l21

∂ lb1
=−

∂ l6b1

∂bl
1
= 0(y)

∫ y

0

∂ l

∂bl
1
{cb1χB0/4}(3Q)2x dx

−3Q(y)
∫ y

0

∂ l

∂bl
1
{cb1χB0/4}03Qx dx +

∂ l

∂bl
1
{db1(1−χB0)}3Q(y),

and from (2-43),
∂ l21

∂ lb1
=−

∂ l6b1

∂bl
1
(y)= 0 for y ≥ 3B0.

From (1-14), we estimate by brute force ∣∣∣∣∂ lχB0

∂bl
1

∣∣∣∣. 1B0≤y≤2B0

bl
1

and thus, from the Leibniz rule and (2-45), for y ≤ 3B0, we obtain∣∣∣∣∂ l21

∂bl
1

∣∣∣∣. y
bl

1|log b1|2
(1+ |log y|)+

[ l∑
k=1

1

bl−k
1 bk

1|log b1|2

]
y1B0/2≤y≤3B0

+

[ l∑
k=0

1

bl−k
1 bk+1

1 |log b1|

]
1B0/2≤y≤3B0

y

.
y(1+ |log y|)

bl
1|log b1|2

.
yg̃1

bl
1|log b1|

.
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The control of higher suitable derivatives (∂ lAk21/(∂bl
1))l,k≥1 follows similarly using the explicit formula

(2-37). This concludes the proof of the estimate (2-30) with p2 = 1, and thus 21 is b1-admissible of
degree (1, 1).

Step 3: i→ i + 1. We assume the claim for 2i and prove it for 2i+1. From (2-23), (2-39), (2-52),

H2i+1 = H(3Ti+1)− (2i + 1)H Ti+1− (−1)i H−i+16b1

=3H Ti+1− (2i − 1)H Ti+1+ (−1)i+1 H−i+16b1 −
3V
y2 Ti+1

=−[(3Ti − (2i − 1)Ti − (−1)i+1 H−i+16b1] −
3V
y2 Ti+1

=−2i −
3V
y2 Ti+1.

The induction hypothesis ensures that 2i is b1-admissible of order (i, i). Moreover, near the origin, Ti+1

is from Lemma 2.3 of degree i + 1 and hence the development (2-6) ensures that (3V/y2)Ti+1 is of
degree i + 1 near the origin. For y ≥ 1, (2-6) ensures the improved bound∣∣∣∣ ∂ p

∂y p

(
3V
y2

)∣∣∣∣. 1
y p+4 , p ≥ 0,

and since Ti+1 is of degree i + 1, we obtain from the Leibniz rule the rough bound, for all k ≥ 0,∣∣∣∣Ak
[
3V
y2 Ti+1

]∣∣∣∣. k∑
p=0

1
yk−p+4 y2(i+1)−p−1

|log y|ci . y2i−k−3
|log y|ci .

Hence (3V/y2)Ti+1, which is independent of b1, satisfies (2-29) and is b1-admissible of degree (i, i).
We conclude from Lemma 2.6 that 2i+1 is admissible of order (i + 1, i + 1). �

Sobolev bounds on b1-admissible functions. The property of b1-admissibility leads to simple Sobolev
bounds with sharp logarithmic gains. We let B1 be given by (1-14).

Lemma 2.8 (estimate of b1-admissible function). Let i ≥ 1 and f be a b1-admissible function of degree
(i, i). Then ∫

y≤2B1

|H k f |2 .
|log b1|

4(i−k−1)

b2(i−k)
1 |log b1|2

for 0≤ k ≤ i − 1, (2-53)∫
y≤2B1

|H k f |2 . 1 for k ≥ i, (2-54)

and ∫
y≤2B1

1+ |log y|2

1+ y4 |H k f |2+
∫

y≤2B1

1+ |log y|2

1+ y2 |AH k f |2 . |log b1|
3 for k ≥ i − 1. (2-55)
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Remark 2.9. The boundedness of the Sobolev norm (2-54) in the borderline case k = i is a consequence
of the definition (2-24). Indeed, ∫

y≤3B0

∣∣∣∣1+ |log
√

b1 y|
(1+ y)|log b1|

∣∣∣∣2 ∼ |log b1|,

but ∫
y≤3B0

∣∣∣∣ 1
(1+ y)|log b1|

∣∣∣∣2 . 1. (2-56)

Proof of Lemma 2.8. Let k ≥ 0. Near the origin, the cancellation A(y) = y2
+ O(y) and the Taylor

expansion (2-27) ensure that H k f is bounded uniformly in y ≤ 1, |b1| ≤
1
2 . For y ≥ 1, from (2-29) we

estimate∫
y≤2B1

|H k f |2 =
∫
| f2k |

2 .
∫

3B0≤y≤2B1

|Fi,2k,0(b1)y2i−2k−31y≥3B0 |
2

+

∫
1≤y≤2B1

|y2i−2k−1g2i−2k(b,y)+ y2i−2k−3
|log y|ci |

2.

For k ≥ i , Fi,2k,0 = 0 and from (2-24) we estimate (2-56)∫
y≤2B1

|H k f |2 . 1+
∫

1≤y≤2B1

∣∣∣∣y2(i−k)−1 1y≤3B0

|log b1|
+ y2i−2k−3

|log y|ci

∣∣∣∣2 . 1.

For k ≤ i−1, the growth can be controlled in a sharp way. Indeed, using Fi,2k,0= 0 for k = i−1 precisely
to avoid an additional logarithmic error, we estimate∫

y≤2B1

|H k f |2 .
B4i−4k−4

1

b2
1|log b1|2

+
1

|log b1|2

∫
y≤3B0

y4(i−k)−2(1+ |log
√

b1 y|2)+ B4(i−k)−4
1 |log b1|

2cp2+1

. 1+
B4(i−k)

0

|log b1|2
+
|log b1|

4(i−k−1)

b2(i−k)
1 |log b1|2

.
|log b1|

4(i−k−1)

b2(i−k)
1 |log b1|2

.

Finally, for k ≥ i − 1, using the rough bound (2-32), we estimate∫
y≤2B1

1+ |log y|2

1+ y4 |H k f |2+
∫

y≤2B1

1+ |log y|2

1+ y2 |AH k f |2

.
∫

y≤2B1

1+ |log y|2

1+ y4 |(1+ y)2i−2k−1
|
2
+

∫
y≤2B1

1+ |log y|2

1+ y2 |(1+ y)2i−2(k+1)−1
|
2

. |log b1|
3. �

Slowly modulated blow-up profiles. In this section we construct the approximate modulated blow-up
profile. Let us start by introducing the notion of homogeneous admissible functions.
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Definition 2.10 (homogeneous functions). Given parameters b= (bk)1≤k≤L and (p1, p2, p3)∈N×Z×N,
we say a function S(b, y) is homogeneous of degree (p1, p2, p3) if it is of the form

S(b, y)=
∑

J=( j1,..., jL ), |J |2=p3

[
cJ

( L∏
k=1

b jk
k

)
S̃J (b1, y)

]
,

where

J = ( j1, . . . , jL) ∈ Z×NL−1, |J |2 =
L∑

k=1

k jk,

and for some b1-admissible profiles S̃J of degree (p1, p2) in the sense of Definition 2.4. We note that

deg(S)= (p1, p2, p3).

Remark 2.11. We allow for negative powers of b1 only in the above definition. This ensures from
Lemma 2.6 that the space of homogeneous functions of a given degree is stable by application of the
operator b1∂/(∂b1). It is also stable by multiplication by cb1 from (2-44), (2-45).

We may now proceed to the construction of the slowly modulated blow-up profiles.

Proposition 2.12 (construction of the approximate profile). Let M > 0 be a large enough universal
constant. Then there exists a small enough universal constant b∗(M) > 0 such that the following holds
true. Let there be a C1 map

b = (bk)1≤k≤L : [s0, s1] 7→ (−b∗(M), b∗(M))L

with a priori bounds on [s0, s1]

0< b1 < b∗(M), |bk |. bk
1 for 2≤ k ≤ L . (2-57)

Let B1 be given by (1-14) and (Ti )1≤i≤L be given by (2-23). Then there exist homogeneous profiles{
Si (b, y), 2≤ i ≤ L + 2,
S1 = 0

with 
deg(Si )= (i, i, i),
∂Si

∂b j
= 0 for 2≤ i ≤ j ≤ L

(2-58)

such that

Qb(s)(y)= Q(y)+αb(s)(y), αb(y)=
L∑

i=1

bi Ti (y)+
L+2∑
i=2

Si (y) (2-59)

generates an approximate solution to the renormalized flow

∂s Qb−1Qb+ b13Qb+
f (Qb)

y2 =9b+Mod(t) (2-60)
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with

Mod(t)=
L∑

i=1

[(bi )s + (2i − 1+ cb1)b1bi − bi+1]

[
Ti +

L+2∑
j=i+1

∂S j

∂bi

]
. (2-61)

Here we used the convention

bL+1 = 0, T0 =3Q,

and 9b satisfies

(i) the global weighted bounds

for all 1≤ k ≤ L ,
∫

y≤2B1

|H k9b|
2 . b2k+2

1 |log b1|
C , (2-62)∫

y≤2B1

1+ |log y|2

1+ y4 |H L9b|
2
+

∫
y≤2B1

1+ |log y|2

1+ y2 |AH L9b|
2 .

b2L+3
1

|log b1|2
, (2-63)∫

y≤2B1

|H L+19b|
2 .

b2L+4
1

|log b1|2
; (2-64)

and

(ii) for all 0≤ k ≤ L + 1,
∫

y≤2M
|H k9b|

2 . MC b2L+6
1 (2-65)

for some universal constant C = C(L) > 0 (improved local control).

Proof of Proposition 2.12. Step 1: Computation of the error. From (2-59), (2-60) we compute

∂s Qb−1Qb+ b13Qb+
f (Qb)

y2 = A1+ A2

with

A1 = b13Q+
L∑

i=1

[(bi )s Ti + bi H Ti + b1bi3Ti ] +

L+2∑
i=2

[∂s Si + H Si + b13Si ],

A2 =
1
y2 [ f (Q+αb)− f (Q)− f ′(Q)αb].

Let us rearrange the first sum using the definition (2-23):

A1 = b13Q+ ∂s SL+2+ b13SL+2+

L∑
i=1

[(bi )s Ti − bi Ti−1+ b1bi3Ti ]+

L+1∑
i=2

[∂s Si + b13Si ]+

L+1∑
i=1

H Si+1

= [∂s SL+2+ b13SL+2] + [H SL+2+ ∂s SL+1+ b13SL+1] +

L∑
i=1

[(bi )s + (2i − 1+ cb1)b1bi − bi+1]Ti

+

L∑
i=1

[H Si+1+ ∂s Si + b1bi (3Ti − (2i − 1+ cb1)Ti )+ b13Si ],

where cb1 is given by (2-38). We now treat the time dependence using the anticipated approximate
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modulation equation

∂s Si =

L∑
j=1

(b j )s
∂Si

∂b j
=

L∑
j=1

((b j )s+(2 j−1+cb1)b1b j−b j+1)
∂Si

∂b j
−

L∑
j=1

((2 j−1+cb1)b1b j−b j+1)
∂Si

∂b j
,

and thus, using (2-58),

A1 =

{
b13SL+2−

L∑
i=1

((2i−1+cb1)b1bi−bi+1)
∂SL+2

∂bi

}
+

{
H SL+2+b13SL+1−

L∑
i=1

((2i−1+cb1)b1bi−bi+1)
∂SL+1

∂bi

}

+

L∑
i=1

[
H Si+1+b1bi (3Ti−(2i−1+cb1)Ti )+b13Si−

i−1∑
j=1

((2 j−1+cb1)b1b j−b j+1)
∂Si

∂b j

]

+

L∑
i=1

[(bi )s+(2i−1+cb1)b1bi−bi+1]

[
Ti+

L+2∑
j=i+1

∂S j

∂bi

]
.

We now expand A2 using a Taylor expansion:

A2 =
1
y2

{L+2∑
j=2

f ( j)(Q)
j !

α
j
b + R2

}
with

R2 =
αL+3

b

(L + 2)!

∫ 1

0
(1− τ)L+2 f (L+3)(Q+ ταb) dτ. (2-66)

Using the notation (1-16) for the 2L+1 uplet J = (i1, . . . , iL , j2, . . . , jL+2) ∈N2L+1, we sort the Taylor
polynomial8

|J |1 =
L∑

k=1

ik +

L+2∑
k=2

jk, |J |2 =
L∑

k=1

kik +

L+2∑
k=2

k jk,

and thus
L+2∑
j=2

f ( j)(Q)
j !

α
j
b =

L+2∑
j=2

f ( j)(Q)
j !

∑
|J |1= j

cJ

L∏
k=1

bik
k T ik

k

L+2∏
k=2

S jk
k =

L+2∑
i=2

Pi + R1,

where

Pi =

L+2∑
j=2

f ( j)(Q)
j !

∑
|J |1= j,|J |2=i

cJ

L∏
k=1

bik
k T ik

k

L+2∏
k=2

S jk
k , (2-67)

R1 =

L+2∑
j=2

f ( j)(Q)
j !

∑
|J |1= j,|J |2≥L+3

cJ

L∏
k=1

bik
k T ik

k

L+2∏
k=2

S jk
k . (2-68)

8Remember that bi is order bi
1 from (2-57).
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We finally use the definitions (2-23), (2-39), (2-61) to rewrite

3Ti − (2i − 1+ cb1)Ti =2i + (−1)i+1 H−i+16b1 − cb1 Ti =2i + (−1)i+1 H−i+1(6b1 − cb1 T1),

which, together with (2-60), yields the following expression for the error:

9b =

L∑
i=1

(−1)i+1b1bi H−i+1(6b1 − cb1 T1)

+

{
b13SL+2−

L∑
i=1

((2i − 1+ cb1)b1bi − bi+1)
∂SL+2

∂bi
+

1
y2 [R1+ R2]

}
+

{
H SL+2+ b13SL+1+

PL+2

y2 −

L∑
i=1

((2i − 1+ cb1)b1bi − bi+1)
∂SL+1

∂bi

}

+

L∑
i=1

[
H Si+1+ b1bi2i + b13Si +

Pi+1

y2 −

i−1∑
j=1

((2 j − 1+ cb1)b1b j − b j+1)
∂Si

∂b j

]
. (2-69)

We now construct iteratively the sequence of profiles (Si )1≤i≤L+2 through the scheme{
S1 = 0,
Si =−H−18i , 2≤ i ≤ L + 2,

(2-70)

where, for 1≤ i ≤ L ,

8i+1 = b1bi2i + b13Si +
Pi+1

y2 −

i−1∑
j=1

((2 j − 1+ cb1)b1b j − b j+1)
∂Si

∂b j
, (2-71)

8L+2 = b13SL+1+
PL+2

y2 −

L∑
i=1

((2i − 1+ cb1)b1bi − bi+1)
∂SL+1

∂bi
. (2-72)

Step 2: Control of 8i , Si . We claim by induction on i that 8i is homogeneous with

deg(8i )= (i − 1, i − 1, i) for 2≤ i ≤ L + 2 (2-73)

and
∂8i

∂b j
= 0 for 2≤ i ≤ j ≤ L + 2. (2-74)

This implies from Lemma 2.6 that Si given by (2-70) is homogeneous and satisfies (2-58) for 2≤ i ≤ L+2.

Case 1: i = 1. We compute explicitly

82 = b2
121+ b2

1
f ′′(Q)
2y2 T 2

1 ,

which satisfies (2-74). Recall from (1-3) that f = gg′ is odd and π periodic so that the expansions (2-2),
(2-3) yield, at the origin,

f ( j)(Q)
y2 =

{∑p
k=−1 y2k+1

+ O(y2p+3) for j even,∑p
k=−1 y2k

+ O(y2p+2) for j odd
(2-75)
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and, at infinity,

f ( j)(Q)
y2 =

{∑p
k=1 y−2k−1

+ O(y−2p−3) for j even,∑p
k=1 y−2k

+ O(y−2p−2) for j odd.
(2-76)

From Lemmas 2.3 and 2.7, T1 and 21 are respectively admissible and b1-admissible of order (1, 1). In
particular, we have the Taylor expansion near the origin

f ′′(Q)
2y2 T 2

1 =

p∑
k=1

ck y2k+1
+ O(y2p+3), p ≥ 1,

and the bound at infinity∣∣∣∣Ak
(

f ′′(Q)
2y2 T 2

1

)∣∣∣∣. 1
y3+k y2

|log y|2 . y2−k−3
|log y|2, k ≥ 0.

Hence ( f ′′(Q)/2y2)T 2
1 is b1-admissible of degree (1, 1). We conclude that 82 is homogeneous with

deg(82)= (1, 1, 2).

Case 2: i→ i + 1. We estimate all terms in (2-71). Equation (2-74) holds by direct inspection. From
Lemma 2.7, b1bi2i is homogeneous of degree (i, i, i + 1). From Lemma 2.6, b13Si is homogeneous of
degree (i, i, i + 1) by induction. For j ≥ 2, by definition and induction we have that

((2 j − 1+ cb1)b1b j − b j+1)
∂Si

∂b j

is homogeneous of degree (i, i, i + 1). For j = 1, we rewrite the term

((1+ cb1)b
2
1− b2)

∂Si

∂b1
=

(
(1+ cb1)b1−

b2

b1

)(
b1
∂Si

∂b1

)
and, recalling Remark 2.11, conclude that this term is also homogeneous of degree (i, i, i + 1). It thus
remains to estimate the nonlinear term Pi+1/y2 in (2-71), which, from (2-67), is a linear combination of
monomials of the form9

MJ (y)=
f ( j)(Q)

y2

i∏
k=1

bik
k T ik

k

i∏
k=2

S jk
k , |J |1 = j, |J |2 = i + 1, 2≤ j ≤ i + 1.

Using (2-75), (2-76), we conclude that MJ is admissible with the following development at the origin:
for j = 2l,

MJ (y)= y−1 y
∑

k≥1 ik(2k+1)+ jk(2k+1)(c0+ c2 y2
+ · · ·+ cp y2p

+ o(y2p+1))

= y2|J |2+ j−1(c0+ c2 y2
+ · · ·+ cp y2p

+ o(y2p+1))

= y2(i+l)+1(c0+ c2 y2
+ · · ·+ cp y2p

+ o(y2p+1)),

9Observe that terms involving k ≥ i + 1 are indeed forbidden in the last product from the constraint |J |1 ≥ 2, |J |2 = i + 1.
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and, for j = 2l + 1,

MJ (y)= y−2 y
∑

k≥1 ik(2k+1)+ jk(2k+1)(c0+ c2 y2
+ . . .+ cp y2p

+ o(y2p+1))

= y2|J |2+ j−2(c0+ c2 y2
+ . . .+ cp y2p

+ o(y2p+1))

= y2(i+l)+1(c0+ c2 y2
+ . . .+ cp y2p

+ o(y2p+1)).

Now j ≥ 2 ensures l ≥ 1, and hence MJ admits a Taylor expansion (2-27) at the origin with p1 = i + 1.
For y ≥ 1, the rough bound (2-32) and (2-18) imply

|S j |. b j
1 y2 j−1, |T j |. y2 j−1

|log y|C ,

which, together with (2-76), yields the control

MJ (y). |log y|C
{

y2|J |2− j−3
= y2(i−l)−1 for j = 2l ≥ 2,

y2|J |2− j−2
= y2(i−l)−1 for j = 2l + 1≥ 3

. y2i−3
|log y|C , (2-77)

which is compatible with the degree i control at infinity (2-29). The control of further derivatives in
(y, b1) follows from (2-32) and the Leibniz rule. This concludes the proof of (2-73).

Step 3: Estimate on the error. From (2-69), we compute

9b =9
(0)
b +9

(1)
b , (2-78)

9
(0)
b =

L∑
i=1

(−1)i+1b1bi H−i+16̃b1 with 6̃b1 =6b1 − cb1 T1, (2-79)

9
(1)
b = b13SL+2−

L∑
i=1

((2i − 1+ cb1)b1bi − bi+1)
∂SL+2

∂bi
+

1
y2 [R1+ R2]. (2-80)

Estimates for 9(0)
b . First observe from (2-43), (2-79) that

Supp 6̃b1 ⊂

{
y ≥

B0

4

}
. (2-81)

We extract from (2-42) the rough bound for k ≥ 0 and B0/4≤ y ≤ 2B1

|H−k6̃b1 |. 1+ y2k+1.

Thus ∫
y≤2B1

|H−k6̃b1 |
2 . b−2k−2

1 |log b1|
C , 0≤ k ≤ L .

On the other hand, from (2-37) and the cancellation H3Q = 0, we have

|H6̃b1 |.
1

|log b1|

(
1

1+ y

)
1y≥B0/4, (2-82)

|H k6̃b1 |.
1

B2(k−1)
0 |log b1|

(
1

1+ y

)
1B0≤y≤3B0 for k ≥ 2. (2-83)
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This leads to the bound∫
y≤2B1

|H6̃b1 |
2 .

1
|log b1|

,

∫
|H k6̃b1 |

2 .
b2k−2

1

|log b1|2
for k ≥ 2.

Thus from (2-57), for 0≤ k ≤ L , we estimate∫
y≤2B1

|H k9
(0)
b |

2 . |log b1|
C

L∑
i=1

b2+2i
1 b2(k−i+1)−2

1 . b2k+2
1 |log b1|

C

and the sharp logarithmic gain∫
|H L+19

(0)
b |

2 .
L∑

i=1

b2+2i
1 ‖H L+2−i 6̃b1‖

2
L2 .

1
|log b1|2

L∑
i=1

b2+2i
1 b2(L+1−i+1)−2

1 .
b2L+4

1

|log b1|2
.

