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WELL-POSEDNESS OF THE STOKES-CORIOLIS SYSTEM
IN THE HALF-SPACE OVER A ROUGH SURFACE

ANNE-LAURE DALIBARD AND CHRISTOPHE PRANGE

This paper is devoted to the well-posedness of the stationary 3D Stokes—Coriolis system set in a half-space
with rough bottom and Dirichlet data which does not decrease at space infinity. Our system is a linearized
version of the Ekman boundary layer system. We look for a solution of infinite energy in a space of
Sobolev regularity. Following an idea of Gérard-Varet and Masmoudi, the general strategy is to reduce the
problem to a bumpy channel bounded in the vertical direction thanks to a transparent boundary condition
involving a Dirichlet to Neumann operator. Our analysis emphasizes some strong singularities of the
Stokes—Coriolis operator at low tangential frequencies. One of the main features of our work lies in
the definition of a Dirichlet to Neumann operator for the Stokes—Coriolis system with data in the Kato
space H, 1/2

uloc*

1. Introduction

The goal of the present paper is to prove the existence and uniqueness of solutions to the Stokes—Coriolis

system
—Au+esxu+Vp=0 inQ,
divu=0 in 2, (1-1)
ulr = uo,

where

Q=xeR:x3>00y)), I'=0Q={xecR:x3=w())

and w : R — R? is a bounded function.

When o has some structural properties, such as periodicity, existence and uniqueness of solutions are
easy to prove: our aim is to prove well-posedness when the function w is arbitrary, say w € W (R?),
and when the boundary data u( is not square integrable. More precisely, we wish to work with ug in a
space of infinite energy of Sobolev regularity, such as Kato spaces. We refer to the end of this introduction
for a definition of these uniformly locally Sobolev spaces lelloc, Hj oo

The interest for such function spaces to study fluid systems goes back to [Lemarié-Rieusset 1999;
2002], in which existence is proved for weak solutions of the Navier—Stokes equations in R* with initial
data in Lﬁloc.
intense research. Without being exhaustive, let us mention that:

These works fall into the analysis of fluid flows with infinite energy, which is a field of
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Cannon and Knightly [1970], Giga, Inui, and Matsui [Giga et al. 1999], Solonnikov [2003], Bae
and Jin [2012] (local solutions), and Giga, Matsui, and Sawada [Giga et al. 2001] (global solutions)
studied the nonstationary Navier—Stokes system in the whole space or in the half-space with initial
data in L* or in BUC (bounded uniformly continuous).

Basson [2006] and Maekawa and Terasawa [2006] studied local solutions of the nonstationary
Navier—Stokes system in the whole space with initial data in Ll':l oc SPACEs.

Giga and Miyakawa [1989], Taylor [1992] (global solutions), and Kato [1992] studied local so-
lutions to the nonstationary Navier—Stokes system, and Gala [2005] studied global solutions to a
quasigeostrophic equation with initial data in Morrey spaces.

Gallagher and Planchon [2002] studied the nonstationary Navier—Stokes system in R? with initial

data in the homogeneous Besov space B,Z, /qr_l.

Giga et al. [2007] studied the nonstationary Ekman system in Ri with initial data in the Besov space
Bgoyl’a([RRz; LP(R;)) for 2 < p < oo; see also [Giga et al. 2006] (local solutions) and [Giga et al.

2008] (global solutions) on the Navier—Stokes—Coriolis system in R3, and [Yoneda 2009] for initial
data spaces containing almost-periodic functions.

Konieczny and Yoneda [2011] studied the stationary Navier—Stokes system in Fourier—Besov spaces.

David Gérard-Varet and Nader Masmoudi [2010] studied the 2D Stokes system in the half-plane
above a rough surface with Hullézc boundary data.

Alazard, Burq, and Zuily [Alazard et al. 2013] studied the Cauchy problem for gravity water waves

with data in H _; in particular, they studied the Dirichlet to Neumann operator associated with the
1/2

Laplacian in a domain Q = {(x, y) € Rt : p*(x) < y < n(x)}, with H .. boundary data.

Despite this huge literature on initial value problems in fluid mechanics in spaces of infinite energy, we

are not aware of any work concerning stationary systems and nonhomogeneous boundary value problems

in Ri. Let us emphasize that the derivation of energy estimates in stationary and time dependent settings

are rather different: indeed, in a time dependent setting, boundedness of the solution at time ¢ follows

from boundedness of the initial data and of the associated semigroup. In a stationary setting and in a

domain with a boundary, to the best of our knowledge, the only way to derive estimates without assuming

any structure on the function w is based on the arguments of Ladyzhenskaya and Solonnikov [1980] (see

also [Gérard-Varet and Masmoudi 2010] for the Stokes system in a bumped half-plane).

In the present case, our motivation comes from the asymptotic analysis of highly rotating fluids near a

rough boundary. Indeed, consider the system

—sAuf + %63 xu®+Vp®=0 inQ°,

divut =0 in Qg, (1_2)
u®lre =0,

ul;=1 =V, 0),
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where

Q ={xeR:co(xp/e) <x3<1} and T?:=9Q°\{x3=1}.

Then it is expected that u? is the sum of a two-dimensional interior flow ('™ (xp), 0) balancing the rotation
with the pressure term and a boundary layer flow B (x /&; x;,), located in the vicinity of the lower boundary.
In this case, the equation satisfied by uBl is precisely (1-1), with ug(y; x5) = —(u'™(xy), 0). Notice
that x;, is the macroscopic variable and is a parameter in the equation on #B. The fact that the Dirichlet
boundary condition is constant with respect to the fast variable y;, is the original motivation for study of
the well-posedness of (1-1) in spaces of infinite energy, such as the Kato spaces H,), ..

The system (1-2) models large-scale geophysical fluid flows in the linear regime. In order to get a
physical insight into the physics of rotating fluids, we refer to the books [Greenspan 1980] (rotating fluids
in general, including an extensive study of the linear regime) and [Pedlosky 1987] (focus on geophysical
fluids). Ekman [1905] analyzed the effect of the interplay between viscous forces and the Coriolis
acceleration on geophysical fluid flows.

For further remarks on the system (1-2), we refer to Section 7 in the book [Chemin et al. 2006] by
Chemin, Desjardins, Gallagher, and Grenier, and to [Chemin et al. 2002], where a model with anisotropic
viscosity is studied and an asymptotic expansion for u#° is obtained.

Studying (1-1) with an arbitrary function o is more realistic from a physical point of view, and also
allows us to bring to light some bad behaviors of the system at low horizontal frequencies, which are
masked in a periodic setting.

Our main result is the following.

Theorem 1. Let € W (R?), and let ug;, € H3  (R*)?, uo3 € H)\
U, € H'/? (R?)2 such that

uloc

(R?). Assume that there exists

uo,3 — Vpw -ugp = Vp - Up. (1-3)
Then there exists a unique solution u of (1-1) such that

sup [lull g1 (+10.12)x (- 1.apngy < o0 foralla >0,

le7?
o
sup Z/ / IVeul?> < oo
2 2
tez? 551 JiH0.
lal=q

for some integer q sufficiently large, which does not depend on w or ug (say g > 4).

Remark 1.1. « Assumption (1-3) is a compatibility condition, which stems from singularities at low
horizontal frequencies in the system. When the bottom is flat, it merely becomes ug 3 = V, - Uj,. Notice
that this condition only bears on the normal component of the velocity at the boundary: in particular,
if ug - n|r = 0, then (1-3) is satisfied. We also stress that (1-3) is satisfied in the framework of highly
rotating fluids near a rough boundary, since in this case uo 3 = 0 and ug j is constant with respect to the
microscopic variable.
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« The singularities at low horizontal frequencies also account for the possible lack of integrability of the
gradient far from the rough boundary: we were not able to prove that

x
sup / / |Vu|2 < 00,
lez? J1 JI4[0,1]?

although this estimate is true for the Stokes system. In fact, looking closely at our proof, it seems that
nontrivial cancellations should occur for such a result to hold in the Stokes—Coriolis case.

o Concerning the regularity assumptions on w and u, it is classical to assume Lipschitz regularity on the
boundary. The regularity required on ug, however, may not be optimal, and stems in the present context
from an explicit lifting of the boundary condition. It is possible that the regularity could be lowered if a
different type of lifting were used, in the spirit of [Alazard et al. 2013, Proposition 4.3]. Let us stress as
well that if w is constant, then Hullf)zc regularity is enough (cf. Corollary 2.17).

The same tools can be used to prove a similar result for the Stokes system in three dimensions (we
recall that [Gérard-Varet and Masmoudi 2010] is concerned with the Stokes system in two dimensions).
In fact, the treatment of the Stokes system is easier, because the associated kernel is homogeneous and
has no singularity at low frequencies. The results proved in Section 2 can be obtained thanks to the Green
function associated with the Stokes system in three dimensions; see [Galdi 1994]. On the other hand, the
arguments of Sections 3 and 4 can be transposed as such to the Stokes system in three dimensions. The
main novelties of these sections, which rely on careful energy estimates, are concerned with the higher

dimensional space rather than with the presence of the rotation term (except for Lemma 3.2).

The statement of Theorem 1 is very close to one of the main results of the paper [Gérard-Varet and
Masmoudi 2010], namely, the well-posedness of the Stokes system in a bumped half-plane with boundary
data in Hullézc
of functions of infinite energy, lack of a Poincaré inequality, irrelevancy of scalar tools (Harnack inequality,

(R). Of course, it shares the main difficulties of [Gérard-Varet and Masmoudi 2010]: spaces

maximum principle) which do not apply to systems. But two additional problems are encountered when
studying (1-1):

(1) Equation (1-1) is set in three dimensions, whereas the study of [Gérard-Varet and Masmoudi 2010]
took place in two dimensions. This complicates the derivation of energy estimates. Indeed, the latter are
based on the truncation method by Ladyzhenskaya and Solonnikov [1980], which consists more or less in
multiplying (1-1) by xxu, where x; € 63° (R4~ is a cut-off function in the horizontal variables such
that Supp xx C Br+1 and xx = 1 on By for k € N. If d = 2, the size of the support of V y; is bounded,
while it is unbounded when d = 3. This has a direct impact on the treatment of some commutator terms.

(2) Somewhat more importantly, the kernel associated with the Stokes—Coriolis operator has a more
complicated expression than the one associated with the Stokes operator (see [Galdi 1994, Chapter IV]
for the computation of the Green function associated to the Stokes system in the half-space). In the case
of the Stokes—Coriolis operator, the kernel is not homogeneous, which prompts us to distinguish between
high and low horizontal frequencies throughout the paper. Moreover, it exhibits strong singularities at low
horizontal frequencies, which have repercussions on the whole proof and account for assumption (1-3).
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The proof of Theorem 1 follows the same general scheme used in [Gérard-Varet and Masmoudi 2010]
(this scheme has also been successfully applied in [Dalibard and Gérard-Varet 2011] in the case of a Navier
slip boundary condition on the rough bottom): we first perform a thorough analysis of the Stokes—Coriolis
system in R, and we define the associated Dirichlet to Neumann operator for boundary data in Hullf)zc. In
particular, we derive a representation formula for solutions of the Stokes—Coriolis system in [Rii, based on
a decomposition of the kernel which distinguishes high and low frequencies, and singular/regular terms.
We also prove a similar representation formula for the Dirichlet to Neumann operator. Then we derive an
equivalent system to (1-1), set in a domain which is bounded in x3 and in which a transparent boundary
condition is prescribed on the upper boundary. These two preliminary steps are performed in Section 2.
We then work with the equivalent system, for which we derive energy estimates in Hulloc;
to prove existence in Section 3. Eventually, we prove uniqueness in Section 4. The appendices gathers

this allows us

several technical lemmas used throughout the paper.

Notation. We will be working with spaces of uniformly locally integrable functions, called Kato spaces,
whose definition we now recall; see [Kato 1975]. Let 9 € %SO(R‘Z ) be such that Supp ¢+ C [—1, 14,9 =1
on [—1/4, 1/4]%, and
Y ud(x)=1 forallxeR?, (1-4)
kezd

where 7 is the translation operator defined by 7 f (x) = f(x — k).
Then, for s >0, p € [1, 00),

LY (RN :={ueLl (R :ksuzg (e ull Lo ey < 00},
€

Hoo R = {u € HY (R?): sup Izl s ey < 00}
keZ

The space H’

Jloc 18 independent of the choice of the function ##; see [Alazard et al. 2013, Lemma 3.1].

We will also work in the domain Q% := {x € R : w(x;,) < x3 <0}, assuming that o takes values in
(—1, 0). With a slight abuse of notation, we will write

lullpr (@vy = sup [[(z?)ullLrqp),
uloc
kez?

sup [[(ze?)ull gsqp),
kez?

el s, (20 -

where the function ¥ belongs to ¢5°(R?) and satisfies (1-4), Supp @ C [—1, 112, 9 =1 on [—1/4, 1/4],
and Hyo (Q") = (u € Hy\, () ¢ llull s, vy < 00} Ljoo (@) = {u € Ly (%)t lullpr (qny < 00).
Throughout the proof, we will often use the notation |V9u|, where ¢ € N, for the quantity

> Vel

aeNd
lot|=q

where d =2 or 3, depending on the context.
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2. Presentation of a reduced system and main tools

Following an idea of Gérard-Varet and Masmoudi [2010], the first step is to transform (1-1) so as to work
in a domain bounded in the vertical direction (rather than a half-space). This allows us eventually to
use Poincaré inequalities, which are paramount in the proof. To that end, we introduce an artificial flat
boundary above the rough surface I', and we replace the Stokes—Coriolis system in the half-space above
the artificial boundary by a transparent boundary condition, expressed in terms of a Dirichlet to Neumann
operator.

In the rest of the article, without loss of generality, we assume that supw =: @ < 0 and infw > —1,
and we place the artificial boundary at x3 = 0. We set

QP ={x eR:w(xy) <x3 <0},
¥ :={x3 =0}
The Stokes—Coriolis system differs in several aspects from the Stokes system; in the present paper, the

most crucial differences are the lack of an explicit Green function, and the bad behavior of the system at
low horizontal frequencies. The main steps of the proof are as follows:

(1) Prove existence and uniqueness of a solution of the Stokes—Coriolis system in a half-space with
boundary data in H'/?(R?).

(2) Extend this well-posedness result to boundary data in HJI{)ZC([RZ).

(3) Define the Dirichlet to Neumann operator for functions in H 1/2(R?), and extend it to functions in

H'2(R?).

uloc
(4) Define an equivalent problem in ©”, with a transparent boundary condition at X, and prove the
equivalence between the problem in ” and the one in Q.

(5) Prove existence and uniqueness of solutions of the equivalent problem.

Items (1)—(4) will be proved in the current section, and (5) in Sections 3 and 4.

2A. The Stokes—Coriolis system in a half-space. The first step is to study the properties of the Stokes—
Coriolis system in R3 , namely,
—Au+e3xu+Vp=0 in Ri,
divu =0 in R3, -1
U|x3=0 = vo.
In order to prove the result of Theorem 1, we have to prove the existence and uniqueness of a solution u
of the Stokes—Coriolis system in HlLC(Ri) such that, for some g € N sufficiently large,

o0
supf f IV9u|? < .
lez? JI+(0,1)? J1

However, the Green function for the Stokes—Coriolis is far from being explicit, and its Fourier transform,
for instance, is much less well-behaved than that of the Stokes system (which is merely the Poisson
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kernel). Therefore such a result is not so easy to prove. In particular, because of the singularities of the
Fourier transform of the Green function at low frequencies, we are not able to prove that

(o¢]
sup/ / |Vu|2<oo.
lez? Ji+0.1)? J1

o We start by solving the system when vy € H'/?(R?).
Proposition 2.1. Let vg € H 1/2(R%)3 be such that

1
/R  lina©P dg <o, 2-2)

Then the system (2-1) admits a unique solution u € HILC(Ri) such that

/ IVu|? < co.
R}

Remark 2.2. The condition (2-2) stems from a singularity at low frequencies of the Stokes—Coriolis
system, which we will encounter several times in the proof. Notice that (2-2) is satisfied in particular
when vg 3 =V, - V), for some V, ¢ H 1/2(R%)2, which is sufficient for further purposes.

