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DISCRETE FOURIER RESTRICTION ASSOCIATED WITH KDV EQUATIONS

Y1 HU AND XIAOCHUN LI

In this paper, we consider a discrete restriction associated with KdV equations. Some new Strichartz
estimates are obtained. We also establish the local well-posedness for the periodic generalized Korteweg—
de Vries equation with nonlinear term F(u)d,u provided F € C> and the initial data ¢ € H® with
s>1/2.

1. Introduction

The discrete restriction problem associated with KdV equations is a problem asking the best constant
A, y satisfying

N
Do ) < ANl fI, (1-1)
n=—N

where f is a periodic function on T2, f is the Fourier transform of f on T2, p > 2,and p' = p/(p — 1).
It is natural to pose a conjecture asserting that for any ¢ > 0, A, y satisfies

C,N'=8/P+e  for p > 8,

Ap.N = {C 1-2)

» for2 <p <8.

It was proved by Bourgain that Ag y < N°®. The desired upper bound for Ag_y is not yet obtained; however,
we are able to establish an affirmative answer for large p.

Theorem 1.1. Let A, y be defined as in (1-1). If p > 14, for any € > 0, there exists a constant C),
independent of N such that
Apn < C,N!=8/PFe, (1-3)

The periodic Strichartz inequality associated to KdV equations is the inequality seeking the best
constant K, y satisfying

N
., 3 .
2 : aneZﬂttn +2mwixn
n=—N

By duality, we immediately see that

N 1/2
sK,,,N< > |an|2) : (1-4)
n=—N

LY (TxT)

Kp,N ~ Ap,N .
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Hence, Theorem 1.1 is equivalent to Strichartz estimates,
K,n <CN'>4/rte for p > 14. (1-5)

It was observed by Bourgain that the periodic Strichartz inequalities (1-4) for p =4, 6 are crucial for
obtaining the local well-posedness of periodic KAV (mKdV or gKdV). The local (global) well-posedness
of periodic KdV for s > 0 was first studied by Bourgain [1993b]. Via a bilinear estimate approach, Kenig,
Ponce, and Vega [Kenig et al. 1996] established the local well-posedness of periodic KdV for s > —1/2.
The sharp global well-posedness of the periodic KdV was proved by Colliander, Keel, Staffilani, Takaoka,
and Tao [Colliander et al. 2003], by utilizing the /-method.

Inspired by Bourgain’s work, we can obtain the following theorem on gKdV. Here the gKdV is the
generalized Korteweg—de Vries (gKdV) equation

{ut+uxxx+ukux =0, (1-6)

ux,0)=¢x), xeT,teR,
where k € N and k£ > 3.
Theorem 1.2. The Cauchy problem (1-6) is locally well-posed if the initial data ¢ € H® for s > 1/2.

Theorem 1.2 is not new. It was proved by Colliander, Keel, Staffilani, Takaoka, and Tao [Colliander
et al. 2004], but our method is different. The method used by those authors is based on a rescaling
argument and the bilinear estimates proved by Kenig, Ponce and Vega [Kenig et al. 1996]. Our method is
more straightforward and does not need the rescaling argument, the bilinear estimates, or the multilinear
estimates in the earlier papers. This allows us to extend Theorem 1.2 to a very general setting. More
precisely, consider the Cauchy problem for periodic generalized Korteweg—de Vries (gKdV) equation

XXX F x — Y,
{ut+u +Fwu, =0 (1-7)

ux,0)=¢x), xeT,telR.

Here F is a suitable function. Then the following theorem can be established.

Theorem 1.3. The Cauchy problem (1-7) is locally well-posed provided F is a C> function and the initial
data ¢ € H® fors > 1/2.