Similarly, using (2-82), (2-83),∫
y≤2B1

1+ |log y|2

1+ y4 |H L9
(0)
b |

2 .
L∑

i=1

b2+2i
1

∫
y≤2B1

1+ |log y|2

1+ y4 |H L−i+16̃b1 |
2

.
L∑

i=1

b2+2i
1

∫
y≥B0/4

1+ |log y|2

1+ y4

b2(L−i+1−1)
1

|log b1|2(1+ y2)
. b2L+4

1 ,

and ∫
y≤2B1

1+ |log y|2

1+ y2 |AH L9
(0)
b |

2 .
L∑

i=1

b2+2i
1

∫
y≤2B1

1+ |log y|2

1+ y2 |AH L−i+16̃b1 |
2

.
L∑

i=1

b2+2i
1 b2(L−i)

1

∫
y≥B0/4

1+ |log y|2

y4(1+ y2)

. b2L+4
1 |log b1|

C .

Estimates for 9(1)
b . By construction, SL+2 is homogeneous of degree (L+2, L+2, L+2) and thus so is

3SL+2. We therefore estimate from (2-53), (2-57), for all 0≤ k ≤ L + 1,∫
y≤2B1

|b1 H k3SL+2|
2 .

b2
1b2L+4

1 |log b1|
4(L+2−k−1)

b2(L+2−k)
1 |log b1|2

=
b2k+2

1

|log b1|2
|log b1|

4(L+1−k),

and, using the rough bound (2-32),∫
y≤2B1

(1+ |log y|2)
[
|b1 H L3SL+2|

2

1+ y4 +
|b1 AH L3SL+2|

2

1+ y2

]
. b2

1b2L+4
1

∫
y≤2B1

1+ |log y|2

1+ y4 (1+ y2)2(L+2)−1−2L . b2L+4
1 |log b1|

C .
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We now turn to the control of R1, which, from (2-68), is a linear combination of terms of the form

M̃J =
f ( j)(Q)

y2

L∏
k=1

bik
k T ik

k

L+2∏
k=2

S jk
k , |J |1 = j, |J |2 ≥ L + 3, 2≤ j ≤ L + 2.

At the origin, the homogeneity of Si and the admissibility of Ti ensure the bound, for y ≤ 1,

|M̃J (y)|. bL+3
1

{
y2|J |2+ j−1

= y2(|J |2+l)−1 for j = 2l,
y2|J |2+ j−2

= y2(|J |2+l)−1 for j = 2l + 1
. bL+3

1 y2L+6,

and similarly for (2-77), for 1≤ y ≤ 2B1,

|M̃J (y)|. b|J |21 |log b1|
C
{

y2|J |2− j−3
= y2(|J |2−l)−3 for j = 2l

y2|J |2− j−2
= y2(|J |2−l)−3 for j = 2l + 1

. b|J |21 y2|J |2−5
|log b1|

C ,

where we used j ≥ 2, and similarly for higher derivatives. This ensures the control at the origin

|H k M̃J (y)|. bL+3
1 for 0≤ k ≤ L + 1, y ≤ 1

and, for y ≥ 1,
|H k M̃J (y)|. b|J |21 y2(|J |2−k)−5, 0≤ k ≤ L + 1.

Thus, for all 0≤ k ≤ L + 1,∫
y≤2B1

|H k M̃J |
2 . b2L+6

1 + b2|J |2
1 |log b1|

C
∫

y≤2B1

y4(|J |2−k)−10 . b2L+6
1 + b2|J |2

1 B4(|J |2−k)−8
1 |log b1|

C

. b2L+6
1 + b2k+4

1 |log b1|
C . b2k+3

1 .

Similarly,∫
y≤2B1

(1+ |log y|2)
[
|H L M̃J |

2

1+ y4 +
|AH L M̃J |

2

1+ y2

]
. b2L+6

1 + |log b1|
C
∫

1≤y≤2B1

1+ |log y|2

1+ y4 |b|J |21 y2(|J |2−L)−5
|
2

. b2L+6
1 + b2|J |2

1 B4(|J |2−L)−12
1 |log b1|

C . b2L+6
1 |log b1|

C .

It remains to estimate the R2 term given by (2-66). Near the origin y ≤ 1, by construction, we have
|αb|. b1 y3, and thus, for 0≤ k ≤ L + 1, y ≤ 1,∣∣∣∣H k

(
R2

y2

)∣∣∣∣. bL+3
1 y3(L+3)−2−2k . bL+3

1 .

For y ≥ 1, we use the rough bound by construction, for 1≤ y ≤ 2B1,

|αb|. b1 y|log y|C ,

which yields the bound, for 0≤ k ≤ L + 1, 1≤ y ≤ 2B1,∣∣∣∣H k
(

R2

y2

)∣∣∣∣. bL+3
1 |log b1|

C yL+3−2−2k,
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from which, for 0≤ k ≤ L + 1,∫
y≤2B1

|H k
(

R2

y2

)
|
2 . b2L+6

1 + b2L+6
1 |log b1|

C
∫

1≤y≤2B1

y2L+2−4k

.

{
b2L+6

1 for 2L + 2− 4k <−1,
b2L+6

1 B2L+4−4k
1 |log b1|

C
= b2k+L+4

1 |log b1|
C

. b2k+5
1 |log b1|

C .
Similarly, ∫

y≤2B1

(1+ |log y|2)
[

1
1+ y4 |H

L
(

R2

y2

)
|
2
+

1
1+ y2 |AH L

(
R2

y2

)
|
2
]
. b2L+5

1 .

The collection of above estimates yields (2-62), (2-64).
Finally, the local control (2-65) is a simple consequence of the support localization (2-81) and the fact

that 9(1)
b given by (2-80) satisfies by construction a bound on compact sets:

|H k9
(1)
b (y)|. MC bL+3

1 for all y ≤ 2M � B0 and all 0≤ k ≤ L + 1.

This concludes the proof of Proposition 2.12. �

Localization of the profile. We now proceed to a simple localization procedure of the profile Qb to avoid
some irrelevant growth in the region y ≥ 2B1.

Proposition 2.13 (localization). Under the assumptions of Proposition 2.12, assume the a priori bound

|(b1)s |. b2
1. (2-84)

Consider the localized profile

Q̃b(s)(y)= Q(y)+ α̃b(s)(y), α̃b(y)=
L∑

i=1

bi T̃i (y)+
L+2∑
i=2

S̃i (y), (2-85)

with
T̃i = χB1 Ti , S̃i = χB1 Si . (2-86)

Then

∂s Q̃b−1Q̃b+ b13Q̃b+
f (Q̃b)

y2

= 9̃b+

L∑
i=1

[(bi )s + (2i − 1+ cb1)b1bi − bi+1]

[
T̃i +χB1

L+2∑
j=i+1

∂S j

∂bi

]
, (2-87)

where 9̃b satisfies

(i) the weighted bounds

for all 1≤ k ≤ L ,
∫
|H k9̃b|

2 . b2k+2
1 |log b1|

C , (2-88)∫
y≤2B1

1+ |log y|2

1+ y4 |H L9b|
2
+

∫
1+ |log y|2

1+ y2 |AH L9̃b|
2 .

b2L+3
1

|log b1|2
, (2-89)∫

|H L+19̃b|
2 .

b2L+4
1

|log b1|2
, (2-90)
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and

(ii) for all 0≤ k ≤ L + 1,
∫

y≤2M
|H k9̃b|

2 . MC b2L+6
1 (2-91)

for some universal constant C = C(L) > 0 (improved local control).

Proof of Proposition 2.13. From localization we compute

∂s Q̃b−1Q̃b+ b13Q̃b+
f (Q̃b)

y2

= χB1

{
∂s Qb−1Qb+ b13Qb+

f (Qb)

y2

}
+ (∂sχB1)αb− 2∂yχB1∂yαb−αb1χB1 + b1αb3χB1

+ b1(1−χB1)3Q+
1
y2 { f (Q̃b)− f (Q)−χB1( f (Qb)− f (Q))}

so that

9̃b = χB19b+ 9̃
(0)
b

with

9̃
(0)
b =

1
y2 { f (Q̃b)− f (Q)−χB1( f (Qb)− f (Q))}

+ (∂sχB1)αb− 2∂yχB1∂yαb−αb1χB1 + b1αb3χB1 + b1(1−χB1)3Q. (2-92)

Note that all terms on the right hand side above are localized in B1 ≤ y ≤ 2B1 except the last one, for
which Supp((1−χB1)3Q)⊂ {y ≥ B1}. Hence (2-65) implies (2-91). The bounds (2-88), (2-89), (2-90)
for χB19b follow verbatim as in the proof of (2-62), (2-63), (2-64).

To estimate the second error induced by localization in (2-92), first observe from (2-84) the bound

|∂sχB1 |.
|(b1)s |

b1
|yχ ′B1

|. b11B1≤y≤2B1 .

Moreover, from the admissibility of Ti and the b1-admissibility of Si , Ti terms dominate for y ∼ B1 in αb,
and we estimate from (2-18), for all k ≥ 0 and B1 ≤ y ≤ 2B1,∣∣∣∣ ∂k

∂yk αb

∣∣∣∣. L∑
i=1

bi
1 y2i−k−1(1+ |log b1|).

|log b1|

Bk+1
1

. (2-93)

This yields, for all 1≤ k ≤ L ,∫ ∣∣∣∣H k
(
(∂sχB1)αb− 2∂yχB1∂yαb−αb1χB1 + b1αb3χB1

)∣∣∣∣2
.
∫

B1≤y≤2B1

∣∣∣∣b1|log b1|

B2k+1
1

+
|log b1|

B2k+1+2
1

∣∣∣∣2 . b2
1

B4k
1

|log b1|
C

. b2k+2
1 |log b1|

C (2-94)
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and∫ ∣∣∣∣H L+1
(
(∂sχB1)αb− 2∂yχB1∂yαb−αb1χB1 + b1αb3χB1

)∣∣∣∣2
.
∫

B1≤y≤2B1

∣∣∣∣ b1|log b1|

B2(L+1)+1
1

+
|log b1|

B2(L+1)+1+2
1

∣∣∣∣2 . b2L+4
1

|log b1|2
. (2-95)

We next estimate by brute force ∣∣∣∣ dk

dyk [(1−χB1)3Q]
∣∣∣∣. 1

yk+1 1y≥B1,

from which, for all 1≤ k ≤ L + 1,∫
|H k(b1(1−χB1)3Q)|2 . b2

1

∫
B1≤y≤2B1

1
y4k+2 .

b2k+2
1

|log b1|4k .

It remains to estimate the nonlinear term, for which, using (2-93) and | f ′|. 1, we estimate∣∣∣∣ ∂k

∂yk

{
1
y2 [ f (Q̃b)− f (Q)−χB1( f (Qb)− f (Q))]

}∣∣∣∣. |log b1|

Bk+1
1

.

The corresponding terms are estimated as in (2-94), (2-95). �

Study of the dynamical system for b = (b1, . . . , bL). The essence of the construction of the Qb profile
is to generate according to (2-61) the finite dimensional dynamical system (1-25) for b = (b1, . . . , bL):

(bk)s +

(
2k− 1+

2
log s

)
b1bk − bk+1 = 0, 1≤ k ≤ L , bL+1 ≡ 0. (2-96)

We show in this section that (2-96) admits exceptional solutions, and that the linearized operator close to
these solutions is explicit.

Lemma 2.14 (approximate solution for the b system). Let L ≥ 2 and let s0 � 1 be a large enough
universal constant. We write the sequences

c1 =
L

2L − 1
,

ck+1 =−
L − k

2L − 1
ck, 1≤ k ≤ L − 1,

(2-97)


d1 =−

2L
(2L − 1)2

,

dk+1 =−
L − k

2L − 1
dk +

4L(L − k)
(2L − 1)2

ck, 1≤ k ≤ L − 1.
(2-98)

Then the explicit choice

be
k(s)=

ck

sk +
dk

sk log s
, 1≤ k ≤ L , be

L+1 ≡ 0 (2-99)
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generates an approximate solution to (2-96) in the sense that

(be
k)s +

(
2k− 1+

2
log s

)
be

1be
k − be

k+1 = O
(

1
sk+1(log s)2

)
, 1≤ k ≤ L . (2-100)

The proof of Lemma 2.14 is an explicit computation which is left to the reader. We now claim that this
solution corresponds to a codimension (L − 1) exceptional manifold.

Lemma 2.15 (linearization). 1. Computation of the linearized system. Let

bk(s)= be
k(s)+

Uk(s)
sk(log s)5/4

, 1≤ k ≤ L , bL+1 =UL+1 ≡ 0, (2-101)

and note U = (U1, . . . ,UL). Then

(bk)s +

(
2k− 1+

2
log s

)
b1bk − bk+1

=
1

sk+1(log s)5/4

[
s(Uk)s − (ALU )k + O

(
1√

log s
+
|U | + |U |2

log s

)]
, (2-102)

where

AL = (ai, j )1≤i, j,≤L with



a11 =−1/(2L − 1),
ai,i+1 = 1, 1≤ i ≤ L − 1,
a1,i =−(2i − 1)ci , 2≤ i ≤ L ,
ai,i = (L − i)/(2L − 1), 2≤ i ≤ L ,
ai, j = 0 otherwise.

(2-103)

2. Diagonalization of the linearized matrix. AL is diagonalizable:

AL = P−1
L DL PL , DL = diag

{
−1,

2
2L − 1

,
3

2L − 1
, . . . ,

L
2L − 1

}
. (2-104)

Proof of Lemma 2.15. Step 1: Linearization. A simple computation from (2-99) ensures

(bk)s +

(
2k− 1+

2
log s

)
b1bk − bk+1

=
1

sk+1(log s)5/4

[
s(Uk)s − kUk + O

(
|U |

log s

)]
+ O

(
1

sk+1(log s)2

)
+

1
sk+1(log s)5/4

[
(2k− 1)ckU1+ (2k− 1)c1Uk −Uk+1+ O

(
|U | + |U |2

log s

)]
,

and then the relation
(2k− 1)c1− k =

(2k− 1)L
2L − 1

− k =−
L − k

2L − 1
ensures

(bk)s +

(
2k− 1+

2
log s

)
b1bk − bk+1

=
1

sk+1(log s)5/4

[
s(Uk)s + (2k− 1)ckU1−

L − k
2L − 1

Uk −Uk+1+ O
(

1√
log s
+
|U | + |U |2

log s

)]
,
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which is equivalent to (2-102), (2-103).

Step 2 Diagonalization. The proof follows by computing the characteristic polynomial. The cases
L = 2, 3 are done by direct inspection. Let us assume L ≥ 4. We compute

PL(X)= det(AL − X Id)

by developing on the last row. This yields

PL(x)= (−1)L+1(−1)(2L − 1)cL

+(−X)
{
(−1)L(−1)(2L−3)cL−1+

(
1

2L − 1
−X

)[
(−1)L−1(−1)(2L−5)cL−2+

(
2

2L − 1
−X

)
· · ·

]}
.

We use the recurrence relation (2-97) to compute explicitly

(−1)L+1(−1)(2L − 1)cL

+ (−X)
{
(−1)L(−1)(2L − 3)cL−1+

(
1

2L − 1
− X

)
[(−1)L−1(−1)(2L − 5)cL−2]

}
= (−1)L

{
(2L − 3)cL−1

(
X −

1
2L − 3

)
+ (2L − 5)cL−2

(
X −

1
2L − 1

)
X
}
.

We now compute from (2-97), for 1≤ k ≤ L − 2,

(2L − (2k+ 1))cL−k

(
X −

1
2L − (2k+ 1)

)
+ (2L − (2k+ 3))cL−(k+1)X

(
X −

1
2L − 1

)
= (2L − (2k+ 3))cL−(k+1)

[
X
(

X −
1

2L − 1

)
−

2L − (2k+ 1)
2L − (2k+ 3)

k+ 1
2L − 1

(
X −

1
2L − (2k+ 1)

)]
= (2L − (2k+ 3))cL−(k+1)

(
X −

k+ 1
2L − 1

)(
X −

1
2L − (2k+ 3)

)
. (2-105)

We therefore obtain inductively

PL(X)= (−1)L
{
(2L−3)cL−1

(
X −

1
2L−3

)
+ (2L−5)cL−2

(
X −

1
2L−1

)
X
}

+ (−X)
(

1
2L−1

− X
)(

2
2L−1

− X
)[
(−1)L−2(−1)(2L−7)cL−3+

(
3

2L−1
− X

)
· · ·

]
= (−1)L

(
X −

2
2L−1

){
(2L−5)cL−2

(
X −

1
2L−5

)
+ (2L−7)cL−3 X

(
X −

1
2L−1

)}
+ (−X)

(
1

2L−1
− X

)(
2

2L−1
− X

)(
3

2L−1
− X

)
[(−1)L−3(−1)(2L−9)cL−4 · · · ]

= (−1)L
(

X −
2

2L−1

)
· · ·

(
X −

L−2
2L−1

)
×

{
3c2

(
X −

1
3

)
+ X

(
X −

1
2L−1

)(
c1+ X −

L−1
2L−1

)}
.
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We use (2-105) with k = L − 2 to compute the last polynomial:

3c2

(
X −

1
3

)
+ X

(
X −

1
2L − 1

)(
c1+ X −

L − 1
2L − 1

)
=

{
3c2

(
X −

1
3

)
+ c1 X

(
X −

1
2L − 1

)}
+ X

(
X −

1
2L − 1

)(
X −

L − 1
2L − 1

)
= c1

(
X −

L − 1
2L − 1

)
(X − 1)+ X

(
X −

1
2L − 1

)(
X −

L − 1
2L − 1

)
=

(
X −

L − 1
2L − 1

)[
L

2L − 1
(X − 1)+ X

(
X −

1
2L − 1

)]
=

(
X −

L − 1
2L − 1

)(
X −

L
2L − 1

)(
X + 1

)
.

We have therefore computed

PL(x)= (−1)L
(

X −
2

2L − 1

)
· · ·

(
X −

L − 2
2L − 1

)(
X −

L − 1
2L − 1

)(
X −

L
2L − 1

)(
X + 1

)
and (2-104) is proved. �

3. The trapped regime

In this section, we introduce the main dynamical tools at the heart of the proof of Theorem 1.1. We start
with describing the bootstrap regime in which the blow-up solutions of Theorem 1.1 will be trapped. We
then exhibit the Lyapounov type control of H k norms, which is the heart of our analysis.

Modulation. We describe in this section the set of initial data leading to the blow-up scenario of
Theorem 1.1. Let there be a smooth 1-corotational initial data

v(0, x)=

∣∣∣∣∣
g(u0(r)) cos θ
g(u0(r)) sin θ
z(u0(r))

with ‖∇u0−∇Q‖L2 � 1, (3-1)

and let v(t, x) be the corresponding smooth solution to (1-1) with life time 0< T <+∞. From (A-1),
we may decompose on a small time interval

v(t, x)=

∣∣∣∣∣
g(u(t, r)) cos θ
g(u(t, r)) sin θ
z(u(t, r)),

(3-2)

where

ε̃(t, r)= u(t, r)− Q(r) satisfies (A-4). (3-3)

Moreover, from a standard argument,

T <+∞ implies ‖1v(t)‖L2 →+∞ as t→ T . (3-4)
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We now modulate the solution and introduce from a standard argument10 using the initial smallness (3-1)
the unique decomposition of the flow defined on a small time t ∈ [0, t1]:

u(t, r)= (Q̃b(t)+ ε(t, r))λ(t), λ(t) > 0, b = (b1, . . . , bL), (3-5)

where ε(t) satisfies the L + 1 orthogonality conditions

(ε, H k8M)= 0, 0≤ k ≤ L (3-6)

and the smallness

‖∇ε(t)‖L2 +

∥∥∥∥ε(t)y

∥∥∥∥
L2
+ |b(t)| � 1.

Here, given M > 0 large enough, we define

8M =

L∑
p=0

cp,M H p(χM3Q), (3-7)

where

c0,M = 1, ck,M = (−1)k+1

∑k−1
p=0 cp,M(χM H p(χM3Q), Tk)

(χM3Q,3Q)
, 1≤ k ≤ L ,

is manufactured to ensure the nondegeneracy

(8M ,3Q)= (χM3Q,3Q)= 4 log M(1+ o(1)) as M→+∞ (3-8)

and the cancellation, for all 1≤ k ≤ L ,

(8M , Tk)=

k−1∑
p=0

cp,M(H p(χM3Q), Tk)+ ck,M(−1)k(χM3Q,3Q)= 0. (3-9)

In particular,
(H i T j ,8M)= (−1) j (χM3Q,3Q)δi, j , 0≤ i, j ≤ L . (3-10)

Observe also by induction that

for all 1≤ p ≤ L , |cp,M |. M2p, (3-11)

from which ∫
|8M |

2 .
∫
|χM3Q|2+

L∑
p=1

c2
p,M

∫
|H p(χM3Q)|2 . log M. (3-12)

The existence of the decomposition (3-5) is a standard consequence of the implicit function theorem and
the explicit relations∣∣∣∣( ∂

∂λ
(Q̃b)λ,

∂

∂b1
(Q̃b)λ, . . . ,

∂

∂bL
(Q̃b)λ

)∣∣∣∣
λ=1, b=0

= (3Q, T1, . . . , TL),

10See, for example, [Martel and Merle 2000; Merle and Raphaël 2005a; Raphaël and Rodnianski 2012] for a further
introduction to modulation.
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which, using (3-9), imply the nondegeneracy of the Jacobian∣∣∣∣( ∂

∂(λ, b j )
(Q̃b)λ, H i8M

)
1≤ j≤L , 0≤i≤L

∣∣∣∣
λ=1, b=0

= (χM3Q,3Q)L+1
6= 0.