Proof. Uniqueness. Consider a solution whose gradient is in Lz(Ri) and with zero boundary data on
x3 = 0. Then, using the Poincaré inequality, we infer that

a a
/ |u|2§ca/f |Vul|* < oo,
0 JR2 0 JR2

and therefore we can take the Fourier transform of u in the horizontal variables. Denoting by £ € R? the
Fourier variable associated with x;,, we get
(I&17 = )in + iy, +i6p =0,
(&> = 83)it3 + 93 p =0, (2-3)
i§ -1y + 0313 = 0,
and

12|X3=0 =0.
Eliminating the pressure, we obtain
2 a2\2~  aa el oA
(1§17 —03)7uz —id36~-up =0.

Taking the scalar product of the first equation in (2-3) with (£, 0) and using the divergence-free condition,
we are led to
(5P =93 — 8323 = 0. 2-4)

Notice that the solutions of this equation have a slightly different nature when & # 0 or when & = 0 (if
& =0, the associated characteristic polynomial has a multiple root at zero). Therefore, as in [Gérard-Varet
and Masmoudi 2010], we introduce a function ¢ = ¢ (&) € €5° (R?) such that the support of ¢ does not
contain zero. Then ¢ii3 satisfies the same equation as i3, and vanishes in a neighborhood of & = 0.
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For & # 0, the solutions of (2-4) are linear combinations of exp(—Xx3) (with coefficients depending
on &), where (Ar)1<k<6 are the complex valued solutions of the equation

(=P} +22=0. (2-5)

Notice that none of the roots of this equation are purely imaginary, and that if A is a solution of (2-5), so
are —A, A and —A. Additionally, (2-5) has exactly one real-valued positive solution. Therefore, without
loss of generality, we assume that A1, Ap, A3 have strictly positive real part, while A4, As, A¢ have strictly
negative real part, and 1| € R, X = Az with J(h2) > 0, I(A3) < 0.

On the other hand, the integrability condition on the gradient becomes

| Pl s+ 0ni 6, 1)) dé i < .

We infer immediately that ¢ii3 is a linear combination of exp(—Agx3) for 1 <k < 3: there exist

Ap:R2 > C® fork=1,2,3
such that 3
QE)i3(E. x3) = ) Ap(E) exp(— A (€)x3).
k=1
Going back to (2-3), we also infer that

3
QE)E -y (€, x3) = —i ) M () Ar(E) exp(— A (§)x3),

= (2-6)
k)2

3 2
PENET (€, x3) =i Yy ———F— (|§| Ak (&) exp(—Ak(§)x3).
k:1

Notice that, by (2-5),

2 _ 322 A
(B =40" _ M fork=1,2,3.
A |€]> —
Thus the boundary condition #|,,—o = 0 becomes
Aq(§)
M) | A2(8) | =0,
A3z(§)
where
1 1 1
. M A A3
(EP—2D? (€7 —23)? (517 —A3)°
M A A3

Lemma 2.3. detM = (A1 —A2)(Aa — A3)(A3 — A (€] + A1 + Az + X3).
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Since the proof of the result is a mere calculation, we have postponed it to Appendix A. It is then clear
that M is invertible for all £ # 0: indeed, it is easily checked that all the roots of (2-5) are simple, and we
recall that A1, Ay, A3 have positive real part.

We conclude that A} = A, = A3 = 0, and thus ¢(§)u(&, x3) =0 for all ¢ € ©5° (R?) supported far
from £ = 0. Since & € L>(R? x (0, a))? for all a > 0, we infer that & = 0.

Existence. Now, given vg € H'/ 2(R2), we define u through its Fourier transform in the horizontal variable.
It is enough to define the Fourier transform for & # 0, since it is square integrable in &. Following the
calculations above, we define coefficients A, A, A3 by the equation

A (&) U,3
M@E) | A& | =] i& Do for all £ # 0. (2-7)
A3(&) —i&+ Do 4

As stated in Lemma 2.3, the matrix M is invertible, so that A, A,, Az are well defined. We then set

3
i3(5,x3) ;= Y Ac(E) exp(—2i (§)x3),

k=1 (2-8)

(1617 =27

- sL) exp(—Ax(£)x3).
k

.3
R i
(8. %3) = 1o > Ak@)(—xk@)s +
k=1
We have to check that the corresponding solution is sufficiently integrable, namely,

| Pl )P + oain €. x0)) d s < oo,
I 29)
[ ePiaate xof +10sa(e. xoP) e s < o

R+
Notice that by construction, dsii3 = —i - i, (divergence-free condition), so that we only have to check
three conditions.
To that end, we need to investigate the behavior of Ay, Ay for & close to zero and for £ — oco. We
gather the results in the following lemma, whose proof is once again postponed to Appendix A:

Lemma 2.4. e As & — 00, we have
_1 _3
A =& - 1IEITS 4+ O(E]75),

j? i 5
My =8 = S8 + O8I,

as =& — §|sr% +O(E ),

where j = exp(2im/3), so that

A(&) 1 111 0.3
ArE) | =3 1 j 2| | =21&1"3aE - Do.n — 1€]D03) + O (Do) | - (2-10)
A3(§) 1% —|&|713igL- Do + O (o))
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e As& — 0, we have
M =1EP 4+ 0(EIN,
A =™+ 0(EP),
=T 08

As a consequence, for & close to zero,

A1(E) = D0,3(8) — 3V2(i& - Do+ i&Do.n + |€]D0.3) + O (&P Do (E))),
A (§) = (e 7/4E o+ €T HiE Do + 1E1D0.3) + O(1EP[D0(E)]), (2-11)
A3(8) = J(™ig Do + e T GE Do + 1€1D0,3)) + O(IEIP1Do(E)]).

e Forall a > 1, there exists a constant C, > 0 such that

)]+ ROk ENIT! < Co,
lAE)] < Calto(§)I.

We then decompose each integral in (2-9) into three pieces, one on {|£| > a}, one on {|£| < a~!}, and
the last one on {|&] € (a~', a)}. All the integrals on {a~! < |&| < a) are bounded by

al<ltl<a = {

Co | 1@ dE = Callwolfyege
a~'<|E|<a

We thus focus on the two other pieces. We only treat the term
/|§|2|ﬁ3<s,x3>|2dsdx3,
R

since the two other terms can be evaluated using similar arguments.

> On the set {|£] > a}, the difficulty comes from the fact that the contributions of the three exponentials
compensate one another; hence a rough estimate is not possible. To simplify the calculations, we set

Bi=A+ A+ Az,
By=A+ j*Ar+ jAs, (2-12)
By = A1+ jAy+ j2A;,

so that
Aq ! 11 1 B
Az =3 1 j j*]|B
A3 1j2 Bj

Hence we have Ay = (B] + ai B> +(X]%B3)/3, where oy =1, 0 = j, a3 = jz. Notice that a,f =1 and
>« 2 =0. According to Lemma 2.4,

B =193,
1, A~ N N
By = =2|&|3(& - v, — & |Vo,3) + O (o)),
1, ~ ~
By = —|&|73i&" Do + O(IDo)).
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For all £ € R?, || > a, we have

|s|f i3, )P dxs = 6P Y A,

1<k,I<3 b+ hy

Using the asymptotic expansions in Lemma 2.4, we infer that

: : (1+°"‘+ l |s|—““+0(|5|—8/3))

M+ 208
Therefore, we obtain, for |£| > 1,
> Y Md =5 Y Akfiz<1 A O s 0(|sr8/3>)
1<k,1<3 Mt 1<k,1<3

If;'l(

|B1|* + 3(BaBy + BoB)IEI Y + O(l00)?))
= O(|&]|Do]%).

Hence, since vy € H'/2(R?), we deduce that

o0
f / |&|%|d3]* dx3 d& < 4-o0.
[&]>a JO

> On the set |§| < a, we can use a crude estimate: we have

3

/m | Pl P ande < Y

k=1

5 AR @)
—— dE&.
/M d 2Rk (£)) ;

Using the estimates of Lemma 2.4, we infer that

/s| f EP1as €. x3) dx3d$<C/|§| & ((|v03(-§)| T 1ERlos@)F >|§|3

2
fcfa (' Of;f)' +1E] 1804 ()] )dé<oo,

thanks to the assumption (2-2) on 7 3. In a similar way, we have

> 2
/I%‘ fo |§|2|12h(§,x3)|2dx3d§Scflél (lvo|3€(|$)| el Oh($)|> "

o
/ f 934 (€, x3)|*dx3 dE < C/ |90l dé&.
[§]<a JO [§1<a

Gathering all the terms, we deduce that

+ |s|2|ﬁo<s)|2) d&

fw (&Pl (., x3)[> + (030§, x3)[?) d dixs < 00,

so that Vu € L*(R3). O
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Remark 2.5. Notice that thanks to the exponential decay in Fourier space, for all p € N with p > 2, there

(o)
2 2
/ /2|Vpu| < Cpllvollgis2-
1 R

* We now extend the definition of a solution to boundary data in Hull{i

exists a constant C, > 0 such that

(R?). We introduce the sets

(R?) 13Uy € Hyfo(RD2, u =V Uy}, o)
(R*)? : us € 9t).

Hi={uecH/?

uloc

K:={ueH/?

uloc
In order to extend the definition of solutions to data which are only locally square integrable, we will first
derive a representation formula for vg € H 1/2(R?). We will prove that the formula still makes sense when
vo € [, and this will allow us to define a solution with boundary data in K.

To that end, let us introduce some notation. According to the proof of Proposition 2.1, there exist
Ly, L>, Ly : R? = M3(C) and g1, ¢2, ¢3 : R* — C3 such that

3
u(, x3) = Z Li(§)00(8) exp(—=2k(§)x3),

k=t (2-14)

3
PE x3) = qr(€) - Bo(§) exp(—Ax(€)x3).

k=1

For further reference, we state the following lemma:

Lemma 2.6. Forall k € {1,2,3} and all £ € R?, the following identities hold:

—Lg21 —Lg22 —Li23 i§1q9k1  1&19x2  1§1qk,3
(EP =)L+ | Lt Leia Lias |+ iboqen ibaqrn iEaqrs | =0
0 0 0 —AGr,1 —AMGk2 —Akqk,3

and, for j =1,2,3, k=1,2,3,
lf]Lk,lj +is2Lk,2j - )MkLk,3j =0.

Proof. Letvg € H 1/2(R%)3 be such that vo3 = V-V, for some V, € H 1/2(R%). Then, according to
Proposition 2.1, the couple (u, p) defined by (2-14) is a solution of (2-1). Therefore it satisfies (2-3).
Plugging the definition (2-14) into (2-3), we infer that, for all x3 > 0,

3
/2 ZGXP(—M%)&ik(f)ﬁo(é)dé =0, (2-15)
R k=1
where
—Li21 —Lioo —Li23 iS1q1  i&1qk2 181913

A =P = 2L+ | Lt Lein Liis |+ | ibqey  i62qer iE2gics
0 0 0 =AMk —MGr2 —Mqk3
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Since (2-15) holds for all vy, we obtain

3
Z exp(—Axx3)Adr(§) =0 for all & and x3,
k=1

and since A1,Ap, A3 are distinct for all £ # 0, we deduce eventually that s{;(§) = O for all £ and k.
The second identity follows in a similar fashion from the divergence-free condition. (]

Our goal is now to derive a representation formula for u, based on the formula satisfied by its Fourier
transform, in such a way that the formula still makes sense when v € K. The crucial part is to understand
the action of the operators Op(Ly(£)¢(£)) on Lﬁloc functions, where ¢ € <68°([R2). To that end, we will
need to decompose L (&) for & close to zero into several terms.

Lemma 2.4 provides asymptotic developments of Ly, Ly, L3 and a1, ap, w3 as || < 1 or [E]| > 1. In

particular, we have, for |£| < 1,

£26—&1) —&E(E+E) —iv26

Lﬂé)zm E(&1—&)  &(&+E)  ivV2E |+H(0UEP) O(EP O(&D), (2-16)
i1E|(&2—&1) —il&|(E2+E1) V2l
| . 2i(—&1+&)
; 2t(=51+52)
| H
L) =5 _; ! —2iG1+8) | +(0(&1»H O0(E1»H O(ED).
H
Ki(é?le*i”/éx—ézei”“) i(E2e 1T/ ig €T /Y) e/t
! ) 2i(&1+%2)
—1 —_—
| H
Ly§) =5 ; 1 —2i61—8) [+(0(&*») 0P O(ED).
H
Ki(éle"”“—éze*"”“) [l ™A pig iy pin/t

The remainder terms are to be understood column-wise. Notice that the third column of Ly, that is, Lje3,
always acts on 0 3 = i& - V. We thus introduce the following notation: for k =1, 2, 3,

My, = (LkelLkeg) € .A/L3’2((E) and Ny :=ilLyes t&' S ./‘/L3’2((D).

M ,} (respectively N kl) denotes the 3 x 2 matrix whose coefficients are the nonpolynomial and homogeneous
terms of order one in My, (respectively Ny) for & close to zero. For instance,

V2 §E2(6—81) —&(+8&) ;&8 £2
Ml =" |-5E-&) HE&E+E) |, N=—| & &&
20&| 0 0 R



1266 ANNE-LAURE DALIBARD AND CHRISTOPHE PRANGE

We also set M;*™ = M — Mkl, NE™ = Ny — Nk1 so that

for & close to zero, M[*™ = O(|§]),

for k =2, 3, M =0(Q),

forall k € {1,2,3}, N = 0(§)]).
There are polynomial terms of order one in M{*" and N;°" (respectively of order 0 and 1 in M;*™
for k = 2,3) which account for the fact that the remainder terms are not O(|&|?). However, these

polynomial terms do not introduce any singularity when they are differentiated, and thus, using the results
of Appendix B, we get, for any integer g > 1,

IVEME™], [VENE™ = 01§74+ 1) for [§] < 1. (2-17)
> Concerning the Fourier multipliers of order one M ,: and N ,g, we will rely on the following lemma,
which is proved in Appendix C:

Lemma 2.7. There exists a constant Cy such that for all i, j € {1, 2}, for any function g € ¥(R?), for all
e %SO(RZ), and for all K > 0,

Op(—ﬁ";f ;(s>)g<x)

. i (xi —yi)(xj—yj)

=C; [ dy 33 5 x{pxg(x)—pxg(y)=Vpxg(x)-(x—=y)ljx—y<k}, (2-18)
R2 lx — ¥ lx —yl

where p :=F ¢ € $(R?).
Definition 2.8. If L is a homogeneous, nonpolynomial function of order one in R? of the form
&i&j
LE= ) a ’Ff
1<i,j<2
then we define, for ¢ € W2 (R?),
ILlp(x) = > a fz dy vij(x = {e(x) —@(y) = Vo(x) - (x = y)1x—y <k},
R

1<i,j<2
where
8ij XiXj
vi,j(x) =Cy (L — 3#)

X Il

Remark 2.9. The value of the number K in the formula (2-18) and in Definition 2.8 is irrelevant, since,
forall 9 € W>®°(R?) and all 0 < K < K/,

/2 dy yij(x —y)Ve(x) - (x — ) Ik<x—yj<k’ =0
R

by symmetry arguments.

We then have the following bound:
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Lemma 2.10. Let ¢ € W>*°(R?). Then, forall 1 <i, j <2,

&é&;
Hﬁ[g’ @ < Clloll21V2e|1 /2.

L°(R2)

1267

Remark 2.11. We will often apply the above Lemma with ¢ = p % g, where p € €*(R?) is such that p

2

uloc([Riz). In this case, we have

and V2p have bounded second order moments in L2, and g € L

lollos < Cliglyz N1 +1-P)pll2@),
IV?¢lloc < Cligllyz, IC1+1- V20l 22
Indeed,

1

1
1 2
lp*gllze < sup(/ —4|g<y>|2dy) (/ <1+|x—y|“)|p<x—y>|2dy)
rerz WJre 1+ [x —yl R?

< Cliglp 1A +1- Pl
The L™ norm of V2 is estimated in exactly the same manner, simply replacing p by V2p.

Proof of Lemma 2.10. We split the integral in (2-18) into three parts:

§|:§|i?€|j](p(x)=/l. A DIR0) ~ () = Vo) (= )
x—y|=<

+/ dy Vij(x—y)so(x)—/ dy y;j(x — y)e(y)
[x=y[=K [x=y[=K

=A(x)+ B(x)+C(x).