For sufficiently smooth F, say F € C 15 the existence of a local solution of (1-7) for s > 1 and the
global well-posedness of (1-7) for small data ¢ € H*® with s > 3/2 were proved by Bourgain [1995]. The
index 1/2 is sharp because the ill-posedness of (1-6) for s < 1/2 is known; see [Colliander et al. 2004].
In order to make Theorem 1.3 well-posed for the initial data ¢ € H*® with s > 1/2, the sharp regularity
condition for F is perhaps C*. But the method utilized in this paper, with a small modification, seems
only to be able to reach an affirmative result for F € C®/?* and s > 1/2. Moreover, the endpoint s = 1/2
case could possibly be done by combining the ideas from [Colliander et al. 2004] and this paper. We do
not pursue this here.
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2. Proof of Theorem 1.1

Proof. To prove Theorem 1.1, we need to introduce a level set. Since \/A, v ~ K, v, it suffices to prove
the Strichartz estimates (1-4). Let Fy be a periodic function on T? given by

N

FN(X, l,) — Z aneZHinerHin3l’ (2_1)
n=—N

where {a,} is a sequence with ) _, la,|*> =1 and (x, t) € T2. For any A > 0, set a level set E; to be
Ey={(x,1) € T>: |Fy(x,1)| > A}. (2-2)
To obtain the desired estimate for the level set, let us first state a lemma on Weyl’s sums.

Lemma 2.1. Suppose that t € T satisfies |t —a/q| < 1/q*, where a and q are relatively prime. Then if
q>N?, N
Zezm(tn3+bn2+cn) < CN1/4+8q1/4. (2-3)

n=1

Here b and c are real numbers, and the constant C is independent of b, c, t, a, q, and N.

The proof of Lemma 2.1 relies on Weyl’s squaring method. See [Hua 1965] or [Montgomery 1994]
for details. We also need the following lemma.

Lemma 2.2 [Bourgain 1993a]. For any integer Q > 1 and any integer n # 0, and any ¢ > 0,

Z Z eZm’(a/q)n

0=q<2Q0 'acP,

< C.d(n, Q)Q'"*.

Here P is given by
P,={aeN:1<a=<qgand(a,q)=1}, (2-4)

and d(n, Q) denotes the number of divisors of n less than Q and C. is a constant independent of Q, n.

Lemma 2.2 can be proved by observing that the arithmetic function defined by f(¢) =), e2rila/qn

aeP,
is multiplicative, and then utilizing the prime factorization for ¢ to conclude the lemma.

Proposition 2.3. Let Ky be a kernel defined by

N
KN(x,t) — Z elnitn3+2nixn. (2_5)
n=—N

For any given positive number Q with N2 < Q < N3, the kernel Ky can be decomposed into K1 g+ K> o

such that
IK1.0lleo < CNV4eQ1/4, (2-6)

and

CyN?

1K2,0ll00 < 2-7)
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Here the constants Cy, C, are independent of Q and N.

Proof. We can assume that Q is an integer, since otherwise we can take the integer part of Q. For a
standard bump function ¢ supported on [1/200, 1/100], we set

o)=Y Z‘P(II_/ZQQ)- (2-8)

0=q=5QacP,

Clearly & is supported on [0, 1]. We can extend & to other intervals periodically to obtain a periodic
function on T. This periodic function, generated by &, will also be denoted by ®. It is easy to see that

@(0) Z Z J"R@(O) Z ¢(C]) (2:9)

q~Q aeP,

is a constant independent of Q. Here ¢ is Euler’s phi function, and Jr denotes the Fourier transform of a
function on R. Also we have

D(k) = ZZ e DGk /). (2-10)

q~Q aeP,

Applying Lemma 2.2 and the fact that Q < N3, we obtain

NE
Dk < 2-11
I ()I<Q (2-11)

if kK £0.
We now define
1
K x,)==—Kny&x,)®(#) and Krp=Ky—Kio0o.
1,0(x,1) 30) N, DP(1) 2,0 N 1,0

Equation (2-6) follows from Lemma 2.1 since the intervals J,,, = [2 +
pairwise disjoint for all Q <g <50 and a € . 1

1 Q+ ! ]are
100g2° g = 50q2

We now prove (2-7). In fact, represent ® as its Fourier series to get

K ox,1) === (0) =~ Y Bk MKy (x,1).
k30

Thus its Fourier coefficient is

Koo m) = —=— 3 ®U)1y,, 1y (k).

dD(O) 120

Here (n;, ny) € Z? and 14 is the indicator function of a set A. This implies that @(m, ny) = 0 if
ny = n%, and if ny # n%,
1

= 3
EE(O)CID(nQ ny).

