


ANALYSIS AND PDE
Vol. 6, No. 4, 2013

dx.doi.org/10.2140/apde.2013.6.973

LONG-TIME ASYMPTOTICS FOR TWO-DIMENSIONAL EXTERIOR FLOWS
WITH SMALL CIRCULATION AT INFINITY

THIERRY GALLAY AND YASUNORI MAEKAWA

We consider the incompressible Navier—Stokes equations in a two-dimensional exterior domain €2, with
no-slip boundary conditions. Our initial data are of the form u¢ = ¢®( + vy, where © is the Oseen
vortex with unit circulation at infinity and vy is a solenoidal perturbation belonging to L2(2)? N L4(2)?
for some g € (1,2). If ¢ € R is sufficiently small, we show that the solution behaves asymptotically in
time like the self-similar Oseen vortex with circulation «. This is a global stability result, in the sense
that the perturbation vy can be arbitrarily large, and our smallness assumption on the circulation « is
independent of the domain €.

1. Introduction

Let © C R? be a smooth exterior domain, namely an unbounded connected open subset of the Euclidean
plane with a smooth compact boundary d€2. We consider the free motion of an incompressible viscous fluid
in 2, with no-slip boundary conditions on d€2. The evolution is governed by the Navier—Stokes equations

diu+w-VYu=Au—Vp, divu=0 forxeQ, t>0,
u(x,t)=0 for x € 992, t > 0, (D)
u(x,0) =ug(x) for x € Q,

where u(x, t) € R? denotes the velocity of a fluid particle at point x €  and time # > 0, and p(x, ¢) is the
pressure in the fluid at the same point. For simplicity, both the kinematic viscosity and the density of the
fluid have been normalized to 1. The initial velocity field uq : 2 — R? is assumed to be divergence-free
and tangent to the boundary on 9€2.

If the initial velocity ug belongs to the energy space

L2(Q)={ue L*(Q)*|divu=0inQ, u-n=0ondQ},

where n denotes the unit normal on d€2, then it is known that system (1) has a unique global solution
u € C2([0,00); L2(22)) N C1((0,00): L2(2)) N CO((0, 00); H} (R)* N H*(2)?), which satisfies the
energy equality

1 2 ' 2 _1 2
§||u("t)”L2(Q) +/0 ||V”("S)||L2(Q) ds = EHMO”LZ(Q) forallz > 0.
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This global well-posedness result was first established by Leray [1933] in the particular case where Q = R2,
and subsequently extended to more general domains, including exterior domains, by various authors
[Leray 1934; Ladyzenskaja 1959; Lions and Prodi 1959; Kato and Fujita 1962; Fujita and Kato 1964;
Kozono and Ogawa 1993b]. It is also known that the kinetic energy %Hu(- 0| 22 () converges to zero
as t — oo [Masuda 1984; Borchers and Miyakawa 1992; Kozono and Ogawa 1993b], and precise decay
rates can be obtained under additional assumptions on the initial data [Kozono and Ogawa 1993a; He and
Miyakawa 2006; Bae and Jin 2006].

In two-dimensional fluid mechanics, however, the assumption that the velocity field u# be square
integrable is quite restrictive, because it implies (if # = 0 on d€2) that the associated vorticity field
w = 01Uy —dou1 has zero mean over £2; see [Majda and Bertozzi 2002, Section 3.1.3]. In many important
examples, this condition is not satisfied and the kinetic energy of the flow is therefore infinite. For instance,
when Q = R2, the Navier-Stokes equations (1) have a family of explicit self-similar solutions of the form
u(x,t) =a®(x,1), p(x,t) = «?T(x, ), where « € R is a parameter and

1 xt __1xI? b 2
O(x, 1) = ——(1 _e 4u+r>), VII(x, 1) = ——|O(x, 1)[2. )
27 |x|? x|
Here and in the sequel, if x = (x1,x3) € R?, we define x- = (—x3,x;) and |x|* = x% + x%. The
solution (2) is called the Lamb—Oseen vortex with circulation . Remark that |©(x,¢)| = O(|x|™') as
|x| = o0, so that O(-,¢) ¢ L?(R?)?2, and that the circulation at infinity of the vector field ® is equal to 1,
in the sense that gS| X|=R ®;dx; + ®,dxy; — 1 as R — o0o. The corresponding vorticity distribution

1 ]2
E(x,1) =0105(x,1) —0,01(x,1) = ————e¢ 40+D 3
(x,1) = 0103(x,1) — 02,01 (x,1) 4n(1+t)€ 3)

has a constant sign and satisfies [, E(x,#)dx = 1 for all # > 0. Oseen’s vortex plays an important role
in the dynamics of the Navier-Stokes equations in R?, because it describes the long-time asymptotics of
all solutions whose vorticity distribution is integrable. This result was first proved in [Giga and Kambe
1988] for small solutions, and subsequently in [Carpio 1994] for large solutions with small circulation.
The general case was finally settled in [Gallay and Wayne 2005]. It is worth mentioning that all these
results were obtained using the vorticity formulation of the Navier—Stokes equations.

In the case of an exterior domain © C R2, much less is known about infinite-energy solutions, mainly
because the vorticity formulation is not convenient anymore due to the boundary conditions. A general
existence result was established in [Kozono and Yamazaki 1995], who proved that system (1) is globally
well-posed for initial data u in the weak L2 space L?;‘"’(Q), provided that the local singularity of u
in L2>® is sufficiently small. In what follows, we consider initial data of the form

Uy = ax 8o + v, “4)

where O (x) = O(x, 0) is Oseen’s vortex at time # = 0, and x : RZ — [0, 1] is a smooth, radially symmetric
cut-off function such that y = 0 on a neighborhood of R\ Q and x(x) = 1 when |x| is sufficiently
large. For any o € R and any vg € L2(Q2), Theorem 4 in [Kozono and Yamazaki 1995] asserts that the
Navier—Stokes equation (1) has a global solution with initial data (4), which is unique in an appropriate
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class. However, little is known about the long-time behavior of this solution, and in particular there is no
a priori estimate which guarantees that the L2°* norm of « remains bounded for all times.

Very recently, a first result concerning the long-time behavior of solutions of (1) with initial data of the
form (4) was obtained by Iftimie, Karch, and Lacave:

Theorem 1.1 [Iftimie et al. 2011]. Let Q@ C R? be a smooth exterior domain whose complement R? \ Q
is a connected set in R%. For any vy € L2(Q), there exists a constant € = €(vy, 2) > 0 such that, for
all a € [—¢, €], the solution of (1) with initial data (4) satisfies

lim 7w 1) —a®(- )| Loy =0 forall p € (2,00). 5)
—>00

Moreover, there exists €y = €o(2) > 0 such that € > € if ||vo| 2 < €o.

Theorem 1.1 shows that solutions of (1) which are finite-energy perturbations of Oseen’s vortex o®g
behave asymptotically in time like the self-similar Oseen vortex a®(x, t), provided that the circulation
at infinity, «, is sufficiently small, depending on the size of the initial perturbation. The conclusion
holds in particular when both the circulation « and the finite-energy perturbation vy are small, so that
Theorem 1.1 extends to exterior domains the result of [Giga and Kambe 1988]. For large solutions,
however, the assumption that o be small depending on vy is very restrictive. The goal of the present paper
is to prove the following result, which reaches a conclusion similar to that of Theorem 1.1 under different
assumptions on the initial data:

Theorem 1.2. Fix g € (1,2), and let u = 1/q — 1/2. There exists a constant € = €(q) > 0 such
that, for any smooth exterior domain Q@ C R? and for all initial data of the form (4) with |a| < € and
vg € L2(2) N L1(R)?, the solution of the Navier-Stokes equations (1) satisfies

u(-,0) —a®(-, )|l L2(q) + V2| Vu(-, 1) —aVe(-, D2y =00™"), (6)
ast — +oo.