Concerning the first integral in (2-19), Taylor’s formula implies

< CK||V?¢l 1.

d
AG)] < C||V2§0||Lvof y

|x—y|<K |x - )’|

For the second and third integrals in (2-19),

d
[B(x)|+[|C(x)| < C||<P||oo/ Y 3 < CK'olloo-
—ylz=k [* =Y

We infer that, for all K > 0,

Hg[%}o" < CK[V?¢lloo + K @lloo)-

Optimizing in K (that is, choosing K = ||<p||cl,é2 / ||V2<p||c1x/32), we obtain the desired inequality.

(2-19)

O

> For the remainder terms M;°™ and N;*™ as well as the high-frequency terms, we will use the following

estimates:
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Lemma 2.12 (kernel estimates). Let ¢ € %SO(RZ) be such that ¢ (§) =1 for |&| < 1. Define

3

PHp (. x3) = T (Z(l — $)(E)Li () exp(—xk<s>x3>),

k=1

3
Y1 G x3) = F ! (Z $EME™E) exp(—xk@)xg)),
k=1

3
Yo, x3) = F ! (Z (E) NI (&) exp(— (s>x3>).
k=1

Then the following estimates hold.:
o Forall g € N, there exists co,4 > 0 such that, for all a, B > cq 4, there exists Cy p 4 > 0 such that
Ca.pq
IV our(xp, x3)| < T
' |xXn]* + |x31P
o Forall o € (0,2/3) and all g € N, there exists Cy 4 > 0 such that

Co,,q
pl3He + |xz|eta/3”

VI (xp, x3)| < P

e Forall o € (0,2/3) and all g € N, there exists Cy 4 > 0 such that

Cagq
n 3+ 4 | letar3”

[V (xp, x3)| <
|x
Proof.  Let us first derive the estimate on ¢yr for ¢ = 0. We seek to prove there exists ¢y > 0 such that

C
for all (o, B) € (co, oo)z, there exists C, g such that |pur(xy, x3)| < #. (2-20)
|xXn % 4 |x3]#

To that end, it is enough to show that, for o € N2 and B > 0 with |«|, B8 > ¢y,

sup (s P 1@ - x3) 1 ey + IVEGREC x3) [l ey) < 00

x3>0
We recall that A (§) ~ |&| for |§| — oco. Moreover, using the estimates of Lemma 2.4, we infer that there
exists ¥ € R such that L;(§) = O(|€|V) for |€] > 1. Hence

3

3P 1Gur (. x3)] < CIL—@@11E" Y lxsl? exp(—9R(u)as)
k=1

3
< ClL—¢@IE7 Y 10031 exp(—RGu)xs)
k=1

< Cpls " gy
Hence, for § large enough, for all x3 > 0,

1312 1@urC- L x3) ey < Cg.
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In a similar fashion, for @ € N?, |a| > 1, we have, as |£| — oo (see Appendix B),

VYLi(§) = O([&]7 1),
V¥ (exp(—rx3)) = O (11703 + |x3 D) exp(—R () x3)) = O (€71,

Moreover, we recall that V(1 — ¢) is supported in a ring of the type Bg \ B; for some R > 1. As a
consequence, we obtain, for all o € N? with || > 1,

IVUOHE(E, X3)| < ColE]” "1 g 51,
so that

IV@rE( -, x3) | L1 w2y < Ca.

Thus ¢yr satisfies (2-20) for ¢ = 0. For g > 1, the proof is the same, changing Ly into |§ |7 |1 |?> Ly with
q1+q2=4q.

o The estimates on 1, ¥, are similar. The main difference lies in the degeneracy of A near zero. For
instance, in order to derive an L> bound on |x3]|*t4/3V4yr;, we look for an Lj:;’ (Lé (R?)) bound on
x| T9731E 191 (, x3). We have

3
< Clas|* P17 ) " exp(=9 (i) x3) | M | 1g <k
k=1

3
3T 1E1 7 (8) ) ME™ exp(—hsxa)
k=1

3
< CIEN Y 19D ME 1 <g
k=1

< CIEI (16" + D1jgj<r-
The right-hand side is in L' provided o < 2/3. We infer that
|1x3]%T43 V9 (x)| < Coyy  forall x and all & € (0, 2/3).
The other bound on v, is derived in a similar way, using the fact that
VEME™ = 0P + 1)
for £ in a neighborhood of zero. (]
> We are now ready to state our representation formula:

Proposition 2.13 (representation formula). Let vg € H 1/2(R%)3 be such that vo.3 = Vi, -V, for some
Vi € HY2(R?), and let u be the solution of (2-1). For all x € R3, let x € %SO(RZ) be such that x =1 on
B(xp, 1). Let ¢ € 65° (R?) be a cut-off function as in Lemma 2.12, and let oyur, V1, V¥ be the associated
kernels. Fork =1, 2, 3, set

fi (o x3) := F (P (&) exp(—Agx3)).
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Then
3 3

ux) = 5! (Z k@)(é ”‘zh(vg))) exp(—xkxs))(x)+Z§[M§]fk<-,xa)*((l — OV )
k=1 k=1

3
+ D IINIfie( o x3) % (1= X) Vi) (x) + g (v(l((_l i);(;’(q/h))(x)
k=1

+ 1+ (1= )0vo,n) (%) + Y2 (1 = x) Vi) (x).

As a consequence, for all a > 0, there exists a constant C, such that

sup /k+[0 1]2f lu(xp, x3)|* dxz dxy, < Co(lvoll? HY2 @) + 1 Vall? ‘/Z(Rz))

ke 72 ulo&, uloc.

Moreover, there exists q € N such that

)-

sup |un(xh x3)|* dxs dx;, < C(J|voll* 2 e + | Vil? 2 e
k+[0,172 (R%) (R?)

keZ? u oc u oc

Remark 2.14. The integer ¢ in the above proposition is explicit and does not depend on vy. One can
take g = 4 for instance.

Proof. The proposition follows quite easily from the preceding lemmas. We have, according to
Proposition 2.1,

3

= (E bt T Yo

k=1
: (1= x)vo.u(§)
- (Z Lk@)( o ) exp(—ka)(x).

k=1 V- ((I=x)V)(E)

In the latter term, the cut-off function ¢ is introduced, writing simply 1 =1 — ¢ 4+ ¢. We have, for the
high-frequency term,

3 (1= x)vo. (&)
- (Z(l - ¢<s>>Lk<s>< o ) exp(—ka)

k=1 V(A= x) Vi) (&)

. (1= 30v0.4(8) (1= X)vo.4(€)
=%F 1<§0HF(§,X3)< ))Z@HF(-,X3)*< N )
V(- )V () V(I =x)Vi)(§)

Notice that Vj, - (1 — x) Vi) = (1 — x)vo3 — Vix - Vu € H/2(R?).
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In the low-frequency terms, we distinguish between the horizontal and the vertical components of vg.
Let us deal with the vertical component, which is slightly more complicated. Since vp 3 = Vj -V}, we have

(que)Lk(s)ezw (1= ) Vi) () exp(— xkx3>>

(Z«p(&)Lk(é)ezzs (1= %) Vi(8) exp(— Mm))

k=1

We recall that Ny = iL;es ‘€, so that

Li(E)esi€ - (1= ) Va(&) = Ne(€)(1 = x) Vi (E).

Then, by definition of i and f,

(Z $ENL(E) (1= x) Vi(&) exp(— )»kX3))

= (Zas(é)Nk(s)(l—x)vh@)exp( Am))

k=1

- (Z SENEE)V (1= ) Vi(&) exp(—xkxs))

k=1

3
=Y SISk (1= ) - Vi) +F~ (€, 1) (1 = 0) - Vi (6))

k=1
3
=Y IIN e (L= ) - Vi) + Y25 (1= x) - Vi),
k=1

The representation formula follows.

There remains to bound every term occurring in the representation formula. In order to derive bounds
on (I +[0, 11%) x Ry for some [ € 7%, we use the representation formula with a function x; € 6§° (R?)
such that x; = 1 on [ 4+ [—1, 2], and we assume that the derivatives of x; are bounded uniformly in /
(take for instance x; = x (- +1) for some x € €3°).

» According to Proposition 2.1, we have

/ (Z Li(§) <élv(0 h(é))) CXP(—)»k)B))

=< Ca(”XlUO,hH%_]l/z + IV - Vh”i]l/z + ||XlUO,3||§.11/2(R2))~
Using the formula

2

dx;
L2(R2)

|f ) = fFOI?

| E dxdy forall fe H/*(R?),
x—y

i :||f||22+/
AR L R2 X R2
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it can be easily proved that

I xullgirmey < Cllx lwieeo llull g2 @2y (2-21)

for all x € W'*°(R?) and for all u € H'/?>(R?), where the constant C only depends on the dimension.

Therefore,
lavoale < 32 atdvonlme = 35 lawdvoalae < Clalwis vl gy,
- -fliava
so that
> 2
/a F! (Z k(f)(élv(ohf))> exp(—xkx3)> dx3 < Cq(||voll? e T IVil2,12)-
0 k=1 L2(R?) Hyjoc Hjjo
Similarly,
1 X1v0.1(§) z
[o HW (Z L"@)(V ( vm) exp(_)"‘”)) e, 3 = €U0l + VAl )
Moreover, thanks to Remark 2.5, for any g > 2,
2

dx3 < C (”UO” H12 + ||Vh|| 1/2)
LZ(RZ) uloc uloc

g1 Xivo.n(§) _
/1 qu <ZL(S)<V (leh)>exp< xkx3>)

o We now address the bounds of the terms involving the kernels ¢ug, ¥1, ¥». According to Lemma 2.12,
we have for instance, for all x3 > 0, for all x;, € [ + [0, 1]?, for o € N2,

o (I = xDvo,n _
I/RZV @HF (Vh» X3) (V (1 —Xl)Vh)) (Xn = yn) dyn

< Cq.B,l0| / lvo(xn — yn)l
[ynl=1

1
d)’h+caﬂ|a|/ Vi = yn) | ————5 dyn

|ynl® + 7 1<|yn<2 [yr® +x3

1 1
1 lvoCxn — yi)|? 2 L+ ynl” 2
< CIVill2 ,3+C(/ RO gy, — 2y,
wee 1 4 x R 1+ lynl” izt (yal® +x5)2

3

1 . 24y)/2a—1
< ClVill2, —— +Clivoll 2, inf(1, x§CT77270)
UOC1+x3 uloc

for all y > 2 and for «, B8 > ¢ and sufficiently large. In particular the H, bound follows. The local bounds
in L uloc
of the terms with ¥, ¥, are analogous. Notice however that because of the slower decay of y(, ¥ in

x3, we only have a uniform bound in Hq((l +10, 11%) x (1, 00)) if ¢ is large enough (g > 2 is sufficient).

uloc
near x3 = ( are immediate, since the right-hand side is uniformly bounded in x3. The treatment
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o There remains to bound the terms involving $[M ,:], I[N, kl], using Lemma 2.7 and Remark 2.11. We
have for instance, for all x3 > 0,

[N fie % (A = xD Vi)l 24p0.11)
< ClValle, (I +1-P) feC x) 2@y + 1A+ 1V £, 2l 2@ )-

Using the Plancherel formula, we infer
I+ 1) fiC- 5 x) 2@y < ClidE) exp(—rixs) | e
< Cllexp(=Axx3) | g2 + € exp(—ux3),

where R > 1 is such that Supp ¢ C Bg and u is a positive constant depending only on ¢. We have, for
k=1,2,3,
V2 exp(—Aix3)| < C(x3| VA | + 53] Ve Ae|®) exp(—Aexs).

The asymptotic expansions in Lemma 2.4 together with the results of Appendix B imply that, for £ in
any neighborhood of zero,

Vi = 0(g]), Var=O0(&P),
Vi =0(), Vi=0(E) fork=2,3.

In particular, if k =2, 3, since A is bounded away from zero in a neighborhood of zero,

o0
| dxalexpin) gy, <.
0

On the other hand, the degeneracy of 1| near & = O prevents us from obtaining the same result. Notice
however that

/ || eXP( )"1x3)”H2(B ) =< C
for all @ > 0, and

o0
/o |1€19 V2 exp(—2123) 72, < 00

for ¢ € N large enough (g > 4). Hence the bound on V7u follows. (I

> The representation formula, together with its associated estimates, now allows us to extend the notion
of solution to locally integrable boundary data. Before stating the corresponding result, let us prove
a technical lemma about some nice properties of operators of the type $[&;&;/|&|], which we will use
repeatedly.

Lemma 2.15. Let ¢ € 6°(R?). Then, for all g € L?
bounded second order moments in L* for0<a <2,

éigj] _ |:gl§]:| |:§i€j] _ |:§i§j]
L = Pl —== = — P| —==
/Rzg” [|s| s / gl [P /sz g P78 /Rz‘” g | Pxe

(R?) and all p € €*°(R?) such that V*p has

uloc
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Remark 2.16. Notice that the second formula merely states that
"Lt Jree) =Lt 7o
€] &1
Proof. « The first formula is a consequence of Fubini’s theorem: indeed,

[os[SetJoes

= /Re dxdydty;j(x —y)g®)ex) x{p(x —1) —p(y—1) = Vopx —1) - (x — ) x_y/<1}

in the sense of distributions.

T /RG dx dy'dt yij(y' =g ()p(x) x {p(x —=1) = p(x = y) = Vp(x = 1) - (¢/ = )1y —q=1}.

Integrating with respect to x, we obtain

/ ﬁ[gg]p*g /Ady/dtVij(y’—t)g(t){w*ﬁ(t)—<p*5(y/)—<p*Vb(t)'(t—y’)ly/t|<1}

I3
=/ dtg(t)ﬁ[g‘g :|(p>|<,o
R? €1

e The second formula is then easily deduced from the first: using the fact that Vp(x) = —Vp(—x) =
—%(x), we infer

gi‘i:j] |:El§j:| |:ng]:| v
V9| —= P \Y% I =1V
/Rz v [ISI pr&= /g gl |7 /Rzg N R
S S’Ef]v =— 9[ﬁ]v O
fRzg [m pre= /sz €l | PrE

We are now ready to state the main result of this section:

Corollary 2.17. Let vy € K (recall that K is defined in (2-13).) Then there exists a unique solution u of
(2-1) such that u|y,—o = vo and

a
foralla >0, sup / / |u(xp, X3)|2d)C3 dxp, < 00,
kez? Jk+[0,11> JO
~ (2-22)
there exists ¢ € N*,  sup / f IVu(xp, x3)|? dxs dx), < oo.
kez? Jk+0,1]?
Remark 2.18. As in Proposition 2.13, the integer ¢ in the two results above is explicit and does not

depend on vy (one can take g = 4 for instance).

Proof of Corollary 2.17.
Uniqueness. Let u be a solution of (2-1) satisfying (2-22) and such that u|,,—o = 0. We use the same type
of proof as in Proposition 2.1; see also [Gérard-Varet and Masmoudi 2010]. Using a Poincaré inequality
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near the boundary x3 = 0, we have

oo
sup/ / IVu(xp, x3)|? dxs dx), < 0.
kez? Jk+[0,11> JO

Hence u € €(R,, ¥ (R?)) and we can take the Fourier transform of u with respect to the horizontal
variable. The rest of the proof is identical to that of Proposition 2.1. The equations in (2-3) are meant
in the sense of tempered distributions in xj, and in the sense of distributions in x3, which is enough to
perform all calculations.

Existence. For all x, € R?, let x € ©5° (R?) be such that x = 1 on B(xy, 1). Then we set

3

— 3
u(x) = %—I(Z Lk@)(é’_’/‘g(’\(jh ))) exp(—xkxa))(x) + 3 SIMU S k) (1= 00 ()
k=1 k=1

3
(1 =x)vo,
+§9[N,§]fk(- x3) % (1= ) Vi) (1) + g % (v PR x(>)\h/h>>(x)

Y1 (1= x)von) () + 92 (1 =) Vi) (x). (2-23)

We first claim that this formula does not depend on the choice of the function yx: indeed, let x1, x2 €
C@g"(Rz) be such that y; =1 on B(xy, 1). Then, since x; — x2 =0 on B(xy, 1) and x; — x2 is compactly
supported, we may write

3
D IIMAfi(-, x3) % (Ga = x2)vo.n) + ¥ % (Ga — x2)vo.n)

k=1 3 -
=g <Z¢ (E)Mi (X1 — x2)vo,n eXP(—)»kX.%))
and .