K> o(ni,np) =—
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Applying (2-11), we estimate @(m, ny) by
CN?®
Q ’
since N < Q < N2. Hence we obtain (2-7), completing the proof. ([

K> o(ny1,n2)| <

Now we can state our theorem on the level set estimates.

Theorem 2.4. For any positive numbers € and Q > N2, the level set defined as in (2-2) satisfies

CoN¢
kzlEklz§C1N1/4+8Q1/4|EA|2+ 2

| (2-12)

forall .. > 0. Here C| and C, are constants independent of N and Q.

Proof. Notice that if Q > N3, (2-12) becomes trivial, since E; = @ if A > CN'/?2. So we can assume
that N2 < Q < N3. For the function Fy and the level set E; given in (2-1) and (2-2), respectively, we

define f to be
Fn(x,1)

= E;
|Fn(x, 1)l

flx,t) (x,1).
Clearly
A|Ek|§/ Fn(x,t)f(x,t)dxdt.
T2

By the definition of Fy, we get

N
ME < ) afn.n?).
n=—N

Utilizing the Cauchy—Schwarz inequality, we have

N
PIEP < Y 1 f e

n=—N
The right hand side can be written as
(Kn = f, f). (2-13)
For any Q with N2 < Q < N3, we employ Proposition 2.3 to decompose the kernel K . We then have
WIE < (Kig* fo )1+ (Koo % fo ). (2-14)
From (2-6) and (2-7), we then obtain
WP < N1 £+ S0 113 < v o U4 B+ . O

Corollary 2.5. If A > 2C|N3/3+¢,
CN !+

|E;| ST

(2-15)

Here C is the constant C| in Theorem 2.4 and C is a constant independent of N and \.
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Proof. Since A > 2C1N3/3+¢ we simply take Q satisfying 2C;N'/4+¢Q!/4 = )2, Then Corollary 2.5
follows from Theorem 2.4. O

We are now ready to finish the proof of Theorem 1.1. In fact, let p > 14 and write || F ||1’; as

20, N3/8+e IN1/2
p/ )J’_llE,\ld)L—i—p/ APYE, | da. (2-16)
0 2C1N3/8+a
Observe that Ag y < N° implies
Né‘
1Exl =55 (2-17)
Thus the first term in (2-16) is bounded by
CN3(p—6)/8+8 < CNp/2_4+8, (2_18)
since p > 14. From (2-15), the second term is majorized by
C NP2, (2-19)
Putting both estimates together, we complete the proof of Theorem 1.1. U

3. A Lower bound of A, y

In this section we show that N!~8/7 is the best upper bound of A p.N if p > 8. Hence (1-3) can not be
improved substantially, and it is sharp up to a factor of N°.
For b e N, let J(N; b) be defined by

N 2b
S(N:b) = / Z it +amixn| gy gy (3-1)
T n=—N
Proposition 3.1. Let S(N; b) be defined as in (3-1). Then
S(N; b) > C(N? + N?=%. (3-2)

Here C is a constant independent of N.

Proof. Clearly S(N; b) is equal to the number of solutions of

ny+---+np,=my+---+mp,
3 3 3 3 (3-3)
W4t =ml 4 mi,
withn;,m; e {—=N,..., N} forall j € {1,...,b}. Foreach (my, ..., mp), we may obtain a solution of
(3-3) by taking (11, ...,np) = (my, ..., mp). Thus
S(N;b) > N". (3-4)
To derive a further lower bound for S(N; b), we set 2 to be
] 1 1
2={0 0l = g Il = s - (3-5)
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If (x,7) € Q and |n| < N,

1
|tn3+xn| < =

30
Hence, if (x, 1) € €,
N N
2mitn3+2mwixn > [Re Z eZﬂitn3+2nixn > Z COS(27‘[(II’Z3 +xn)) >CN
n=—N n=—N
Consequently, we have
N . o2
S(N; b) > / Z ethn‘ +2mixn dx dt > CN2b|Q| > CNZb_4.
Ql=——nN