Here, we also suppose that the circulation at infinity is small, and we assume in addition that the initial
perturbation belongs to L2 (£2) N L9(Q)? for some ¢ < 2. Unlike in Theorem 1.1, the limiting case ¢ = 2
is not included, and the proof shows that €(g) = 0(/2 —¢) as ¢ — 2. However, there is absolutely no
restriction on the size of the perturbation vg; hence Theorem 1.2 establishes a global stability property for
the Lamb—Oseen vortices (with small circulation) in two-dimensional exterior domains. In this sense, our
result can be considered as a generalization to exterior domains of the work of Carpio [1994], although
our proof relies on completely different ideas. On the other hand, since our perturbations decay faster
at infinity (in space) than those considered by Iftimie, Karch, and Lacave, we are able to show that the
difference u(x,t) —a®(x,t) converges rapidly to zero, like an inverse power of time, as t — co. In
particular, using (6) and elementary interpolation, we obtain the estimate

supté_%ﬂu(gt) —aO(-,1)|Lr@) <oo forall p €[2,00),
>0

which improves (5) since g < 2.
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At this point, it is useful to mention that the assumption that u( can be decomposed as in (4) for
some o € R and some vy € L2(Q) N L9(Q)? is automatically satisfied if we suppose that the initial
vorticity wg = curl u is sufficiently localized. Indeed, let us assume for simplicity that #( vanishes on
the boundary Q2. For 1 < p < oo, we denote by Wol’f (2) the completion with respect to the norm
u > ||Vu| rr of the space of all smooth, divergence-free vector fields with compact support in 2. Using
this notation, we have the following result:

Proposition 1.3. Fix g € (1,2). Assume that uy belongs to Wolf(Q) for some p € [1,2), and that the

associated vorticity wy = curl ug satisfies
[ Py ool dx < oc ™)
Q

for some m > 2/q. If we define a = [, wo(x)dx, then ug can be decomposed as in (4) for some
vo € L2() N L9(Q)2. In particular, if || < €, the conclusion of Theorem 1.2 holds.

For completeness, we give a short proof of Proposition 1.3 in the Appendix. Returning to the discussion
of Theorem 1.2, we emphasize that the smallness condition on the circulation « is independent of the
domain €2, which can be an arbitrary multiply connected exterior domain. In fact, the proof will show
that the optimal constant €(gq) is entirely determined by quantities that appear in the evolution equation
for the perturbation of Oseen’s vortex in the whole plane R2. Note that Oseen vortices are known to be
globally stable for all values of the circulation @ when Q@ = R? [Gallay and Wayne 2005], but in that
particular case one can use the vorticity equation to obtain precise information on the solutions of (1).
The reader who is not interested in precise convergence rates could consider the following variant of
Theorem 1.2, where the condition on the circulation is totally explicit:

Corollary 1.4. There exists a universal constant €, > 4.956 such that, if || < €x and if
vo € L2(Q) N L1(Q)?
for all g € (1,2), the solution of the Navier-Stokes equations (1) with initial data (4) satisfies
u(-,0) —a®(-, )l p2¢q) > 0 as t — oo.

The rest of this paper is devoted to the proof of Theorem 1.2, which is quite different from that of
Theorem 1.1 in [Iftimie et al. 2011]. In the preliminary section (Section 2), we collect various estimates
on the truncated Oseen vortex x®, which can be verified by direct calculations. In Section 3, following
the classical approach of [Fujita and Kato 1964], we prove the existence of a unique global solution of (1)
for small initial data of the form (4), and we obtain the asymptotics (6) for small solutions. To deal with
large solutions, we derive in Section 4 a “logarithmic energy estimate”, which shows that the energy norm
of the perturbation v has at most a logarithmic growth as ¢ — oo. This is the key new ingredient, which
we use as a substitute for the classical energy inequality when o # 0. Exploiting this estimate and our
assumption that vy € L9(2)2, we control in Section 5 the evolution of a fractional primitive of v, and we
deduce that the perturbation v( -, ¢) converges to zero in energy norm, at least along a sequence of times.
Thus we can eventually use the results of Section 3, and the conclusion follows.
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2. The truncated Oseen vortex

Fix p > 1 large enough so that {x € R? | |x| > p} C Q. Let x(x) = j(x/p), where ¥ € C*®(R?) is
a radially symmetric cut-off function satisfying x(x) = 0 when |x| < 1, ¥(x) = 1 when |x| > 2, and
0<x(x)=<I1forall x e R2. We define the truncated Oseen vortex (with unit circulation) as follows:

x1

|x|2
EW(l—e_‘“”rt))x(x), xeR?, t>0. 3

ut(x,1) = x(x)O(x,1) =
Since y is radially symmetric and supp x C {x € R? | |x| > p} C R, it is clear that uX(x, ¢) is a smooth
divergence-free vector field which vanishes in a neighborhood of R? \ Q. Let wX = 9; u;( — 82u)1( be the
corresponding vorticity field, namely

2

I 1 |x|
X (x,1) = x(x)E (x, 1) + ——(1 —e_4(1+f>)x V(x), )
27 |x|?
where E(x,¢) is defined in (3). Since uX(x,1) = O(x, ) whenever |x| > 2p, the circulation of uX at
infinity is equal to 1, so that fR2 wX dx = 1. Moreover, a direct calculation shows that
X

Sl (10)

WX - VyuX = %VluXIZ + W) toX = —
hence there exists a radially symmetric function pX(x, ) such that —V pX = (u* - V)uX. This shows that
P(uX-V)uX =0, where P denotes the Leray—Hopf projection in 2, namely the orthogonal projection
in L2(R2)? onto the subspace L2 ().

The following elementary estimates will be useful:

Lemma 2.1. (i) For any p € (2, 00), there exists a constant a, > 0 such that

a
(-, D)l Loy < L. >0 (11)
(I+0)2"»
(ii) For any p € (1, 00], there exists a constant b, > 0 such that
X bl’
[VuX (-, ) Lrr2) < — t=>0. (12)
(I4+12) " »
(iii) Forallt,s > 0, we have
1 1+1¢
X(. —uX(. 2 _
K)o foe (13
(iv) There exists a constant k1 > 0 such that, forall t,s > 0,
IV 1) = V(o) gy <1 | = (14)
’ U e P

Moreover all constants ap, by, and k| are independent of p, and hence of the domain .
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Proof. By (8) we have

zﬂ@x>=xuxXan::j??f%(v§%7)

where g (x) = O(x,0). Since 0 < x < 1 and Oy € L?(R?)? for all p > 2, we find

_ 190llLr @2y
L@ (140)27»

, t=0.

X (- O Lo g2y =

o 777)

1+¢

This proves (11).
Similarly, we have d;uX = x0;® + (3; x)® fori = 1,2. As 3;0®¢ € L?(R?)? for all p > 1, we obtain
as before
_ 10: ol w2
Lr@®) (140>

t=>0. (15)

oo o)

On the other hand, the function 9; x is supported in the annulus

1
”Xai®("t)”LP([R§2) . 1_+t 0

={xeR*|p<|x| <2p}.

and satisfies |9; x(x)| < Cp~! for some C > 0 independent of p. Moreover, it follows from (2) that

1 1
|©(x,1)| < z— min| —., il , xeR%t>0;
2 |x| 4(141)

hence

1 1
|@m@»®uzn<Cmm(2l+j)Dum xeR2, 120,

where 1p is the characteristic function of D. Taking the L# norm of both sides, we thus obtain

1 1 C
1200 meﬁxwmm{Z )5 I (16)
A Y A ) T

Combining (15) and (16), we arrive at (12).
To prove (13), we observe that

1 1 _Ix2 2 \?
X (- 0) =X ) 1 2oy < eTFIFD — e 30Fy | dx

4x? |
1 1+l /1+S
2V 1+1¢

x-Vx(x)( __1x1? __Ixi? )

S |eT T — e 3T ).
27 |x|

1+Z
+ s

for all 7, s > 0. Finally, using (9), we find

X (x,1) =X (x,5) = x(x)(E(x.1) — E(x,5)) —
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Thus [|VuX(-,1)—VuX(- = |loX(-,t)—wX(- (Jl(t HY24 I, s)l/z) where

’s)”iZ(RZ) S)”LZ(RZ)

Ji(t,s) = /Rz X(x)Z(E(x,z)— E(x,s))Z dx < /RZ(E(X,Z)— E(x,s))Z dx

1 1
1+t 1+s/|

1 1 1 4 1
= — + — < —
8 |14+t 1+s t+s+2 8

and

2 2 X2 \2 2 x2 \2
Jo(t,s) :/ M( 4(1|+t) 8_4(|l—||—s)) dx < Cp_4/ (e 4(|1|+t) —e 4(|l—||—r)) dx
R D

2 4m2|x|?
x[2 x|2 1 1
_2 —_ —
5 C/O sup |e 4(+1) — e 41+s) S C 1__+_t _ 1 n .
xeD S

We thus obtain (14), which is the desired estimate. For later use, we also observe that J,(¢, s) can be

bounded by Cp (1 7 Hl—s) , for some C > 0 independent of p. Since p > 1, this gives the alternative
estimate
1] 1 1 1 1P
VuX(-,t)—VuX(-,s)|? < —|—- 2 — - , 17
IV (o) = VX9 ey = o |7~ T e a7
which will be used in Section 4. This concludes the proof of Lemma 2.1. U

The truncated Oseen vortex is not a solution of the Navier—Stokes equation, and therefore we need to
control the remainder term RX = AuX —9d,uX = (Ax)® +2(V - V)0, which has the explicit expression
X - X(X ) (xJ_

RX(x,t) = O(x,t)Ax(x)+2
|x|?