3

D IINfix3) % (Ga = x2) Vi) + 25 (O — x2) Vi)
k=1

3
7! (Z &N (1 — x2) Vi exp(—Akx3))

k=1

3
g (Z¢ ) LresF(V - (x1— x2) Vi) exp(—kkx3)),
On the other hand, k=1

3 —_—
(X1 — x2)vo.n . (X1 — x2)vo,n
s — O 1 _ L _)\‘ ‘
pne (V (O — XZ)Vh)> 7 (;( P )L (V o = Xz)Vh)> exp( kx3)>

Gathering all the terms, we find that the two definitions coincide. Moreover, u satisfies (2-22) (we
refer to the proof of Proposition 2.13 for the derivation of such estimates: notice that the proof of
Proposition 2.13 only uses local integrability properties of vg).
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It remains to prove that u is a solution of the Stokes system, which is not completely trivial due to the
complexity of the representation formula. We start by deriving a duality formula: we claim that, for all
ne <68°([R2)3 and all x3 > 0,

3
fR uCon, x3) () dvy = /R von (o) - F ! (Z(fL_kﬁ(s))h exp(—ikxg))
k=1
3

- / Vi) -7 (Zié(’L_kﬁ(é‘))z exp(—ikm)). (2-24)
R k=1
To that end, in (2-23), we may choose a function x € 67° (R?) such that x = 1 on the set

{x e R? :d(x, Supp ) < 1}.
We then transform every term in (2-23). We have, according to the Parseval formula,

3 —
5 (3 L) T ) in )
/Rz F (Z k(§) (V VD E) exp(—=Aix3) | -

k=1

! 23 Y )
= -L 20 —A d
3

3
= /R xvopF! <Z<@ﬁ(é)>h exp(—im)) - fR AV T (Z iE(LiA(§))s exp(—ikx3)).
k=1

k=1

Using standard convolution results, we have

f wl*((l—x)vo,m:/ (1= x)von "Vt * 1.
R2 R2

The terms with ¥, and ¢y are transformed using identical computations. Concerning the term with
§[Mk1], we use Lemma 2.15, from which we infer that

/Rz LM fie % (1 = x)vo.)n = fRza — 0vonI[ MU fi 1.

Notice also that, by the definition of M ! M kl =M kl Therefore,

3
fRz Y (1 —X)Uo,h)U+Z/RZ§[MkI]fk*((1 — X)Vo.n)N
k=1

3

= /R (A =vo-F! (Z (LierLier) (&) exp(—ikx3)>

k=1
and

3
fw Yok (L= )Van+ Y A IIN ficx (1= x)Va)n
k=1

3
— [ a-ov,5 (Z ¢ (iLies) i (@) exp(—ikx3>).

k=1
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Now we recall that if vg € H'/?(R?) NIK is real-valued, so is the solution u of (2-1). Therefore, in Fourier
space,
a(-,x3) =i(-,x3) forallxz>0.

We infer in particular that
3

3
D Liexp(—ixxs) = Y Ly exp(—hix3).

k=1 k=1
Gathering all the terms, we obtain (2-24).
Now let ¢ € C@go([R{z x (0, 00))3 such that V-¢ =0, and 7 € ©5° (R? x (0, 00)). We seek to prove that

/ u(—AZ —e3x¢)=0 (2-25)

R

as well as

/ u-vn=0. (2-26)
R

3
T

Using (2-24), we infer that

/ u(—A{ —e3 X ()
”

[e's] 3 . ) o 3 A )
=/(; /RZ vo,hg?—l(Z Jl/tk(é)i(é)exp(—)\km)) +/O /szh?_l(ZNk(é)é(E)ﬁxp(—?xkxa))
k=1

k=1
where
010 010
M= (EP =AD M+ M [ =1 0 0], Ne:= (€ =2 Ne+ N | =100
0 00 0 00

According to Lemma 2.6,

n _(iél%l i&2q1.1 —)»kCIk,l)
r=1. .
i&1qk2  1&2qK2 —Akqk2

so that, since i£ - £ + 8343 =0,
MBI E. 13) = (Bsf3 —ik&)(?k’l).
qk,2

Integrating in x3, we find that

/0 TE)E &, x3) exp(—Ayxs) dxs = 0.

Similar arguments lead to

00 3 . _
/0 /[szhg_l(ZNk(S)K(E,X3)GXP(—)»kX3)) =0
k=1

and to the divergence-free condition (2-26). [l
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2B. The Dirichlet to Neumann operator for the Stokes—Coriolis system. We now define the Dirichlet
to Neumann operator for the Stokes—Coriolis system with boundary data in K. We start by deriving its
expression for boundary data vy € H'/ 2(R?) satisfying (2-2), for which we consider the unique solution
u of (2-1)in H' (Ri). We recall that u is defined in Fourier space by (2-8). The corresponding pressure
term is given by

3 2 2
A B €17 — A (§)
p&,x3)= /;:1 Ak(S)T@) exp(—Ax(§)x3).

The Dirichlet to Neumann operator is then defined by
DN vg := —03u|x;=0 + plx;=0€3.

Consequently, in Fourier space, the Dirichlet to Neumann operator is given by

e 3 E12) (2 232321
DNvo(s)zzAk@)((’/ RS £ (=% >) = Msc®)io®),  (227)
k=1

where Mgc € Jl3 3(C). Using the notations of the previous paragraph, we have

3
Msc = Z ML + €3 'g.
k=1

Let us first review a few useful properties of the Dirichlet to Neumann operator:

Proposition 2.19. < Behavior at large frequencies: when |&] > 1,

E|+E2/1E] Ei82/IE]  i&
Msc@) = | &&/1El  |E1+E/1E i& |+ 0(&1').

—i§ —i& 28]
e Behavior at small frequencies: when |§| < 1,
1 -1 i(§1+8)/15]
2
Msc($)=£ 1 1 i&—8)/1&l | +O08D.

2 iG—&)/El —iE+&)/1E] V2/IE-1

e The horizontal part of the Dirichlet to Neumann operator, denoted by DNy, maps H'/*(R?) into
H™2(R?).
o Letg € <€8°([R2) be such that ¢ () =1 for |€| < 1. Then
(1—-¢(D)DN3: H'2R?) — H™'2(R?),
D¢ (D) DN, | D|¢ (D) DN3 : L*(R?) — L*(R?),
where, classically, a(D) denotes the operator defined in Fourier space by
a(D)u =a(§)i(®)

fora € 6(R?), u € L*(R?).
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Remark 2.20. For |&| > 1, the Dirichlet to Neumann operator for the Stokes—Coriolis system has the
same expression, at main order, as that of the Stokes system. This can be easily understood since, at large
frequencies, the rotation term in the system (2-3) can be neglected in front of |£|%#, and therefore the
system behaves roughly as the Stokes system.

Proof. The first two points follow from the expression (2-27) together with the asymptotic expansions in
Lemma 2.4. Since they are lengthy but straightforward calculations, we postpone them to Appendix A.
The horizontal part of the Dirichlet to Neumann operator satisfies

IDNj, v0(8)] = O(I€]180(€)])  for [€] > 1,
IDNj, vo(8)| = O(180(8)))  for €] < 1.

Therefore, if [, (14 1£1%)1/200(§)|* d& < oo, we deduce that

/ (1+ €~ "2IDN}, v(8)|> d& < oo.
R2

Hence DN}, : HY/2(R?) — H~1/2(R?).
In a similar way,

IDN3 v0(6)| = O(€] [90(&)])  for [£] > 1,

so that if ¢ € %SO(RZ) is such that ¢ (§) = 1 for £ in a neighborhood of zero, there exists a constant C
such that

|(1— ¢ (£)DN3 vo(§)] < Clg| [60(§)]  for all & € R2.

Therefore (1 — ¢ (D)) DN3 : H'/2(R?) — H~/2(R?).
The vertical part of the Dirichlet to Neumann operator, however, is singular at low frequencies. This is
consistent with the singularity observed in L{(£) for £ close to zero. More precisely, for £ close to zero,

we have
— 1
DN3 vy(§) = an + O (J0o(&)1).
Consequently, for all £ € R?,
1€ (§)DN3 vo(§)] < ClDo(6)]. O

Following [Gérard-Varet and Masmoudi 2010], we now extend the definition of the Dirichlet to
Neumann operator to functions which are not square integrable in R?, but rather locally uniformly
integrable. There are several differences with [Gérard-Varet and Masmoudi 2010]: First, the Fourier
multiplier associated with DN is not homogeneous, even at the main order. Therefore its kernel (the
inverse Fourier transform of the multiplier) is not homogeneous either, and, in general, does not have
the same decay as the kernel of Stokes system. Moreover, the singular part of the Dirichlet to Neumann
operator for low frequencies prevents us from defining DN on H 2 Hence we will define DN on K only

uloc*

(see also Corollary 2.17).
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Let us briefly recall the definition of the Dirichlet to Neumann operator for the Stokes system (see
[Gérard-Varet and Masmoudi 2010]), which we denote by DN s'. The Fourier multiplier of DNy is

E|+EX/1E] &162/1E]  i&
Ms):=| &&/IEI EI+E/IE] i&
—i& —i& 21|

The inverse Fourier transform of Mg in &' (R?) is homogeneous of order -3, and consists of two parts:

« The first is the inverse Fourier transform of coefficients equal to i&; or i&;. This part is singular, and
is the derivative of a Dirac mass at point t = 0.

» The second is the kernel denoted by K, which satisfies
C
Ks(D] < —.
It
In particular, it is legitimate to say that

agp—1 £ : /(o2
|F Ms(t)| < HE in 27 (R*\ {0}).

Hence DNy is defined on Hullfi in the following way: for all ¢ € C(égo([R?z), let x € <68°([RR2) be such
that x = 1 on the set {r € R*: d(¢, Supp ¢) < 1}. Then

(DN u, @Yoy g := (F " (MsXt), @) 1121112 +/2 Kg* ((1—=x)u)-o.
R

The assumption on x ensures that there is no singularity in the last integral, while the decay of K ensures
its convergence. Notice also that the singular part (which is local in the physical space) is only present in
the first term of the decomposition.

We wish to adopt a similar method here, but a few precautions must be taken because of the singularities
at low frequencies, in the spirit of the representation formula (2-23). Hence, before defining the action of
DN on K, let us decompose the Fourier multiplier associated with DN. We have

Msc(§) = Ms(§) + ¢ (§)(Msc — Ms)(§) + (1 — ¢)(6) (Msc — Mg)(§).

Concerning the third term, we have the following result, which is a straightforward consequence of
Proposition 2.19 and Appendix B:

Lemma 2.21. As |£| — o0, we have
V¢ (Msc — Ms)(§) = O(&|51)
e Msc s
fora e N?,0 < |a| <3.

1 Gérard-Varet and Masmoudi [2010] considered the Stokes system in [R?F and not Ri, but this part of their proof does not
depend on the dimension.
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We deduce from Lemma 2.21 that V[(1 —¢ (£))(Msc — Ms)(£)] € L' (R?) for all « € N? with |a| =
so that it follows from Lemma B.3 that there exists a constant C > 0 such that

C

1F (1 = ¢ () (Msc — Ms)(E)](0)] < T
It remains to decompose ¢ (§)(Msc — Ms)(§). As in Proposition 2.13, the multipliers which are
homogeneous of order one near £ = 0 are treated separately. Note that since the last column and the

last line of Mg¢ act on horizontal divergences (see Proposition 2.22), we are interested in multipliers
homogeneous of order zero in Msc 3i, Msc i3 fori =1, 2, and homogeneous of order —1 in Mgc 33. In

= V201 -1 _ (M, 0

Mh:?(l 1)’ M':<0 0)’
:ﬂ(msz) v tf< 1+sz>
26 \&—-&) T 2 \~a-8)

We decompose Msc — Mg near £ =0 as

the following, we set

My Vi

¢(E)(Msc—Ms)($)—M+¢(S)< £

) — (1 —¢E)M +EM™™,

where M| € M, (C) only contains homogeneous and nonpolynomial terms of order one, and Ml.r;?m contains
either polynomial terms or remainder terms which are o(|€]) for £ close to zero if 1 <i, j < 2. Looking
closely at the expansions for A; in a neighborhood of zero (see (A-4)) and at the calculations in paragraph
A.4.2, we infer that Mir;m contains either polynomial terms or remainder terms of order O (| 1) if
1 <i, j <2. We emphasize that the precise expression of M™™ is not needed in the following, although it
can be computed by pushing forward the expansions of Appendix A. In a similar fashion, M;3" and M37"
contain constant terms and remainder terms of order O(|§|) fori =1, 2 and Mgegn contains remainder
terms of order O(1). As a consequence, if we define the low-frequency kernels

K™ :R?> — My(C) forl<i<4

Mrem Mrem
. -1
o (o )
Mrem
—1
7 (o) )
kemim 5! (i@ (s M) )

K‘rtem =G —1 ¢(§.)Mrem <;:]§ SéjZ))

by

rem
K 2
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we have, for 1 <i <4 (see Lemmas B.1 and B.5),

C
|Kirem(.X'h)| < W for all Xp € RZ.
h

We also denote by M the kernel part of

F (=1 =M + (1 - ¢)(Msc — Ms)),
which satisfies

|MED (xp,)| < & for all x, € R*\ {0}.
Notice that there is also a singular part in

F(—1—-p)M),

which in fact corresponds to F 1 (-M ), and which is therefore a Dirac mass at x;, = 0.
It remains to define the kernels homogeneous of order one besides M;. We set

My :=Vii(& &),

M= —i&'Vs,
_ 5 5152)
Ma:= |s|<slsz g2 )

so that My, M,, M3, My are 2 x 2 real-valued matrices whose coefficients are linear combinations of
&&;/1&|. In the end, we will work with the following decomposition for the matrix Mgc, where the
treatment of each of the terms has been explained above:

M, W

. + Mrem‘
v, | 1) ¢

Msc=M5+M+(1—¢)(MSC—MS—M)+¢(

We are now ready to extend the definition of the Dirichlet to Neumann operator to functions in K:
in the spirit of Proposition 2.13—Corollary 2.17, we derive a representation formula for functions in
KN HY2(R?)3, which still makes sense for functions in K:

Proposition 2.22. Let ¢ € <68°(|R2)3 such that g3 = Vj, - Oy, for some o, € C(é(c)"’([RRZ). Let x € (68°(R2) be
such that x = 1 on the set

{x € R? : d(x, Supp ¢ U Supp ®;,) < 1}.

Let ¢ € 63°(R?) be such that ¢ (§) = 1 if |€| < 1, and let p := F~ .
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1/2 (2213 _
e Letvg € H'/*(R")’ be such that vo3 = Vj, - Vj,. Then

(DN(vo), ¢)ar.a
= (DNg(vo), ¢)ar.a + ./W @ Muvy+(F (1 — ) (Msc — Ms — M)X00), @) 112 12

_ My Vi X V0.
+ | o MEM s ((1— x)u +<9«* 1( (Mfem+< _>)( ~= )) >
fm‘” e+ (1= )wo) ¢ vy 1617) )\ x Vi) )y

+ /Rz on - {9IM1](p * (1 = x)vo.n) + K7™ % (1 — x)vo,n)}
+/Rz on - 1ITM(p % (1 = ) Vi) + K5 (1 — x) Vi)
+/Rz i - (9IM31(0 % (1= )00 + K™ 5 (1 = x)w0.0)}
+fRz By - (IIM41(p % (1 = ) Vi) + K™ 5 (1 = ) Vi),

o The above formula still makes sense when vy € K, which allows us to extend the definition of DN to
K.

Remark 2.23. Notice that if vp € K and ¢ € K with ¢3 =V}, - &, and if ¢, ;, have compact support,
then the right-hand side of the formula in Proposition 2.22 still makes sense. Therefore DN vy can be
extended into a linear form on the set of functions in K with compact support. In this case, we will denote
it by

(DN(vo), ¢)

without specifying the functional spaces.