Proposition 3.2. Let p > 2 be even. Then A, y satisfies
Apn>CA+ NPy,
Here C is a constant independent of N.
Proof. Let p = 2b since p is even. Setting a, = 1 for all n in the definition of K, v, we get

S(N;b) <KD @2N)".
By Proposition 3.1, we have
K,n=CA+N'24r),

: 2
Consequently, we conclude (3-8) since A, y ~ K PN

4. An estimate of Hua

865

(3-6)

(-7

(3-8)

(3-9)

(3-10)

The following theorem was proved by Hua [1965] by an arithmetic argument. We provide a different

proof.
Theorem 4.1. Let S(N; b) be defined as in (3-1). Then

S(N;5) < CN®*e.

(4-1)

By Proposition 3.1, we see that the estimate (4-1) is (almost) sharp. S(N;4) < N 4te is still open.

Proof of Theorem 4.1. Let G, be the level set given by
Gr={(x,1) eT?:|Ky(x,1)| > A}.
Here K is the function defined as in (2-5).

Letting f =16, Kn/|Kn|, we have

N
MGyl < Z 1Y) = (fy. Kn),

(4-2)

(4-3)
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where fn is a rectangular Fourier partial sum defined by

Inix, 1) = Z f(”l, n2)62nn1x62ninzz‘ (4-4)
[ni|=N
Iny| <N?

Employing Proposition 2.3 for K, we estimate the level set G, by

MGl = [(fn, K1,0)| +1(fn: K2,0)] (4-5)

forany Q > N 2. From (2-6) and (2-7), |G, | can be bounded further by

C(N1/4+8Q1/4||fzv||1+ > |K2,Q<n1,nz>f(n1,nz)|). (4-6)
ln1|<N
Ina|<N3

Thus, from the fact that the L' norm of Dirichlet kernel Dy is comparable to log N, (2-7), and the
Cauchy—-Schwarz inequality, we have

24-¢
MGyl < CNVHe QUG | +CNT|GA|1/2, @-7)

for all Q > N2. For A > 2CN3/**¢ take Q to be a number satisfying

ZCN1/4+£Q1/4 — )\’,

and obtain
CN6+€
|Gl = 0 (4-8)
Notice that
IKnlle < N'?Kq , < N2t (4-9)
Hence, by (4-3), we majorize |G, | by
CN3+8
1Gal = =S (4-10)
We now estimate S(N; 5) by
2N 2C N3/4+¢
S(N; 5) §C/ )\10_1|G,\|d)\+C/ A1 Gy da. (4-11)
2C N3/4+e 0

From (4-8), the first term in the right hand side of (4-11) can be bounded by CN 6+¢ From (4-10), the
second term is clearly bounded by N%*¢. Putting both estimates together,

S(N;5) < CNO*¢, (4-12)

as desired. O
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5. Estimates for the nonlinear term and Local well-posedness of (1-6)

For any integrable function u on T x R, we define the space-time Fourier transform by

i(n, A) = f / u(x, tye e M dx dt (5-1)
RJT
and set
(x) =14+ |x|.
We now introduce the X ; space, initially used by Bourgain.

Definition 5.1. Let / be a time interval in R and s, b € R. Let X; (/) be the space of functions u# on
T x I that may be represented as

u(x,t) = Z/ a(n, Ve e dy  for (x,1) e T x I (5-2)
R

nez

with the space-time Fourier transform # satisfying

1/2
lullx, ) = (Z/(n)”(k —n*)?)a(n, ,\)|2dx) <00. (5-3)

Here the norm should be understood as a restriction norm.

We take the time interval to be [0, §] for a small positive number § and abbreviate ||ul|x, ) as |lulls,»
for any function u restricted to T x [0, §]. In this section, we always restrict the function u to T x [0, 4]
Let w be the nonlinear function defined by

w= (uk — / uk dx)ux. (5-4)

24 1/2
lully, := ||M||s,1/2+<Z(’l)2S(/|ﬁ(n,?»)|d)»> ) : (5-5)

We need the following estimate on the nonlinear function w, in order to establish a contraction on the

We also define

space {u : ||ully, < M} for some M > 0.