E(x.1) — O(x,1)). (18)

Lemma 2.2. There exists a constant k, > 0 (independent of p) such that, for any p € [1, o0],

2
KopP
[R*(-, )l L m2) < 21'0+t . t=0. (19)
Moreover, for any vector field u € Hl})C (R%)2, we have
K
/RZ RX(x,t) -u(x)dx| < %HVMIILZ(D), t>0, (20)

where D = {x e R? | p < |x| < 2p}.

Proof. Tt is clear from (18) that |RX(x,1)| < Cp~'(141)"'1p(x) for all x € R? and all # > 0, and (19)
follows immediately. Moreover, we have RX(x,¢) = x+QX(x, t) for some radially symmetric scalar
function Q(x,1); hence RX(-,t) has zero mean over the annulus D. If u € Hléc(ﬂ%z)2 and if we denote
by u the average of u over D, the Poincaré—Wirtinger inequality implies

/ RX(x,t)-u(x)dx|=
R2

and using (19) with p = 2 we obtain (20). O

/D RX(x.0)- (u(x) — ) dx| < Col RX(-.0) | 2y | Vit 2y
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3. Asymptotic behavior of small solutions

Given o € R, we consider solutions of (1) of the form
u(x,t) = auX(x,t) +v(x,1), plx,t) =a?pX(x,1) +q(x, 1), (21)

where uX(x, t) is the truncated Oseen vortex (8) and pX is the associated pressure. The perturbation v(x, )
satisfies the no-slip boundary condition and the equation

dv+awX -Vv+a@-VuX+ (w-V)v=Av+aRX—-Vgq, divv=0, (22)

where RX is given by (18). If we apply the Leray—Hopf projection P and use the fact that PR* = RX,
we obtain the equivalent system

v+ aP (W -Vyv+ (v-VyuX)+ P(v-V)v = —A4v + aR”, (23)

where A = —PA is the Stokes operator, which is selfadjoint and nonnegative in L2 () with domain
D(A)=L2(Q)N HO1 ()2 N H?(R)?; see [Constantin and Foias 1988].

In this section, we fix some initial time ¢y > 0 and prove the existence of global solutions to (23) with
small initial data vy = v( -, ¢p) in the energy space. The integral equation associated with (23) is

v(1) = St —1o)vo

t
+ / S(t —s){aR¥(s) — P(v(s) - V)v(s) —aP((X(s)- VIv(s) + (v(s) - V)uX(s))} ds, (24)
o

where v(t) = v(-, ) and S(¢) = exp(—t A) is the Stokes semigroup. For p € (1, 00), we denote by LZ ()
the closure in L?(£2)? of the set of all smooth divergence-free vector fields with compact support in .
We then have the following standard estimates:

Proposition 3.1. The Stokes operator — A generates an analytic semigroup of contractions in Lé(Q).
Moreover, for eacht > 0 the operator S(t) = exp(—t A) extends to a bounded linear operator from LE(Q)
into L2(Q) for 1 < q <2, and there exists a constant C = C(q) > 0 (independent of Q) such that

1_

1_1 1
ta 2||S(OvollL2q) + 14 IVS(O)vollL2@) < CllvollLa), >0, (25)
for all vy € LL(Q). In particular, we can take C =2 in (25) if ¢ = 2.

Since A is selfadjoint and nonnegative, it is clear that {S(¢) };>¢ is an analytic semigroup of contractions
in L2 (). In particular, we have || S(t)vol| ;2 < [voll 2 and £'/2|VS(t)vo | 2 = /2| A2 S (t)vg |12 <
[lvoll 2 forall £ >0 if vy € L2(£2). On the other hand, general L9 — L? estimates for S(¢) were established
in [Borchers and Varnhorn 1993; Dan and Shibata 1999a; 1999b; Kozono and Yamazaki 1995; Maremonti
and Solonnikov 1997], but the corresponding constants depend a priori on the domain 2. The fact
that (25) holds with C independent of {2 was already observed in [Borchers and Miyakawa 1992; Kozono
and Ogawa 1993a]. For the reader’s convenience, we reproduce the proof of (25) in Section 5 below.

The main result of this section is this:
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Proposition 3.2. Fix € (0, 1/2). There exist positive constants K, §, Vq, and Tg such that, if ty > Tg,
if laf =8, and if ||vollr2(@) = Va, then the perturbation equation (23) has a unique global solution
v € CO((tg, 00); L2(2)) such that

sup [[v(®) |l L) + SuP(f —1o)? Vvl L2e@) = 4lvoll2(e) + Kop?la|(1+1)"%.  (26)

1=t

Here Ko and § are independent of Q. In addition, if

M :=sup T || S(0)voll L2(q) + sup it IVS(D)vollL2(q) < o0, (27)
>0 >0
then
sup (t — o) [v(®)ll L2y + SUP(Z — 13 IVl L2@) = 2M + Celal, (28)

1>1o
for some Cq > 0 depending on 2.

Proof. We follow the classical approach of [Fujita and Kato 1964]. Given 7y > 0, we introduce the Banach
space X = {v € C([ty, 00); L2(R2)) N C%((to, o0); HI(Q)Z) | lvllx < oo}, equipped with the norm

lvllx = sup [lv@)] 2 + SUP(I —10) 2] V(1) 2-

=ty

If vg € L2(2), we define () = S(t—to)vg for t > to. In view of (25), we have v € X and |9 x <2|lvo| 12-
On the other hand, given any v € X we define, for ¢ > ¢,

t
(Fu)(t) = / S(t —5)(@RX(s) +aGV(s) + GX(s)) ds = aFo(1) + a(Fiv)(1) + (Fav)(1),

to
where GY(s) = —Pu*(s) - V)v(s) — P(v(s) - V)uX(s) and G (s) = —P(v(s) - V)v(s). We shall show
that /" maps X into X, and that there exist positive constants Cy, C;, C3 o (independent of #) such that

1 1
IFvllx < Cip2lal(l+1)~% +|a|Callvllx + Csallvlk, (29)
[Fv—Folx < |a|C2llv—0llx + Caallvix + vlx)llv—2lx. (30)

forall v, v e X.
To prove (29), we estimate separately the contributions of Fy, Fy, and F,. First, using (25) withg =4/3,
we obtain for ¢ > #j:

1 (l Zo)
(t—s)4 (t— s)4

1 t
IFo(Olze +(—0)* IV Fot)] 2 = € ( )nRX(s)n L GD)

and from Lemma 2.2 we know that | RX(s)| f4/3 < Cp'/2(1 + 5)~! for all s > 0. It follows that
| Follx < CypY2(1 +19)~'/* for some C; > 0 independent of 7y and €2. In a similar way, we find
1 t—t
. (t—t)?
(t—s)z (t— s)4

1 t
POz + G- IV POz < [ S [[STOTNE TS
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Using the fact that the Leray—Hopf projection is a bounded operator in L*/3 (2)2, whose norm depends a
priori on €2, we estimate