The decomposition (3-5) exists as long as t < T and ε(t, r) remains small in the energy topology. Observe
also from (3-3), (3-5), and the explicit structure of Q̃b that ε satisfies (A-4), and in particular Lemma B.5
applies. In other words, we may measure the regularity of the map through the following coercive norms
of ε: the energy norm

‖ε‖2H =

∫
|∂yε|

2
+

∫
|ε|2

y2 , (3-13)

and higher order Sobolev norms adapted to the linearized operator

E2k =

∫
|H kε|2, 1≤ k ≤ L + 1. (3-14)

Setting up the bootstrap. We now choose our set of initial data in a more restricted way. More precisely,
we pick a large enough time s0� 1 and rewrite the decomposition (3-5) as

u(t, r)= (Q̃b(s)+ ε)(s, y), (3-15)

where we introduce the renormalized variables

y =
r
λ(t)

, s(t)= s0+

∫ t

0

dτ
λ2(τ )

(3-16)

and measure time in s, which will be proved to be a global time. We introduce a decomposition (2-101):

bk = be
k +

Uk

sk(log s)5/4
, 1≤ k ≤ L , bk+1 =Uk+1 ≡ 0. (3-17)

We consider the variable
V = PLU, (3-18)

where PL refers to the diagonalization (2-104) of AL . We assume that initially

|V1(0)| ≤ 1, (V2(0), . . . , VL(0)) ∈BL−1(2). (3-19)

We also assume the explicit initial smallness of the data:∫
|∇ε(0)|2+

∫ ∣∣∣∣ε(0)y

∣∣∣∣2 ≤ b2
1(0), (3-20)

|E2k(0)| ≤ [b1(0)]10L+4, 1≤ k ≤ L + 1. (3-21)

Note also that, up to a fixed rescaling, we may always assume

λ(0)= 1. (3-22)

Proposition 3.1 (bootstrap). There exists

(V2(0), . . . , VL(0)) ∈BL−1(2)
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such that the following bounds hold for all s ≥ s0:

• Control of the radiation:∫
|∇ε(s)|2+

∫ ∣∣∣∣ε(s)y

∣∣∣∣2 ≤ 10(b1(0))
1
4 , (3-23)

|E2k(s)| ≤ b(2k−1)2L/(2L−1)
1 (s)|log b1(s)|K , 1≤ k ≤ L , (3-24)

|E2L+2(s)| ≤ K
b2L+2

1 (s)
|log b1(s)|2

. (3-25)

• Control of the unstable modes:

|V1(s)| ≤ 2, (V2(s), . . . , VL(s)) ∈BL−1(2). (3-26)

Remark 3.2. Note that the bounds (3-24) easily imply11 the control of the H 2 norm of the full map (3-2)∫
|1v(s)|2 < C(s) <+∞, s < s∗,

and therefore the blow-up criterion (3-4) ensures that the map is well defined on [s, s∗).

Equivalently, given (ε(0), V (0)) as above, we introduce the time

s∗ = s∗(ε(0), V (0))= sup{s ≥ s0 such that (3-23), (3-24), (3-25), (3-26) hold on [s0, s]}.

Observe that the continuity of the flow and the initial smallness (3-20), (3-21) ensure that s∗ > 0. We
then assume by contradiction that

for all (V2(0), . . . , VL(0)) ∈BL−1(2), s∗ <+∞, (3-27)

and look for a contradiction. Our main claim is that the a priori control of the unstable modes (3-26)
is enough to improve the bounds (3-23), (3-24), (3-25), and then the claim follows from the (L − 1)
codimensional instability (2-104) of the system (2-96) near the exceptional solution be through a standard
topological argument à la Brouwer.

The rest of this section is devoted to the derivation of the key lemmas for the proof of Proposition 3.1.
We will make a systematic implicit use of the interpolation bounds of Lemma C.1, which are a consequence
of the coercivity of the E2k+2 energy given by Lemma B.5.

Equation for the radiation. Recall the decomposition of the flow

u(t, r)= (Q̃b(t)+ ε)(s, y)= (Q+ α̃b(t))λ(s)+w(t, r).

We use the rescaling formulas

u(t, r)= v(s, y), y =
r
λ(t)

, ∂t u =
1

λ2(t)

(
∂sv−

λs

λ
3v

)
λ

11See [Raphaël and Schweyer 2013] for the full computation.
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to derive the equation for ε in renormalized variables,

∂sε−
λs

λ
3ε+ Hε = F − M̃od= F. (3-28)

Here H is the linearized operator given by (2-8), M̃od(t) is given by

M̃od(t)=−
(
λs

λ
+ b1

)
3Q̃b+

L∑
i=1

[(bi )s + (2i − 1+ cb1)b1bi − bi+1]

[
T̃i +χB1

L+2∑
j=i+1

∂S j

∂bi

]
, (3-29)

and

F =−9̃b+ L(ε)− N (ε), (3-30)

where L is the linear operator corresponding to the error in the linearized operator from Q to Q̃b

L(ε)=
f ′(Q)− f ′(Q̃b)

y2 ε, (3-31)

and the remainder term is the purely nonlinear term

N (ε)=
f (Q̃b+ ε)− f (Q̃b)− ε f ′(Q̃b)

y2 . (3-32)

We also need to write the flow (3-28) in original variables. For this we use the rescaled operators

Aλ =−∂r +
Zλ
r
, A∗λ = ∂r +

1+ Zλ
r

,

Hλ = A∗λAλ =−1+
Vλ
r2 , H̃λ = AλA∗λ =−1+

Ṽλ
r2 , (3-33)

and the renormalized function

w(t, r)= ε(s, y).

Then (3-28) becomes

∂tw+ Hλw =
1
λ2 Fλ. (3-34)

Observe from (2-99) that, for s < s∗,

|bk |. bk
1, 0< b1� 1, (3-35)

and hence the a priori bound (2-57) holds.

Modulation equations. Let us now compute the modulation equations for (b, λ) as a consequence of the
choice of orthogonality conditions (3-6).
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Lemma 3.3 (modulation equations). We have the bound on the modulation parameters∣∣∣∣λs

λ
+ b1

∣∣∣∣+ L−1∑
k=1

|(bk)s + (2k− 1+ cb1)b1bk − bk+1|. b
L+ 3

2
1 , (3-36)∣∣∣∣(bL)s + (2L − 1+ cb1)b1bL

∣∣∣∣. 1√
log M

(√
E2L+2+

bL+1
1

|log b1|

)
. (3-37)

Remark 3.4. Note that this implies in the bootstrap the rough bound

|(b1)s | ≤ 2b2
1, (3-38)

and, in particular, (2-84) holds.

Proof of Lemma 3.3. Step 1: Law for bL . Let

D(t)=
∣∣∣∣λs

λ
+ b1

∣∣∣∣+ L∑
k=1

|(bk)s + (2k− 1+ cb1)b1bk − bk+1|. (3-39)

We take the inner product of (3-28) with H L8M and, using the orthogonality (3-6), obtain

(M̃od(t), H L8M)=−(9̃b, H L8M)− (H Lε, H8M)−

(
−
λs

λ
3ε− L(ε)+ N (ε), H L8M

)
. (3-40)

First, from the construction of the profile, (3-29), the localization Supp(8M)⊂ [0, 2M] from (3-7), and
the identities (3-8), (3-9), (3-10), we compute

(H L(M̃od(t)),8M)

=−

(
b1+

λs

λ

)
(H L3Q̃b,8M)+

L∑
i=1

[(bi )s+(2i−1+cb1)b1bi−bi+1]

(
T̃i+χB1

L+2∑
j=i+1

∂S j

∂bi
, H L8M

)
= (−1)L(3Q,8M)((bL)s+(2L−1+cb1)b1bL)+O(MC b1|D(t)|).

The linear term in (3-40) is estimated12 from (3-24), (3-12):

|(H Lε, H8M)|. ‖H L+1ε‖L2

√
log M =

√
log ME2L+2.

The remaining nonlinear term is estimated using the Hardy bounds of Appendix A:∣∣∣∣(−λs

λ
3ε+ L(ε)+ N (ε), H L8M

)∣∣∣∣. MC b1(
√

E2L+2+ |D(t)|).

12Observe that we do not use the interpolated bounds of Lemma C.1, but directly the definition (3-14) of E2L+2, and hence
the dependence of the constant in M is explicit. This will be crucial for the analysis.
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We inject these estimates into (3-40) and conclude from (3-8) and the local estimate (2-91) that

|(bL)s + (2L − 1+ cb1)b1bL | =

√
log ME2L+2

log M
+MC b1|D(t)| +MC b

L+ 3
2

1

.
1√

log M

(√
E2L+2+

bL+1
1

|log b1|

)
+MC b1|D(t)|. (3-41)

Step 2: Degeneracy of the law for λ and (bk)1≤k≤L−1. We now take the inner product of (3-28) with
H k8M , 0≤ k ≤ L − 1 and obtain

(M̃od(t), H k8M)=−(9̃b, H k8M)− (H k+1ε, H8M)−

(
−
λs

λ
3ε− L(ε)+ N (ε), H k8M

)
. (3-42)

Note first that the choice of orthogonality conditions (3-6) gets rid of the linear term in ε:

for all 0≤ k ≤ L − 1, (H k+1ε,8M)= 0.

Next, from (3-29), the localization Supp(8M)⊂ [0, 2M] from (3-7), and the identities (3-8), (3-9), (3-10),
we compute

(H k(M̃od(t)),8M)

=−

(
b+

λs

λ

)
(H k3Q̃b,8M)+

L∑
i=1

[(bi )s+(2i−1+cb1)b1bi−bi+1]

(
T̃i+χB1

L+2∑
j=i+1

∂S j

∂bi
, H k8M

)

= (3Q,8M)

{
−(λs/λ+b1) for k = 0,
(−1)k((bk)s+(2k−1+cb1)b1bk−bk+1) for 1≤ k ≤ L−1

+O(MC b1|D(t)|).

Nonlinear terms are easily estimated using the Hardy bounds∣∣∣∣(−λs

λ
3ε+ L(ε)+ N (ε), H k8M

)∣∣∣∣. MC b1(
√

E2L+2+ |D(t)|). b
L+ 3

2
1 + b1 MC

|D(t)|.

Injecting this bound into (3-42) together with the local bound (2-91) yields the first bound,

D(t). b
L+ 3

2
1 , (3-43)

and (3-36) is proved. Injecting this bound into (3-41) yields (3-37). �

Improved modulation equation for bL . Observe that (3-37), (3-25) yield the pointwise bound

|(bL)s + (2L − 1+ cb1)b1bL |.
1√

log M

(√
E2L+2+

bL+1
1

|log b1|

)
.

bL+1
1

|log b1|
,

which is worse than (3-36) and critical to close (3-26). We claim that a |log b1| is easily gained up to an
oscillation in time.

Lemma 3.5 (improved control of bL ). Let Bδ = Bδ0 and

b̃L = bL +
(−1)L(H Lε, χBδ3Q)

4δ|log b1|
. (3-44)
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Then

|b̃L − bL |. b
L+ 1

2
1 (3-45)

and b̃L satisfies the pointwise differential equation

|(b̃L)s + (2L − 1+ cb1)b1b̃L |.
C(M)√
|log b1|

[√
E2L+2+

bL+1
1

|log b1|

]
. (3-46)

Proof of Lemma 3.5. We commute (3-28) with H L and take the scalar product with χBδ3Q for some
small enough universal constant 0< δ� 1. This yields

d
ds
{(H Lε, χBδ3Q)}− (H Lε,3Q∂s(χBδ ))

=−(H L+1ε, χBδ3Q)+
λs

λ
(H L3ε, χBδ3Q)+ (F − M̃od, H LχBδ3Q).

The linear term is estimated by Cauchy–Schwarz:

|(H L+1ε, χBδ3Q)|. C(M)
√
|log b1|

√
E2L+2.

Using (3-36), we similarly estimate

|(H Lε,3Q∂s(χBδ ))| +

∣∣∣∣λs

λ
(H L3ε, χBδ3Q)

∣∣∣∣
. C(M)

|(b1)s |

b1

1
bCδ

1

√
E2L+2+

b1

bCδ
1

C(M)
√

E2L+2 .
√
|log b1|

√
E2L+2.

The estimate on the error terms easily follows from the Hardy bounds

|(L(ε), H LχBδ3Q)| + (N (ε), H LχBδ3Q)|.
b1

bCδ
1

C(M)
√

E2L+2 .
√
|log b1|

√
E2L+2.

From (2-91) we further estimate

|(H Lε, 9̃b)|.
bL+3

1

bCδ
1

C(M)
√

E2L+2 .
√
|log b1|

√
E2L+2.

From (3-36), (3-29), we now compute

−(M̃od, H LχBδ3Q)

= O
(

bL+3/2
1

bCδ
1

)
+ [(bL)s + (2L − 1+ cb1)b1bL ]

(
H L T̃L +

L+2∑
j=L+1

H L
[
χB1

∂S j

∂bL

]
, χBδ3Q

)

= (−1)L
[(bL)s + (2L − 1+ cb1)b1bL ]

[
(3Q, χBδ3Q)+ O(b1−Cδ

1 )

]
+ O

(
bL+3/2

1

bCδ
1

)
= (−1)L

[(bL)s + (2L − 1+ cb1)b1bL ]4δ|log b1| + O(
√
|log b1|

√
E2L+2+ bL+1

1 ).
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The collection of above bounds yields the preliminary estimate∣∣∣∣ d
ds
{(H Lε, χBδ3Q)}+ (−1)L[((bL)s + (2L − 1+ cb1))b1bL

]
4δ|log b1|

∣∣∣∣
. C(M)

√
|log b1|

[√
E2L+2+

bL+1
1

|log b1|

]
(3-47)

By brute force, from (3-44) we estimate

|b̃L − bL |. |log b1|
C bL+1−Cδ

1 . b
L+ 1

2
1

and we therefore rewrite (3-47) using (3-38) as

|(b̃L)s+(2L−1+cb1)b1b̃L |. |(H Lε,χBδ3Q)|
∣∣∣∣ d
ds

{
1

4δ logb1

}∣∣∣∣+C(M)
√
|logb1|

|logb1|

[√
E2L+2+

bL+1
1

|logb1|

]
. b1−Cδ

1

√
E2L+2+

C(M)√
|logb1|

[√
E2L+2+

bL+1
1

|logb1|

]
and (3-46) is proved. �

The Lyapounov monotonicity. We now turn to the core of the argument which is the derivation of a
suitable Lyapounov functional for the E2L+2 energy.

Proposition 3.6 (Lyapounov monotonicity). We have

d
dt

{
1

λ4L+2

[
E2L+2+ O

(
b

4
5
1

b2L+2
1

|log b1|2

)]}
≤ C

b1

λ4L+4

[
E2L+2√
log M

+
b2L+2

1

|log b1|2
+

bL+1
1
√

E2L+2

|log b1|

]
(3-48)

for some universal constant C > 0 independent of M and of the bootstrap constant K in (3-23), (3-24).

Proof of Proposition 3.6. Step 1: Suitable derivatives. We define the derivatives of w associated with the
linearized Hamiltonian Hλ by

w1 = Aλw, wk+1 =

{
A∗λwk for k odd,
Aλwk for k even,

1≤ k ≤ 2L + 1

and we define its renormalized version by

ε1 = Aε, εk+1 =

{
A∗εk for k odd,
Aεk for k even,

1≤ k ≤ 2L + 1.

From (3-34), we compute

∂tw2L + Hλw2L = [∂t , H L
λ ]w+ H L

λ

(
1
λ2 Fλ

)
(3-49)

∂tw2L+1+ H̃λw2L+1 =
∂t Zλ

r
w2L + Aλ([∂t , H L

λ ]w)+ AλH L
λ

(
1
λ2 Fλ

)
. (3-50)

We recall the action of time derivatives on rescaling:

∂tvλ =
1
λ2

(
∂sv−

λs

λ
3v

)
λ

. (3-51)
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Step 2: Modified energy identity. We compute the energy identity on (3-50) using (3-51):

1
2

d
dt

E2L+2 =
1
2

d
dt

{∫
H̃λw2L+1w2L+1

}
=

∫
H̃λw2L+1∂tw2L+1+

∫
∂t Ṽλ
2r2 w

2
2L+1

=−

∫
(H̃λw2L+1)

2
+ b1

∫
(3Ṽ )λ
2λ2r2 w

2
2L+1−

(
λs

λ
+ b1

)∫
(3Ṽ )λ
2λ2r2 w

2
2L+1

+

∫
H̃λw2L+1

[
∂t Zλ

r
w2L + Aλ([∂t , H L

λ ]w)+ AλH L
λ

(
1
λ2 Fλ

)]
. (3-52)

From (3-49), (3-50) we further compute

d
dt

{∫
b1(3Z)λ
λ2r

w2L+1w2L

}
=

∫
d
dt

(
b1(3Z)λ
λ2r

)
w2L+1w2L

+

∫
b1(3Z)λ
λ2r

w2L

[
−H̃λw2L+1+

∂t Zλ
r
w2L + Aλ([∂t , H L

λ ]w)+ AλH L
λ

(
1
λ2 Fλ

)]
+

∫
b1(3Z)λ
λ2r

w2L+1

[
−A∗λw2L+1+ [∂t , H L

λ ]w+ H L
λ

(
1
λ2 Fλ

)]
.

We now integrate by parts using (2-4) to compute∫
b1(3Z)λ
λ2r

w2L+1 A∗λw2L+1 =
b1

λ4L+4

∫
3Z

y
ε2L+1 A∗ε2L+1

=
b1

λ4L+4

∫
2(1+ Z)3Z −32 Z

2y2 ε2
2L+1

=
b1

λ4L+4

∫
3Ṽ
2y2 ε

2
2L+1 = b1

∫
(3Ṽ )λ
2λ2r2 w

2
2L+1.

Injecting this into the energy identity (3-52) yields the modified energy identity

1
2

d
dt

{
E2L+2+ 2

∫
b1(3Z)λ
λ2r

w2L+1w2L

}
=−

∫
(H̃λw2L+1)

2
−

(
λs

λ
+ b1

)∫
(3Ṽ )λ
2λ2r2 w

2
2L+1+

∫
d
dt

(
b1(3Z)λ
λ2r

)
w2L+1w2L

+

∫
H̃λw2L+1

[
∂t Zλ

r
w2L + Aλ([∂t , H L

λ ]w)+ AλH L
λ

(
1
λ2 Fλ

)]
+

∫
b1(3Z)λ
λ2r

w2L

[
−H̃λw2L+1+

∂t Zλ
r
w2L + Aλ([∂t , H L

λ ]w)+ AλH L
λ

(
1
λ2 Fλ

)]
+

∫
b1(3Z)λ
λ2r

w2L+1

[
[∂t , H L

λ ]w+ H L
λ

(
1
λ2 Fλ

)]
. (3-53)
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We now aim at estimating all terms in the right hand side of (3-53). Throughout the proof, we shall make
implicit use of the coercivity estimates of Lemma B.2 and Lemma C.1.

Step 3: Lower order quadratic terms. We treat the lower order quadratic terms in (3-53) using dissipation.
Indeed, from (2-5), (2-6), (3-38), we have the bounds

|∂t Zλ| + |∂t Vλ|.
b1

λ2 (|3Z | + |3V |)λ .
b1

λ2

y2

1+ y4 . (3-54)

We moreover claim the bound∫
([∂t , H L

λ ]w)
2

λ2(1+ y2)
+

∫
|Aλ([∂t , H L

λ ]w)|
2 . C(M)

b2
1

λ4L+4 E2L+2, (3-55)

which is proved in Appendix E. From Cauchy–Schwartz, the rough bound (3-38), and Lemma C.1, we
conclude∫ ∣∣∣∣H̃λw2L+1

[
∂t Zλ

r
w2L +

∫
Aλ([∂t , H L

λ ]w)

]∣∣∣∣+ ∫ |H̃λw2L+1|

∣∣∣∣b(3Z)λ
λ2r

w2L

∣∣∣∣
≤

1
2

∫
|H̃λw2L+1|

2
+

b2
1

λ4L+4

[∫
ε2

2L

1+ y6 +C(M)E2L+2

]
≤

1
2

∫
|H̃λw2L+1|

2
+

b1

λ4L+4 C(M)b1E2L+2.

All other quadratic terms are lower order by a factor b1 again using (3-38), (3-55), (3-36), and Lemma C.1:∣∣∣∣λs

λ
+ b1

∣∣∣∣ ∫ ∣∣∣∣(3Ṽ )λ
2λ2r2 w

2
2L+1

∣∣∣∣+ ∫ ∣∣∣∣b1(3Z)λ
λ2r

w2L

[
∂t Zλ

r
w2L + Aλ([∂t , H L

λ ]w)

]∣∣∣∣
+

∫ ∣∣∣∣b1(3Z)λ
λ2r

w2L+1[∂t , H L
λ ]w

∣∣∣∣+ ∣∣∣∣∫ d
dt

(
b1(3Z)λ
λ2r

)
w2L+1w2L

∣∣∣∣
.

b2
1

λ4L+4

[∫
ε2

2L+1

1+ y4 +

∫
ε2

2L

1+ y6 +C(M)E2L+2

]
.

b1

λ4L+4 C(M)b1E2L+2.