Proposition 5.2. Fors > 1/2, there exists 0 > 0 such that, for the nonlinear function w given by (5-4),

Bn 24172
||w||s,_1/2+(2<n>25< / %dx) ) < Co (5-6)

3
n
Here C is a constant independent of § and u.

The proof of Proposition 5.2 will appear in Section 6, and is based on the idea applied by Bourgain
[1993b] while proving the special case k = 2. In the proof, we write out the detailed treatment to some
subcases, and omit the similar treatment of other subcases (but it is very easy to figure out). The main
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reason we include the proof of Proposition 5.2 in Section 6 is to provide the preparation so the readers
can follow the (more technical) proof of the general case F € C° more easily.

We now start to derive the local well-posedness of (1-6). For this purpose, we only need to consider
the well-posedness of the Cauchy problem

{u, 4 Uy + (uk — fT ukdx)ux =0,

(5-7)
ux,0)=¢x), xeT,teR.

This is because if v is a solution of (5-7), the gauge transform

u(x,t)::v(x—/t/ V¥ (y, 7) dyd-r, z) (5-8)
0JT

is a solution of (1-6) with the same initial value ¢. Notice that this transform is invertible and preserves
the initial data ¢. The inverse transform is

v(x,t)::u(x—l—f fuk(y,t)dydr, z). (5-9)
0JT

It is easy to see that for any solution u of (1-6), this inverse transform of u# defines a solution of (5-7).
Hence, to establish the well-posedness of (1-6), it suffices to obtain the well-posedness of (5-7). This
gauge transform was used in [Colliander et al. 2004].

By Duhamel’s principle, the corresponding integral equation associated to (5-7) is

t
u(x,z)=e—f8?¢(x)—/ e D%y (x, 7) dr, (5-10)
0

where w is defined as in (5-4).
Since we are only seeking the local well-posedness, we may use a bump function to truncate the time
variable. Let 1 be a bump function supported in [—2, 2] with ¢ (¢) = 1, |t| < 1, and let ¥5 be

Vs(t) =¥ (t/3).
Then it suffices to find a local solution of
t
w(x, 1) = Y505 (x) — Y5 (1) f e~ =% (x, 1) dr.
0

Let T be an operator given by

Tu(x, t) == ys(t)e 5 (x) — 1//5(0/ e~ =%y (x, 7) dr. (5-11)
0

We denote the first term (the linear term) in (5-11) by £u and the second term (the nonlinear term) by Nu.
Henceforth we represent Tu as fu 4+ Nu. The following two lemmas deal with Lu and Nu separately.

Lemma 5.3. The linear term & satisfies
[ZLully, < Cligllas- (5-12)

Here C is a constant independent of 5.
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Lemma 5.4. The nonlinear term N satisfies

12
INully, §C<||w||x,—1/2+( (/ [i(n, “'dx) ) ) (5-13)

where C is a constant independent of §.

Lemmas 5.3 and 5.4 are considered classical and their proofs can be found in many references, such as
[Colliander et al. 2004].

Proposition 5.5. Let s > 1/2 and T be the operator defined as in (5-11). Then there exists a positive
number 0 such that

ITully, < CAl@las + 8% lully™). (5-14)
Here C is a constant independent of §.
Proof. Since Tu = Lu + Nu, Proposition 5.5 follows from Lemmas 5.3, 5.4, and Proposition 5.2. (|

Proposition 5.5 yields that for § sufficiently small, 7 maps a ball in Y; into itself. Moreover, we write

(uk—/ ukdx)ux— <vk—/ vkdx)vx = <uk—/ ukdx>(u—v)x+((uk—vk)—/(uk—vk)dx>vx
T T T T

which equals

k—1
(uk — / ukdx) (u—v),+ Z((u — v)uk_l_jvj —/(u — v)uk_l_jvjdx)vx. (5-15)
T , T

j=0

For k + 1 terms in (5-15), repeating similar argument as in the proof of Proposition 5.2, one obtains, for

s >1/2,
k—1

k—1—j i+1
ITu—Tolly, < cag(nuu’;s A lully, ol )uu —vlly,. (5-16)
j=1

Hence, for § > 0 small enough, T is a contraction and the local well-posedness follows from Picard’s
fixed-point theorem.