) 1 3 Callvl%
Gy 4 = Callv)LallVus)llz = Callv 2 IIVvs)ll; . = ——,
L3 (s—1o)*

for all s > #y. It follows that || Fov|xy < C3,Q||v||§(, where C3 o > 0 is independent of fy. Finally, to
bound Fy, we proceed in a slightly different way in order to obtain a constant C; that does not depend
on 2. Observing that G{ (s) = —AY24712 P div(uX @ v+ v @ uX)(s), and that ||A1/2v||Lz = ||Vv] 12
forall v e L2(Q)) N Hy ()%, we can use (25) with ¢ = 2 to obtain

t 1
[(Fo)(@)|| 2 < /t (t—s)"2|A7V2P divu* @ v + v ® u¥)(s) |2 ds. (33)
0

Similarly, the quantity (1 — to)% [V (Fyv)(?)|| 12 can be bounded by

tthO

1 1

T2 (t—tp)2 L (t—tp)2

/ 2 ﬂ”l‘l_l/zpdi\/(l/ﬂ(@v‘i‘U®Z/IX)(S)”L2(1S+/ (t—19)2
1

_ t+1, 1
0 [—s =0 (t—s)2

IGY(®)llL2ds.  (34)
Since A~1/2 P div defines a bounded operator from L2(2)* into L2 () whose norm is less than or equal
to 1 (see [Sohr 2001, Lemma III-2-6-1]), we have from (11)

”A_l/zP divX @ v+ v @ uX)(s)|| L2 < 2/ ()v(s) L2 < 2ac0(1 + )72 |v|x.
Moreover, using (11) and (12) we find

doollvllx boo|lvlx
(1+s)2(s—10)2 1+s

IGT (L2 = luX()Vv)llL2 + [lv () VuX ()l L2 <

Inserting these estimates into (33) and (34), we obtain || Fiv||x < C,||v||x for some C, > 0 independent
of to and Q. Since Fv =aFy+aFi1v+ F,v, this concludes the proof of (29), and the Lipschitz bound (30)
is established in exactly the same way.

Now let B, = {v e X | |[v|x <r}, where r > 0 is small enough so that 4rC3 g < 1. If we assume
that 4|o|Cy < 1, 8|vg||z2 <, and 4C1 p 2| (1 + 19)~Y/* < r, the estimates above imply that the map
v+ v + Fv leaves the closed ball B, invariant and is a strict contraction in B,. By construction, the
unique fixed point of that map in B, is the desired solution of (24). This proves the existence part of
Proposition 3.2 with

Ko=2Cy, §=

1,4
1 1 4C.C 2
. Vo= . To= Fitsep? )
ac, 32Cs 0 C

In a second step, we assume that (27) holds for some u € (0, 1/2). Given any T > ¢y, we define

1
er= sup (t—t0)*lv@)l2+ sup (t—10)*T2|Vu(®)llL2.
to<t=<T to<t<T
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where v is the solution of (24) constructed in the previous step. Our goal is to show that € is uniformly
bounded by a constant which does not depend on 7. Since v(¢) = S(¢ —t9)vo + (Fv)(¢), we have
1
Er <M+ sup (1=t [[(Fv)@)lg2+ sup (t—10)"* 2| V(Fv)(@)] 2, (35)
to=<t=<T to<t<T

where M is defined in (27). To estimate the last two terms, we proceed as above. Let p € (1,2) be such
that 1/p > p+1/2, and define ¢ € (2, o0) by the relation 1/g =1/p—1/2. Asin (31) and (32), we have
LO(t—tg)* (1—t)Ht2
(( O) +( 0) : )||RX(S)||LpdS,

(t—s)a  (t—s)?

(=to)*| Fo(D)l 2 + (—10)* £ [V Fo(t) 2 < € /

fo

t((t t())'u . (t tO)Ml )HG;(S)HLP ds,

(t—10)* |(Fov)(t)l 2 +(t—fo)“+%||V(sz)(l)||L2 = C/ ( )1 )
{—s)a [—5)7

fo
for t € (¢9, T]. Moreover || RX(s)||Lr < C,o%_l(l +5)~ ! and
2 -2 Collvlxeér
[P((s)- VIv(s)Lr = Callv(s)l|La[Vo(s)z2 = Callv(s)ll V(). = ()T
s —1lo q
for all s € (tg, T']. The term involving F;v is estimated as in (33) and (34), and we find
! (t —to)*ér
(= IER O =€ [ 0
to (1—s)2(145)2(s —to)*
+
T (-1
o (t—s5)(1+5)2(s —to)H
L (t—to)hta € €
C/ (1 —1to) 1 ( ér . T ) ds.
+tg (t_S)j (1 —|—S)§(S—l())’u“+§ (1 +S)(S—10)M

2

ds,

(t — 1)* 2 | V(Fyv)(0)]| 2 < C ds

If we insert these estimates into (35), we obtain after elementary calculations
€ <M ~ 0 2 _L+M+L ~ ~
T <M+ Cipr |a|(1+1) » 2+ Glalér + G gllvlx€ér. (36)

for some positive constants Ci, Gy, 6‘3,9 independent of 7" and #y. Now, taking § and Vg smaller and Tg
larger if needed, we can ensure that Cola| + 6’3,9 lvllx < 1/2. Then (36) implies that

~ 2
Cior!
e <aM 4217 1o
(1+1)r H2
for all T' > ¢y, and (28) follows. This concludes the proof. O

Remark 3.3. The proof of Proposition 3.2 can be modified in a classical way [Fujita and Kato 1964;
Brezis 1994] to yield the following local existence result. For any @ € R, any ¢y > 0, and any v € L(Z, (),
there exists T = T (&, v, ) > 0 such that (23) has a unique solution v € C°([tg, o + T]; L2(R)) N
C%(tg, to + TY; H(; (R2)?) satisfying v(ty) = vo; moreover, any upper bound on |a| + ||vo|l g1 gives a
lower bound on the local existence time 7". In our formulation of Proposition 3.2, smallness conditions
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were imposed on « and vy to ensure global existence, and the assumption on the initial time #y, guarantees
that the smallness condition on « is independent of the domain €2.

4. A logarithmic energy estimate

In this section, we establish our key estimate for large solutions of (23) in the energy space. Fix o € R,
vo € L2(2), and let v € CO([0, T]; L2(2)) N C°((0, T]; Hy ($2)%) be a solution of (23) with initial
data v(0) = vg; see Remark 3.3. We first derive a crude bound on v using a classical energy estimate.
Multiplying both sides of (23) by v and integrating by parts over 2, we find

1d
QEIIU(I)IIiz +IVo@)I72 = afv(@), R¥(1)) = a(v(), (v(2) - V)u* (1)), (37)
where (-, -) denotes the usual scalar product in L2(S2), so that || -||z2 = (-, ) 172 Using (20), we easily
obtain 2242
Kkaple| Kypa
1), RX(t Vo(t < —||Vu(z —
|a{v(r), R*(1))| = 111 ———IVv(@)llr2 = || v(@)ll72 + (1172
for any n € (0, 1]. Moreover, applying (12) with p = oo, we see that
). @) VIFO) = 2 Ol 2.
We thus obtain the energy inequality
2beola] K3 2
||U(f)||Lz+(2 77)||VU(I)||L2_ UT)Z’ 0<t=<T.

Using Gronwall’s lemma, we deduce that

5 t 5 1 +¢ 2boo]c| 5 %;02 2
ol + @ [ 1= () (e + 2225 o

for0<tp<t=<T.

We shall see that estimate (38) is pessimistic for large times, but it already implies that the solutions
of (23) in the energy space L2(Q2) are global. Indeed, (38) shows that the norm ||v(?)||;2 grows at
most polynomially in time, and it is then straightforward to establish a similar result for | Vv(¢)||2. In
particular, the H' norm of v(¢) cannot blow up in finite time, and using Remark 3.3 we conclude that all
solutions of (23) in L?,(Q) are global.

The aim of this section is to establish the following “logarithmic energy estimate”, which improves (38)
for large times.

Proposition 4.1. There exists a constant K1 > 0 (independent of ) such that, for any o € R and any
v € L2(R2), the solution of (23) with initial data vy satisfies, for all t > 1,

t
WO 2y + /0 IVU(s)I1Z2 (g ds < Ki(llvoll7 2 () +@? log(1 +1) + Do), (39)

where Dy, = a* log(1 + |a|) + a2 p?
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Proof. As in (38), we introduce here a parameter n € (0, 1], which will be used in Section 5 below to
specify the optimal smallness condition on the circulation o and prove Corollary 1.4. The reader who is
not interested in optimal constants should set = 1 everywhere.