We similarly estimate the boundary term in time using (C-10):∣∣∣∣∫ b1(3Z)λ
λ2r

w2L+1w2L

∣∣∣∣. b1

λ4L+2

[∫
ε2

2L+1

1+ y2 +

∫
ε2

2L

1+ y4

]
.

b1

λ4L+2 |log b1|
C b2L+2

1 .

We inject these estimates into (3-53) to derive the preliminary bound

1
2

d
dt

{
1

λ4L+2

[
E2L+2+ O

(
b

4
5
1

b2L+2

|log b|2

)]}
≤−

1
2

∫
(H̃λw2L+1)

2
+

∫
H̃λw2L+1 AλH L

λ

(
1
λ2 Fλ

)
+

∫
H L
λ

(
1
λ2 Fλ

)[
b1(3Z)λ
λ2r

w2L+1+ A∗λ

(
b1(3Z)λ
λ2r

w2L

)]
+

b1

λ4L+4

√
b1b2L+2

1 (3-56)

with constants independent of M for |b|< b∗(M) small enough.
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We now estimate all terms in the right hand side of (3-56).

Step 4: Further use of dissipation. Let us introduce the decomposition from (3-28), (3-30),

F= F0+F1, F0 =−9̃b− M̃od(t), F1 = L(ε)− N (ε). (3-57)

The first term in the right hand side of (3-56) is estimated after an integration by parts:∣∣∣∣∫ H̃λw2L+1 AλH L
λ

(
1
λ2 Fλ

)∣∣∣∣
≤

C
λ4L+4 ‖A∗ε2L+1‖L2‖H L+1F0‖L2 +

1
4

∫
|H̃λw2L+1|

2
+

C
λ4L+4

∫
|AH LF1|

2

≤
C

λ4L+4

[
‖H L+1F0‖L2

√
E2L+2+‖AH LF1‖

2
L2

]
+

1
4

∫
|H̃λw2L+1|

2 (3-58)

for some universal constant C > 0 independent of M .
The last two terms in (3-56) can be estimated by brute force from Cauchy–Schwarz:∣∣∣∣∫ H L

λ

(
1
λ2 Fλ

)
b1(3Z)λ
λ2r

w2L+1

∣∣∣∣. b1

λ4L+4

(∫
1+ |log y|2

1+ y4 |H LF|2
)1

2
(∫

ε2
2L+1

y2(1+ |log y|2)

)1
2

.
b1

λ4L+4

√
E2L+2

(∫
1+ |log y|2

1+ y4 |H LF|2
)1

2

, (3-59)

where constants are independent of M thanks to the estimate (B-2) for ε2L+1. Similarly,∣∣∣∣∫ H L
λ

(
1
λ2 Fλ

)
A∗λ

(
b1(3Z)λ
λ2r

w2L

)∣∣∣∣
.

b1

λ4L+4

(∫
1+ |log y|2

1+ y2 |AH LF|2
)1

2
(∫

ε2
2L

(1+ y4)(1+ |log y|2)

)1
2

.
b1

λ4L+4 C(M)
√

E2L+2

(∫
1+ |log y|2

1+ y2 |AH LF0|
2
+

∫
|AH LF1|

2
)1

2

. (3-60)

We now claim the bounds ∫
1+ |log y|2

1+ y4 |H LF|2 .
b2L+2

1

|log b1|2
+

E2L+2

log M
, (3-61)∫

1+ |log y|2

1+ y2 |AH LF0|
2 . δ(α∗)

[
b2L+2

1

|log b1|2
+E2L+2

]
, (3-62)∫

|H L+1F0|
2 . b2

1

[
b2L+2

1

|log b1|2
+

E2L+2

log M

]
, (3-63)∫

|AH LF1|
2 . b1

[
b2L+2

1

|log b1|2
+

E2L+2

log M

]
(3-64)
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with all . constants independent of M for |b|< α∗(M) small enough, and where

δ(α∗)→ 0 as α∗(M)→ 0.

Injecting these bounds together with (3-58), (3-59), (3-60) into (3-56) concludes the proof of (3-48). We
now turn to the proof of (3-61), (3-62), (3-63), (3-64).

Step 5: 9̃b terms. The contribution of 9̃b terms to (3-61), (3-62), (3-63) is estimated from (2-89), (2-90),
which are at the heart of the construction of Q̃b and yield the desired bounds.

Step 6: M̃od(t) terms. Recall (3-29),

M̃od(t)=−
(
λs

λ
+ b1

)
3Q̃b+

L∑
i=1

[(bi )s + (2i − 1+ cb1)b1bi − bi+1]

[
T̃i +χB1

L+2∑
j=i+1

∂S j

∂bi

]
,

and the notation (3-39).

Proof of (3-63) for M̃od. We recall that

|bk |. bk
1,

and, from Lemma 2.8, we estimate∫
|H L+13Q̃b|

2 .
L∑

i=1

∫
|H L+1bi3T̃i |

2
+

L+2∑
i=2

∫
|H L+13S̃i |

2

.
L∑

i=1

b2i
1

∫
y≤2B1

∣∣∣∣(1+ |log y|C)y2i−1

1+ y2L+2

∣∣∣∣2+ L+1∑
i=2

b2i
1 +

b2L+4
1

b2
1|log b1|2

. b2
1.

We then use the cancellation H L+1Ti = 0 for 1≤ i ≤ L to estimate

L∑
i=1

∫
|H L+1T̃i |

2 .
L∑

i=1

∫
B1≤y≤2B1

∣∣∣∣ y2i−1

y2L+2

∣∣∣∣2 . b2
1.

Then, using Lemma 2.8 again,13 for 1≤ i ≤ L ,

L+2∑
j=i+1

∫ ∣∣∣∣H L+1
[
χB1

∂S j

∂bi

]∣∣∣∣2 . L+1∑
j=i+1

b2( j−i)
1 +

b2(L+2−i)
1

b2
1|log b1|2

. b2
1.

We thus obtain from Lemma 3.3 the expected bound:∫
|H L+1M̃od|2 . b2

1|D(t)|
2 . b2

1

[
E2L+2

|log M |
+

b2L+2
1

|log b1|2

]
. �

13This is where we used the logarithmic gain (2-54) induced by (2-24).
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Proof of (3-61) for M̃od. We use Lemma 2.8 to derive the rough bound∫
1+|log y|2

1+ y4 |H L3Q̃b|
2

.
L∑

i=1

∫
1+|log y|2

1+ y4 |H Lbi3T̃i |
2
+

L+2∑
i=2

∫
1+|log y|2

1+ y4 |H L3S̃i |
2

.
L∑

i=1

b2i
1

∫
y≤2B1

1+|log y|C

1+ y4

∣∣∣∣ y2i−1

1+ y2L

∣∣∣∣2+ L+1∑
i=2

b2i
1 |log b1|

3
+b2L+4

1

∫
y≤2B1

1+|log y|2

1+ y4

∣∣∣∣1+ y2(L+2)−1

1+ y2L

∣∣∣∣2
. 1.

Next,
L∑

j=1

1+ |log y|2

1+ y4 |H L T̃i |
2 .

L∑
j=1

∫
y≤2B1

1+ |log y|C

1+ y4

∣∣∣∣ y2i−1

1+ y2L

∣∣∣∣2 . 1,

and finally, again using Lemma 2.8, for 1≤ i ≤ L ,

L+2∑
j=i+1

∫
1+ |log y|2

1+ y4

∣∣∣∣H L
[
χB1

∂S j

∂bi

]∣∣∣∣2
.

L+1∑
j=i+1

b2( j−i)
1 |log b1|

2
+ b2(L−i)+4

1

∫
y≤2B1

1+ |log y|2

1+ y4

∣∣∣∣1+ y2(L+2)−1

1+ y2L

∣∣∣∣2 . 1.

We thus obtain from Lemma 3.3 the expected bound:∫
1+ |log y|2

1+ y4 |H LM̃od|2 . |D(t)|2 .
E2L+2

|log M |
+

b2L+2
1

|log b1|2
. �

Proof of (3-62) for M̃od. We use Lemma 2.8 to estimate∫
1+|log y|2

1+y2 |AH L3Q̃b|
2

.
L∑

i=1

∫
1+|log y|2

1+y2 |H Lbi3T̃i |
2
+

L+2∑
i=2

∫
1+|log y|2

1+y2 |AH L3S̃i |
2

.
L∑

i=1

b2i
1

∫
y≤2B1

1+|log y|2

1+y2

∣∣∣∣ y2i−1

1+y2L

∣∣∣∣2+L+1∑
i=2

b2i
1 |logb1|

3
+b2L+4

1

∫
B1≤y≤2B1

1+|log y|2

1+y2

∣∣∣∣1+y2(L+2)−1

1+y2L+1

∣∣∣∣2
. b2

1.

Next, using the cancellation AH L Ti = 0, 1≤ i ≤ L ,

L∑
j=1

1+ |log y|2

1+ y2 |AH L T̃i |
2 .

L∑
j=1

∫
B1≤y≤2B1

1+ |log y|C

1+ y2

∣∣∣∣ y2i−1

1+ y2L

∣∣∣∣2 . b1|log b1|
C ,
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and finally using Lemma 2.8 again, for 1≤ i ≤ L , we have

L+2∑
j=i+1

∫
1+ |log y|2

1+ y2

∣∣∣∣AH L
[
χB1

∂S j

∂bi

]∣∣∣∣2
.

L+1∑
j=i+1

b2( j−i)
1 |log b1|

C
+ b2(L−i)+4

1

∫
y≤2B1

1+ |log y|2

1+ y2

∣∣∣∣1+ y2(L+2)−1

1+ y2L+1

∣∣∣∣2 . b1.

We thus obtain from Lemma 3.3 the desired bound:∫
1+ |log y|2

1+ y2 |AH LM̃od|2 ≤
√

b1|D(t)|2 . δ(α∗)
[

E2L+2+
b2L+2

1

|log b1|2

]
. �

Step 7: Nonlinear term N (ε). Control near the origin y ≤ 1. From (3-32) and a Taylor Lagrange formula,
we rewrite

N (ε)= zN0(ε), z = y
( ε

y

)2
, N0(ε)=

1
y

∫ 1

0
(1− τ) f ′′(Q̃b+ τε) dτ. (3-65)

First observe from (C-2) and the Taylor expansion at the origin of Ti given by (2-39) that

z = 1
y

[L+1∑
i=1

ci TL+1−i + rε

]2

=

L∑
i=0

c̃i y2i+1
+ r̃ε, (3-66)

where, from (C-3), (C-4),

|c̃i |. C(M)E2L+2,

|∂k
y r̃ε|. y2L+1−k

|log y|C(M)E2L+2, 0≤ k ≤ 2L + 1. (3-67)

We now let τ ∈ [0, 1] and
vτ = Q̃b+ τε,

and obtain from Proposition 2.12 and (C-2) the Taylor expansion at the origin

vτ =

L∑
i=0

ĉi y2i+1
+ r̂ε (3-68)

with
|ĉi |. 1, |∂k

y r̂ε|. y2L+1−k
|log y|, 0≤ k ≤ 2L + 1. (3-69)

Recall that f ∈ C∞ with f 2k(0)= 0, k ≥ 0. We therefore obtain a Taylor expansion

f ′′(vτ )=
L+1∑
i=1

f (2i+1)(0)
i !

v2i−1
τ +

v2L+2

(2L + 1)!

∫ 1

0
(1− σ)2L+1 f (2L+4)(σvτ ) dσ,

which, together with (3-68), ensures an expansion

N0(ε)=

L∑
i=0

ˆ̂ci y2i
+ ˆ̂rε, | ˆ̂ci |. 1, |∂k

y
ˆ̂rε|. y2L−k

|log y|, 0≤ k ≤ 2L + 1.
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Combining this with (3-66) ensures the expansion

N (ε)= zN0(ε)=

L∑
i=0

˜̃ci y2i+1
+ ˜̃rε (3-70)

with
| ˜̃ci |. C(M)E2L+2, |∂

k
y
˜̃rε|. y2L+1−k

|log y|C(M)E2L+2, 0≤ k ≤ 2L + 1.

Observe that from a direct check this implies the bound

|Ak ˜̃rε|.
k∑

i=0

∂ i
y
˜̃rε

yk−i . C(M)E2L+2

k∑
i=0

|log y|y2L+1−i

yk−i . y2L+1−k
|log y|C(M)E2L+2, 0≤ k ≤ 2L + 1.

We now compute using a simple induction based on the expansions (2-5), (2-6) and the cancellation
A(y)= O(y2) that, for y ≤ 1,

A2k+1
( L∑

i=0

˜̃ci y2i+1
)
=

L∑
i=k+1

ci,2k+1 y2(i−k)
+ O(y2(L−k)+2),

A2k+2
( L∑

i=0

˜̃ci y2i+1
)
=

L∑
i=k+1

ci,2k+2 y2(i−k)−1
+ O(y2(L−k)+1).

(3-71)

From (3-70), we conclude

‖Ak N (ε)‖L∞(y≤1) . C(M)E2L+2, 0≤ k ≤ 2L + 1, (3-72)

and thus, in particular, we get the control near the origin∫
y≤1

1+ |log y|2

1+ y4 |H L N (ε)|2+
∫

y≤1
|AH LN(ε)|2 . C(M)(E2L+2)

2 . b2
1b2L+2

1 .

Control for y ≥ 1. We give a detailed proof of (3-64). The proof of (3-61) follows the exact same lines
(with more room in fact) and is left to the reader. Let

ζ =
ε

y
, N1(ε)=

∫ 1

0
(1− τ) f ′′(Q̃b+ τε) dτ so that N (ε)= ζ 2 N1. (3-73)

We first estimate from (C-14): for (i, j) ∈ N×N with 1≤ i + j ≤ 2L + 1,∥∥∥∥ ∂ i
yζ

y j−1

∥∥∥∥2

L∞(y≥1)
.

i∑
k=0

∥∥∥∥ ∂k
yε

y j+i−k

∥∥∥∥2

L∞(y≥1)
. |log b1|

C


b(i+ j)2L/(2L−1)

1 for 1≤ i + j ≤ 2L − 1,
b2L+1

1 for i + j = 2L ,
b2L+2

1 for i + j = 2L + 1.
(3-74)

Similarly, from (C-12), for (i, j) ∈ N×N∗ with 2≤ i + j ≤ 2L + 2,∫
y≥1

1+ |log y|C

1+ y2 j−2 |∂
i
yζ |

2 .
i∑

k=0

∫
y≥1

1+ |log y|C

1+ y2 j+2(i−k) |∂
k
yε|

2

. |log b1|
C


b(i+ j−1)2L/(2L−1)

1 for 2≤ i + j ≤ 2L ,
b2L+1

1 for i + j = 2L + 1,
b2L+2

1 for i + j = 2L + 2.
(3-75)
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Moreover, from the energy bound (3-23), ∫
y≥1
|ζ |2 . 1. (3-76)

We now claim the pointwise bound, for y ≥ 1,

for all 1≤ k ≤ 2L + 1, |∂k
y N1(ε)|. |log b1|

C
[

1
yk+1 + bak/2

1

]
, (3-77)

with

ak =


k2L/(2L − 1) for 1≤ k ≤ 2L − 1
2L + 1 for k = 2L ,
2L + 2 for k = 2L + 1,

(3-78)

which is proved below. For k = 0, we simply need the obvious bound

‖N1(ε)‖L∞(y≥1) . 1. (3-79)

Then, by brute force, from (3-73), (3-77), (3-79), we estimate

|AH L N (ε)|.
2L+1∑
k=0

|∂k
y N (ε)|

y2L+1−k .
2L+1∑
k=0

1
y2L+1−k

k∑
i=0

|∂ i
yζ

2
||∂k−i

y N1(ε)|

.
2L+1∑
k=0

|∂k
yζ

2
|

y2L+1−k +

2L+1∑
k=1

1
y2L+1−k

k−1∑
i=0

|∂ i
yζ

2
||log b1|

C
[

1
yk−i+1 + b(ak−i )/2

1

]

.
2L+1∑
k=0

|∂k
yζ

2
|

y2L+1−k + |log b1|
C

2L∑
i=0

|∂ i
yζ

2
|

y2L+2−i + |log b1|
C

2L+1∑
k=1

k−1∑
i=0

b(ak−i )/2
1

|∂ i
yζ

2
|

y2L+1−k

. |log b1|
C
[2L+1∑

k=0

|∂k
yζ

2
|

y2L+1−k +

2L+1∑
k=1

k−1∑
i=0

b(ak−i )/2
1

|∂ i
yζ

2
|

y2L+1−k

]
,

and hence∫
y≥1
|AH L N (ε)|2

. |log b1|
C

2L+1∑
k=0

k∑
i=0

∫
y≥1

|∂ i
yζ |

2
|∂k−i

y ζ |2

y4L+2−2k + |log b1|
C

2L+1∑
k=1

k−1∑
i=0

i∑
j=0

bak−i
1

∫
y≥1

|∂
j
y ζ |

2
|∂

i− j
y ζ |2

y4L+2−2k .

We now claim the bounds
2L+1∑
k=0

k∑
i=0

∫
y≥1

|∂ i
yζ |

2
|∂k−i

y ζ |2

y4L+2−2k . |log b1|
C bδ(L)1 b2L+3

1 , (3-80)

|log b1|
C

2L+1∑
k=1

k−1∑
i=0

i∑
j=0

bak−i
1

∫
y≥1

|∂
j
y ζ |

2
|∂

i− j
y ζ |2

y4L+2−2k . |log b1|
C bδ(L)1 b2L+3

1 (3-81)

for some δ(L) > 0, and this concludes the proof of (3-64) for N (ε).



1768 PIERRE RAPHAËL AND REMI SCHWEYER

Proof of (3-77). We first extract from Proposition 2.12 the rough bound

|∂k
y Q̃b|. |log b1|

C
[

1
yk+1 +

2L+2∑
i=1

bi
1 y2i−1−k1y≤2B1

]
.
|log b1|

C

yk+1 . (3-82)

Then let τ ∈ [0, 1] and vτ = Q̃b+ τε. From (3-82), (C-14), (3-78), we conclude

|∂k
yvτ |. |log b1|

C
[

1
yk+1 + bak/2

1

]
, 1≤ k ≤ 2L + 1, y ≥ 1. (3-83)

We therefore estimate N1 through the formula (3-73) using the rough bound |∂ i
v f | . 1 and the Faa di

Bruno formula: for 1≤ k ≤ 2L + 1,

|∂k
y N1(ε)|.

∫ 1

0

∑
m1+2m2+···+kmk=k

|∂m1+···+mk
v f (vτ )|

k∏
i=1

|∂ i
yvτ |

mi dτ

. |log b1|
C

∑
m1+2m2+···+kmk=k

|

k∏
i=1

[
1

yi+1 + bai/2
1

]mi

. |log b1|
C
[

1
yk+1 + bαk/2

1

]
.

To estimate αk from the definition (3-78), we observe that for k ≤ 2L − 1, i ≤ 2L − 1, and thus

αk ≥

k∑
i=0

2i L
L − 1

mi =
2kL
L − 1

= ak .

For k = 2L , we have to treat the boundary term i = k, (m1, . . . ,mk−1,mk)= (0, . . . , 0, 1)= 1, which
yields

α2L ≥min
{

2L(2L)
2L − 1

; 2L + 1
}
= 2L + 1.

For k = 2L + 1, we have the two boundary terms (m1,m2, . . . ,mk−2,mk−1,mk) = (1, 0, . . . , 0, 1, 0),
(m1, . . . , ,mk−1,mk)= (0, . . . , 0, 1), which yield

α2L+1 ≥min
{

2L(2L + 1)
2L − 1

; 2L + 1+
2L

2L − 1
; 2L + 2

}
= 2L + 2,

and (3-77) is proved. �

Proof of (3-80). Let 0≤ k ≤ 2L+1, 0≤ i ≤ k. Let I1 = k− i , I2 = i . Then we can pick J2 ∈N∗ such that

max{1; 2− i} ≤ J2 ≤min{2L + 3− k; 2L + 2− i}

and define

J1 = 2L + 3− k− J2.
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Then, from direct inspection,

(I1, J1, I2, J2) ∈ N3
×N∗,

{
1≤ I1+ J1 ≤ 2L + 1, 2≤ I2+ J2 ≤ 2L + 2,
I1+ I2+ J1+ J2 = 2L + 3.

Thus

Ai =

∫
y≥1

|∂ i
yζ |

2
|∂k−i

y ζ |2

y4L+2−2k =

∫
y≥1

|∂ I1
y ζ |

2
|∂ I2

y ζ |
2

y2J1−2+2J2−2 .