6. Proof of Proposition 5.2

Proof. From the definition of w in (5-4), we may write w(n, A) as

S fan =i A ) di - die (1)
m4+ny+--+ng=n
ny+-+ni#0
By duality, there exists a sequence {A, ,} satisfying

Z/ |ApPda <1, (6-2)

nez
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and [|wlls,—1/2 is bounded by

3 f 'm'2|u<mx == A A1, 2OV Ag sl - digdi. (6-3)

m—+tn|+---+nr=n
ni+--+ng#0

Since the X j is a restriction norm, we may assume that u is supported in T x [0, §]. However, the
inverse space-time Fourier transform |iz|¥ in general may not be a function with compact support. The
following standard trick allows us to assume |i|” has a compact support too. In fact, let n be a bump
function supported on [—2§, 28] and with n(¢) = 1 in |¢t] < §. Also 7 is positive. Then u = un and
i=rux*n. Thus |u| < |u|*n = (Ju|¥n)". Whenever we need to make |u|" supported in a small time
interval, we replace |i| by (|a|Yn)” since |i|Yn clearly is supported on T x [—28, 28]. This will help
us gain a positive power of § in our estimates. Moreover, without loss of generality we can assume
Ini| > [na| > -+ > |ngl.

The trouble occurs mainly because of the factor |m| resulting from d,u#. The idea (inspired by Bourgain
[1993b]) is that either the factor (A —n3)~1/2 can be used to cancel |m/|, or |m| can be distributed to some
of the &. More precisely, we consider three cases:

|m| < 1000k>|n2|, (6-4)
1000k2|n2| < |m| < 100k|n,|, (6-5)
|m| > 100k|n;|. (6-6)

Case 1: |m| < 1000k?|n,|. This is the simplest case. In fact, in this case, it is easy to see that

(n)*lm] < C{n1)* (na)'/2(m)' /2. (6-7)
Let
Fi(x,1) = Z Me"“e"“dx- (6-8)
G(x, 1) = Z/(n)l/2|ﬁ(n, 1)|eHM e d A (6-9)
H(x, 1) = Z/(nﬂﬁ(n, et e d (6-10)
Ux,t) = Z/ la(n, 1) e d . (6-11)
Using (6-7), we can estimate (6-3) by
k
c > /F(n NG, —r = — M) H(, A)G g, 2) [ [U . aj)dny - dagedn,
m+ni—+--+nr=n j=3

which clearly equals

C (6-12)

/ Fi(x,)G(x, 1)?H (x, U (x, 1) 2 dx dt|.
TxR
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Apply Holder’s inequality to majorize it by
ClIFilla IGlIg, 1 H 41U Nl§2 )
Since U is supported on T x [—28, 28], one more use of Holder inequality yields
(6-3) < C8° || Filla IG5, 1 H 14 IIUI|6(k oy
Let us recall some useful local embedding facts on Xj p.
Xo,13 € Li,, Xoy,12+ € L?C, (¢ local),

I 62 (t local),
Xl/z_a,l/z_agL?L;, O<oc< ,2<q,r<1/a.

Xa,l/ZQL)qc,t’ 0<Ot< ,2<¢g<

871

(6-13)

(6-14)
(6-15)
(6-16)

The two embedding results in (6-14) are consequences of the discrete restriction estimates on L*and L,
respectively (see [Bourgain 1993b] for details). (6-15) and (6-16) follow by interpolation (see [Colliander

et al. 2004] for details). (6-14) yields
1/2
IFills < CllFillg,1 < C(Zf |An,x|2dx) <C,
n

IHlls = CllHlo,1/3 = Cllulls,12 < Cllully,.

and

From (6-15) we have
IGlle+ < CliGllo+.172 < Cllulls, 12 < Cllully,-

Using (6-16), we get
1Ull6k—2) < CIUII1j2—,1/2— < Cllulls, 12 < Cllully,.