Given any t > 0, we define

U(x.0) =u(x,t) —auX(x,1 + 1) = v(x, 1) +a(uX(x, 1) —uX(x, 1 + 1)), (40)

for all x € Q2 and all # > 0. Then v satisfies (23) where uX(x, ) and RX(x,t) are replaced by u*(x,t + 1)
and RX(x,t+ 1), respectively. Proceeding exactly as above, we thus obtain the following energy estimate:

3 t 5 1417+ 2boo || N 2,22
150012 + 2~ ) /0 ||Vv(s>||zzdsf(#) (nv(O)niz L) @41

1+t (I1+7)

for all > 0. Now, we fix ¢t > 1 and choose T = Nt — 1, where

2beola|
N = Ngyp=max| 1, ————— ).
log(1+n)

This choice implies that

2boola| 2bcolct]
M = 1+i <1l+n.
I+7 N

On the other hand, using (13), (40), we find

a?

— log(N +1),

@172 = A+m5@)17, + 1: 2luX (@) —u* (t+0)l 72 < AT > + 2

. 1+7n 2 (1+n)a?
||v(0)||22 = T””O”iz + (1+n)a?[Ju*(0) — ”X(T)”iz = 5””0”22 + Y log(N1).
Similarly, using (17), we find
t t t
/0 IVu(s)]2, ds <2 /0 IV3(s)2, ds + 202 /0 IVuX(s) - VuX(s + 0|2, ds

t _ az
<2 / IV s + & log(1 4 1)+ Cplor®
0

Thus, it follows from (41) that

14n)3a? C
Ol = P togr 4 S (Junll + o ogV + D kat) @)
+n)’a? C
[1veeizas = 2 v0g1 40+ Sl +o?7) + Catlogn. @)

for some universal constant C > (. Setting 7 = 1 and using the definition of NV, we see that (39) follows
from (42), (43). O
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5. Estimate for a fractional primitive of the velocity field

In this final section, we consider the solution of (23) with initial data vg € L2(2) N L4(R)?, for some
fixed g € (1,2), and we define u = 1/q—1/2 € (0,1/2). If A is the Stokes operator in L2 (£2), we recall
that A is selfadjoint and nonnegative in L (2, (£2), so that the fractional power AP can be defined for all B >0.
The following result shows that the range of A contains the (dense) subspace L2 (2) N L9(2).

Lemma 5.1 [Borchers and Miyakawa 1992; Kozono and Ogawa 1993a]. Letge (1,2)and u=1/g—1/2.
Forallv e L2(Q) N L1(Q)?, there exists a unique w € D(A*) C L2(Q) such that v = A*w. Moreover,
there exists a constant C = C(q) > 0 (independent of v and Q) such that |w|| 1 2(q) < Cllv||L4(g)-

Remark 5.2. If v, w are as in Lemma 5.1, we define w = A™#v. The fact that inequality ||w||z2(q) <
Cllv||La(q) holds with a constant C independent of the domain €2 follows directly from the proof given
in [Kozono and Ogawa 1993a, Lemmas 2.1 and 2.2].

As a first application of Lemma 5.1, we give a short proof of inequality (25), which was used in
Section 3.

Proof of Proposition 3.1. 1t is sufficient to prove (25) for 1 < ¢ < 2. Let u = 1/g —1/2, and let
vo € L2(2) N L9()?. By Lemma 5.1, there exists a unique wo € D(A4*) such that vy = A¥wy. Thus
[S@voll L2y = 14*S@OwollL2(0) = ¢ *llwoll 2@y = Ct ™ llvollLa(w).

with C depending only on g. The estimate for the first derivative is proved in the same way, since
IVS(©)vollL2) = IA¥T/2S(t)wol2(q)- This proves (25) for all v € L2(R2) N L9(2)?, and the
general case follows by a density argument. O

Let v e C2([0, 00): L2(£2)) N C°((0, 00); H (2)?) be the solution of (23) with initial data vo, which
was constructed in Sections 3 and 4. Since vy € LZ(Q) by assumption, it is rather straightforward to
verify that v(¢) € LL(Q) for all 1 > 0. Thus, by Lemma 5.1, we can define w(t) = A~ *v(¢) for all > 0.
This quantity solves the equation

0w + Aw + aFy (uX, v) + aFy (v, uX) + Fu(v,v) = aA™*RX, (44)
where F, (u,v) is the bilinear term formally defined by
Fu(u,v)=A"*Pu- V). (45)

We refer to [Kozono and Ogawa 1993a, Section 2] for a rigorous definition and a list of properties of the
bilinear map F,. Our goal here is to establish the following estimate:

Proposition 5.3. There exist positive constants K, and c (independent of Q) such that, for any a € R
and any solution v of (23) with initial data vy € L2(2) N L9(Q)?, the function w(t) = A~ v(t) satisfies,
forallt > 1,

t
2
w7, + [0 IVw(s)[17,ds < Ka(1+ 1) exp(Ka(lvoll > + Da,p))(Ivoll7a + p7a),  (46)

where Dy , = a* log(1 + ||) + a2 p2.
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Proof. Taking the scalar product of both sides of (44) with w, we obtain

2dt IIw(t)IILz 1A 2w@)13 5 + e Fu@X (), v(0), w(®)) + o Fu(v(0), uX (1)), w(t))
+ (Fu(u(0), v(0)), w(r)) = a{ AT* RX(1), w(t)). (47)

We recall that || 4!/ 2w| > = |Vw]|z2 for all w € D(A4'/2) = L2(Q) N H}()?. To bound the other
terms, we observe that

— _ 1_
[(Fu@”, v), w)| = [{(@*-V)v, A”7Fw)| = [(@X - V) A w, v)| < [uX| Lol A2 Hw] 2 ]v]l 2
1_
= uX oo | A2 w2 A w2 < ¥ | Lo |4 2w L2 [w]l 2,

where in the last inequality we used the interpolation inequality for fractional powers of A. The same
argument shows that |{F,, (v, uX), w)| < |[uX||Leo | A ?w| 2 |w| 2. In a similar way, we find

_ _ 1_
[{Fu(v,v),w)| = [{(v-V)v, ATHw)| = [((v- V) A w, v)| < [v]| 7442 w]| 2
1_

< CZIVvll2llvlip2 42wl g2 < CEI Vol 2|4 2wl 2wl 2,

where Cy > 0 is the best constant of Gagliardo—Nirenberg’s inequality
1 L
1 lzo) = Coll £ 172y IV S 172y (48)

Finally, since |(A™* RX, w)| = (RX, A7 w)| < k2p(1 +1)7! ||A2 “Hw]| z2 by (20), we can use interpo-
lation and Young’s inequality to obtain

w2, ¢ypta?

AHRY. kaplol 2, 1 S22 < T4V 2 ,

1+ Wiz =74

for some exponents yy, y, > 1 satisfying y, +2uy; = 2. Here n € (0, 1] is as in the proof of Proposition 4.1,
and C, > 0 denotes a constant depending only on 7. Inserting all these estimates into (47), we arrive at

||w||iz Cpp*a?
I+ (A +0)r2’

d n
allwlliz +2||Vw|;, <2H|Vw| 2wz + EIIVwIIiz + (49)

where H = 2|a|||u*| Lo + C2||VV| 2.
To exploit (49), we apply Young’s inequality again and obtain the differential inequality

d 5 ) H? 1 2 Cyp?a?
- \Y < ’
a7 Wl +nliVelz. < (2—3n/2 * 1+ el + (1+1)r

which can be integrated using Gronwall’s lemma. The result is

D(1)

t
lw@2, +n /0 ||Vw(s>llizdsSCGXP(—1_3,7/4

)(nwouiz L Cppta?), 120, (50)

where ®(¢) = % fé H (s)?ds and C is a positive constant depending only on y;, . It remains to estimate
the quantity ®(¢) in (50). Using (11) with p = oo, the logarithmic energy estimate (43), and Minkowski’s
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inequality, we find

d " 2lalaso 2
2<I>(t)=/0 H(s)zdSS/O {erCfIIVv(S)IILz} ds

C2(1+n)?