The proof of the Proposition 2.22 is very close to those of Proposition 2.13 and Corollary 2.17, and
therefore we leave it to the reader.

The goal is now to link the solution of the Stokes—Coriolis system in [Ri with vy € K and DN(vp).
This is done through the following lemma:

Lemma 2.24. Let vg €K, and let u be the unique solution of (2-1) with u|x,—o0 = vo, given by Corollary 2.17.
Let ¢ € 65° ([@1)3 be such that V - ¢ = 0. Then

J

In particular, if vo € K with vo3 = V}, -V}, and if vo, V), have compact support, then

Vi ot [ evxup = ONG). plomo)
R

3 3
+ +

(DN(vo), vo) = 0.
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Remark 2.25. If ¢ € <6°°([R )3 is such that V - ¢ = 0, then in particular

x
©31x3=0(Xp) =—f 03¢3(xp, 2) dz
0

o0
=/ Vi on(xp, 2) = Vi - Oy
0

for &, = fooo on(-,2)dz € 6 (R?). In particular ¢|,—o is a suitable test function for Proposition 2.22.

Proof. The proof relies on two duality formulas in the spirit of (2-24), one for the Stokes—Coriolis system
and the other for the Dirichlet to Neumann operator. We claim that if vy € K, then, on the one hand

/R3 V”'Vfﬂ+/R} e3 X u .¢=/RZ 00T ("M sc(§)§ls=0(8)), (2-28)

+

and on the other hand, for any n € C(%go([Riz)3 such that n3 =V}, - ;, for some 6, € C(%go([R{z)z,

(DN(vo), nar.a = /Rz v ("Msc(§)A(&)). (2-29)

Applying formula (2-29) with n = ¢|x,=0 then yields the desired result. Once again, the proofs of (2-28)
and (2-29) are close to that of (2-24). From (2-24), one has

/ €3Xu'g0=—/ u-e3 xXqQ
R3 R?

+

=— /Rz voF (/ ZeXp( Mex3) 'Lies x @)

3 010
=/ v()g't_1 / Zexp( )\kX3) Lk —100 (Z)
2 0 =i 0 00

Moreover, we deduce from the representation formula for # and from Lemma 2.15 a representation
formula for Vu:

/\

Vu(x) = F (Zexp( xkx3>Lk(s><V 5 V))(zsl i& —xk))oc)

3 3
+ 3 IIMIY fi(- x3) % (1= )00 @) + Y IINIV fil-, x3) % (1= x) Vi) (x)
k=1 k=1

(I =x)vo.n(8)
+ Vour * <V (- X)Vh)> + Vri s (1= x)vo,) (X) + Vi * (1 = x) Vi) (x).
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Then, proceeding exactly as in the proof of Corollary 2.17, we infer that

3 oo
/ Vu - Vo =/2 vo@_l(Z/ €1? CXP(—KkX3)’Lk¢(§,x3)dX3)
R R —Jo

3 oo
—/2 v09_1<2/ Ak eXP(—Kkm)’Lk33¢(5,X3)dx3>-
R i Y0
Integrating by parts in x3, we obtain

3
T

o0 [o,0)
/ exp(—Axx3) 'Ly d3¢(§, x3) dx3 = )\k/ exp(—Axx3) 'Li@(§, x3) dx3 — "Li@|xy=0(£).
0 0

Gathering the terms, we infer

o 3 3
/ Vu-Vgo—i—f e3 xu-fp:/ vo%_l(/ ZeXp(—)_»kxs)’PM)-l-/ Uo@_l<zik thf/A)leo),
R R} R? - R k=1

3
+ +
where 0 —10 i)
Po=(EP —2)Le+ |1 0 0| L=~ i& | (g1 qk2 qi3)
0 0 O — Ak

according to Lemma 2.6. Therefore, since ¢ is divergence-free, we have

) ) Gr,1
P = (=303 + M@3) | G2 |
k.3
so that eventually, after integrating by parts once more in x3,
3 k.1
/3 VM'V<0+/3 e3 Xu-(PZ/ voF | D ML+ | Gra | es | @lu=o
R R e = k.3
= / v0F ! ("M 5¢$x3=0)-
R2
The derivation of (2-29) is very similar to that of (2-24) and therefore we skip its proof. O

We conclude this section with some estimates on the Dirichlet to Neumann operator:

Lemma 2.26. There exists a positive constant C such that the following property holds. Let ¢ € c68"([}122)3
be such that 3 =V, - @), for some O, € ‘€8°(R2), and let vo € K with vo3 = Vj, - Vj,. Let R > 1 and
xo € R? be such that
Supp ¢ U Supp ®,, C B(xg, R).
Then
|(DN(o). @aral < CRAUG e + 1 nllme) (voll gz +1Val 1).

Moreover, if vy, Vy, € H'2(R?), then

[{(DN(vo), ¢)ay | < CUlellg2me) + 1Pull gr2mey) Nvoll gz + 1 Vall gie)-
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Proof. The second inequality is classical and follows from the Fourier definition of the Dirichlet to
Neumann operator. We therefore focus on the first inequality, for which we use the representation formula
of Proposition 2.22.

We consider a truncation function x such that x =1 on B(xgp, R+ 1) and x =0 on B(xg, R +2)°,
and such that |[V*x || < Cq, With C,, independent of R, for all @ € N. We must evaluate three different

types of term:
> Terms of the type

/ K ((1=x)vo) - ¢,
R2

where K is a matrix such that |K (x)| < C|x|™3 for all x € R? (of course, we include in the present
discussion all the variants involving Vj, and ®;). These terms are bounded by

1
C/R 11— x (& =Dllvo(x — 1)l le(x)| dx dt

2xR? |t|3 . .
lvo(x — 1% \2 1 2
§C/ dx |(p(x)|(f WX =DV 41 f —
R2 l1>1 1] =1 1213

< Clivollz_lipllz
< CRllvoll2,_ligllz2-
> Terms of the type

/RZ op - I[M]((1 = x)vo,n) * p,

where M is a 2 x 2 matrix whose coefficients are linear combinations of &;&;/|¢|. Using Lemma 2.10
and Remark 2.11, these terms are bounded by

1/2 1/2
Cllgllvoll2 I(L+1- Pl I+ V2ol
Using Plancherel’s theorem, we have (up to a factor 2r)

I+ Pl =1 = Al 2me < C,
I +1- PVl =1 = D) ol 2@ < C,

so that eventually

/2 on - SIMI(L = X)vos) * p| < Cliglizivoll 2 < CRIvol2_llell 2.
R

> Terms of the type
F METHE). e ad [ g i,
R

where M (&) is some kernel such that Op(M) : H'2(R?) - H~Y2(R?) and M is a constant matrix.
All these terms are bounded by

Clixvoll grz@y @l g2 @mey -
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In fact, the trickiest part of the lemma is proving that
I X voll 12y < CR||U0||H11/2- (2-30)
uloc

To that end, we recall that

| (xv0) (x) — (xv0) (M)
100y = DvolE ey + [ dx dy.

R2xR? lx — yI?
We consider a cut-off function ¢ satisfying (1-4), so that

xvoll72me < D @) xvoll7. < llxllZ Y ||(rkﬂ>vo||izsCR2||x||§os1£p||<rkz9>vo||i2.

kez? keZ?
|k|<CR

Concerning the second term,
| xvo(x) — xvo(y)I?

2
= (Z T () X (¥)vo(x) — Tkﬁ(y)x(y)vo(y))

kez?
= Z [tk (%) x (X)vo(x) — T () X (Y)voM [T (x) x (x)vo(x) — 70 (¥) x (¥)vo(¥)]

k,lez?

k—1]<3
+ E [T (x) x () vo(x) — TP (¥) x (W vo(W [T (x) x (x)vo(x) — 77 (¥) x (V) vo(¥)].
k,leZ?
|k—1|>3

Notice that, according to the assumptions on @, if |k —[| > 3, then 7 ¥ (x)7;9(x) = 0 for all x € R2.
Moreover, if 7, (x)7;(y) # 0, then |[x — y| > |k —I| — 2. Notice also that the first sum above contains
O (R?) nonzero terms. Therefore, using the Cauchy—Schwartz inequality, we infer that

/ | (xv0) (x) — (X o) (»)|*
R2 xR2

Xy dx dy

0 — (0 2
< CR? Sup/ |(Tk ¥ X v0) (x) (n; xvo) ()] dx dy
kez? JR2xR? lx —yl
1
+ Yy — |7 () x () vo ()| |7 (¥) x (»)vo(y)| dx dy

, (k=11=2)° Jrexre

k,leZ

|k—1|>3

Using (2-21), the first term is bounded by

204112 2
CR Xy lvoll, /2

uloc

while the second is bounded by C ||vo||i2

uloc

Gathering all the terms, we obtain (2-30). This concludes the proof. U
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2C. Presentation of the new system. We now come to our main concern in this paper, which is proving
the existence of weak solutions to the linear system of rotating fluids in the bumpy half-space (1-1).
There are two features which make this problem particularly difficult. Firstly, the fact that the bottom
is now bumpy rather than flat prevents us from using the Fourier transform in the tangential direction.
Secondly, as the domain €2 is unbounded, it is not possible to rely on Poincaré type inequalities. We
face this problem using an idea of [Gérard-Varet and Masmoudi 2010]. It consists in defining a problem
equivalent to (1-1) yet posed in the bounded channel Q, by the mean of a transparent boundary condition
at the interface ¥ = {x3 = 0}, namely,

—Au+esxu+Vp=0 inQ?,
divu=0 in Q°,
ulr = uo,

—03u + pe3 = DN(u|y;=0) on X.

(2-31)

In the system above and throughout the rest of the paper, we assume without any loss of generality that
supw < 0, infw > —1. Notice that thanks to assumption (1-3), we have

0

U3)x;=0(Xn) = uo3(xp) —/ Vi -up(xp, 2)dz
(xp)
0
=uo3(xp) — Vo -ugp(xp) — Vp, - / up(xp, 2) dz
(xp)

0
=Vh-(Uh(Xh)—/ Mh(Xh,z)dz),
w(xp)

so that u3|,—o satisfies the assumptions of Proposition 2.22.
Let us start by explaining the meaning of (2-31):

Definition 2.27. A function u € HullOC(Qb ) is a solution of (2-31) if it satisfies the bottom boundary

condition u|r = ug in the trace sense, and if, for all ¢ € CGCO’O(ST;,) such that V- ¢ =0 and ¢|r =0, we have
/ (Vu-Vo-tesxu-g)=—(DNuly0). ¢le—0)aa-
Q

Remark 2.28. Notice that if ¢ € %%80(@) is such that V- ¢ =0 and ¢|r = 0, then

0
Pamo = Vi @, where 040 1=~ [ (2 dz € GRER)

(xp)

Therefore ¢ is an admissible test function for Proposition 2.22.

We then have the following result, which is the Stokes—Coriolis equivalent of [Gérard-Varet and
Masmoudi 2010, Proposition 9], and which follows easily from Lemma 2.24 and Corollary 2.17:

Proposition 2.29. Let ug € L%, (R?) satisfying (1-3), and assume that o € WH°(R?).

uloc
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o Let (u, p) be a solution of (1-1) in 2 such that u € HILC(Q) and

a
foralla >0, Sup/ / (lul* +Vul?) < oo,
14+[0,11? Y (xp)

lez?
o
supf / IV9u|? < oo
lez? J1+[0,112 J1

Then u|qs is a solution of (2-31), and for x3 > 0, u is given by (2-23), with vy := u|,—0 € K.
o Conversely, let u™ € HullOC(Qb) be a solution of (2-31), and let vy := u™ |y,=0 € K. Consider the
function u™ € HILC([R&) defined by (2-23). Setting

for some g €N, g > 1.

. {u—<x> ifo () <x3 <0,
Tt @) i > o,

the function u € HI%)C(Q) is such that

a
foralla > 0, sup/ / (|ul* + | Vul*) < oo,
I+[0,17

le7? (xp)

o
sup/ / IViu|? < 0o
lez? JI+[0,112 J1

for some q € N sufficiently large, and is a solution of (1-1).

As a consequence, we work with the system (2-31) from now on. In order to have a homogeneous
Poincaré inequality in Q”, it is convenient to lift the boundary condition on I, so as to work with a
homogeneous Dirichlet boundary condition. Therefore, we define V = (Vj, V3) by

Vii=uon, Vzi=uo3— Vi uon(xs—wxp)).
Notice that V|,,—¢ € IK thanks to (1-3), and that V is divergence free. By definition, the function

U:=u— leegb

is a solution of

—Aii+e3xi+Vp=f in Q°,
(}ivﬁ =0 in Q, (2-32)
ulr =0,

—3ii + pe3 = DN(ii|y,—o-) + F  on £ x {0},

where
fi=AV —e3sx V=AV—e3xV,

F := DN(V|x;=0) + 33V |x;=0-

Notice that thanks to the regularity assumptions on u( and w, we have, for all / € N and for all ¢ € €5° (S?’ )3
with Supp ¢ C (=1, )% x (=1, 0)) N QP,

(f. @Yl < Cllluonllz_+ o3l Il ey, (2-33)
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where the constant C depends only on |w||y1.«. In a similar fashion, if ¢ € 6{° (R?)3 is such that
@3 =Vj,- &, for some &), € 65° (R%)2, and if Supp ¢, Supp ©;, C B(xp, [), then, according to Lemma 2.26,

(F, @)l = Clllltonll gz, + o3l gy, + N0l ) (el ey + 1@all e, (2-34)

2D. Strategy of the proof. From now on, we drop the ~’s in (2-32) so as to lighten the notation.

« In order to prove the existence of solutions of (2-32) in H 1

o (§2), we truncate horizontally the domain €2,

and we derive uniform estimates on the solutions of the Stokes—Coriolis system in the truncated domains.
More precisely, we introduce, for alln e N, k e N,

Q, =" N{x eR’: x| <n, xp <n,
Qp k1 7= Q41 \ L,

T o= {(x, 0) € Rt x1| <, xp <n),
Zkk+1 1= Bktr \ i,

r, :=Fﬂ{xe|R3:|x1|§n, X2 < n}.

We consider the Stokes—Coriolis system in €2,, with homogeneous boundary conditions on the lateral

boundaries
—Aup+e3xu,+Vp,=f, x € Q,,
V-u,=0, x € Q,,
u, =0, xeQP\Q,, (2-35)
u, =0, xely,,

—3u, + Pn€3|x3:0 = DN(”n|x3:0) +F, x€X,.

Notice that the transparent boundary condition involving the Dirichlet to Neumann operator only makes
sense if u,|y,=0 is defined on the whole plane ¥ (and not merely on X,), due to the nonlocality of the
operator DN. This accounts for the condition u,|gn g, = 0.