∥∥∥∥ ∂ I1
y ζ

y J1−1

∥∥∥∥2

L∞(y≥1)

∫
y≥1

|∂ I2
y ζ |

2

y2J2−2 . |log b1|
C bdi,k

1 ,

where we now compute the exponent di,k using (3-74), (3-75):

• for I1+ J1 ≤ 2L − 1, I2+ J2 ≤ 2L ,

di,k =
2L

2L − 1
(I1+ J1+ I2+ J2− 1)=

2L(2L + 2)
2L − 1

> 2L + 3;

• for I1+ J1 = 2L , I2+ J2 = 3,

di,k = 2L + 1+
2L

2L − 1
(3− 1) > 2L + 3;

• for I1+ J1 = 2L + 1, I2+ J2 = 2,

di,k = 2L + 2+
2L

2L − 1
> 2L + 3;

• for I2+ J2 = 2L + 1, I1+ J1 = 2,

di,k =
2(2L)
2L − 1

+ 2L + 1> 2L + 3;

• for I2+ J2 = 2L + 2, I1+ J1 = 1,

di,k = 2L + 2+
2L

2L − 1
> 2L + 3;

and (3-80) is proved. �

Proof of (3-81). Let 1≤ k ≤ 2L + 1, 0≤ j ≤ i ≤ k− 1. For k = 2L + 1 and 0≤ i = j ≤ 2L , we use the
energy bound (3-76) to estimate

bak−i
1

∫
y≥1

|∂
j
y ζ |

2
|∂

i− j
y ζ |2

y4L+2−2k = ba2L+1−i
1

∫
y≥1
|∂ i

yζ |
2
|ζ |2 . ba2L+1−i

1 ‖ζ‖2L∞(y≥1)

∫
y≥1
|∂ i

yζ |
2 . bdi,2L+1

1

with

di,2L+1 =



2L
2L−1

+ 2L + 2 for i = 0,

2L
2L−1

+ 2L + 2+ 2L
2L−1

for i = 1,

2L
2L−1

+
2L

2L−1
(i + 1− 1)+ 2L

2L−1
(2L + 1− i) for 2≤ i ≤ 2L

> 2L + 3.
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This exceptional case being treated, we let I1 = j , I2 = i − j , and pick J2 ∈ N∗ with

max{1; 2− (i − j); 2− (k− j)} ≤ J2 ≤min{2L + 3− k; 2L + 2− (k− j); 2L + 2− (i − j)}.

Let
J1 = 2L + 3− k− J2.

Then we can directly check that

(I1, J1, I2, J2) ∈ N3
×N∗,

{
1≤ I1+ J1 ≤ 2L + 1, 2≤ I2+ J2 ≤ 2L + 2,
I1+ I2+ J1+ J2 = 2L + 3− (k− i).

Hence

bak−i
1

∫
y≥1

|∂
j
y ζ |

2
|∂

i− j
y ζ |2

y4L+2−2k = bak−i
1

∫
y≥1

|∂ I1
y ζ |

2
|∂ I2

y ζ |
2

y2J2−2+2J1−2 . bak−i
1

∥∥∥∥ ∂ I1
y ζ

y J1−1

∥∥∥∥2

L∞(y≥1)

∫
y≥1

|∂ I2
y ζ |

2

y2J2−2

. |log b1|
C bdi, j,k

1 ,

where we now compute the exponent di,k using (3-74), (3-75), (3-78):

• for I1+ J1 ≤ 2L − 1, I2+ J2 ≤ 2L , k− i ≤ 2L − 1,

di, j,k = (k− i)
2L

2L − 1
+ (2L + 3− (k− i)− 1)

2L
2L − 1

=
2L(2L + 2)

2L − 1
> 2L + 3;

• for I1+ J1 ≤ 2L − 1, I2+ J2 ≤ 2L , k− i = 2L ,

di, j,k = 2L + 1+ (2L + 3− 2L − 1)
2L

2L − 1
> 2L + 3;

• for I1+ J1 = 2L , I2+ J2 = 3− (k− i)≥ 2 and thus k− i = 1, I2+ J2 = 2,

di, j,k =
2L

2L − 1
+ 2L + 1+

2L
2L1

> 2L + 3;

• for I2+ J2 = 2L + 1, I1+ J1 = 2− (k− i)≥ 1 and thus k− i = 1. I1+ J1 = 1,

di, j,k =
2L

2L − 1
+ 2L + 1+

2L
2L − 1

> 2L + 3.

This concludes the proof of (3-81). �

Step 8: small linear term L(ε). Let us rewrite from a Taylor expansion

L(ε)=−εN2(α̃b), N2(α̃b)=
f ′(Q+ α̃b)− f ′(Q)

y2 =
α̃b

y2

∫ 1

0
f ′′(Q+ τ α̃b) dτ. (3-84)

Control for y≤ 1. We use a Taylor expansion with the cancellation f 2k(0)= 0, k≥ 0, and Proposition 2.12
to ensure, for y ≤ 1, a decomposition

N2(α̃b)= b1

[ L∑
i=0

c̃i y2i
+ r

]
, |c̃i |. 1, |∂k

yr |. y2L+2−k, 0≤ k ≤ 2L + 1.
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We combine this with (C-2) and obtain the representation, for y ≤ 1,

L(ε)=
[L+1∑

i=1

ci TL+1−i + rε

]
b1

[ L∑
i=0

ci y2i
+ r

]
= b1

[ L∑
i=1

ĉi y2i−1
+ r̂ε

]
(3-85)

with bounds

|ĉi |. C(M)
√

E2L+2, (3-86)

|∂k
y r̂ε|. y2L+1−k

|log y|C(M)
√

E2L+2, 0≤ k ≤ 2L + 1, y ≤ 1. (3-87)

We now apply (Ak)0≤k≤2L+1 to (3-85) and conclude using (3-71) that

‖Ak L(ε)‖L∞(y≤1) . b1C(M)
√

E2L+2, (3-88)

from which∫
y≤1

1+ |log y|2

1+ y4 |H L L(ε)|2+
∫

y≤1
|AH L L(ε)|2 . C(M)b2

1E2L+2 . C(M)b2
1b2L+2

1 .

Control for y ≥ 1. We give a detailed proof of (3-64). The proof of (3-61) follows the exact same lines
and is left to the reader. We claim the pointwise bound, for y ≥ 1,

for all 0≤ k ≤ 2L + 1, |∂k
y N2(α̃b)|.

b1|log b1|
C

yk+1 , (3-89)

which is proved below. From the Leibniz rule, this yields

|∂k
y L(ε)|.

k∑
i=0

b1|log b1|
C
|∂ i

yε|

yk−i+1 , (3-90)

and thus

|AH L L(ε)|.
2L+1∑
k=0

|∂k
y L(ε)|

y2L+1−k .
2L+1∑
k=0

1
y2L+1−k

k∑
i=0

b1|log b1|
C
|∂ i

yε|

yk−i+1

. b1|log b1|
C

2L+1∑
i=0

|∂ i
yε|

y2L+2−i .

Therefore, from (C-11) with k = L , we conclude∫
y≥1
|AH L L(ε)|2 . b2

1|log b1|
C

2L+1∑
i=0

∫
y≥1

|∂ i
yε|

2

y4L+4−2i . |log b1|
C b2L+4

1 ,

and (3-64) is proved.

Proof of (3-89). Let

N3 =

∫ 1

0
f ′′(Q+ τ α̃b) dτ.
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Letting ṽτ = Q+ τ α̃b, 0≤ τ ≤ 1, from Proposition 2.12 we estimate

|∂k
y ṽτ |.

|log b1|
C

yk+1 , 1≤ k ≤ 2L + 1, y ≥ 1,

and hence, using the Faa di Bruno formula,

|∂k
y N3(α̃b)|.

∫ 1

0

∑
m1+2m2+···+kmk=k

|∂m1+···+mk
v f (ṽτ )|

k∏
i=1

|∂ i
y ṽτ |

mi dτ

. |log b1|
C

∑
m1+2m2+···+kmk=k

k∏
i=1

[
1

yi+1

]mi

.
|log b1|

C

yk+1 .

This yields in particular the rough bound

|∂k
y N3(α̃b)|.

|log b1|
C

yk , y ≥ 1, 0≤ k ≤ 2L + 1,

and hence, from the Leibniz rule,∣∣∣∣∂k
y

(
N3(α̃b)

y2

)∣∣∣∣. |log b1|
C

yk+2 , y ≥ 1, 0≤ k ≤ 2L + 1. (3-91)

From Proposition 2.12, we extract the rough bound

|∂k
y α̃b|.

|log b1|
C b1

yk−1 , 0≤ k ≤ 2L + 1

and, from the Leibniz rule, we conclude

|∂k
y N2|.

k∑
i=0

|log b1|
C b1

yi+2 yk−i−1 .
b1|log b1|

C

yk+1 ,

which proves (3-89). �

This concludes the proofs of (3-61), (3-62), (3-63), (3-64), and thus of Proposition 3.6. �

4. Closing the bootstrap and proof of Theorem 1.1

We are now in position to close the bootstrap bounds of Proposition 3.1. The proof of Theorem 1.1 will
easily follow.

Proof of Proposition 3.1.

Proof. Our aim is first to show that for s < s∗, the a priori bounds (3-23), (3-24), (3-25) can be improved,
and then the unstable modes (Uk)2≤k≤L will be controlled through a standard topological argument.

Step 1: improved Ḣ 1 bound. First observe from (3-17) and the a priori bound on Uk for s < s∗ that

|bk(s)|. |bk(0)|. (4-1)
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The energy bound (3-23) is now a straightforward consequence of the dissipation of energy and the
bounds (4-1), (3-26). Indeed, let

ε̃ = ε+ α̂.

Then

E0=

∫
|∂y(Q+ε̃)|2+

∫
g2(Q+ ε̃)

y2 = E(Q)+(H ε̃, ε̃)+
∫

1
y2 [g

2(Q+ε̃)−2 f (Q)ε̃− f ′(Q)ε̃2
]. (4-2)

We first use the bound on the profile which is easily extracted from Proposition 2.12∫
|∂yα̂|

2
+

∫
|α̂|2

y2 . b1|log b1|
C
≤

√
b1(0)

using (4-1). Using Lemma B.1 ensures the coercivity

(H ε̃, ε̃)≥ c(M)
[∫
|∂y ε̃|

2
+

∫
|ε̃|2

y2

]
−

1
c(M)

(ε̃, 8M)
2
≥ c(M)

[∫
|∂yε|

2
+

∫
|ε|2

y2

]
−

√
b1(0).

The nonlinear term is estimated from a Taylor expansion:∣∣∣∣∫ 1
y2 [g

2(Q+ ε̃)− 2 f (Q)ε̃− f ′(Q)ε̃2
]

∣∣∣∣. ∫ |ε̃|3y2 .

(∫
|∂y ε̃|

2
+

∫
|ε̃|2

y2

)3
2

,

where we used the Sobolev bound

‖ε̃‖2L∞ . ‖∂y ε̃‖L2

∥∥∥ ε̃y ∥∥∥L2
.

We inject these bounds into the dissipation of energy (4-2) together with the initial bound (3-20) to
estimate ∫

|∂yε|
2
+

∫
|ε|2

y2 .
∫
|∂y ε̃|

2
+

∫
|ε̃|2

y2 + b1|log b1|
C
≤ c(M)

√
b1(0)≤ (b1(0))

1
4 (4-3)

for |b1(0)| ≤ b∗1(M) small enough.

Step 2: integration of the scaling law. Let us compute explicitly the scaling parameter for s < s∗. From
(3-36), (3-26), (2-101), (2-99), we have the rough bound

−
λs

λ
=

c1

s
−
|d1|

log s
+ O

(
1

s(log s)5/4

)
,

which we rewrite as ∣∣∣∣ d
ds

{
sc1λ(s)
(log s)|d1|

}∣∣∣∣. 1
s(log s)5/4

. (4-4)

We integrate this using the initial value λ(0)= 1 and conclude

sc1λ(s)
(log s)|d1|

=
sc1

0

(log s0)|d1|
+ O

(
1

(log s0)1/4

)
. (4-5)
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Together with the law for b1 given by (3-26), (2-101), (2-99), this implies

b1(0)c1 |log b1(0)||d1| .
bc1

1 (s)|log b1|
|d1|

λ(s)
. b1(0)c1 |log b1(0)||d1|. (4-6)

Step 3: improved control of E2L+2. We now improve the control of the high order E2L+2 energy (3-25)
by reintegrating the Lyapounov monotonicity (3-48) in the regime governed by (4-5), (2-101). Indeed,
we inject the bootstrap bound (3-25) into the monotonicity formula (3-48) and integrate in time s:
for all s ∈ [s0, s∗),

E2L+2(s)≤ 2
(
λ(s)
λ(0)

)4L+2[
E2L+2(0)+Cb

4
5
1 (0)

b2L+2
1 (0)
|log b1(0)|2

]
+

b2L+2
1 (s)
|log b1(s)|2

+C
[

1+
K

log M
+
√

K
]
λ2L+4(s)

∫ s

s0

b1

λ4L+2

b2L+2
1

|log b1|2
dσ (4-7)

for some universal constant C > 0 independent of M . We now observe from (4-6) that the integral in the
right hand side of (4-7) is divergent, since

b1

λ4L+2

b2L+2
1

|log b1|2
& C(b0)

b2L+3
1

b(4L+2)c1
1 |log b1|C

&
C(b0)

(log s)C s2L+3−(4L+2)L/(2L−1) =
C(b0)

(log s)C s(2L−3)/(2L−1) ,

and therefore, from (4-6) and 1/s . b1 . 1/s,

λ4L+2(s)
∫ s

s0

b1

λ4L+2

b2L+2
1

|log b1|2
dσ .

b2L+2
1 (s)
|log b1(s)|2

.

We now estimate the contribution of the initial data using (4-6) and the initial bounds (3-21), (3-22):(
λ(s)
λ(0)

)4L+2[
E2L+2(0)+Cb

4
5
1 (0)

b2L+2
1 (0)
|log b1(0)|2

]
. λ4L+2(s)b

4
5
1 (0)

b2L+2
1 (0)
|log b1(0)|2

. (b1(s))(4L+2)L/(2L−1)
|log b1(s)|C(b1(0))

4
5+2L+2−(4L+2)L/(2L−1)

|log b1(0)|C .
b2L+2

1 (s)
|log b1(s)|2

,

where we used the algebra, for L ≥ 2,

0<
L(4L + 2)

2L − 1
− (2L + 2)=

2
2L − 1

<
4
5
.

Injecting these bounds into (4-7) yields

E2L+2(s).
b2L+2

1 (s)
|log b1(s)|2

[
1+

K
log M

+
√

K
]
≤

K
2

b2L+2
1 (s)
|log b1(s)|2

(4-8)

for K large enough independent of M .
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Step 4: Improved control of E2k+2, 0≤ k ≤ L − 1. We now claim the improved bound on the intermediate
energies

E2k+2 ≤ b(2k+1)2L/(2L−1)
1 |log b1|

C+
√

K . (4-9)

This follows from the monotonicity formula, for 0≤ k ≤ L − 1,

d
dt

{
1

λ4k+2

[
E2k+2+ O

(
b

1
2
1 b(4k+2)2L/(2L−1)

1

)]}
.
|log b1|

C

λ4k+4

[
b2k+3

1 + b1+δ+(2k+1)2L/(2L−1)
1 +

√
b2k+4

1 E2k+2

]
(4-10)

for some universal constants C, δ > 0 independent of the bootstrap constant K . The proof is similar to
that of (4-8) and in fact simpler since we allow for logarithmic losses; details are given in Appendix F.

Using (4-5), we now estimate

λ4k+2(s)
∫ s

s0

b2k+3
1

λ4k+2 |log b1|
C .

(log s)|d1|

s(4k+2)c1

∫ s

s0

(log σ)C

σ 2k+3−c1(4k+2) dσ.

From (2-97), we compute

(2k+ 3)− c1(4k+ 2)= 1+
2(L − k− 1)

2L − 1
, (4-11)

and hence

λ4k+2(s)
∫ s

s0

b2k+3
1

λ4k+2 |log b1|
C .

(log s)|d1|+C

s(4k+2)c1
. b(4k+2)c1

1 |log b1|
C .

Similarly, from (4-6),

λ4k+2(s)
∫ s

s0

b1+δ+(2k+1)2L/(2L−1)
1

λ4k+2 |log b1|
C dσ .

(log s)|d1|+C

s(4k+2)c1

∫ s

s0

(log σ)C

σ 1+δ dσ . b(4k+2)c1
1 |log b1|

C ,

and, using (4-11), (3-24),

λ4k+2(s)
∫ s

s0

|log b1|
C

λ4k+2

√
b2k+4

1 E2k+2 dσ

.
(log s)|d1|+C

s(4k+2)c1

∫ s

s0

(log σ)C+
√

K
√

s2k+4−(2k+1)2L/(2L−1)
dσ

. |log b1|
C+
√

K b(4k+2)c1
1

∫ s

s0

dσ
σ 1+(L−k−1)/(2L−1) . |log b1|

C+
√

K b(4k+2)c1
1 .

Using the initial smallness (3-21) and (4-6), the time integration of (4-10) from s = s0 to s therefore yields

E2k+2(s). λ4k+2(s)b1(0)10L+4
+ |log b1(s)|C+

√
K b4k+2

1 (s). |log b1(s)|C+
√

K b(4k+2)c1
1 (s),

and (4-9) is proved.

Remark 4.1. For 0≤ k ≤ L − 2, the above argument shows the bound

E2k+2 . λ
4k+2,
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which equivalently corresponds to a uniform high order Sobolev control w. The logarithmic loss for
k = L − 1 could be gained as well with a little more work; see [Raphaël and Schweyer 2013] for the case
L = 1. This shows that the limiting excess of energy u∗ in (1-12) enjoys some suitable high order Sobolev
regularity.

Step 5 contradiction through a topological argument. Let us consider

b̃k = bk for 1≤ k ≤ L , b̃L given by (3-44)

and the associated variables

b̃k = be
k +

Ũk

sk(log s)5/4
, 1≤ k ≤ L , b̃k+1 = Ũk+1 ≡ 0, Ṽ = PLŨ .

From (3-45),

|V − Ṽ |. sL
|log s|C b

L+ 1
2

1 .
1

s1/4 . (4-12)

Let the associated control of the unstable models be

|Ṽ1(s)| ≤ 2, (Ṽ2(s), . . . , ṼL(s)) ∈BL−1
(1

2

)
, (4-13)

and the slightly modified exit time

s̃∗ = sup{s ≥ s0 such that (3-23), (3-24), (3-25), (4-13) hold on [s0, s]}.

Then (4-12) and the assumption (3-27) imply

for all (Ṽ2(0), . . . , ṼL(0)) ∈BL−1
( 1

2

)
, s̃∗ <+∞. (4-14)

We claim that this contradicts Brouwer’s fixed point theorem.
Indeed, first, from (2-102), we estimate

(b̃k)s +

(
2k− 1+

2
log s

)
b̃1b̃k − b̃k+1 =

1
sk+1(log s)5/4

[
s(Ũk)s − (ALŨ )k + O

(
1√

log s

)]
,

and thus, from (3-37), (3-46), (4-8), and (2-44),

|s(Ũk)s − (ALŨ )k |.
1√

log s
+ sk+1(log s)

5
4

∣∣∣∣(b̃k)s +

(
2k− 1+

2
log s

)
b̃1b̃k − b̃k+1

∣∣∣∣
.

1√
log s
+ sk+1(log s)

5
4

[
b

L+ 3
2

1 +
1

sk+1(log s)2
+

bL+1
1

|log b1|3/2

]
.

1
(log s)1/4

.

Hence, using the diagonalization (2-104),

s(Ṽ )s = DL Ṽs + O
(

1
(log s)1/4

)
. (4-15)
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This first implies the control of the stable mode Ṽ1 from (2-104),

|(sṼ1)s |.
1

(log s)1/4
,

and thus, from (3-19),

|Ṽ1(s)|.
1
s
+

1
s

∫ s

s0

dτ
(log τ)1/4

≤
1
10 . (4-16)

Now, from (4-3), (4-8), (4-9), (4-16), and a standard continuity argument,

L∑
i=2

Ṽ 2
i (s
∗)= 1

4 . (4-17)

We then compute from (4-15) the fundamental strict outgoing condition at the exit time s̃∗ defined by
(4-17):

1
2

d
ds

{ L∑
i=2

Ṽ 2
i

}
|s=s̃∗
=

L∑
i=2

(Ṽi )s Ṽi =
1
s̃∗

[ L∑
i=2

i
2L − 1

Ṽ 2
i (s
∗)+ O

(
1

(log s̃∗)1/4

)]
≥

1
s∗

[
2

2L − 1
1
4
+ O

(
1

(log s̃∗)1/4

)]
> 0.

This implies from a standard argument the continuity of the map

(Ṽi )2≤i≤L ∈BL−1
( 1

2

)
7→ s̃∗[(Ṽi )2≤i≤L ],

and hence the continuous map

BL−1
( 1

2

)
→BL−1

( 1
2

)
,

(Ṽi )2≤i≤L 7→ {Ṽi [s̃∗((Ṽi )2≤i≤L)]}

is the identity on the boundary sphere SL−1
( 1

2

)
, a contradiction to Brouwer’s fixed point theorem. This

concludes the proof of Proposition 3.1. �

Proof of Theorem 1.1.

Proof. We pick initial data satisfying the conclusions of Proposition 3.1. In particular, (4-4) implies the
existence of c(u0) > 0 such that

λ(s)= c(u0)
(log s)|d1|

sc1

[
1+ O

(
1

(log s)1/4

)]
,

and then, from (3-36), (2-101),

−λλt =−
λs

λ
= b1+ O

(
1
sL

)
=

c1

s

[
1+ O

(
1

log s

)]
=

c(u0)λ
1/c1

|log λ||d1|/c1

[
1+ O

(
1

(log s)1/4

)]
.