2
< {laIlog(l +z)1/2(zaoo + ) + Cy(llvoll L2 + DY/? }

V21
<2Co(1+m*e®log(1+1) + Cy(lvoll2 + Dap). 121, (51)
where Dgy, p, = @?log(1 + |a|) + a?p? and
I 2\
Co= (2000 + —) . 52)

If we now replace (51) into (50) and set n = 1, we obtain (46) since ||wg||;2 < C|lvo||L« by Lemma 5.1.
This concludes the proof. O

Corollary 5.4. Under the assumptions of Proposition 5.3, there exists a positive constant K depending
on Q, a, and ||vo||f2nra such that, for any T > 2, there exists a time t € [T /2, T| for which

2_
o122 = K(1 4028, (53)

Proof. Fix T > 2. In view of (46), there exists a time ¢ € [T'/2, T] such that

2 (T 2
”Vw(l)”iz = 7/ ||Vw(s)||i2 ds < TC(I 4 T)caZ < 2ca2—|—2c(1 n t)caz_l’
T/2

where C depends on p, «, and ||vg || ;2.4 Moreover, ||w(t)||i2 <C(l+ t)c‘"2 by (46). Thus, using the

;;2“, we obtain (53). O

interpolation inequality |[v(?)| ;2 = [|[A*w(¢)| 2 < ||Vw(t)||i’§||w(t)||
Proof of Theorem 1.2. Fix q € (1,2), and assume that € > 0 is small enough so that ce? < 2y, where
uw=1/g—1/2and c is as in Proposition 5.3. We also suppose that € < §, where 6 > 0 is as in Proposition 3.2.
Given a € [—€, €] and vy € L2() N LI(R)2, let v € C([0, 00); L2(2)) N CO((0, o0); Ho1 (22)?) be the
solution of (23) with initial data v(0) = vg, which was constructed in Sections 3 and 4. In view of (53),
since ca? < 2/1, we can take 7y > 0 large enough (depending on €2, o, and vy) so that |[v(z)| ;2 < Va,
where Vg is as in Proposition 3.2. Moreover, since v(fg) = A*w(ty) for some w(zy) € Lf,(Q), we have
1
sup (S (t)vo | L2 + sup T T2 | VS(D)vg 2 = Cllw(zo) | 2 < 0.

>0 >0

Applying Proposition 3.2, we conclude that the solution v of (23) satisfies (28), namely
lu(-.0) =X (- )| g2 + 2 [Vu(- 1) —aVuX (-, 1) p2eg) = O H), (54)
ast — 00. But [|uX — Bl 2+ |VuX =VO| 2 < C(1+1)~! for all > 0; hence (6) follows from (54). O

Proof of Corollary 1.4. The proof of Proposition 5.3 shows that the constant ¢ in (46), (53) satisfies
¢ < Co(1 4+ 0(n)), where Cy is defined in (52) and 5 € (0, 1] can be chosen arbitrarily small. On the
other hand, since by assumption vo € L2(Q2) N L9(2)? for all ¢ € (1,2), we can take p = 1/q —1/2
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/ 2, we see that the condition ca® < 2

arbitrarily close to 1/2. Thus, if we assume that |o| < €4 = CO_1
can be fulfilled by an appropriate choice of 1 and . Now, take # > 2 and let 7o € [t/2, ¢] be the time

defined in Corollary 5.4, for which ||v(lo)||i2 < K(1+ to)c"‘z_z". Using (38) with n = 1, we conclude

141¢
141

2boo ||
_ 2_
o)1 EC( ) ()72 + (1 +10)7") = C(1+0)* " ——,

which is the desired result. Here the constant C > 0 depends on «, p, and vg, but not on . To estimate €,
we use (52) and observe that doo = ||®¢|| oo 2 0.050784. Moreover, the optimal constant in the Gagliardo—
Nirenberg inequality (48) satisfies Cf < 2/(37); see [Del Pino and Dolbeault 2002]. Using these values,
we find Cy < 0.0407108; hence €4 = Co_l/2 > 4.95616. Finally, it was kindly pointed out to us by Jean
Dolbeault that the optimal constant Cyx can be computed numerically: Cx = 0.6430. This yields the
approximate value €4 ~ 5.306. O

Appendix: Proof of Proposition 1.3

We recall the following characterization of the space Wol ’ap (Q)forl < p<2:

1,p . 2 . .
Wo 2 () = {ue L7 () | |VulLr <00, u=00ndQ, divu =0 in Q} (A-1)

(see, e.g., [Galdi 1994, Chapter I11.5]). Here Vu and div u# denote weak derivatives of u, and the condition
“u =0 on 0Q” means that the boundary trace of «, which is well defined because Vu € L (2)*, vanishes.
Given ug € Wol’ap () satisfying (7), we define u : R? — R? and  : R — R? by

u(x):{uo(x) if x € Q, w(x):{a)o(x) if x e Q,
0 ifxgQ, 0 ifxe¢q.

Since u = 0 on K2, we have Vu € L?(R?)* and 0 u» — dru; = w € LP(R?). Moreover (7) implies
that @ € L?(m) for some m > 2/q > 1, where

L*(m) = {a) e L*(R?)

/ (14 [x]»)™w(x)|? dx < oo}.
R2

Thus, using Holder’s inequality, it is easy to verify that @ € L' (R?), so that we can define

oz=/Rza)(x)dx=/Qa)0(x)dx.

Moreover, using the Biot—Savart formula in R? and the fact that u € L*p/ (2—p)(R2)2’ we obtain the
equality
(x =)

B I [ (x=p*
27 Jg2 |x— )

21 Jo |x—y|?

u(x) w(y)dy = wo(y)dy, (A-2)

for almost all x € R%2. We emphasize at this point that the representation (A-2) is not what is usually
called the Biot—Savart law in the domain €2, because the velocity field defined by (A-2) for an arbitrary
vorticity wo € L!(£2) will not, in general, be tangent to the boundary on dQ. However, if we start from a
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velocity field uq that vanishes on d€2, the argument above shows that (A-2) holds with wy = curl ug. We
refer to [Iftimie et al. 2003] for a more detailed discussion of the Biot—Savart law in a two-dimensional
exterior domain.

Now, we decompose

u(x) = auX(x,0) +v(x), o(x)=awX(x,0)+w(x), xecR>

where uX, wX are defined in (8), (9). By construction, we have w € L?(m) and fRZ wdx = 0. Applying
[Gallay and Wayne 2002, Proposition B.1], we deduce that the corresponding velocity field v, which is
obtained from w via the Biot—Savart law in R2, satisfies

/ (14 x5 ool dx < oo,
RZ

for all > 2. Using Holder’s inequality again, we conclude that v € L*(R?)?2 for all s > 2/m; hence in
particular v € L?(R?)? N L4(R?)2. Clearly v(x) = 0 for all x ¢ Q; hence denoting by vy the restriction
of v to Q we obtain (4) with vy € L2(Q) N LI(Q)?2. O

Acknowledgements

This work was initiated during a visit of Y. M. at Université Joseph Fourier (Grenoble I), whose hospitality
is gratefully acknowledged.

References

[Bae and Jin 2006] H.-O. Bae and B. J. Jin, “Asymptotic behavior for the Navier—Stokes equations in 2D exterior domains”, J.
Funct. Anal. 240:2 (2006), 508-529. MR 2008e:35145 Zbl 1115.35095

[Borchers and Miyakawa 1992] W. Borchers and T. Miyakawa, “Lz—decay for Navier—Stokes flows in unbounded domains, with
application to exterior stationary flows”, Arch. Rational Mech. Anal. 118:3 (1992), 273-295. MR 93i:35100 Zbl 0756.76018

[Borchers and Varnhorn 1993] W. Borchers and W. Varnhorn, “On the boundedness of the Stokes semigroup in two-dimensional
exterior domains”, Math. Z. 213:2 (1993), 275-299. MR 94i:35160 Zbl 0794.35070

[Brezis 1994] H. Brezis, “Remarks on the preceding paper by M. Ben-Artzi: “Global solutions of two-dimensional Navier—Stokes
and Euler equations””, Arch. Rational Mech. Anal. 128:4 (1994), 359-360. MR 96h:35149 Zbl 0837.35112

[Carpio 1994] A. Carpio, “Asymptotic behavior for the vorticity equations in dimensions two and three”, Comm. Partial
Differential Equations 19:5-6 (1994), 827-872. MR 95f:35193 Zbl 0816.35108

[Constantin and Foias 1988] P. Constantin and C. Foias, Navier—Stokes equations, University of Chicago Press, Chicago, IL,
1988. MR 90b:35190 Zbl 0687.35071

[Dan and Shibata 1999a] W. Dan and Y. Shibata, “On the L;—L, estimates of the Stokes semigroup in a two-dimensional
exterior domain”, J. Math. Soc. Japan 51:1 (1999), 181-207. MR 99m:35185 Zbl 0924.35094