Taking u,, as a test function in (2-35), we get a first energy estimate on u,

Vi, ”iz(gh) = —(DN(u, |x3:0)a unIX3=0> —(F, un|X3=0> +(f, un) (2-36)
<0

<Cn <||un,h |X3=0||H1/2(2n) +

0
/ Mn,h(xhs Z/) dZ/
(xp)

> + Cnllunll g,
H'2(%,)

< Cnllunllgi (e,

where the constant C depends only on ||ug]| H and ||w||w1.~. This implies, thanks to the Poincaré
inequality,

E, = / Vu, - Vu, < Con>. (2-37)
Q

The existence of u,, in H'(22") follows. Uniqueness is a consequence of equality (2-36) with F =0 and

f=0.
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In order to prove the existence of u, we derive Hulloc

passing to the limit in (2-35) and in the estimates, we deduce the existence of a solution of (2-32) in
Hulloc(Qb ). In order to obtain HulloC estimates on u,,, we follow the strategy in [Gérard-Varet and Masmoudi

estimates on u,, uniform with respect to n. Then,

2010], which is inspired by [LadyZenskaja and Solonnikov 1980]. We work with the energies
E, = / Vu, -Vu,. (2-38)
Q
The goal is to prove an inequality of the type

E;p < C(k* + (Exy1 — Ep)) forallk e{m,... n}, (2-39)

where m € N is a large, but fixed integer (independent of n) and C is a constant depending only on
o]l wie and ||14()Jl||Hz1 , ”MO’}”HII , ||Uh||H1/z. Then, by backwards induction on &k, we deduce that
uloc uloc uloc

Ey<Ck* forallk e{m,...,n}

so that E,, in particular is bounded uniformly in n. Since the derivation of the energy estimates is invariant
by translation in the horizontal variable, we infer that, for all n e N,

sup f |Vu,|* < C,
c€6,, J (ex(—1,0)NQL

where

%,, := {c, square of edge of length m contained in X,, with vertices in ZZ}. (2-40)

Hence the uniform H)| .

extract a subsequence (Uy (n))neN such that

bound on u, is proved. As a consequence, by a diagonal argument, we can

Uy — U weakly in H'(),

uw(n)|x3:0 —_ u|x3:0 Weakly in Hl/z(Ek)

for all k € N.. Of course, u is a solution of the Stokes—Coriolis system in Q”, and u € HullOC(Qb ). Looking
closely at the representation formula in Proposition 2.22, we infer that

(DNt (1) | x3=0, ¥)ar.% "~ (DN U] =0, ©)ar.9

for all admissible test functions ¢. For instance,
/2 eMgr * (1 — x) (Uy ) | x3=0 — U] x3=0)
R
=[x [ drpome= 00 = 0o~ i)
R2 |t|<k
+

dx/ dt () My (x — 1) (1 = x) Uy (n) | x3=0 — U] x3=0) ().
R2 lt|=k
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For all k, the first integral vanishes as n — 0o as a consequence of the weak convergence in L2(X;). As
for the second integral, let R > 0 be such that Supp ¢ C B, and let k > R 4 1. Then

[Loax [ drocomizze o — 0w leo e

1
c [ ar [ atioel (o bsa(d)] + ko))
R2 lt|=k |x —£]

1
! : dt 2 2 2
¢ Jaceeon(] ) (f homol” + gon o-oP)
R2 =k 1x =1 —t=1 X —t|3(‘ =0 v lu=0l”)

1 2
< C(llulys=oll 2, +sup lunls=oll 2 )f dXIw(X)I(/ 3a’t)
uloc n uloc R2 It|>k |_x_t|-

_1
< Clllules=oll 2, +5up ltnls=oll 2 il Gk — R,
n

Hence the second integral vanishes as k — oo uniformly in n. We infer that

lim i eMyE * (1 = x) Uy ) lx3=0 — Ulx3=0)) = 0.
R

n—oo

Therefore u is a solution of (2-32).

The final induction inequality will be much more complicated than (2-39), and the proof will also be
more involved than that in [Gérard-Varet and Masmoudi 2010]. However, the general scheme will be
very close to the one described above.

o Concerning uniqueness of solutions of (2-32), we use the same type of energy estimates as above. Once
again, we give in the present paragraph a very rough idea of the computations, and we refer to Section 4
for all details. When f =0 and F =0, the energy estimates (2-39) become

Er < C(Exy1 — Ep),

and therefore

Ey <rEjq
with r := C/(1 4 C) € (0, 1). Hence, by induction,
E, <M1 E < orf k2

for all kK > 1, since u is assumed to be bounded in HJIOC(Qb). Letting k — o0, we deduce that £y = 0.
Since all estimates are invariant by translation in x;, we obtain that u = 0.

3. Estimates in the rough channel

This section is devoted to the proof of energy estimates of the type (2-39) for solutions of the system
(2-35), which eventually lead to the existence of a solution of (2-32).
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The goal is to prove that, for some m > 1 sufficiently large (but independent of n), E,, is bounded

uniformly in n, which automatically implies the boundedness of u, in H' (£”). We reach this objective

uloc
in two steps:

» We prove a Saint-Venant estimate: We claim that there exists a constant C{ > 0 uniform in n such
that, for all m e N\ {0} and all k e N, k > m,

k* Eiym—E;
L] 3-1)

2
Ek =< Cl |:k + Ek+m+1 - Ek + —3 sup
m= j>m+k J
The crucial fact is that C; depends only on ||@]| 1.« and ||uo,h||1,j[zl , ||u0,3||Hll s 1Un |l 172, so that it
uloc uloc uloc

is independent of n, k, and m.

o This estimate allows us to deduce the bound in HullOC(Q) via a nontrivial induction argument.

Let us first explain the induction, assuming that (3-1) holds. The proof of (3-1) is postponed to
Section 3B.

3A. Induction. We aim at deducing from (3-1) that there exists m € N\ {0}, C > 0 such that, for all
nelN,

/ Vi, - Vi, < C. (3-2)
Q”l

The proof of this uniform bound is divided into two points:

« Firstly, we deduce from (3-1), by downward induction on k, that there exist positive constants Co,
C3, mg, depending only on Cy and Cy, appearing respectively in (2-37) and (3-1), such that, for all
(k, m) such that k > Czm and m > my,

k* Eiin—E;
L} (3-3)

Ek§C2|:k2+m3+—5 sup -
m= j>m+k J
Let us insist on the fact that C, and C3 are independent of n, k, m. They will be adjusted in the

course of the induction argument (see (3-8)).

» Secondly, we notice that (3-3) yields the bound we are looking for, choosing k = |Czm] + 1 and m
large enough.

o We thus start with the proof of (3-3), assuming that (3-1) holds.
First, notice that thanks to (2-37), (3-3) is true for k > n as soon as Cy > Cp, remembering that u, =0
on QF \ ©,. We then assume that (3-3) holds for n,n — 1, ...,k + 1, where k is an integer such that
k > Cszm (further conditions on C,, C3 will be derived at the end of the induction argument; see (3-7)).
We prove (3-3) at the rank k by contradiction. Assume that (3-3) does not hold at the rank k, so that
E; > C2|:k2+m3 + k—45 sup M]

34
m> j>mtk J G-
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Then the induction assumption implies

k D4 —k* E... —E;
Ek+m+1—EkECz[(k+m+1)2—k2+( tm+l) sup L}

m> j>k+m J
2 k3 Ej+m - Ej
< Cy|2k(m+ 1)+ (m+1)"+80— sup ————|. (3-5)
m= j>k+m J

Above, we have used the following inequality, which holds for all k > m > 1:

k+m+D*—k* =43m + 1) +6k>(m + 1)> + dk(m + 1> + (m + D*
< 8mk> + 6k* x 4m* + 4k x 8m> + 16m*
< 80mk>.

Using (3-4), (3-1), and (3-5), we get

k* Eivm—E;
Cz[k2 +m? + — sup M]
m= j>k+m J
ISEE Eiym—E,;
<E <C [18 +2Cok(m + 1) + Ca(m + 1)* + (80C2—4 + —5> sup —H f}. (3-6)
m m Jj=k+m J
The constants Cy, C; > 0 are fixed and depend only on ||w||y1.~ and ||”0,h||H21 , I|M0’3”Hll s MU 12
uloc uloc uloc
(see (2-37) for the definition of Cg). We choose my > 1, C, > Cp, and C3 > 1 depending only on Cy and

Cq so that

k> C3m,
and m > my

Co(k2+m3) > Ci[k2 4+ 2C2k(m + 1) + Ca(m + 1)2],

3-7
and Cok*/m> > C1(80C,k3 /m* + k* /m?). -7

implies {
One can easily check that it suffices to choose C5, C3, and mg so that

Cp > max(2Cq, Cyp),
(C, — C1)C3 > 80C Cy, (3-8)
forall m >mg, (C2C1+C)(m+1)* <m’.
Plugging (3-7) into (3-6), we reach a contradiction. Therefore (3-3) is true at the rank k. By induction,
(3-3) is proved for all m > mg and for all k > Csm.

o It follows from (3-3), choosing k = | C3m ] + 1, that there exists a constant C > 0, depending only on
Cy, C1, C2, C3, and therefore only on ||w||1.~ and on Sobolev—Kato norms on ug and Uy, such that, for
all m > my,

1 Ei.,—E;
E\mp < Elcsm+1 < C|:m3 +— sup L] (3-9)

M j>|Cym|+m+1 J

Let us now consider the set 6,, defined by (2-40) for an even integer m. As 6, is finite, there exists a
square ¢ in 6,, which maximizes

{lunllgi@, ¢ € €nl,
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where Q. = {x € Q" : x;, € ¢}. We then shift u, in such a manner that c is centered at 0. We call ii,, the
shifted function. It is still compactly supported, but in €25, instead of in €2,,:

/ |Vﬁn|2=f Vi and / |Vﬁn|2=/ Vit .
an Qn Qm/2 Qc

Analogously to Ej, we define Ey. Since the arguments leading to the derivation of energy estimates are
invariant by horizontal translation, and all constants depend only on Sobolev norms on ug, Uy, and o, we
infer that (3-9) still holds when Ej is replaced by Ej. On the other hand, recall that E,, , maximizes

I, ||§11 @) °n the set of squares of edge length m. Moreover, in the set

Yjm \ X forj=1,

there are at most 4(j +m)/m squares of edge length m. As a consequence, we have, for all j € N*,

J+m~
En2,

Ej+m — Ej <4
so that (3-9) written for i,, becomes

~ 1 m\ ~
Em/2 = C|:m3+_< sup 1 +_)Em/2]
M= \j=(C3+)m J

1 ~
< C|:I’}’l3 + WEm/z].
This estimate being uniform in m € N provided m > m(, we can take m large enough and get

~ m3

Epp<C—r
"2 =120 /m?)

so that eventually there exists m € N such that

3

sup |[lup
Ce%m

2
It (ex — 1,000y = CTI/MZ)'

This means exactly that u, is uniformly bounded in Hulloc(Qb). Existence follows, as explained in
Section 2D.

3B. Saint-Venant estimate. This part is devoted to the proof of (3-1). We carry out a Saint-Venant
estimate on the system (2-35), focusing on having constants uniform in » as explained in Section 2D.
The preparatory work of Sections 2A and 2B allows us to focus on very few issues. The main problem is
the nonlocality of the Dirichlet to Neumann operator, which at first sight does not seem to be compatible
with getting estimates independent of the size of the support of u,,.

Let n € N\ {0} be fixed. Also let ¢ € <€8°(S2b) such that

Vop=0, ¢=00n"\Q, ¢lu—ww) =0 (3-10)
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Remark 2.28 states that such a function ¢ is an appropriate test function for (2-35). In the spirit of
Definition 2.27, the weak formulation for (2-35) is

/b Vu, - Vo +/b Uy @n = —(DN(Unlx;=0-), @lxs0- )@ — (F, @lxs=0-)ar.a + (f, @)ara. (3-11)
Q Q

Thanks to the representation formula for DN in Proposition 2.22, and to the estimates (2-33) for f and
(2-34) for F, the weak formulation (3-11) still makes sense for ¢ € H'(Q") satisfying (3-10).

In the sequel we drop the n subscripts. Note that all constants appearing in the inequalities below are
uniform in n. However, one should be aware that Ey defined by (2-38) depends on n. Furthermore, we
denote u|,,—o- by vo.

In order to estimate Ej, we introduce a smooth cutoff function x; = xx(ys) supported in X, and
identically equal to 1 on X;. We carry out energy estimates on the system (2-35). Remember that a test
function has to meet the conditions (3-10). We therefore choose

©n XkUn 1,0b
= = / / EH Q 5
¢ (V-cbh) (—vh-(xkf;(xh)uh(xh,z)dz)> (29

0
B <Vth(Xh) ooy Uhns 7)) dz’)’

which can be readily checked to satisfy (3-10). Notice that this choice of test function is different from
the one in [Gérard-Varet and Masmoudi 2010], which is merely xxu. Aside from being a suitable test
function for (2-35), the function ¢ has the advantage of being divergence free, so that there will be no
need to estimate commutator terms stemming from the pressure.

Plugging ¢ into the weak formulation (3-11), we get

/ x| Vul* = —f Vu - (Vxu +/ Vus - V(Vth(xh) / up(xp, z') dz/)
Q Q Q (xp)
_<DN(UO)9 (p|X3=O_> - <F7 ¢|X3=0_> + (fv €0> (3_12)

Before coming to the estimates, we state an easy bound on @, and ¢:

12
1Pall a1 ey + Nl a1 @py + 1 Palxs=0ll a2 w2y + @lxs=0ll H12@R2) < CEkil- (3-13)

As we have recourse to Lemma 2.26 to estimate some terms in (3-12), we use (3-13) repeatedly in the
sequel, sometimes with slight changes.

We have to estimate each of the terms appearing in (3-12). The most difficult term is the one involving
the Dirichlet to Neumann operator, because of the nonlocal feature: although vy is supported in %,
DN(vp) is not in general. However, each term in (3-12), except —(DN(vg), ¢|x;—0-), 18 local, and hence
very easy to bound. Let us sketch the estimates of the local terms. For the first term, we simply use the
Cauchy—Schwarz and Poincaré inequalities:

‘/ V- (Vxiu
Q

1

1
2 2
5c(/ |W|2) (/ |u|2> < C(Exs1 — Ep).
QU ket 1 QU ket 1
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In the same fashion, using (3-13), we find that the second term is bounded by

Z

/ Vus -V (Vh Xk (xp) - up(xp, 7') dz/> dxp dz
Q (xp)

Z
Sf |VM3||VVth(xh)|/ lup (xn, 2| dz’ dxy dz
Q w(xp)

Z

+/ IVhM3||Vth(xh)|/ IVth(xh,Z/)IdZ’dthZ-l-/ 10313V Xk (xn) - up (xp, 2)| dxp dz
Q w(xp) Q
< C(Ery1— Ep).

We finally bound the last two terms in (3-12) using (3-13), and (2-34) or (2-33):

0
[(F, @lxy=0-)] = C(k+1)|:”Xk”h|x3:O||H1/2(R2)+ HW-(;@/ up(xXn, 2') dZ’> }
w(xp) H!/2(R2)
1/2 _ 1/2 1/2
< Clk+DIEL, + (B — E0'P1 < Ck+ DE,
1/2

I(fo o)l < (k+DE/.

The last term to handle is —(DNj(vo), ¢|x,—0-). The issue of the nonlocality of the Dirichlet to
Neumann operator is already present for the Stokes system. Again, we attempt to adapt the ideas of
[Gérard-Varet and Masmoudi 2010]. In order to handle the large scales of DN(vg), we are led to introduce
the auxiliary parameter m € N*, which appears in (3-1). We decompose vg into

(Xetm = Xi) Vo, )
0
Vi (Xt = X6 Sy U (e 2') A2

( (1 = Xk+m)vo.n )
+ 0 , -
=V - (1 = Xkm) fa)(xh) up(xp, 2')dz")

vo = (XkUO,h = Vi - (Xk ff(xh) up(xp, ) dZ/)> + (

The truncations on the vertical component of vy are put inside the horizontal divergence in order to apply
the Dirichlet to Neumann operator to functions in K.
The term corresponding to the truncation of vy by xx, namely,

o) 675 )
Vi (Xk Spix,) U Cens 2) d2') )7 \ Vi - @play=o-

<DN( XkV0,h ) ( XkV0,h )>
- - 0 ) 0 9
=V (kS un ot 2 d2') )"\ =V (X [y e i, 2) d2)

is negative by positivity of the operator DN (see Lemma 2.24). For the term corresponding to the
truncation by xg+m — Xk, we resort to Lemma 2.26 and (3-13). This yields

(Xkm — Xi)V0, ) ( Ohlxs=0- )>‘ 112
DN 0o ) . < C(Ex —E)2EL;.
K (—Vh (Ohm = X1 [y nCon, 2 d2') )7 \ Vi - @hlay=o- ot ket
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However, the estimate of Lemma 2.26 is not refined enough to address the large scales independently of

<DN( (I— Xk+6n)vo,h ) ( ©Oh|x3=0- )>
Vi (= xatm) Spx,) 4nns 2) d2') )" \ Vi - @plis=o- /[

we must have a closer look at the representation formula given in Proposition 2.22. Let
N ( (1—Xk+m)v0h ) ((I—Xk+m)vo h)
Vg = .
Vi - ((1— Xk+m)fw(xh) up(xp, ') dz’) —Vi Vi

We take x := xx+1 in the formula of Proposition 2.22. If m > 2, Supp xx+1 N Supp(1 — Yi4m) = &, SO
that the formula of Proposition 2.22 becomes’

n. For the term

NG9} = [ ploor - Ksxiot [ ol - M3 x50
R R

+ | @npg=0- - {F[M11(p * Vo.n) + K™ * Vo n}

2

+ | @n=o - {IIM2)(p % Vi) + K5™ % V)

2

+ | Ppp=0- - {FIM3]1(p * Vo.5) + K3 % Vo }

2

+ | Pppy=o- - {FIMal(p * Vi) + K5™ % V).