Hence we get the pointwise differential equation

−λ(−(L−1))/L
|log λ|2/(2L−1)λt = c(u0)(1+ o(1)).
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We easily conclude that λ touches zero at some finite time T = T (u0) <+∞ with near blow-up time

λ(t)= c(u0)(1+ o(1))
(T − t)L

|log(T − t)|2L/(2L−1) (1+ o(1)).

The strong convergence (1-12) now follows as in [Raphaël and Schweyer 2013]. This concludes the proof
of Theorem 1.1. �

Appendix A: Regularity in corotational symmetry

We detail in this appendix the regularity of smooth maps with 1-corotational symmetry.

Lemma A.1 (regularity in corotational symmetry). Let v be a smooth 1-corotational map

v(y, θ)=

∣∣∣∣∣
g(u(y)) cos θ
g(u(y)) sin θ
z(u(y))

(A-1)

with
v(0)= ez, lim

y→+∞
v(x)→−ez. (A-2)

Assume that v is smooth in the Sobolev sense:
N∑

i=1

∫
|(−1)i/2v|2 <+∞

for some N � L. Then:

(i) u is a smooth function of y with a Taylor expansion at the origin for p ≤ 10L:

u(y)=
p∑

k=0

ck y2k+1
+ O(y2p+3). (A-3)

(ii) Assume that u(y)= Q(y)+ ε(y) with

‖∇ε‖L2 +

∥∥∥ εy ∥∥∥L2
� 1, (A-4)

and consider the sequence of suitable derivatives εk =Akε. Then, for all 1≤ k ≤ L ,∫
|ε2k+2|

2
+

∫
|ε2k+1|

2

y2(1+ y2)

+

k∑
p=0

∫ [
|ε2p−1|

2

y6(1+ |log y|2)(1+ y4(k−p))
+

|ε2p|
2

y4(1+ |log y|2)(1+ y4(k−p))

]
<+∞. (A-5)

Proof of Lemma A.1. Let us consider the rotation matrix

R =

 0 −1 0
1 0 0
0 0 0

 , (A-6)
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and rewrite (A-1) as

v(r, θ)= eθRw with w(r)=

∣∣∣∣∣
w1 = g(u)
0
w3 = z(u).

(A-7)

Step 1: Control at the origin. We compute the energy density

|∇v|2 = |∂yw|
2
+
|w|2

y2 , (A-8)

which is bounded from the smoothness of v, from which∣∣∣∣w1

y

∣∣∣∣+ |∂yw1|. 1. (A-9)

Similarly,

1v = eθR
(
1w+ R2 w

y2

)
= eθR

∣∣∣∣∣
−Hw1

0
1w3,

(A-10)

where
Hw1 =−1w1+

w1

y2 = A∗Aw1

with
A =−∂y +

1
y
, A∗ = ∂y +

2
y
.

The regularity of v implies
|Hw1|. 1

near the origin, which, together with (A-9), yields

Aw1(y)=
1
y2

∫ r

0
(Hw1)τ

2 dτ = O(y). (A-11)

We now observe that
Hw1 =−∂yyw1+

1
y

Aw1

and conclude
|∂2

yyw1|. 1.

We now iterate this argument once on (A-10). Indeed, at the origin,

|∂yHw1|
2
+
|Hw1|

2

y2 . |∇1v|2 . 1, |H2w1|. |1
2v|. 1,

and hence
|Hw1|. y, |AHw1|. y, |H2w1|. 1.

This yields the C3-regularity of w1 at the origin and, from (A-11), the improved bound

Aw1(y)=
1
y2

∫ y

0
(Hw1)τ

2 dτ = O(y2).
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A simple induction now yields for all k ≥ 1 the Ck-regularity of w1, and that the sequence

(w1)0 = w1, (w1)k+1 =

{
A∗(w1)k for k odd,
A(w1)k for k even,

k ≥ 1

satisfies the bound

|(w1)k |.

{
y for k even,
y2 for k odd.

(A-12)

We therefore let a Taylor expansion at the origin

w1(y)=
p∑

i=1

ci yi
+ O(y p+1)

apply successively the operator A,A∗ and conclude from the relations

A(r k)=−(k− 1)yk−1, A∗(yk)= (k+ 2)yk−1

and (A-12) that

c2k = 0 for all k ≥ 1.

We now recall from (A-7) that w1 = g(u) and the Taylor expansion (A-3) now follows from the odd
parity of g at the origin.

We now claim that this implies the bound (A-5) at the origin. Indeed, ε admits a Taylor expansion (A-3)
from (2-2) to which we apply successively the operators A, A∗. We observe from (2-5) the cancellation

A(y)= cy2
+ O(y3),

which ensures the bound near the origin

|ε2k |. y, |ε2k+1|. y2, (A-13)

and hence the finiteness of the norms (A-5) at the origin.

Step 2: control for r ≥ 1. We first claim∫
ε2

y2 +

L+2∑
k=1

∫
(∂k

yε)
2 <+∞. (A-14)

Indeed, from (A-4),

‖ε‖L∞ . ‖∇ε‖L2 +

∥∥∥ εy ∥∥∥L2
� 1. (A-15)

From (A-8), ∫
|1g(u)|2 .

∫
|1v|2 <+∞.

Now

1g(u)= g′(u)1u+ (∂yu)2g′(u)g′′(u)
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and, using Sobolev and the L∞ control (A-15), we estimate∫
((∂yε)

2g′(u)g′′(u))2 .
∫
|1ε|2

∫
|∇ε|2�

∫
|1ε|2.

Moreover, from the smallness (A-15) and the structure of Q,

|g′(u)|& 1 as r→+∞,

from which
1+

∫
|1v|2 &

∫
|1ε|2.

The control of higher order Sobolev norms (A-14) now follows similarly by induction using the Faa di
Bruno formula for the computation of ∂k

y g(u). This is left to the reader. Now (A-14) easily implies

L+2∑
i=1

∫
y≥1
|εk |

2 <+∞,

and the bound (A-5) is proved far out. �

Appendix B: Coercivity bounds

Given M ≥ 1, we let 8M be given by (3-7). Let us recall the coercivity of the operator H , which is a
standard consequence of the knowledge of the kernel of H and the nondegeneracy (3-8).

Lemma B.1 (coercivity of H ). Let M ≥ 1 be large enough. Then there exists C(M) > 0 such that, for all
radially symmetric u with ∫ [

|∂yu|2+
|u|2

y2

]
<+∞

satisfying
(u,8M)= 0,

we have

(Hu, u)≥ C(M)
[∫
|∂yu|2+

|u|2

y2

]
.

We now recall the coercivity of H̃ , which is a simple consequence of (2-11) and is proved in [Raphaël
and Rodnianski 2012].

Lemma B.2 (coercivity of H̃ ). Let u be such that∫
|∂yu|2+

∫
|u|2

y2 <+∞. (B-1)

Then

(H̃u, u)= ‖A∗u‖2L2 ≥ c0

[∫
|∂yu|2+

∫
|u|2

y2(1+ |log y|2)

]
(B-2)

for some universal constant c0 > 0.

We now claim the following weighted coercivity bound on H .
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Lemma B.3 (coercivity of E2). There exists C(M) > 0 such that, for all radially symmetric u with∫
|u|2

y4(1+ |log y|2)
+

∫
|Au|2

y2(1+ y2)
<+∞ (B-3)

and
(u,8M)= 0,

we have ∫
|Hu|2 ≥ C(M)

[∫
|u|2

y4(1+ |log y|2)
+

∫
|Au|2

y2(1+ |log y|2)

]
. (B-4)

Proof of Lemma B.3. This lemma is proved in [Raphaël and Rodnianski 2012] in the case of the sphere
target. Let us briefly recall the argument for the sake of completeness.

Step 1: conclusion using a subcoercivity lower bound. For any u satisfying (B-10), we claim the subco-
ercivity lower bound∫
|Hu|2

&
∫

|∂2
y u|2

(1+ |log y|2)
+

∫
(∂yu)2

y2(1+ |log y|2)
+

∫
|u|2

y4(1+ |log y|2)
−C

[∫
(∂yu)2

1+ y3 +

∫
|u|2

1+ y5

]
. (B-5)

Let us assume (B-5) and conclude the proof of (B-4). By contradiction, let M > 0 be fixed and consider a
normalized sequence un , ∫

|un|
2

y4(1+ |log y|2)
+

∫
|Aun|

2

y2(1+ |log y|2)
= 1, (B-6)

satisfying the orthogonality condition
(un,8M)= 0 (B-7)

and the smallness ∫
|Hun|

2
≤

1
n
. (B-8)

Note that the normalization condition implies∫
|un|

2

y4(1+ |log y|2)
+

∫
|∂yun|

2

y2(1+ |log y|2)
. 1,

and thus, from (B-5), the sequence un is bounded in H 2
loc. Hence there exists u∞ ∈ H 2

loc such that, up to a
subsequence and for any smooth cut-off function ζ vanishing in a neighborhood of y = 0, the sequence
ζun is uniformly bounded in H 2

loc and converges to ζu∞ in H 1
loc. Moreover, (B-8) implies

Hu∞ = 0,

and by lower semicontinuity of the norm and (B-6),∫
|u∞|2

y4(1+ |log y|2)
<+∞,



DYNAMICS FOR THE COROTATIONAL ENERGY-CRITICAL HARMONIC HEAT FLOW 1783

which implies from (2-12) that
u = α3Q for some α ∈ R.

We may moreover pass to the limit in (B-7) from (B-6) and the local compactness of Sobolev embeddings,
and thus

(u∞,3Q)= 0, from which α = 0,

where we used the nondegeneracy (3-8). Hence u∞ = 0. Now the subcoercivity lower bound (B-5)
together with (B-6), (B-8), and the H 2

loc uniform bound imply the existence of ε, c > 0 such that∫
ε≤y≤1/ε

[
|∂yu∞|2

1+ y3 +
|u∞|2

1+ y5

]
≥ c > 0,

which contradicts the established identity u∞ = 0. Thus (B-4) is proved.

Step 2: proof of (B-5). Let us first apply Lemma B.2 to Au, which satisfies (B-1) by assumption, and
estimate ∫

(Hu)2 = (H̃ Au, Au)&
∫
|∂y(Au)|2+

∫
|Au|2

y2(1+ y2)
. (B-9)

Near the origin, we now recall the logarithmic Hardy inequality∫
y≤1

|v|2

y2(1+ |log y|2)
.
∫

1≤y≤2
|v|2+

∫
y≤1
|∂yv|

2,

and thus, using (2-10),∫
|Au|2

y2 =

∫
1
y2

∣∣∣∣3Q∂y

(
u
3Q

)∣∣∣∣2 & ∫
y≤1

∣∣∣∣ u
3Q

∣∣∣∣2 dy
y2(1+ |log y|2)

−

∫
y≤1
(|∂yu|2+ |u|2),

which, together with (B-9), yields∫
|Hu|2 &

∫
y≤1

[
(∂yu)2

y2(1+ |log y|2)
+

∫
|u|2

y4(1+ |log y|2)

]
−C

∫
y≤1
(|∂yu|2+ |u|2).

To control the second derivative, we rewrite near the origin

Hu =−∂2
y u+

1
y

(
−∂yu+

u
y

)
+

V − 1
y2 u =−∂2

y u+
Au
y
+
(V − 1)+ (1− Z)

y2 u

and (B-5) follows near the origin.
Away from the origin, let ζ(y) be a smooth cut-off function with support in y ≥ 1

2 and equal to 1 for
y ≥ 1. We use the logarithmic Hardy inequality∫

y≥1

|u|2

y2(1+ |log y|2)
.
∫

1≤y≤2
|u|2+

∫
|∂yu|2

to conclude from (B-9) that∫
(Hu)2 &

∫
ζ

|Au|2

y2(1+ |log y|2)
−C

∫
1≤y≤2

(|u|2+ |∂yu|2).
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Now, from (2-5), we estimate

∫
ζ

|Au|2

y2(1+ |log y|2)
=

∫
ζ
| − ∂yu− u

y |
2

y2(1+ |log y|2)
−C

∫
ζ

|u|2

y6(1+ |log y|2)

&
∫

ζ

y2(1+ |log y|2)

[
|∂yu|2+

|u|2

y2

]
−C

∫ [
|u|2

y5 +
|∂yu|2

y3

]
,

where we integrated by parts in the last step. The control of the second derivative follows from the explicit
expression of H . This concludes the proof of (B-5). �

We now aim at generalizing the coercivity of the E2 energy of Lemma B.3 to higher order energies.
This first requires a generalization of the weighted estimate (B-4).

Lemma B.4 (weighted coercivity bound). Let L ≥ 1, 0≤ k ≤ L , and M ≥ M(L) be large enough. Then
there exists C(M) > 0 such that, for all radially symmetric u with∫

|u|2

y4(1+ |log y|2)(1+ y4k+4)
+

∫
|Au|2

y6(1+ |log y|2)(1+ y4k+4)
<+∞ (B-10)

and

(u,8M)= 0,

we have∫
|Hu|2

y4(1+ |log y|2)(1+ y4k)

≥ C(M)
{∫

|u|2

y4(1+ |log y|2)(1+ y4k+4)
+

∫
|Au|2

y6(1+ |log y|2)(1+ y4k)

}
. (B-11)

Proof of Lemma B.4. Step 1: subcoercivity lower bound. For any u satisfying (B-10), we claim the
subcoercivity lower bound∫

|Hu|2

y4(1+ |log y|)2(1+ y4k)

&
∫

|∂2
y u|2

y4(1+ |log y|2)(1+ y4k)
+

∫
(∂yu)2

y2(1+ |log y|)2(1+ y4k+4)

+

∫
|u|2

y4(1+ |log y|2)(1+ y4k+4)
−C

[∫
(∂yu)2

1+ y4k+8 +

∫
|u|2

1+ y4k+10

]
. (B-12)

Control near the origin. Recall from the finiteness of the norm (B-10) and the formula (2-21) that

Au(y)=
1

y3Q(y)

∫ y

0
τ3Q(τ )Hu(τ ) dτ.
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Then from Cauchy–Schwarz and Fubini we estimate∫
y≤1

|Au|2

y5(1+ |log y|2)
dy .

∫
0≤y≤1

∫
0≤τ≤y

y5

y9(1+ |log y|2)
|Hu(τ )|2 dy dτ

.
∫

0≤τ≤1
|Hu(τ )|2

[∫
τ≤y≤1

dy
y4(1+ |log y|2)

]
dτ .

∫
τ≤1

|Hu(τ )|2

τ 3(1+ |log τ |2)
dτ,

and thus ∫
y≤1

|Au|2

y6(1+ |log y|2)
.
∫

y≤1

|Hu|2

y4(1+ |log y|2)
. (B-13)

We now invert A and get from (2-10) the existence of c(u) such that

u(y)= c(u)3Q(y)−3Q(y)
∫ y

0

Au(τ )
3Q(τ )

dτ.

We estimate from Cauchy–Schwarz and (B-13), for 1≤ y ≤ 1,∣∣∣∣∫ y

0

Au(τ )
3Q(τ )

dτ
∣∣∣∣2 . y4(1+ |log y|2)

∫ y

0

|Au|2

τ 5(1+ |log τ |2)
dτ . y3

∫
y≤1

|Hu|2

y4(1+ |log y|2)
,

from which

|c(u)|2 .
∫

y≤1
|u|2+

∫
y≤1

|Hu|2

y4(1+ |log y|2)

and ∫
y≤1

|u|2

y4(1+ |log y|2)
.
∫

y≤1

|Hu|2

y4(1+ |log y|2)
+

∫
1≤y≤2

|u|2. (B-14)

The control of the first derivative follows from (B-13), (B-14), and the definition of A:∫
y≤1

|∂yu|2

y2(1+ |log y|2)
.
∫

y≤1

|Au|2

y2(1+ |log y|2)
+

∫
y≤1

|u|2

y4(1+ |log y|2)

.
∫

y≤1

|Hu|2

y4(1+ |log y|2)
+

∫
1≤y≤2

|u|2.

To control the second derivative, we rewrite near the origin

Hu =−∂2
y u+

1
y

(
−∂yu+

u
y

)
+

V − 1
y2 u =−∂2

y u+
Au
y
+
(V − 1)+ (1− Z)

y2 u,

which using (B-13), (B-14) and (2-5), (2-6) implies∫
y≤1

|∂2
y u|2

y4(1+ |log y|2)
.
∫

y≤1

|Hu|2

y4(1+ |log y|2)
+

∫
1≤y≤2

|u|2.

This concludes the proof of (B-12) near the origin.
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Control away from the origin. Let ζ(y) be a smooth cut-off function with support in y ≥ 1
2 and equal to 1

for y ≥ 1. We compute∫
ζ

|Hu|2

y4k+4(1+ |log y|)2

=

∫
ζ
| − ∂y(y∂yu)+ V

y u|2

y4k+6(1+ |log y|)2

=

∫
ζ
|∂y(y∂yu)|2

y4k+6(1+ |log y|)2
− 2

∫
ζ

∂y(y∂yu) · V u
y4k+7(1+ |log y|)2

+

∫
ζ

V 2
|u|2

y4k+8(1+ |log y|)2

=

∫
ζ
|∂y(y∂yu)|2

y4k+6(1+ |log y|)2
+ 2

∫
ζ

V (∂yu)2

y4k+6(1+ |log y|)2
+

∫
ζ

V 2
|u|2

y4k+8(1+ |log y|)2

−

∫
|u|21

(
ζV

y4k+6(1+ |log y|)2

)
. (B-15)

We now use the two dimensional logarithmic Hardy inequality with best constant:14 for all γ > 0,

γ 2

4

∫
y≥1

|v|2

y2+γ (1+ |log y|)2
≤ Cγ

∫
1≤y≤2

|v|2+

∫
y≥1

|∂yv|
2

yγ (1+ |log y|)2
(B-16)

with γ = 4k+ 6. We estimate∫
ζ
|∂y(y∂yu)|2

y4k+6(1+ |log y|)2
≥
(4k+ 6)2

4

∫
y≥1

|∂yu|2

y4k+6(1+ |log y|)2
−Ck

∫
1≤y≤2

|∂yu|2

≥
(4k+ 6)4

16

∫
y≥1

|u|2

y4k+8(1+ |log y|)2
−Ck

∫
1≤y≤2

[|∂yu|2+ |u|2].

We now observe that, for k ≥ 0 and y ≥ 1,

∂k
y V (y)= ∂k

y (1)+ O(y−2−k).

We compute

1

(
1

y4k+6

)
=
(4k+ 6)2

y4k+8 .

Injecting these bounds into (B-15) yields the lower bound∫
ζ

|Hu|2

y4k+4(1+ |log y|)2

≥

[
(4k+ 6)4

16
− (4k+ 6)2

] ∫
y≥1

|u|2

y4k+8(1+ |log y|)2
−Ck

∫ [
|∂yu|2

1+ y4k+8 +
|u|2

1+ y4k+10

]
.

Note that we can always keep the control of the first two derivatives in these estimates, and the control
(B-12) follows away from the origin.

14which can be obtained by a simple integration by parts; see [Merle et al. 2011].
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Step 2: proof of (B-11). By contradiction, let M > 0 be fixed and consider a normalized sequence un ,∫
|un|

2

y4(1+ |log y|2)(1+ y4k+4)
+

∫
|Aun|

2

y6(1+ |log y|2)(1+ y4k)
= 1, (B-17)

satisfying the orthogonality condition
(un,8M)= 0 (B-18)

and the smallness ∫
|Hun|

2

y4(1+ |log y|2)(1+ y4k)
≤

1
n
. (B-19)

Note that the normalization condition implies∫
|un|

2

y4(1+ |log y|2)(1+ y4k+4)
+

∫
|∂yun|

2

y2(1+ |log y|2)(1+ y4k+4)
. 1, (B-20)

and thus, from (B-12), the sequence un is bounded in H 2
loc. Hence, there exists u∞ ∈ H 2

loc such that, up to
a subsequence and for any smooth cut-off function ζ vanishing in a neighborhood of y = 0, the sequence
ζun is uniformly bounded in H 2

loc and converges to ζu∞ in H 1
loc. Moreover, (B-19) implies

Hu∞ = 0,

and, by lower semicontinuity of the norm and (B-17),∫
|u∞|2

y4(1+ |log y|2)(1+ y4k+4)
<+∞,

which implies from (2-12) that
u = α3Q for some α ∈ R.

We may moreover pass to the limit in (B-18) from (B-17) and the local compactness embedding, and thus

(u∞,3Q)= 0, from which α = 0,

where we used the nondegeneracy (3-8). Hence u∞ = 0.
Now from (B-13), (B-14), (B-19), and (B-17),∫

y≥1

|un|
2

y4(1+ |log y|2)(1+ y4k+4)
+

∫
y≥1

|∂yun|
2

y6(1+ |log y|2)(1+ y4k)
& 1,

and hence, from (B-12), (B-19),
|∂yun|

2

1+ y4k+8 +
|un|

2

1+ y4k+10 & 1,

which, from the local compactness of Sobolev embeddings and the a priori bound (B-20), ensures∫
|∂yu∞|2

1+ y4k+8 +

∫
|u∞|2

1+ y4k+10 & 1.

This contradicts the established identity u∞ = 0. �
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We are now in a position to prove the coercivity of the higher order (E2k+2)0≤k≤L energies under
suitable orthogonality conditions. Given a radially symmetric function ε, we recall the definition of
suitable derivatives:

ε−1 = 0, ε0 = ε, εk+1 =

{
A∗εk for k odd,
Aεk for k even,

0≤ k ≤ 2L + 1.