[Dan and Shibata 1999b] W. Dan and Y. Shibata, “Remark on the Lg-L estimate of the Stokes semigroup in a 2-dimensional
exterior domain”, Pacific J. Math. 189:2 (1999), 223-239. MR 2000g:35167 Zbl 0931.35021

[Del Pino and Dolbeault 2002] M. Del Pino and J. Dolbeault, “Best constants for Gagliardo—Nirenberg inequalities and
applications to nonlinear diffusions”, J. Math. Pures Appl. (9) 81:9 (2002), 847-875. MR 2003h:35051 Zbl 1112.35310

[Fujita and Kato 1964] H. Fujita and T. Kato, “On the Navier—Stokes initial value problem, I, Arch. Rational Mech. Anal. 16
(1964), 269-315. MR 29 #3774 Zbl 0126.42301

[Galdi 1994] G. P. Galdi, An introduction to the mathematical theory of the Navier—Stokes equationsm, I: Linearized steady
problems, Springer Tracts in Natural Philosophy 38, Springer, New York, 1994. MR 95i:35216a Zbl 0949.35004


http://dx.doi.org/10.1016/j.jfa.2006.04.029
http://msp.org/idx/mr/2008e:35145
http://msp.org/idx/zbl/1115.35095
http://dx.doi.org/10.1007/BF00387899
http://dx.doi.org/10.1007/BF00387899
http://msp.org/idx/mr/93i:35100
http://msp.org/idx/zbl/0756.76018
http://dx.doi.org/10.1007/BF03025722
http://dx.doi.org/10.1007/BF03025722
http://msp.org/idx/mr/94i:35160
http://msp.org/idx/zbl/0794.35070
http://dx.doi.org/10.1007/BF00387713
http://dx.doi.org/10.1007/BF00387713
http://msp.org/idx/mr/96h:35149
http://msp.org/idx/zbl/0837.35112
http://dx.doi.org/10.1080/03605309408821037
http://msp.org/idx/mr/95f:35193
http://msp.org/idx/zbl/0816.35108
http://msp.org/idx/mr/90b:35190
http://msp.org/idx/zbl/0687.35071
http://dx.doi.org/10.2969/jmsj/05110181
http://dx.doi.org/10.2969/jmsj/05110181
http://msp.org/idx/mr/99m:35185
http://msp.org/idx/zbl/0924.35094
http://dx.doi.org/10.2140/pjm.1999.189.223
http://dx.doi.org/10.2140/pjm.1999.189.223
http://msp.org/idx/mr/2000g:35167
http://msp.org/idx/zbl/0931.35021
http://dx.doi.org/10.1016/S0021-7824(02)01266-7
http://dx.doi.org/10.1016/S0021-7824(02)01266-7
http://msp.org/idx/mr/2003h:35051
http://msp.org/idx/zbl/1112.35310
http://dx.doi.org/10.1007/BF00276188
http://msp.org/idx/mr/29:3774
http://msp.org/idx/zbl/0126.42301
http://dx.doi.org/10.1007/978-1-4612-5364-8
http://dx.doi.org/10.1007/978-1-4612-5364-8
http://msp.org/idx/mr/95i:35216a
http://msp.org/idx/zbl/0949.35004

LONG-TIME ASYMPTOTICS FOR TWO-DIMENSIONAL EXTERIOR FLOWS 991

[Gallay and Wayne 2002] T. Gallay and C. E. Wayne, “Invariant manifolds and the long-time asymptotics of the Navier—Stokes
and vorticity equations on R2”, Arch. Ration. Mech. Anal. 163:3 (2002), 209-258. MR 2003¢:37123 Zbl 1042.37058

[Gallay and Wayne 2005] T. Gallay and C. E. Wayne, “Global stability of vortex solutions of the two-dimensional Navier—Stokes
equation”, Comm. Math. Phys. 255:1 (2005), 97-129. MR 2005m:35224 Zbl 1139.35084

[Giga and Kambe 1988] Y. Giga and T. Kambe, “Large time behavior of the vorticity of two-dimensional viscous flow and its
application to vortex formation”, Comm. Math. Phys. 117:4 (1988), 549-568. MR 89k:35182 Zbl 0661.76018

[He and Miyakawa 2006] C. He and T. Miyakawa, “Nonstationary Navier—Stokes flows in a two-dimensional exterior domain
with rotational symmetries”, Indiana Univ. Math. J. 55:5 (2006), 1483-1555. MR 2008a:35210 Zbl 1122.35095

[Iftimie et al. 2003] D. Iftimie, M. C. Lopes Filho, and H. J. Nussenzveig Lopes, “Two dimensional incompressible ideal flow
around a small obstacle”, Comm. Partial Differential Equations 28:1-2 (2003), 349-379. MR 2004d:76009 Zbl 1094.76007

[Iftimie et al. 2011] D. Iftimie, G. Karch, and C. Lacave, “Self-similar asymptotics of solutions to the Navier-Stokes system in
two dimensional exterior domain”, preprint, 2011. arXiv 1107.205

[Kato and Fujita 1962] T. Kato and H. Fujita, “On the nonstationary Navier—Stokes system”, Rend. Sem. Mat. Univ. Padova 32
(1962), 243-260. MR 26 #495 Zbl 0114.05002

[Kozono and Ogawa 1993a] H. Kozono and T. Ogawa, “Decay properties of strong solutions for the Navier—Stokes equations in
two-dimensional unbounded domains”, Arch. Rational Mech. Anal. 122:1 (1993), 1-17. MR 94d:35130 Zbl 0781.35053

[Kozono and Ogawa 1993b] H. Kozono and T. Ogawa, “Two-dimensional Navier—Stokes flow in unbounded domains”, Math.
Ann. 297:1 (1993), 1-31. MR 94h:35207 Zbl 0796.35129

[Kozono and Yamazaki 1995] H. Kozono and M. Yamazaki, “Local and global unique solvability of the Navier-Stokes exterior
problem with Cauchy data in the space L™, Houston J. Math. 21:4 (1995), 755-799. MR 97a:35175 Zbl 0848.35099

[LadyZenskaja 1959] O. A. LadyZenskaja, “Solution “in the large” of the nonstationary boundary value problem for the
Navier—Stokes system with two space variables”, Comm. Pure Appl. Math. 12 (1959), 427-433. MR 21 #7674 Zbl 0103.19502

[Leray 1933] J. Leray, “Etude de diverses équations intégrales non linéaires et de quelques problémes que pose I’hydrodyna-
mique”, J. Math. Pures Appl. (9) 12 (1933), 1-82. Zbl 0006.16702

[Leray 1934] J. Leray, “Essai sur les mouvements plans d’une liquide visqueux que limitent des parois”, J. Math. Pures Appl. (9)
13 (1934), 331-418. JFM 60.0727.01

[Lions and Prodi 1959] J.-L. Lions and G. Prodi, “Un théoreme d’existence et unicité dans les équations de Navier—Stokes en
dimension 2, C. R. Acad. Sci. Paris 248 (1959), 3519-3521. MR 21 #7676 Zbl 0091.42105

[Majda and Bertozzi 2002] A.J. Majda and A. L. Bertozzi, Vorticity and incompressible flow, Cambridge Texts in Applied
Mathematics 27, Cambridge University Press, 2002. MR 2003a:76002 Zbl 0983.76001

[Maremonti and Solonnikov 1997] P. Maremonti and V. A. Solonnikov, “On nonstationary Stokes problem in exterior domains”,
Ann. Scuola Norm. Sup. Pisa CI. Sci. (4) 24:3 (1997), 395-449. MR 99¢:35092 Zbl 0958.35103

[Masuda 1984] K. Masuda, “Weak solutions of Navier—Stokes equations”, Tohoku Math. J. (2) 36:4 (1984), 623-646.
MR 86a:35117 Zbl 0568.35077

[Sohr 2001] H. Sohr, The Navier—Stokes equations: An elementary functional analytic approach, Birkhduser, Basel, 2001.
MR 2004b:35265 Zbl 0983.35004

Received 28 Feb 2012. Accepted 6 Aug 2012.