S~

Thus we have two types of terms to estimate:

¢ On the one hand are the convolution terms with the kernels Kg, My, and K;*™ for 1 <i <4, which
all decay like 1/|x;|>.

e On the other hand are the terms involving $[M;] for 1 <i < 4.
For the first ones, we rely on the following nontrivial estimate:

Lemma 3.1. Forall k > m,

1
|- 3 L2(Zk41) - m? j>k+m J
This estimate still holds with Vy, in place of 7.
For the second ones, we have recourse to:
Lemma 3.2. Forallk>mandall1 <i, j <2,
k2 Ejom—E;\
[ ](p*vw) <C—( sup —) : (3-15)
€] L2(Ski1) M2\ j=ktm J

2Here we use in a crucial (but hidden) way the fact that the zero-order terms at low frequencies are constant. Indeed, such
terms are local, so that fRz @lyy=0— - Mg =0.
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This estimate still holds with Vy, in place of vo .

We postpone the proofs of these two key lemmas to Section 3C. Applying repeatedly Lemmas 3.1
and Lemma 3.2 together with the estimates (3-13), we are finally led to the estimate

) 1
12 12 k= 152 Ejim —Ej\?
Ep < C((k + I)Ek—/i-l + (Ex+1 — Ex) + Ek-/'rl(Ek+m+l —En'*+ WEk—/H( sup %) )
Jj=k+m

for all k > m > 1. Now, since Ey is increasing in k, we have
Exs1 < Ex + (Egymy1 — Er).

Using Young’s inequality, we infer that, for all v > 0, there exists a constant C,, such that, for all £k > 1,

k* Eiym—E;
Ex <VvE+C, (k2 + Eiymi1 — Ex+ — sup L)
M= j>k+m J
Choosing v < 1, inequality (3-1) follows.
3C. Proof of the key lemmas. It remains to establish the estimates (3-14) and (3-15). The proofs are
quite technical, but similar ideas and tools are used in both.

Proof of Lemma 3.1. We use an idea of Gérard-Varet and Masmoudi [2010] to treat the large scales: we
decompose the set X \ X4, as

o0
2N\ Zpgm = U ZiamGi+1) \ Zktm;-
j=1

On every set Xy ym(j+1) \ Zk4+mj» we bound the L? norm of ¥ by Eiym(j+1) — Ekymj- Let us stress here
a technical difference with the work of Gérard-Varet and Masmoudi: since X has dimension two, the area
of the set Xy (j+1) \ Xk4mj 1s of order (k +mj)m. In particular, we expect

. 2
Eiymi+1) — Exymj ~ (k +mJ)m||u||H11 ‘

to grow with j. Thus we work with the quantity
Eitm—E;
sup Zitm T
j=k+m J

which we expect to be bounded uniformly in n, k, rather than with sup ., (Ejim — Ej).
Now, applying the Cauchy—Schwarz inequality yields, for n > 0,

1 2 i Do ()|
dy (/ 50(t)dt> §C/ dy/ —dt/ _ W 4
/Ekﬂ re ly —1 Skl S\ Y= 1P s, 1y — 22720
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The role of the division by the |#| factor in the second integral is precisely to force the apparition of the
quantities (E;,, — E;)/j. More precisely, for y € £y and m > 1,

/ [50(t)? dl_i/ [D0(t)? s
2\ Zktm |t| |y _l‘|3_2'7 =1 Bketm(+1) \ Bketm; |t| |y _l‘|3_2,7
i 1
<C ) (Eiym(j+1) — Exymj) - -
; DT et m) i Ak = [y 1o P
Eism—E\ —
< C( sup — j) Z ; : 32
jzktm J o7 Imj k= 1yleol”

IA

1 1 Eivp—E;
m|m+k—[yloo|*™*" \ j>k+m J

where |x|o0 := max(|x], |x2|) for x € R%. A simple rescaling yields

]
dt dy
Lk+l /;:\Ek+)?l |y - t|3+2n|m +k - |y|00|2_2'7

|?]
= dtdy.
Zit1/k ‘L\21+m/k ly =321 1 4+m/k — |y|oo*~2

Let us assume that k > m > 2 and take n € ]%, 1[. We decompose X\ X1 x as (X \ Z2) U (Z2\ Zipmyi)-
On the one hand, since |t — y| > C|t — yloo = C(|t|oc — |Y]oo) = C(|tec —3/2),

|] / dy
dtdy <C .
/zm/k /):\zz ly =321 +m/k — |ylool®2" ! S [1Hm/k—1ylool 2

Decomposing X1/, into elementary regions of the type X, 4, \ ., on which [y|s 2 r, we infer that
the right-hand side of the above inequality is bounded by

1+1/k , 1+1/k dr
C dr<C
fo [T /=P = fo 4 (m = 1)/ kP27

o)) ) e

On the other hand, y € X4/« implies [1+m/k —|y|oo| = (m —1)/k, so

|t
dt dy
/X‘:H—l/k /ZZ\ZH—m/k |y - t|3+277|1 +m/k - |y|C>O|2_2?7

<c( k )2‘2’7/ 4 / dt

= — y =

m—1 Zi+1/k o\ Z14m/k |t — y|3+2'7
2—-2n

<(z5) T =als)
- o \m—1 XeR2, (m—1)/k<|x|<c 1 XPPT2 = ""\m )~

Gathering these bounds leads to (3-14). [l
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Proof of Lemma 3.2. As in the preceding proof, the overall strategy is to decompose

oo
(I = Xktm)vo,n = Z(Xk+m(j+]) — Xk+mj) V0,
j=1

In the course of the proof, we introduce some auxiliary parameters, whose meanings we explain. We
cannot use Lemma 2.10 as such, because we will need a much finer estimate. We therefore rely on the
splitting (2-19) with K :=m /2. An important property is the fact that p := %~!¢ belongs to the Schwartz
space ¥(R?) of rapidly decreasing functions.

As in the proof of Lemma 2.10, for K =m/2 and x € ¥}, we have

JAG)] < Cml|VZp % (1= Xptm Vo)) | L% (S )

and foralla > O and all y € Xy 142,

V20 % (1 = Xtm) V0.0 (0] < / V2o (y — )| |vo.n(t)| dt
E\Ek-Hn

1 1

7 v 12 7

- (f |v2p<y—t>|2|t|“dr) (/ Mdt) .
S\ Zktm S\ Zktm |t|0l

Yet, on the one hand, for o > 2,

N2 o0 N2
/ Ivo,h(a)l dt=2/ Ivo,h(a)l gt
N\ ] =1 Y Bretm () \Zkm; Il
o0
(gn BommEN S
jzktm J (k+mj)~—

j=1
SCl—l 2( sup —E'j+m__Ej).
m (k+m)*— Jj=k+m J

On the other hand, y € X142 and t € X\ Ty, implies [y — 1] >m/2 — 1,
f IV2p(y —n)|t|* dr < c/ IV2p(y =) (ly — 11+ |yI*) dt
E\Ek+m k+m

sc((k+1+ﬂ) / V20 (s)I? +/ |v2p(s>|2|s|“).
2 Is|=m/2—1 ls|=m/2—1

Now, since p € $(R?), for all B > 0, & > 0, there exists a constant Cq,p such that

/ A+ 1519 V20 () < Com2%,
|s|=m/2—1
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The role of auxiliary parameter g is to “eat” the powers of k in order to get a Saint-Venant estimate for
which the induction procedure of Section 3A works. Gathering the latter bounds, we obtain, for k > m,

Eitm—E;\?
Al (s, < cﬂkmﬂ< sup %) . (3-16)
Jj=k+m
The second term in (2-19) is even simpler to estimate. One ends up with
~ E.. —E:\2
1Bl (55.,) < Cpkm ﬁ( sup %) . (3-17)
Jj=k+m

Therefore A and B satisfy the desired estimate, since

IAN 25,y < CkllAl Loy, I1Bll2(siyy) < ChIBll Lo (s, 0)-

The last integral in (2-19) is more intricate, because it is a convolution integral. Furthermore,
0 % (1 = Xk+m)vo.n(¥) is no longer supported in X \ Xi4,,. The idea is to “exchange” the variables
y and ¢, that is, to replace the kernel |x — y| 3 by |x — t|73. Indeed, we have, for all x, y, t € R?,

1 L |__ Cly—1l Cly—1]

— < . (3-18)
lx—yPP =P T =yl =P = yPlx — 1]

We decompose the integral term accordingly. We obtain, using the fast decay of p,

1
/ dy 10 % (1 = Xm) v0.n) (V)]
—ylzm/2 X — Y|

1
scf wf a—e -0l
f—ylzm2  IS\m, X1
ly —1|
+C dy dt —————]p(y — )] [vo.4(0)]
lx—y|=m/2 N\em XY — 1
ly —1|
+C/ dy/ dt —>———|p(y — )| [vo.s (0)]
w—ylzm2  Is\m, =yl =1

1 ly —1|
SC/ dt 3|v0,h(l)|+C/ d)’/ dt ———=———[p(y — D[ |vo,n()|.
S\ X lx—y|=m/2 P\ X =Y IX — 1]

The first term on the right hand side above can be addressed thanks to Lemma 3.1. We focus on the

second term. As above, we use the Cauchy—Schwarz inequality

ly—tllp(y —1)]
/ Y YO jvo (1) dt
Z\Zker

|x —t]
(e8]
ly —tllp(y — 1)
=/ o010
j=1 Y Betm(+) \ Ziem; |x —1]

1

1

Emti—Ei\2 1 2

5( sup —H I f) > (f |y—r|2|p(y—z>|2|r|dr).
]Zk+m j le k+mJ - |x|00 2lH»m(jJrl)\EIH»mj
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The idea is to use the fast decay of p so as to bound the integral over Xy ,(j+1) \ Zgmj. However,
Zj’;l 1/(k+mj —|x|) = oo, so that we also need to recover some decay with respect to j in this integral.

Fort € Ziymi+1) \ Zktmj»
=¥l _ 1]

T kAmj—Ixleo T k+mj—|xlo’

so that, for all n > 0,

/ y = 1P1p( = 01| dr
2k-%—m(j-%—l)\Ekﬂ—mj 1

< : ly —tPlp(y — 1) 2[e] 2" de
(k+mj—|x|o) /Ek+,n(j+1)\2k+mj
C
= ;
(k4+mj —|x]00)?"

/ ly — 2 (ly — t "2 4+ |y 20 p(y — )2 dt
Zktm(+1) \ Zktm;

C”I 1+2 1+2
S - 1+ — + 7]_'_ X + n .
Ty =l )

Summing in j, we have, as before,

i 1 - C, _ Gy
= ktmj = 1xlo0)H T mk4m = |x]o)? T m

so that, for 0 < n < %, one finally obtains, for x € Xy,

ly —tllp(y —1)]
/ dy/ 3 lvo,n ()| dt
lx—y|=m/2 M\ X — Y Ix —1]

1

E R E 2

§Cm1’7( sup M) / e — v~ 37 4 el — 3 dy
j=k+m J lx—yl=m/2

: K\t Erj—E;\?
<Cm™ 2 |:1+<—> :|( sup L) .
m Jj=k+m J

Gathering all the terms, and again using the fact that

1F 25 < CKINF Lo,y forall F e L™ (Zg41),
we infer that, for all kK > m and all n > 0,

1

k3/2+n Evpi—E;\2

IClI L2 (s SC—( sup —+—2~ ’).
(e T o J

Choose n = 1/2; Lemma 3.2 is thus proved. [l
4. Uniqueness

This section is devoted to the proof of uniqueness of solutions of (2-32). Therefore we consider the
system (2-32) with f =0 and F =0, and we intend to prove that the solution « is identically zero.
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Following the notations of the previous section, we set

E; ::/ Vu-Vu.
Q

We can carry out the same estimates as those of Section 3B and get a constant C; > 0 such that, for all
meNand all k > m,

k* Eivm—E;
L) -1

Er<C <Ek+m+1 —Ex+— sup
m= j>k+m J

Let m be a positive even integer and ¢ > 0 be fixed. Analogously to Section 3A, the set 6,, is defined by
€, := {c, square with edge of length m with vertices in 7.
Note that the situation is not quite the same as in Section 3A since this set is infinite. The values of

Ec:= [o |Vu|? when ¢ € €, are bounded by Cm2||u||§11

uloc

@y 5© the following supremum exists:

Em = sup E. < o0,
ceb,,
but it may not be attained. Therefore, for ¢ > 0, we choose a square ¢ € 6,, such that ¢,, —e < E. <€,,.
As in Section 3A, up to a shift we can always assume that c is centered in 0.
From (4-1), we retrieve, for all m, k € N with k > m,
C C, k* Ejtm—E;

E;, < E + — su
k= Ci+1 k+m+1 Cit1m’ jzk-ri-)m ;

Again, the conclusion E; = 0 would be very easy to get if there were no second term in the right-hand
side taking into account the large scales due to the nonlocal operator DN.
An induction argument then implies that, for all » € N,

r—1 '+1 ’ 4
Cy 4 ( Ci >r k+r'(m+1)) Ej+m—Ej
Ep < E + sup —— 1, 4-2
k <Cl T 1) k+r(m+1) r[go Ci+ 1 ms jzk—Ii-)m ] ( )

Now, for x :=In(C;/(C1+1)) <0 and k € N large enough, the function x — exp(x (x+1)) (k+x(m+ 1H)*
is decreasing on (—1, 00), so that

’i C NV k47 (m+ 1) <i Cr N k41 (m+ 1)
=\Ci+1 m> ~=\Ci+ ms

5LSfwexp(x(x+1))(k+x(m+1))4dx
m=J-1

kK[> Kk
=C— exp
m® J _(m41)/k m+1

kS
SC%

u>(l +u)*du,
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since k/(m + 1) > 1/2 as soon as k > m > 1. Therefore, we conclude from (4-2) for k = m that, for all
relN,

c Y C Eivm—E;
én—e<E,=E,< Epsr = kN R
n — &S Ly c_<C1 1) m+ (m+1)+ JSZUZII)n ]
Cl " 2 2 2 C _] m
< +1 +1 +4— sup ——¢
—(c1 1)(r Pom DNl +4T sup =T

(=Y o, + e
- C1—|-1 Huloc m2

Since the constants are uniform in m, we have, for m sufficiently large and for all ¢ > 0,

Ci ' 2 2
%mSC[<C1+1> (r+1D%(m+1) +e],

which, letting r — oo and ¢ — 0, gives €,, = 0. The latter holds for all m large enough, and thus we
have u = 0.

Appendix A. Proof of Lemmas 2.3 and 2.4

This section is devoted to the proofs of Lemma 2.3, which gives a formula for the determinant of M, and
Lemma 2.4, which contains the low and high frequency expansions of the main functions we work with,
namely, A; and Ag. As A, Ay, A3 can be expressed in terms of the eigenvalues A solution to (2-5), it is
essential to begin by stating some properties of the latter. Usual properties on the roots of polynomials
entail that the eigenvalues satisfy

R >0 fork=1,2,3, A1 €10, oof, =23,

—(dors)? = —1° Mdars =87, (&1 =aDUEP 2D (EP —23) = 51, (A-D)
Y
Ak §P =23

and can be computed exactly:

_e12 4 4/27 1/2 % 2 4 4/27 1/2 %

K%(E)=IE|2+( €] +(|€|2+ /27) ) _(Ié‘l +(|§|2+ /27) ) (A-22)
g2 4407\ 1/2\3 2 44 497\ 1/2\3
A%@):mzﬂ.( H +(|$|2+ /27) ) _jz(lsl +(|€|2+ /27) ) ’ (A-2b)
_1e2 4 407)1/2\3 2 4 4/07)1/2\3
)%(g):|$|2+jz( €] +(|§|2+ /27) ) _j(|§| +(|§|2+ /27) ) ‘ (A-20)
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A.1. Expansion of the eigenvalues Ay. The expansions below follow directly from the exact formulas
(A-2). In high frequencies, that is, for |£] >> 1, we have

WZ=1EPA— 65+ 0(E5), A =IEl—LEITS + 0(EI D), (A-3a)
4 8 2 1 5

3= = PIETS + 0(E73)), Ao =E]— ’;m*? +O(E|73), (A-3b)

3= 8P — jIEITS + O(E|73)), A3=|s|—§|s|—%+0<|sr%>. (A-3¢)

In low frequencies, that is, for |£| < 1, we have

4\ 2 27
<|§|“+—)— [1+§|-§|4+0<|5|8)},

21) ~ V77
—EPHEF 42D 1 1, V3, ]
( 7 ) —ﬁ—ilél —?|§| + O0(&),

2 44 4/071/2 3 1 1 3
(|s| +(|§|2+ /27) ) :ﬁ+§|g|2—%—lél4+0(lélé),

from which we deduce

M=i+3EP = 2IET+O0(ES), = T(1-3ilE1P + SIE1T 4+ 0(E1%), (A-4a)
=i+ 35+ il + 080, as=e (1 3iIER + 161+ 0(E%).  (Adb)

Since AA2r3 = |€3, we infer that

=€+ 0(E).