Lemma B.5 (coercivity of E2k+2). Let L ≥ 1, 0≤ k ≤ L , and M ≥ M(L) be large enough. Then there
exists C(M) > 0 such that, for all ε with∫
|ε2k+2|

2
+

∫
|ε2k+1|

2

y2(1+ y2)

+

k∑
p=0

∫ [
|ε2p−1|

2

y6(1+ |log y|2)(1+ y4(k−p))
+

|ε2p|
2

y4(1+ |log y|2)(1+ y4(k−p))

]
<+∞ (B-21)

satisfying
(ε, H p8M)= 0, 0≤ p ≤ k, (B-22)

we have

E2k+2(ε)=

∫
(H k+1ε)2 ≥ C(M)

{∫
|ε2k+1|

2

y2(1+ |log y|2)

+

k∑
p=0

∫ [
|ε2p−1|

2

y6(1+ |log y|2)(1+ y4(k−p))
+

|ε2p|
2

y4(1+ |log y|2)(1+ y4(k−p))

]}
. (B-23)

Proof of Lemma B.1. We argue by induction on k. The case k = 0 is Lemma B.3. We assume the claim for
k and prove it for 1≤ k+ 1≤ L . Indeed, let v = Hε. Then vp = εp+2, and thus v satisfies (B-21) and15

for all 0≤ p ≤ k, (v, H p8M)= (ε, H p+18M)= 0.

We may thus apply the induction claim for k to v and estimate∫
(H k+2ε)2

=

∫
(H k+1v)2

≥ C(M)
{∫

|ε2k+3|
2

y2(1+|log y|2)
+

k∑
p=0

∫ [
|ε2p+1|

2

y6(1+|log y|2)(1+ y4(k−p))
+

|ε2p+2|
2

y4(1+|log y|2)(1+ y4(k−p))

]}

≥ C(M)
{∫

|ε2k+3|
2

y2(1+|log y|2)

+

k+1∑
p=1

∫ [
|ε2p−1|

2

y6(1+|log y|2)(1+ y4(k+1−p))
+

|ε2p|
2

y4(1+|log y|2)(1+ y4(k+1−p))

]}
. (B-24)

15from k ≤ L + 1
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The orthogonality condition (ε,8M)= 0 and (B-21) allow us to use Lemma B.4 and to deduce from the
weighted bound (B-11) the control∫

|ε2|
2

y4(1+ |log y|2)(1+ y4k)
&
∫

|ε|2

y4(1+ |log y|2)(1+ y4k+4)
,

which together with (B-24) concludes the proof of Lemma B.1. �

Appendix C: Interpolation bounds

We derive in this section interpolation bounds on ε in the setting of the bootstrap proposition 3.1, and
which are a consequence of the coercivity property of Lemma B.5.

Lemma C.1 (interpolation bounds). (i). Weighted Sobolev bounds for εk . For 0≤ k ≤ L ,

2k+1∑
i=0

∫
|εi |

2

y2(1+ y4k−2i+2)(1+ |log y|2)
+

∫
|ε2k+2|

2
≤ C(M)E2k+2. (C-1)

(ii). Development near the origin. ε admits a Taylor–Lagrange-like expansion

ε =

L+1∑
i=1

ci TL+1−i + rε (C-2)

with bounds

|ci |. C(M)
√

E2L+2, (C-3)

|∂k
yrε|. y2L+1−k

|log y|C(M)
√

E2L+2, 0≤ k ≤ 2L + 1, y ≤ 1. (C-4)

(iii). Bounds near the origin for εk . For |y| ≤ 1
2 ,

|ε2k |. C(M)y|log y|
√

E2L+2, 0≤ k ≤ L , (C-5)

|ε2k−1|. C(M)y2
|log y|

√
E2L+2, 1≤ k ≤ L , (C-6)

|ε2L+1|. C(M)
√

E2L+2. (C-7)

(iv). Bounds near the origin for ∂k
yε. For |y| ≤ 1

2 ,

|∂2k
y ε|. C(M)y|log y|

√
E2L+2, 0≤ k ≤ L , (C-8)

|∂2k−1
y ε|. C(M)|log y|

√
E2L+2, 1≤ k ≤ L + 1. (C-9)

(v). Lossy bound.

2k+1∑
i=0

∫
1+ |log y|C

1+ y4k−2i+4 |εi |
2 . |log b1|

C
{

b(4k+2)L/(2L−1)
1 , 0≤ k ≤ L − 1,

b2L+2
1 for k = L ,

(C-10)

2k+1∑
i=0

∫
1+ |log y|C

1+ y4k−2i+4 |∂
i
yε|

2 . |log b1|
C
{

b(4k+2)L/(2L−1)
1 , 0≤ k ≤ L − 1,

b2L+2
1 for k = L .

(C-11)
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(vi). Generalized lossy bound. Let (i, j) ∈ N×N∗ with 2≤ i + j ≤ 2L + 2. Then

∫
1+ |log y|C

1+ y2 j |∂
i
yε|

2 . |log b1|
C


b(i+ j−1)2L/(2L−1)

1 for 2≤ i + j ≤ 2L ,
b2L+1

1 for i + j = 2L + 1,
b2L+2

1 for i + j = 2L + 2.
(C-12)

Moreover, ∫
|∂ i

yε|
2

1+ |log y|2
. |log b1|

C
{

b(i−1)2L/(2L−1)
1 , 2≤ i ≤ 2L + 1,

b2L+2
1 for i = 2L + 2,

(C-13)

(vii). Pointwise bound far away. Let (i, j) ∈ N×N with 1≤ i + j ≤ 2L + 1. Then∥∥∥∥∂ i
yε

y j

∥∥∥∥2

L∞(y≥1)
. |log b1|

C


b(i+ j)2L/(2L−1)

1 for 1≤ i + j ≤ 2L − 1,
b2L+1

1 for i + j = 2L ,
b2L+2

1 for i + j = 2L + 1.
(C-14)

Proof. Step 1: proof of (i). The estimate (C-1) follows from (B-23) with 0≤ k ≤ L .

Step 2: adapted Taylor expansion. Initialization. Recall the boundary condition origin at the origin
(A-13), which implies |ε2L+1(y)| ≤ Cε2L+1 y2 as y→ 0. Together with (2-10) and the behavior 3Q ∼ y
near the origin, this implies

r1 = ε2L+1(y)=
1

y3Q

∫ y

0
ε2L+23Qx dx, (C-15)

and this yields the pointwise bound, for y ≤ 1,

|r1(y)|.
1
y2

(∫
y≤1
|ε2L+2|

2x dx
)1

2
(∫ y

0
x2x dx

)1
2

. C(M)
√

E2L+2. (C-16)

We now remark that there exists 1
2 < a < 2 such that

|ε2L+1(a)|2 .
∫
|y|≤1
|ε2L+1|

2 . C(M)E2L+2

from (C-1). We then define

r2 =−3Q
∫ y

a

r1

3Q
dx

and obtain from (C-16) the pointwise bound, for y ≤ 1,

|r2|. y|log y|C(M)
√

E2L+2. (C-17)

Now observe that, by construction, using (2-10),

Ar2 = r1 = ε2L+1, Hr2 = A∗ε2L+1 = ε2L+2 = Hε2L . (C-18)

Now, from (B-24), ∫
y≤1

|ε2L |
2

y4(1+ |log y|2)
y dy <+∞,
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and hence |ε2L(yn)|<+∞ on some sequence yn→ 0, and from (C-17), (C-18), the explicit knowledge
of the kernel of H , and the singular behavior (2-13), we conclude that there exists c2 ∈ R such that

ε2L = c23Q+ r2. (C-19)

Moreover, there exists 1
2 < a < 2 such that

|ε2L(a)|2 .
∫
|y|≤1
|ε2L |

2 . C(M)E2L+2

from (C-1), and thus, from (C-17), (C-19),

|c2|. C(M)
√

E2L+2, |ε2L |. y|log y|C(M)
√

E2L+2. (C-20)

Induction. We now build by induction the sequence

r2k+1 =
1

y3Q

∫ y

0
r2k3Qx dx, r2k+2 =−3Q

∫ y

0

r2k+1

3Q
dx, 1≤ k ≤ L .

We claim by induction that, for all 1≤ k ≤ L + 1, ε2L+2−2k admits a Taylor expansion at the origin

ε2L+2−2k =

k∑
i=1

ci,k Tk−i + r2k, 1≤ k ≤ L + 1, (C-21)

with the bounds, for |y| ≤ 1,

|ci,k |. C(M)
√

E2L+2, (C-22)

|Air2k |. |log y|y2k−1−i C(M)
√

E2L+2, 0≤ i ≤ 2k− 1. (C-23)

This follows from (C-19), (C-20), (C-17), (C-18) for k = 1. We now let 1≤ k ≤ L , assume the claim for
k, and prove it for k+ 1.

By construction, using (2-10),

Ar2k+2 = r2k+1, Hr2k+2 = r2k, (C-24)

and thus Air2k = r2k−i . In particular, for i ≥ 2, Ai−2r2k+2 = r2k−i , and therefore the bounds (C-23) for
k+ 1 and 2≤ i ≤ 2k+ 1 follow from the induction claim. We now estimate by definition and induction,
for |y| ≤ 1,

|Ar2k+2| = |r2k+1(y)| =
∣∣∣∣ 1
y3Q

∫ y

0
r2k3Qx dx

∣∣∣∣. C(M)
√

E2L+2

y2 y3+2k−1

|r2k+2| =

∣∣∣∣3Q
∫ y

0

r2k+1

3Q
dx
∣∣∣∣. yy2kC(M)

√
E2L+2,

and (C-23) is proved for k = 1 and i = 0, 1. From the regularity at the origin (A-13), (C-24), the relation

Hε2L+2−2(k+1) = ε2L+2−2k =

k∑
i=1

ci,k Tk−i + r2k,
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and the bound (C-23), there exists c2k+2 such that

ε2L+2−2(k+1) =

k∑
i=1

ci,k Tk+1−i + c2k+23Q+ r2k+2.

We now observe that there exists 1
2 < a < 2 such that

|ε2L−2k(a)|2 .
∫
|y|≤1
|ε2L−2k |

2 . C(M)E2L+2

from (C-1), and thus, using (C-23),

|c2k+2|. C(M)
√

E2L+2.

This completes the induction claim.

Step 3: proof of (ii), (iii), and (iv). We obtain from (C-21), (C-3) with k = L + 1 the Taylor expansion

ε =

L+1∑
i=1

ci,k Tk−i + rε, rε = r2L+2, |ci,k |. C(M)
√

E2L+2,

where, from (C-23),

|Airε|. |log y|y2L+1−i C(M)
√

E2L+2, 0≤ i ≤ 2L + 1.

A brute force computation using the expansions (2-5), (2-6) near the origin ensure that, for any function f ,

∂k
y f =

k∑
i=0

Pi,kAi f, |Pi,k |.
1

yk−i , (C-25)

and we therefore estimate, for 0≤ k ≤ 2L + 1,

|∂k
yrε|. C(M)

√
E2L+2

k∑
i=0

|log y|y2L+1−i

yk−i . y2L+1−k
|log y|C(M)

√
E2L+2.

This concludes the proof of (ii). The estimates of (iii), (iv) now directly follow from (ii) using the Taylor
expansion of Ti at the origin given by Lemma 2.3, and (C-16) for (C-7).

Step 4: proof of (v). We first claim that, for 0≤ k ≤ L ,

2k+2∑
i=0

∫
|∂ i

yε|
2

(1+ |log y|2)(1+ y4k−2i+4)
. C(M)(E2k+2+E2L+2). (C-26)

Observe that this implies (C-13) by taking i = 2k+ 2.
Indeed, from (C-8), (C-9), we estimate

2k+1∑
i=0

∫
y≤1

1+ |log y|C

1+ y4k−2i+4 |∂
i
yε|

2 . C(M)E2L+2. (C-27)



DYNAMICS FOR THE COROTATIONAL ENERGY-CRITICAL HARMONIC HEAT FLOW 1793

For y ≥ 1, we recall from the brute force computation (C-25) that

|∂k
yε|.

k∑
i=0

|εi |

yk−i , (C-28)

and thus, using (C-1), for 0≤ k ≤ L ,

2k+2∑
i=0

∫
y≥1

|∂ i
yε|

2

(1+ |log y|2)(1+ y4k−2i+4)
.

2k+2∑
i=0

i∑
j=0

∫
y≥1

|ε j |
2

(1+ |log y|2)(1+ y4k−2i+4+2i−2 j )

.
2k+2∑
j=0

∫
|ε j |

2

(1+ |log y|2)(1+ y4k+4−2 j )
. C(M)E2k+2,

and (C-26) is proved. In particular, together with the energy bound (3-23), this yields the rough Sobolev
bound ∫

|ε|2

y2 +

2L+2∑
k=1

∫
|∂k

yε|
2

1+ |log y|2
. 1.

Therefore, again using (C-26), we estimate

2k+1∑
i=0

∫
1+ |log y|C

1+ y4k−2i+4 |∂
i
yε|

2 .
2k+1∑
i=0

[∫
y≤B100L

0

1+ |log y|C

1+ y4k−2i+4 |∂
i
yε|

2
+

∫
y≥B100L

0

1+ |log y|C

y2 |∂ i
yε|

2
]

. |log b1|
C E2k+2+

1
B10L

0

, (C-29)

and (C-11) follows. The estimate (C-10) now follows from (C-5), (C-6), (C-7) for y ≤ 1 with also (1-31),
and (C-11) for y ≥ 1.

Step 5: proof of (vi). Let i ≥ 0, j ≥ 1 with 2≤ i + j ≤ 2L + 2.

Case 1: i + j even. We have

i + j = 2(k+ 1), 0≤ k ≤ L .

For k ≤ L − 1, from (C-11) and 0≤ i = 2k+ 2− j ≤ 2k+ 1, we estimate∫
1+ |log y|C

1+ y2 j |∂
i
yε|

2
=

∫
1+ |log y|C

1+ y4k+4−2i |∂
i
yε|

2 . b(4k+2)L/(2L−1)
1 |log b1|

C . b(i+ j−1)2L/(2L−1)
1 |log b1|

C .

For k = L , from (C-11), we have∫
1+ |log y|C

1+ y2 j |∂
i
yε|

2
=

∫
1+ |log y|C

1+ y4k+4−2i |∂
i
yε|

2 . b2L+2
1 |log b1|

C .
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Case 2: i + j odd. We have i + j = 2k + 1, 1 ≤ k ≤ L . Assume k ≤ L − 1. If j ≥ 2, then
i ≤ 2k+ 1− j ≤ 2(k− 1)+ 1, and thus, from (C-11),∫

1+ |log y|C

1+ y2 j |∂
i
yε|

2
=

∫
1+ |log y|C

1+ y4k+2−2i |∂
i
yε|

2

.

(∫
1+ |log y|C

1+ y4k+4−2i |∂
i
yε|

2
)1

2
(∫

1+ |log y|C

1+ y4(k−1)+4−2i |∂
i
yε|

2
)1

2

. |log b1|
C bL/(2(2L−1))(4k+2+4(k−1)+2)

1 = b(i+ j−1)2L/(2L−1)
1 |log b1|

C .

For the extremal case j = 1, i = 2k, 1≤ k ≤ L − 1, we estimate, from (C-10), (C-26),∫
1+ |log y|C

1+ y2 |∂2k
y ε|

2 .

(∫
1+ |log y|C

1+ y4 |∂2k
y ε|

2
)1

2
(∫

|∂2k
y ε|

2

1+ |log y|2

)1
2

. |log b1|
C bL/(2(2L−1))(4k+2+4(k−1)+2)

1 = b(i+ j−1)2L/(2L−1)
1 |log b1|

C .

If k = L , then for j ≥ 2, we have i ≤ 2k+ 1− j ≤ 2(k− 1)+ 1, and thus, from (C-11),∫
1+ |log y|C

1+ y2 j |∂
i
yε|

2
=

∫
1+ |log y|C

1+ y4k+2−2i |∂
i
yε|

2

.

(∫
1+ |log y|C

1+ y4k+4−2i |∂
i
yε|

2
)1

2
(∫

1+ |log y|C

1+ y4(k−1)+4−2i |∂
i
yε|

2
)1

2

. |log b1|
C b

1
2

(
2L+2+(4(k−1)+2)L/(2L−1)

)
1 = b2L+1

1 |log b1|
C ,

and for j = 1, i = 2L , from (C-10), (C-13),∫
1+ |log y|C

1+ y2 |∂2L
y ε|2 .

(∫
1+ |log y|C

1+ y4 |∂2L
y ε|2

)1
2
(∫

|∂2L
y ε|2

1+ |log y|2

)1
2

. |log b1|
C b

1
2

(
2L+2+(4(L−1)+2)L/(2L−1)

)
1 = b2L+1

1 |log b1|
C .

Step 6: proof of (vii). From Cauchy–Schwarz we estimate

∥∥∥ εy ∥∥∥2

L∞(y≥1)
.
∫

y≥1
|ε∂yε| dy .

∫
(1+ |log y|2)|ε|2

y2 +

∫
|∂yε|

2

1+ |log y|2
.

Let i, j ≥ 0 with 1≤ i+ j ≤ 2L+1. Then 2≤ i+ j +1≤ 2L , and we conclude from (C-12), (C-13) that∥∥∥∥∂ i
yε

y j

∥∥∥∥2

L∞(y≥1)
.
∫

y≥1

(1+ |log y|2)|∂ i
yε|

2

y2 j+2 +

∫
y≥1

|∂ i+1
y ε|2

y2 j (1+ |log y|2)

. |log b1|
C


b(i+ j)2L/(2L−1)

1 for 2≤ i + j + 1≤ 2L ,
b2L+1

1 for i + j + 1= 2L + 1,
b2L+2

1 for i + j + 1= 2L + 2.
�
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Appendix D: Leibniz rule for H k

Given a smooth function 8, we prove the following Leibniz rule.

Lemma D.1 (Leibniz rule for H k). Let k ≥ 1. Then

A2k−1(8ε)=

k−1∑
i=0

82i,2k−1ε2i +

k∑
i=1

82i−1,2k−1ε2i−1,

A2k(8ε)=

k∑
i=0

82i,2kε2i +

k∑
i=1

82i−1,2kε2i−1,

(D-1)

where 8i,k is computed through the recurrence relation

80,1 =−∂y8, 81,1 =880,2 =−∂yy8−
1+ 2Z

y
∂y8, 81,2 = 2∂y8, 82,2 =8, (D-2)

82k+2,2k+2 =82k+1,2k+1,

82i,2k+2 =82i−1,2k+1+ ∂y82i,2k+1+ ((1+ 2Z)/y)82i,2k+1 1≤ i ≤ k,
80,2k+2 = ∂y80,2k+1+ (1+ 2Z)/y80,2k+1,

82i−1,2k+2 =−82i−2,2k+1+ ∂y82i−1,2k+1, 1≤ i ≤ k+ 1,

(D-3)


82k+1,2k+1 =82k,2k,

82i−1,2k+1 =82i−2,2k + ((1+ 2Z)/y)82i−1,2k − ∂y82i−1,2k, 1≤ i ≤ k,
82i,2k+1 =−∂y82i,2k −82i−1,2k, 1≤ i ≤ k,
80,2k+1 =−∂y80,2k .

(D-4)

Proof. We compute

A(8ε)=8ε1− (∂y8)ε,

H(8ε)= A∗Aε =8ε2+ ∂y8ε1−

(
−A+

1+ 2Z
y

)
(∂y8ε)

=8ε2+ 2∂y8ε1+

[
−∂yy8−

1+ 2Z
y

∂y8

]
ε.

and

A2k+1(8ε)

=

k∑
i=0

A[82i,2kε2i ] +

k∑
i=1

(
−A∗+

1+ 2Z
y

)
82i−1,2kε2i−1

=

k∑
i=0

{82i,2kε2i+1− ∂y82i,2kε2i }+

k∑
i=1

{
−82i−1,2kε2i +

[
1+ 2Z

y
82i−1,2k − ∂y82i−1,2k

]
ε2i−1

}

=−∂y80,2kε+

k∑
i=1

(−∂y82i,2k −82i−1,2k)ε2i +

k∑
i=1

{
82i−2,2k +

1+ 2Z
y

82i−1,2k − ∂y82i−1,2k

}
ε2i−1,

+82k,2kε2k+1,
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which is (D-4). We then compute

A2k+2(8ε)

=

k∑
i=0

[
−A+

1+2Z
y

]
{82i,2k+1ε2i }+

k+1∑
1=i

A∗(82i−1,2k+1ε2i−1)

=

k∑
i=0

{
−82i,2k+1ε2i+1+

[
∂y82i,2k+1+

1+2Z
y

82i,2k+1

]
ε2i

}
+

k+1∑
i=1

{82i−1,2k+1ε2i+∂y82i−1,2k+1ε2i−1}

=

[
∂y80,2k+1+

1+2Z
y

80,2k+1

]
ε+82k+1,2k+1ε2k+2

+

k∑
i=1

[
82i−1,2k+1+∂y82i,2k+1+

1+2Z
y

82i,2k+1

]
ε2i+

k+1∑
i=1

[
−82i−2,2k+1+∂y82i−1,2k+1

]
ε2i−1,

which is (D-3). �

Appendix E: Proof of (3-55)

A simple induction argument ensures the formula

[∂t , H L
λ ]w =

L−1∑
k=0

H k
λ [∂t , Hλ]H

L−(k+1)
λ w.