THIERRY GALLAY: Thierry.Gallay@ujf-grenoble.fr
Institut Fourier, Université de Grenoble I, 100 rue des Maths, B.P. 74, 38402 Saint-Martin-d’Héres, France
http://www-fourier.ujf-grenoble.fr/~gallay

YASUNORI MAEKAWA: yasunori@math.kobe-u.ac.jp
Department of Mathematics, Graduate School of Science, Kobe University, 1-1 Rokkodai, Nada-ku, Kobe 657-8501, Japan
http://www.math.kobe-u.ac.jp/home-j/yasunori.html

mathematical sciences publishers :'msp


http://dx.doi.org/10.1007/s002050200200
http://dx.doi.org/10.1007/s002050200200
http://msp.org/idx/mr/2003c:37123
http://msp.org/idx/zbl/1042.37058
http://dx.doi.org/10.1007/s00220-004-1254-9
http://dx.doi.org/10.1007/s00220-004-1254-9
http://msp.org/idx/mr/2005m:35224
http://msp.org/idx/zbl/1139.35084
http://dx.doi.org/10.1007/BF01218384
http://dx.doi.org/10.1007/BF01218384
http://msp.org/idx/mr/89k:35182
http://msp.org/idx/zbl/0661.76018
http://dx.doi.org/10.1512/iumj.2006.55.2726
http://dx.doi.org/10.1512/iumj.2006.55.2726
http://msp.org/idx/mr/2008a:35210
http://msp.org/idx/zbl/1122.35095
http://dx.doi.org/10.1081/PDE-120019386
http://dx.doi.org/10.1081/PDE-120019386
http://msp.org/idx/mr/2004d:76009
http://msp.org/idx/zbl/1094.76007
http://msp.org/idx/arx/1107.205
http://www.numdam.org/item?id=RSMUP_1962__32__243_0
http://msp.org/idx/mr/26:495
http://msp.org/idx/zbl/0114.05002
http://dx.doi.org/10.1007/BF01816552
http://dx.doi.org/10.1007/BF01816552
http://msp.org/idx/mr/94d:35130
http://msp.org/idx/zbl/0781.35053
http://dx.doi.org/10.1007/BF01459486
http://msp.org/idx/mr/94h:35207
http://msp.org/idx/zbl/0796.35129
http://msp.org/idx/mr/97a:35175
http://msp.org/idx/zbl/0848.35099
http://dx.doi.org/10.1002/cpa.3160120303
http://dx.doi.org/10.1002/cpa.3160120303
http://msp.org/idx/mr/21:7674
http://msp.org/idx/zbl/0103.19502
http://msp.org/idx/zbl/0006.16702
http://msp.org/idx/jfm/60.0727.01
http://msp.org/idx/mr/21:7676
http://msp.org/idx/zbl/0091.42105
http://msp.org/idx/mr/2003a:76002
http://msp.org/idx/zbl/0983.76001
http://www.numdam.org/item?id=ASNSP_1997_4_24_3_395_0
http://msp.org/idx/mr/99c:35092
http://msp.org/idx/zbl/0958.35103
http://dx.doi.org/10.2748/tmj/1178228767
http://msp.org/idx/mr/86a:35117
http://msp.org/idx/zbl/0568.35077
http://dx.doi.org/10.1007/978-3-0348-8255-2
http://msp.org/idx/mr/2004b:35265
http://msp.org/idx/zbl/0983.35004
mailto:Thierry.Gallay@ujf-grenoble.fr
http://www-fourier.ujf-grenoble.fr/~gallay
mailto:yasunori@math.kobe-u.ac.jp
http://www.math.kobe-u.ac.jp/home-j/yasunori.html
http://msp.org

Michael Aizenman

Luis A. Caffarelli

Michael Christ

Ursula Hamenstaedt

Vaughan Jones

Izabella Laba

L4szl6 Lempert

Frank Merle

Werner Miiller

Gilles Pisier

Igor Rodnianski

Sylvia Serfaty

Terence Tao

Gunther Uhlmann

Dan Virgil Voiculescu

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Maciej Zworski

zworski @math.berkeley.edu

University of California
Berkeley, USA

BOARD OF EDITORS

Princeton University, USA

aizenman @math.princeton.edu
University of Texas, USA

caffarel @math.utexas.edu

University of California, Berkeley, USA
mchrist@math.berkeley.edu

Universitit Bonn, Germany
ursula@math.uni-bonn.de

University of California, Berkeley, USA
vir@math.berkeley.edu

University of British Columbia, Canada
ilaba@math.ubc.ca

Purdue University, USA

lempert @math.purdue.edu

Université de Cergy-Pontoise, France
Frank.Merle @u-cergy.fr

Universitit Bonn, Germany
mueller@math.uni-bonn.de

Texas A&M University, and Paris 6
pisier@math.tamu.edu

Princeton University, USA

irod @math.princeton.edu

New York University, USA

serfaty @cims.nyu.edu

Nicolas Burq

Sun-Yung Alice Chang

Charles Fefferman

Nigel Higson

Herbert Koch

Gilles Lebeau

Richard B. Melrose

William Minicozzi IT

Yuval Peres

Tristan Riviere

Wilhelm Schlag

Yum-Tong Siu

University of California, Los Angeles, USA  Michael E. Taylor

tao@math.ucla.edu
University of Washington, USA
gunther @math.washington.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

Andrés Vasy

Steven Zelditch

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

Université Paris-Sud 11, France
nicolas.burq@math.u-psud.fr

Princeton University, USA

chang @math.princeton.edu

Princeton University, USA
cf@math.princeton.edu

Pennsylvania State Univesity, USA
higson@math.psu.edu

Universitit Bonn, Germany
koch@math.uni-bonn.de

Université de Nice Sophia Antipolis, France
lebeau @unice.fr

Massachussets Institute of Technology, USA
rbm@math.mit.edu

Johns Hopkins University, USA
minicozz@math.jhu.edu

University of California, Berkeley, USA
peres @stat.berkeley.edu

ETH, Switzerland

riviere @math.ethz.ch

University of Chicago, USA
schlag@math.uchicago.edu

Harvard University, USA
siu@math.harvard.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

Stanford University, USA

andras @math.stanford.edu

Northwestern University, USA
zelditch@math.northwestern.edu

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2013 is US $160/year for the electronic version, and $310/year (+$35, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscribers address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and

additional mailing offices.

APDE peer review and production are managed by EditFLoW® from Mathematical Sciences Publishers.

PUBLISHED BY
:- mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/

© 2013 Mathematical Sciences Publishers


http://msp.berkeley.edu/apde
mailto:zworski@math.berkeley.edu
mailto:aizenman@math.princeton.edu
mailto:nicolas.burq@math.u-psud.fr
mailto:caffarel@math.utexas.edu
mailto:chang@math.princeton.edu
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:higson@math.psu.edu
mailto:vfr@math.berkeley.edu
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:lebeau@unice.fr
mailto:lempert@math.purdue.edu
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:mueller@math.uni-bonn.de
mailto:peres@stat.berkeley.edu
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:schlag@math.uchicago.edu
mailto:serfaty@cims.nyu.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:production@msp.org
http://msp.berkeley.edu/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 6 No. 4 2013

Cauchy problem for ultrasound-modulated EIT
GUILLAUME BAL

Sharp weighted bounds involving A
TuoMAS HYTONEN and CARLOS PEREZ

Periodicity of the spectrum in dimension one
ALEX IOSEVICH and MIHAL N. KOLOUNTZAKIS

A codimension-two stable manifold of near soliton equivariant wave maps
IOAN BEJENARU, JOACHIM KRIEGER and DANIEL TATARU

Discrete Fourier restriction associated with KdV equations
YI HU and XIAOCHUN LI

Restriction and spectral multiplier theorems on asymptotically conic manifolds
COLIN GUILLARMOU, ANDREW HASSELL and ADAM SIKORA

Homogenization of Neumann boundary data with fully nonlinear operator
SUNHI CHOI, INWON C. KIM and KI-AHM LEE

Long-time asymptotics for two-dimensional exterior flows with small circulation at infinity
THIERRY GALLAY and YASUNORI MAEKAWA

Second order stability for the Monge—Ampere equation and strong Sobolev convergence of
optimal transport maps
GUIDO DE PHILIPPIS and ALESSIO FIGALLI

751

777

819

829

859

893

951

973

993



	1. Introduction
	2. The truncated Oseen vortex
	3. Asymptotic behavior of small solutions
	4. A logarithmic energy estimate
	5. Estimate for a fractional primitive of the velocity field
	Appendix: Proof of 0=thm.101=Proposition 1.3
	Acknowledgements
	References
	
	