A.2. Expansion of Ay, Az, and A3. Letusrecall that Ay = Ap(§), k=1, ..., 3, solve the linear system

1 1 1 A 0.3
Al A2 A3 Ayl = i&-von
(EP=AD2 /a1 (€7 = AD%/h (€17 — 2D /as) \As —i&L Ton
=M (&)

The exact computation of Ay is not necessary. For the record, note however that A; can be written in the
form of a quotient
_ P(&1,6, 01,00, A3)

A, = , A-5
T Q] A ha A3 (A-5)

where P is a polynomial with complex coefficients and

Q :=det(M) = (A1 —22) (A2 — 23) (A3 — A (I§] + A1 + A2+ A3). (A-6)
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This formula for det(M) is shown using the relations (A-1):

det(M)

_ 08P =AD" A5 = 2" AUEP =437 —ASAEP =MD A2 —2)? — 3812 — AD)°
A2A3 A1A3 MA2

= |E|(M (A3 =A%) = 22(AT = AD) + A3 = A3)) + Aaa3 (A3 — A3) — A3 (A3 — AD) + AAa (A3 — AD)

=1 = 22) (A2 = A3) (A3 — A (& + A1+ A2+ A3).

This proves (A-6), and thus Lemma 2.3.
We now concentrate on the expansions of M (£) for || > 1 and |§| « 1.

A.2.1. High frequency expansion. At high frequencies, it is convenient to work with the quantities
B1, B;, B3 introduced in (2-12). Indeed, inserting the expansions (A-3) into the system (2-7) yields

B =103,
E1B1 — L€ By + O (€173 1Al = i€ - T,
€15 By + 017" 1A]) = —ig™ - 7.
Of course A and B are of the same order, so that the above system becomes
By = 1o 3,
By =201 (1§50 — i& - To) + O (1§13 B,
By=—il¢|"56% - T + 0181751 B).
We infer immediately that |B| = O (|§ |*/3|09]), and therefore the result of Lemma 2.4 follows.

A.2.2. Low frequency expansion. At low frequencies, we invert M thanks to the adjugate matrix formula

—1 - - T
M7 E) = det(M@))[C"f(M@”] :
We have
(57 =23)* A+ 0(EP) .4 oo (E12—13)?
o dAdtogEpy ¢ o=
Hence,
1 1 1
M@= 00D &+ 03gP) e+ 0o(EP)
€1+ O(EP) —e ™4+ 0(IE) —e™*+ 0(I&])
and

=2 JgleniTA —glei/

Cof(M)=| ~2i —e™*—|&| e /4 11| | + 0(&1).
—\/El _e—irr/4 ein/4
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‘We deduce that

1
Mg =— [Cof(M (EN]"
2i (14 (v/2/2)IE] + O(IE]?)
— 2| — 21— 2] +32[1 -2 g]
=| @4/2)E] —(1/20)[—eH = (1= L) g]] —(@42)[1 - Llgl] |+O0UEP.
(e ™4 2)E| —(1/20)[e /4 (1= Le ) [g]] —(e /4 /2)[1 - L¢]]
Finally,
2 2
A= (1 — %m)ﬂ,a — %i@ +&5) - von + O(E D)), (A-7a)
in/4
Ay = S |E|03 + L™ e 15 — Le e ugh + O (I PIR), (A-7b)
—im/4
Ay =" 161355 — 27 - 57 + S e 5+ O (g Pl (A-Tc)

A.3. Low frequency expansion for L, Ly, and L3. For the sake of completeness, we sketch the low-
frequency expansion of L; in detail. We recall that

(/1617 (=& + (15> = K;%)Z/)»k)‘s'l))

Li(&)vo(5) = ( | Ar(§)

Hence, for |§| < 1,

. 1 19) 2
L1($)=<(l/|§|)s 1+ (151 )><—i($1 £) _i(&_,_gz) 1_£|g|)+0(|§|2),

which yields (2-16). The calculations for L, and L3 are completely analogous.

A.4. The Dirichlet to Neumann operator. Let us recall the expression of the operator DN in Fourier

3
—5 o [G/EPIER —aD2EL — 28]
DN(UO)—k§1< T+ (1 — 32/ Ay (A-8)

space:

3
—zv3<s>s> ((i/|s|2)[<|5|2 A2>2si+<|s|2—xk>s]) _
<zs pe) (12— 22) /2 (A9

A.4.1. High frequency expansion. Using the exact formula (A-9) for m together with the expansions
(A-3) and (2-10), we get for the high frequencies

BN = (—z%@é)+((i/|é|2)((|5|?33+0(|sl|§|%|>>sl+<l|sflsz+0(|§|§|fo|))s)>
i - vj(€) €173 B2+ O (1§17 [5])

_ Ié@ﬂéﬁ/lsngi@s) -
-( e e )+ OUEIED. o
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A.4.2. Low frequency expansion. For |&| <« 1, using (A-8), (A-4), and (A-7) leads to

DNj v = 2|§|2 D ENFIE+ O(EP) (e g vos L e™ ™ e Ty T T B0 + O(IE | T0))
1
fz’g e ‘zf(vomvo#)qunvon

For the vertical component of the operator DN, we have in low frequencies

DN vo = i& - o + <|s| + 0(|5|))A1 (&) — (™ + 0(EM) AE) — (7™ + O (1E1H)) A3 ()

Tos 2 __ «/_IS von+EL
ClEr 2 T 2 H

+0(|€I|vo|)

Appendix B. Lemmas for the remainder terms
The goal of this section is to prove that the various remainder terms encountered throughout the paper

decay like |x|~3. To that end, we introduce the algebra

= {f € 6([0,0), R) : 34 C R finite, Irg > 0, f(r) = Z r® fo(r) for all r € [0, rp),
aed

where, for all « € A, f, : R — R is analytic in B(0, ro)}. (B-1)
We then have the following result:
Lemma B.1. Ler ¢ € ¥ (R?).

o Assume that Supp ¢ C B(0, 1), and that (&) = f(|€]) for & in a neighborhood of zero, with f € E
and f(r) = O(r%) for some a > 1. Then ¢ € L (R? \ {0}) and there exists a constant C such that

loc

C
lp(x)| < T for all x € R%.

o Assume that Supp ¢ C R*\ B(0, 1), and that $(£) = f(|&|™") for || > 1, with f € E and f (r)= O (%)

for some o > —1. Then ¢ € L®.(R?\ {0}) and there exists a constant C such that

loc
C

lp(x)| < —= forall x € R%.
|x[3

We prove the Lemma in several steps: we first give some properties of the algebra E. We then compute
the derivatives of order 3 of functions of the type f(|§]) and f (€17H. Eventually, we explain the link
between the bounds in Fourier space and in the physical space.

Properties of the algebra E.

Lemma B.2. < E is stable by differentiation.
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o Let f € Ewith f(r) =) ,cq7" fa(r), and let ap € R. Assume that

f(r)=0*)
for r in a neighborhood of zero. Then
infla € o : f,(0) # 0} > .
e Let f € E, and let ag € R such that
f(r)=0@")

for r in a neighborhood of zero. Then
[y =0@*"h
for0 <r < 1.

Proof. The first point simply follows from the chain rule and the fact that if f, is analytic in B(O0, rp),
so is f,. Concerning the second point, notice that we can always choose the set s and the functions f,

so that
F@) =1 fu () o7 fo (),

where a1 < -+ < ay and fy, is analytic in B(0, r¢) with f,, (0) # 0. Therefore
f@r)~r* f,(0), asr—0,
so that r*! = O (r*0). It follows that a; > «g. Using the same expansion, we also obtain

£y =™ fo () +r% fr () = 0.

i=1
Since r% = O(r®), we infer eventually that f'(r) = O (r®~"). 0
Differentiation formulas. Now, since we wish to apply the preceding lemma to functions of the type

F(ED, or f(I€]7"), where f € E, we need to have differentiation formulas for such functions. Tedious
but easy computations yield, for ¢ € €3(R),

g f;‘i) , ( &i 53) " g
3 = (32 -3 3.5 Si G
HG) <|s|5 o) 70D+ (3 = ) £ ED + s Ve
_ & g _ & g _ g _
83_ 1 (9 -11 i ) / 1 <3 _ i ) " 1 i 3) 1 .
308 = (95— 1 ) 7706170+ (3 s ) 710617 + g/ e

In particular, if ¢ : R? — R is such that ¢(£) = f(|€]) for £ in a neighborhood of zero, where f € E is
such that f(r) = O (%) for r close to zero, we infer that

102, 0(&) +102,0(&)| = O(E|* )
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for || <« 1. In a similar fashion, if ¢(&§) = f(|&|~!) for £ in a neighborhood of zero, where f € E is
such that f(r) = O (r*) for r close to zero, we infer that

102 0@+ 192,0&) | = O{IEI*(EITH ™ +1E1 (61T H ™ 2+ E17°0EITH ™ = 0(E1* 7).

Moments of order 3 in the physical space.

Lemma B.3. Ler ¢ € ¥'(R?) be such that 8§1<p, 8§2<p e LY(R?).
Then
a—1 C . / 2
1F (@) (xp)| < AE in 9 (R™\ {0}).

Proof. The proof follows from the formula

T o) =iF " (VEp)
for all @ € N? such that |a| = 3. When ¢ € $(R?), the formula is a consequence of standard properties of
the Fourier transform. It is then extended to ¢ € ¥'(R?) by duality. ([

Remark B.4. Notice that constants or polynomials of order less that two satisfy the assumptions of the
above lemma. In this case, the inverse Fourier transform is a distribution whose support is {0} (Dirac
mass or derivative of a Dirac mass). This is of course compatible with the result of Lemma B.3.

The result of Lemma B.1 then follows easily. It only remains to explain how we can apply it to the
functions in the present paper. To that end, we first notice that, for all k € {1, 2, 3}, A is a function of |£|
only, say A = fi(J€]). In a similar fashion,

Li(§) = GRED + E1GL(ED +EGL(ED.
We then claim the following result:
Lemma B.5. o Forallk € {1, 2,3}, j €{0, 1,2}, the functions f, Gi, as well as
ri> Y, re GLeTY (B-2)
all belong to E.

e For & in a neighborhood of zero,

ME™ =P+ Y EEa! (E]) +& - be(&)),

1<i,j<2

NE™ = QuE) + Y &&ic (E) +& - die (€],

1=i,j=<2

where Py, Qy are polynomials, and a,ij, ci’j € E and by, dy, € E* with by (r), di(r) = O (r) forr close
to zero.

e There exists a function m € E such that
(Msc — Ms)(€) =m(l§]™)

for & > 1.
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The lemma can be easily proved using the formulas (A-2) together with the Maclaurin series for
functions of the type x — (1 + x)°® for s € R.

Appendix C. Fourier multipliers supported in low frequencies

This appendix is concerned with the proof of Lemma 2.7, which is a slight variant of a result by Droniou
and Imbert [2006] on integral formulas for the fractional Laplacian. Notice that this corresponds to the
operator $[|&|] = $[(E} + £3)/1€]]. We recall that g € F(R?), ¢ € 6°(R?), and p := F ¢ € F(R?).

Then, for all x € R2,
it ) 4 (L
(I%‘I ()8 |(x) = |

As explained in [Droniou and Imbert 2006], the function |£]|~! is locally integrable in R? and therefore

) * T EEC(E)RE)(x).

belongs to &' (R?). Its inverse Fourier transform is a radially symmetric distribution with homogeneity
—2 41 = —1. Hence there exists a constant C; such that

9:1<L> — Q
€] x|’

§i§) )
<|€| $)8@) )(x) =

We infer that

B |*81,(p*g)

1
=C1/ ——03;j(p*xg)(y)dy
R2 |X—Y|

:CI/ | |atj()0*g)(x+y)dy

The idea is to put the derivatives 9;; on the kernel 1/|y| through integrations by parts. As such, it is not
possible to realize this idea. Indeed, y — 9;(1/[y|)d;(p * g)(x + y) is not integrable in the vicinity of 0.
In order to compensate for this lack of integrability, we consider an even function 6 € 6{° (R?) such that
0<f <1land @ =1 on B(0, K), and we introduce the auxiliary function

Uc(y) =pxgx+y)—pxgx)—0(y)(y-V)p*g(x),
which satisfies
U < Clyl%,  IV,U:(»)] = Cly| (C-1)

for y close to 0. Then, for all y € R?,

8y,- ayj Ux = ay; ay_/p *g(-x + )’) - (8y,' 3):,-9)()’ ' V)p *g(x) - (a)’_ie)axip *g(x) - (8y,-0)ax_,',0 *g(x)a
where
> —(0y,0,,0) (- V)p % g(x) — (3y,0)3,0 % () — (3,0)3,p g (%)

is an odd function. Therefore, for all ¢ > O,

1 1
/ —0ij(pxg)(x+y)dy = / — 0y, 0y, Ur () dy. Y
e<|y|<e! [yl e<|y|<l/e [yl
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A first integration by parts yields

1
[ e peetet
e<lyl<1/e |Vl

1
= — 0y, 0y, Ux (y)dy
£<|y|<1/£ |y|

:/ 3yJU (y)n,(y)dy+/ ay]U (y)n (y) dy+/
Iyl=¢ | yi=1/e |Y1

50y, Ux(y) dy.
e<|y|<l/e |y|3 Y

The first boundary integral vanishes as ¢ — 0 because of (C-1), and the second thanks to the fast decay
of px g € $(R?). Another integration by parts leads to

Yi
f 2650,Us () dy
&

<lyl=i/e ¥

Vi 1
- f 2 ey dy + / v omdy+ (ay,.ay_,.—)Um) dy
Iyl=¢ | lyl=1/¢ |1 e<lyl<l/e |y

e—0

1
— <ay,~8y,~_)Ux(y)dy»
R2 Tyl
where
1 81 Yiyj I
9y 0y — = — 4 3T 0y —| < —.
AT ITERRE Ty

and the boundary terms vanish because of (C-1) and the fast decay of U,. Therefore, for all x € R2,

oo (oo
<|§| £(€)8©) J(x) = o\ 0 Ux(y)dy

1
=Cy fRz <8y,- 8y,-|y—|)[p kg(x +y)—pxg(x) —0(y)(y-V)pxg(x)ldy

1
CI/ (3y18y_,-—)[p*g(x4ry)—p*g(X)—y-Vp*g(X)]dy
B(0,K) [yl

1
+C1f <8y,8}, )[p*g(x+y)—p*g(x)]dy
R2\ B(0,K) |yl

1
_CI/ (3yi3yj—>9(y)(y'V),O*g(x)dy-
R2\B(0,K) [yl

The last integral is zero as y > 60(y)(dy,dy,(1/]y]))y is odd. We then perform a last change of variables
by setting y' = x + y, and we obtain

G 1(&5,

| K(S)g(é))( )——/| | Kyij(x—y/){p*g(y/)—p*g(x)—(y/—X)Vp*g(X)}dy/
x=y'|<

- Yij(x =y {p*xg(y) —pxgx)}tdy’.
[x—=y'|=K

This completes the proof of Lemma 2.7.
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