We therefore renormalize and explicitly compute

[∂t , H L
λ ]w =

1
λ2L+2

L−1∑
k=0

H k
(
−
λs

λ

3V
y2 H L−(k+1)ε

)
. (E-1)

We now apply the Leibniz rule Lemma D.1 with 8 =3V/y2. In view of the expansion (2-6) and the
recurrence formula (D-3), we have an expansion at the origin to all orders, for even k ≥ 2,

82i,2k(y)=
N∑

p=0

ci,k,p y2p
+ O(y2N+2), 0≤ i ≤ k,

82i+1,2k(y)=
N∑

p=0

ci,k,p y2p+1
+ O(y2N+3), 1≤ i ≤ k− 1.

and, for odd k ≥ 1, 
82i−1,2k+1(y)=

N∑
p=0

ci,k,p y2p
+ O(y2N+2), 1≤ i ≤ k+ 1,

82i,2k+1(y)=
N∑

p=0

ci,k,p y2p+1
+ O(y2N+3), 1≤ i ≤ k− 1.
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We also have a bound, for y ≥ 1,

|8i,k |.
1

1+ y4+(2k−i) , 0≤ i ≤ 2k.

Therefore, from (D-1), we estimate

for all k ≥ 0,
∣∣∣∣H k

(
3V
y2 ε

)∣∣∣∣≤ 2k∑
i=0

ci,k
|εi |

1+ y4+(2k−i) . (E-2)

Similarly, ∣∣∣∣AH k
(
3V
y2 ε

)∣∣∣∣. 2k∑
i=0

ci,k
1

1+ y4+(2k−i)

[
|∂yεi | +

|εi |

y

]
.

2k+1∑
i=0

ci,k
|εi |

y(1+ y4+(2k−i))
.

We now inject (E-2) into (E-1) and obtain using (3-36) the pointwise bound on the commutator

|[∂t , H L
λ ]w|.

|b1|

λ2L+2

L−1∑
k=0

2k∑
i=0

ci,k
|ε2(L−k−1)+i |

1+ y4+(2k−i) .
|b1|

λ2L+2

2L−2∑
m=0

|ε2L−2−m |

1+ y4+m =
|b1|

λ2L+2

2L−2∑
m=0

|εm |

1+ y2+2L−m .

Hence, after a change of variables in the integral, and using (C-1), we have∫
|[∂t , H L

λ ]w|
2

λ2(1+ y2)
.
|b1|

2

λ4L+4

2L−2∑
m=0

∫
ε2

m

(1+ y2)(1+ y4+4L−2m)
.

C(M)b2
1

λ4L+4 E2L+2,

and, similarly, ∫
|Aλ[∂t , H L

λ ]w|
2 .
|b1|

2

λ4L+4

2L−1∑
m=0

∫
ε2

m

y2(1+ y4+4L−2m)
.

C(M)b2
1

λ4L+4 E2L+2,

which is (3-55).

Appendix F: Proof of (4-10)

We claim the following Lyapounov monotonicity functional for the E2k+2 energy.

Proposition F.1 (Lyapounov monotonicity for E2k+2). Let 0≤ k ≤ L − 1. Then we have

d
dt

{
1

λ4k+2

[
E2k+2+ O

(
b

1
2
1 b(4k+2)2L/(2L−1)

1

)]}
.
|log b1|

C

λ4k+4

[
b2k+3

1 + b1+δ+(2k+1)2L/(2L−1)
1 +

√
b2k+4

1 E2k+2

]
(F-1)

for some universal constants C, δ > 0 independent of M and of the bootstrap constant K in (3-23), (3-24).
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Proof of Proposition F.1. Step 1: modified energy identity. We follow verbatim the algebra of (3-48) with
L→ k and obtain the modified energy identity

1
2

d
dt

{
E2k+2+ 2

∫
b1(3Z)λ
λ2r

w2k+1w2k

}
=−

∫
(H̃λw2k+1)

2
−

(
λs

λ
+ b1

)∫
(3Ṽ )λ
2λ2r2 w

2
2k+1+

∫
d
dt

(
b1(3Z)λ
λ2r

)
w2k+1w2k

+

∫
H̃λw2k+1

[
∂t Zλ

r
w2k + Aλ([∂t , H k

λ ]w)+ AλH k
λ

(
1
λ2 Fλ

)]
+

∫
b1(3Z)λ
λ2r

w2k

[
−H̃λw2k+1+

∂t Zλ
r
w2k + Aλ([∂t , H k

λ ]w)+ AλH k
λ

(
1
λ2 Fλ

)]
+

∫
b1(3Z)λ
λ2r

w2L+1

[
[∂t , H k

λ ]w+ H k
λ

(
1
λ2 Fλ

)]
.

(F-2)

We now estimate all terms in the right hand side of (F-2).

Step 3: Lower order quadratic terms. We treat the lower order quadratic terms in (F-2) using dissipation.
The bound ∫

([∂t , H k
λ ]w)

2

λ2(1+ y2)
+

∫
|Aλ([∂t , H k

λ ]w)|
2 . C(M)

b2
1

λ4k+4 E2k+2 (F-3)

follows from (3-55) with L→ k. From (3-54), the rough bound (3-38), and Lemma C.1, we estimate∫ ∣∣∣∣H̃λw2k+1

[
∂t Zλ

r
w2k +

∫
Aλ

(
[∂t , H k

λ ]w

)]∣∣∣∣+ ∫ |H̃λw2k+1|

∣∣∣∣b(3Z)λ
λ2r

w2k

∣∣∣∣
≤

1
2

∫
|H̃λw2k+1|

2
+

b2
1

λ4k+4

[∫
ε2

2k

1+ y6 +C(M)E2k+2

]
≤

1
2

∫
|H̃λw2k+1|

2
+

b1

λ4k+4 C(M)b1E2k+2.

All other quadratic terms are lower order by a factor b1, again using (3-38), (3-55), (3-36), and Lemma C.1:∣∣∣∣λs

λ
+ b1

∣∣∣∣ ∫ ∣∣∣∣(3Ṽ )λ
2λ2r2 w

2
2k+1

∣∣∣∣+ ∫ ∣∣∣∣b1(3Z)λ
λ2r

w2k

[
∂t Zλ

r
w2k + Aλ

(
[∂t , H k

λ ]w

)]∣∣∣∣
+

∫ ∣∣∣∣b1(3Z)λ
λ2r

w2k+1[∂t , H L
λ ]w

∣∣∣∣+ ∣∣∣∣∫ d
dt

(
b1(3Z)λ
λ2r

)
w2k+1w2k

∣∣∣∣
.

b2
1

λ4k+4

[∫
ε2

2k+1

1+ y4 +

∫
ε2

2k

1+ y6 +C(M)E2k+2

]
.

b1

λ4k+4 C(M)b1E2k+2.

We similarly estimate the boundary term in time using (C-10):∣∣∣∣∫ b1(3Z)λ
λ2r

w2k+1w2k

∣∣∣∣. b1

λ4k+2

[∫
ε2

2k+1

1+ y2 +

∫
ε2

2k

1+ y4

]
.

b1

λ4k+2 |log b1|
C b(4k+2)2L/(2L−1)

1 .
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We inject these estimates into (3-53) to derive the preliminary bound

1
2

d
dt

{
1

λ4k+2

[
E2k+2+O

(
b

1
2
1 b(4k+2)2L/(2L−1)

1

)]}
≤−

1
2

∫
(H̃λw2k+1)

2
+

∫
H̃λw2k+1 AλH k

λ

(
1
λ2 Fλ

)
+

∫
H k
λ

(
1
λ2 Fλ

)[
b1(3Z)λ
λ2r

w2k+1+ A∗λ

(
b1(3Z)λ
λ2r

w2k

)]
+

b1

λ4k+4 bδ1E2k+2 (F-4)

with constants independent of M for |b|< b∗(M) small enough. We now estimate all terms in the right
hand side of (F-4).

Step 4: further use of dissipation. Recall the decomposition (3-57). The first term in the right hand side
of (F-4) is estimated after an integration by parts∣∣∣∣∫ H̃λw2k+1 AλH k

λ

(
1
λ2 Fλ

)∣∣∣∣≤ C
λ4k+4 ‖A∗ε2k+1‖L2‖H k+1F0‖L2+

1
4

∫
|H̃λw2k+1|

2
+

C
λ4k+4

∫
|AH kF1|

2

≤
C

λ4k+4

[
‖H k+1F0‖L2

√
E2k+2+‖AH kF1‖

2
L2

]
+

1
4

∫
|H̃λw2k+1|

2 (F-5)

for some universal constant C > 0 independent of M . The last two terms in (F-4) can be estimated by
brute force from Cauchy–Schwarz∣∣∣∣∫ H k

λ

(
1
λ2 Fλ

)
b1(3Z)λ
λ2r

w2k+1

∣∣∣∣. b1

λ4k+4

(∫
1+ |log y|2

1+ y4 |H kF|2
)1

2
(∫

ε2
2k+1

y2(1+ |log y|2)

)1
2

.
b1

λ4k+4

√
E2k+2

(∫
1+ |log y|2

1+ y4 |H kF|2
)1

2

, (F-6)

where constants are independent of M thanks to the estimate (B-2) for ε2k+1. Similarly,∣∣∣∣∫ H k
λ

(
1
λ2 Fλ

)
A∗λ

(
b1(3Z)λ
λ2r

w2k

)∣∣∣∣
.

b1

λ4k+4

(∫
1+ |log y|2

1+ y2 |AH kF|2
)1

2
(∫

ε2
2k

(1+ y4)(1+ |log y|2)

)1
2

.
b1

λ4k+4 C(M)
√

E2k+2

(∫
1+ |log y|2

1+ y2 |AH kF0|
2
+

∫
|AH kF1|

2
)1

2

. (F-7)

We now claim the bounds∫
1+ |log y|2

1+ y4 |H kF|2 ≤ b2k+2
1 |log b1|

C , (F-8)∫
1+ |log y|2

1+ y2 |AH kF0|
2
≤ b2k+2

1 |log b1|
C , (F-9)∫

|H k+1F0|
2
≤ b2k+4

1 |log b1|
C , (F-10)∫

|AH kF1|
2
≤ b2k+3

1 |log b1|
C
+ b1+δ+(2k+1)2L/(2L−1)

1 (F-11)
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for some universal constants δ,C > 0 independent of M and of the bootstrap constant K in (3-23), (3-24).
Injecting these bounds together with (F-5), (F-6), (F-7) into (F-4) concludes the proof of (F-1). We now
turn to the proofs of (F-8), (F-9), (F-10), (F-11).

Step 5: 9̃b terms. From (2-88) we estimate∫
1+ |log y|2

1+ y4 |H k9̃b|
2 .

∫
|H k9̃b|

2 . b2k+2
1 |log b1|

C ,∫
1+ |log y|2

1+ y2 |AH k9̃b|
2 .

∫
|AH k9̃b|

2
=

∫
H k9̃b H k+19̃b . b2k+3

1 |log b1|
C ,∫

|H k+19̃b|
2 . b2(k+1)+2

1 |log b1|
C ,

and (F-8), (F-9), (F-10) are proved for 9̃b.

Step 6: M̃od(t) terms. Recall (3-29),

M̃od(t)=−
(
λs

λ
+ b1

)
3Q̃b+

L∑
i=1

[(bi )s + (2i − 1+ cb1)b1bi − bi+1]

[
T̃i +χB1

L+2∑
j=i+1

∂S j

∂bi

]
,

and the notation (3-39). We will need only the rough bound for b1-admissible functions (2-32).

Proof of (F-10) for M̃od. We estimate from (2-32), for y ≤ 2B1,

|H k+1Si | + |H k+13Si | + |H k+1bi3T̃i |. bi
1(1+ y)2i−1−(2k+2) . b1bi−1

1 (1+ y)2i−2k−3 .
b1|log b1|

C

1+ y2k+1 ,

and thus, using H3Q = 0,∫
|H k+13Q̃b|

2 .
∫

y≤2B1

b2
1|log b1|

C

1+ y4k+2 . b2
1|log b1|

C .

We also have the rough bound, for 1≤ i ≤ L , i + 1≤ j ≤ L2, y ≤ 2B1,

|T̃i | +

∣∣∣∣χB1

L+2∑
j=i+1

∂S j

∂bi

∣∣∣∣. |log b1|
C[y2i−1

+ y2 j−1b j−i
1 |log b1|

C]. |log b1|
C y2i−1, (F-12)

and similarly for suitable derivatives, and hence the bound

L∑
i=1

∫ ∣∣∣∣H k+1
[

T̃i +χB1

L+2∑
j=i+1

∂S j

∂bi

]∣∣∣∣2 . |log b1|
C
∫

y≤2B1

|y2L−1−(2k+2)
|
2

. |log b1|
C B4(L−k)−4

1 .
|log b1|

C

b2(L−k)−2
1

.

We therefore obtain from Lemma 3.3 the control∫
|H k+1M̃od(t)|2 . C(K )|log b1|

C b2L+2
1

[
b2

1+
1

b2(L−k)−2
1

]
. C(K )b2k+4

1 |log b1|
C . |log b1|

C b2k+4
1
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for b1 < b∗1(M) small enough.

Proof of (F-8), (F-9). We estimate

|H k Si | + |H k3Si | + |H kbi3T̃i |. bi
1(1+ y)2i−1−2k .

|log b1|
C

1+ y2k+1 ,

and thus∫
1+ |log y|2

1+ y4 |H k3Q̃b|
2
+

∫
1+ |log y|2

1+ y2 |AH k3Q̃b|
2 . |log b1|

C
∫

1
1+ y4k+2 . |log b1|

C .

Then, from (F-12), we estimate

L∑
i=1

∫
1+ |log y|2

1+ y4

∣∣∣∣H k
[

T̃i +χB1

L+2∑
j=i+1

∂S j

∂bi

]∣∣∣∣2+ L∑
i=1

∫
1+ |log y|2

1+ y2

∣∣∣∣AH k
[

T̃i +χB1

L+2∑
j=i+1

∂S j

∂bi

]∣∣∣∣2
. |log b1|

C
∫

y≤2B1

|y2L−1−2k−2
|
2 .
|log b1|

C

b2(L−k)−2
1

,

and hence, using Lemma 3.3, we have∫
1+ |log y|2

1+ y4 |H kM̃od|2+
∫

1+ |log y|2

1+ y2 |AH kM̃od|2. |log b1|
CC(K )b2L+2

1

[
1+

1

b2(L−k)−2
1

]
.b2k+2

1 .

Step 7: nonlinear term N (ε). Control near the origin y ≤ 1. The control near the origin follows directly
from (3-72).

Control for y ≥ 1. We detail the proof of the most delicate bound (F-11). The proofs of (F-8) and (F-9)
follow similar lines and are left to the reader.

Recall the notations (3-73) and the bounds (3-74), (3-75), (3-76) on ζ . We then have the bounds (3-77),
(3-78), (3-79) on N1(ε), which yield

|AH k N (ε)|.
2k+1∑
p=0

|∂
p
y N (ε)|

y2k+1−p .
2k+1∑
p=0

1
y2k+1−p

p∑
i=0

|∂ i
yζ

2
||∂ p−i

y N1(ε)|

.
2k+1∑
p=0

|∂k
yζ

2
|

y2k+1−p +

2k+1∑
p=1

1
y2k+1−p

p−1∑
i=0

|∂ i
yζ

2
||log b1|

C
[

1
y p−i+1 + bap−i/2

1

]

.
2k+1∑
p=0

|∂
p
y ζ

2
|

y2k+1−p + |log b1|
C

2k∑
i=0

|∂ i
yζ

2
|

y2k+2−i + |log b1|
C

2k+1∑
p=1

p−1∑
i=0

bap−i/2
1

|∂ i
yζ

2
|

y2k+1−p

. |log b1|
C
[2k+1∑

p=0

|∂
p
y ζ

2
|

y2k+1−p +

2k+1∑
p=1

p−1∑
i=0

bap−i/2
1

|∂ i
yζ

2
|

y2k+1−p

]
,

and hence∫
y≥1
|AH k N (ε)|2

. |log b1|
C

2k+1∑
p=0

p∑
i=0

∫
y≥1

|∂ i
yζ |

2
|∂

p−i
y ζ |2

y4L+2−2p + |log b1|
C

2k+1∑
p=1

p−1∑
i=0

i∑
j=0

bap−i
1

∫
y≥1

|∂
j
y ζ |

2
|∂

i− j
y ζ |2

y4L+2−2p .
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We now claim the bounds
2k+1∑
p=0

p∑
i=0

∫
y≥1

|∂ i
yζ |

2
|∂

p−i
y ζ |2

y4k+2−2p ≤ b1bδ1b(2k+1)2L/(2L−1)
1 , (F-13)

|log b1|
C

2k+1∑
p=1

p−1∑
i=0

i∑
j=0

bap−i
1

∫
y≥1

|∂
j
y ζ |

2
|∂

i− j
y ζ |2

y4k+2−2p ≤ b1bδ1b(2k+1)2L/(2L−1)
1 (F-14)

for some δ > 0, and this concludes the proof of (F-11) for N (ε).

Proof of (3-80). Let 0≤ k ≤ L − 1, 0≤ p ≤ 2k+ 1, 0≤ i ≤ p. Let I1 = p− i , I2 = i . Then we can pick
J2 ∈ N∗ such that

max{1; 2− i} ≤ J2 ≤min{2k+ 3− p; 2k+ 2− i}

and define
J1 = 2k+ 3− p− J2.

Then, from direct inspection,

(I1, J1, I2, J2) ∈ N3
×N∗,

{
1≤ I1+ J1 ≤ 2k+ 1≤ 2L − 1, 2≤ I2+ J2 ≤ 2k+ 2≤ 2L ,
I1+ I2+ J1+ J2 = 2k+ 3.

Hence, from (3-74), (3-75),∫
y≥1

|∂ i
yζ |

2
|∂

p−i
y ζ |2

y4k+2−2p .

∥∥∥∥ ∂ I1
y ζ

y J1−1

∥∥∥∥2

L∞(y≥1)

∫
y≥1

|∂ I2
y ζ |

2

y2J2−2

. |log b1|
C(K )b(I1+J1+I2+J2−1)2L/(2L−1)

1 = |log b1|
C(K )b(2k+2)2L/(2L−1)

1

≤ b1bδ1b(2k+1)2L/(2L−1)
1 . �

Proof of (3-81). Let 0≤ k ≤ L−1, 1≤ p≤ 2k+1, 0≤ j ≤ i ≤ p−1. For p= 2k+1 and 0≤ i = j ≤ 2k,
we use the energy bound (3-76) to estimate

bap−i
1

∫
y≥1

|∂
j
y ζ |

2
|∂

i− j
y ζ |2

y4k+2−2p = ba2k+1−i
1 ‖ζ‖2L∞(y≥1)

∫
y≥1
|∂ i

yζ |
2

. b2L/(2L−1)((2k+1−i)+1+i)
1 |log b1|

C(K )
≤ b1bδ1b(2k+1)2L/(2L−1)

1 .

This exceptional case being treated, we let I1 = j , I2 = i − j and pick J2 ∈ N∗ with

max{1; 2− (i − j); 2− (p− j)} ≤ J2 ≤min{2k+ 3− p; 2k+ 2− (p− j); 2k+ 2− (i − j)}.

Let
J1 = 2k+ 3− p− J2.

Then we can directly check that

(I1, J1, I2, J2) ∈ N3
×N∗,

{
1≤ I1+ J1 ≤ 2k+ 1, 2≤ I2+ J2 ≤ 2k+ 2,
I1+ I2+ J1+ J2 = 2k+ 3− (p− i),
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and thus

bap−i
1

∫
y≥1

|∂
j
y ζ |

2
|∂

i− j
y ζ |2

y4k+2−2p . bap−i
1

∥∥∥∥ ∂ I1
y ζ

y J1−1

∥∥∥∥2

L∞(y≥1)

∫
y≥1

|∂ I2
y ζ |

2

y2J2−2

. |log b1|
C(K )b(p−i+I1+J1+I2+J2−1)2L/(2L−1)

1 = |log b1|
C(K )b(2k+2)2L/(2L−1)

1

≤ b1bδ1b(2k+1)2L/(2L−1)
1 . �

Step 8: small linear term L(ε). We recall the decomposition (3-84).

Control for y ≤ 1. The control near the origin directly follows from (3-88).

Control for y ≥ 1. We give a detailed proof of (F-11) and leave (F-8) to the reader. We recall the bound
(3-90):

|∂k
y L(ε)|.

k∑
i=0

b1|log b1|
C
|∂ i

yε|

yk−i+1 .

This implies

|AH k L(ε)|.
2k+1∑
p=0

|∂
p
y L(ε)|

y2k+1−p .
2k+1∑
p=0

1
y2k+1−p

p∑
i=0

b1|log b1|
C
|∂ i

yε|

y p−i+1 . b1|log b1|
C

2k+1∑
i=0

|∂ i
yε|

y2k+2−i .

We therefore conclude from (C-11) that∫
y≥1
|AH k L(ε)|2 . b2

1|log b1|
C

2k+1∑
i=0

∫
y≥1

|∂ i
yε|

2

y4k+4−2i

. |log b1|
C(K )b2+(2k+1)2L/(2L−1)

1 ≤ b1+δ+(2k+1)2L/(2L−1)
1 ,

and (3-64) is proved.
This concludes the proof of (F-8), (F-9), (F-10), (F-11), and thus of Proposition 3.6. �
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