Hence, for Case 1, we have
(6-3) < €8 fluly".

Case 2: 1000k?|ny| < |m| < 100k|n|. In this case, we further consider two subcases:

Im +n;| < 1000k%|n,|,
|m +ny| > 1000k?|n,].

If |m +n| < 1000k?|n,|, we use the triangle inequality to get
In|=Im+ni+ny+---+ni| <Clnyl.

Hence we have
(n)*|m| < C(na)* (m)"%(ny)!/2,

Thus this subcase can be treated exactly the same as Case 1. We omit the details.

(6-17)

(6-18)
(6-19)

(6-20)

(6-21)
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In the second subcase, |m +ni| > 1000k?|n,|, the crucial arithmetic observation is

n—mP 4 ) =3mAn)m+a)(n +a)+ad — 3+ +n),

(6-22)

where a = ny + - - - + ny. This observation can be easily verified since n =m +ny + - - - +ny. From (6-5)

and (6-19), we get
In* — (m® +n} +- -+ )| = Ck*(na)im||ny| > Chlm|*.
This implies that at least one of following statements holds:

A —n’| > Clm|?,

| =1 =+ =) —m’| = C|m?,
there exists an i € {1, ..., k} such that |A; —nl-3| > C|m|2.
For (6-24), (6-3) can be bounded by
> () |@Gm, A=Ay — -+ = Ay, A 1, )| Analdig - - dAgdA.

m+nj+--+ng=n

Let F;, be defined by
Fy(x, 1) =Z/ |Aple™ e d.
n

Then we represent (6-27) as

k
> / F(n, )U(m, A —ry — =) H(n, 2) [ [ Uy 2j) day - - digeda.
m4ny+--+ng=n j=2

Here H and U are the functions defined in (6-10) and (6-11). Clearly (6-29) equals
/ Fy(x, )H (x, HU (x, 1)* dx dt.
TxR

Utilizing Holder’s inequality, we estimate it further by
IF2ll2 | H |4 U I3, < C8% ully™.

This yields the desired estimate for subcase (6-24).

(6-23)

(6-24)
(6-25)
(6-26)

(6-27)

(6-28)

(6-29)

(6-30)

(6-31)

One can similarly complete the proofs of subcases (6-25) and (6-26), and hence the proof of Case 2.

Case 3: |m| > 100k|n1|. The arithmetic observation (6-22) again plays an important role. In this case, let

us further consider two subcases:

Im|* < 1000k%|n2|?|n3],

Im|* > 1000k>|n3|*|n3).

For the first subcase, we observe that, from (6-32),

(6-32)
(6-33)



DISCRETE FOURIER RESTRICTION ASSOCIATED WITH KDV EQUATIONS 873
Im|* < Clni||na| |ns],
since |ny| < |n1|. Hence we have
im| = m|"2|m > < Clm|'ny]"|no| 3 |ns| 3. (6-34)
This immediately implies
(n)*lm| < Clm|**" < (m)STDB ) ST () SV ) SHD/3, (6-35)

Note that (s +1)/3 < s for s > 1/2. By distributing the four factors to the corresponding functions, one
can mimic the proof of Case 1 to finish subcase (6-32).
We now turn to the contribution of (6-33). Clearly we have

|(na+- - +ng)® — (03 +---+n3)| < 10k|na|*|n3), (6-36)

since |ny| = |n3| > - - - > |ng|. From the crucial arithmetic observation (6-22), (6-36), and (6-33), we have

In® — (m® +nd - +nd)| = Cklm|>. (6-37)

This is the same as (6-23). Hence we again reduce the problems to (6-24), (6-25), and (6-26), which were
all done in Case 2. Therefore Case 3 is finished.

Putting all the cases together, we obtain

lwlls,—1/2 < C8flullH. (6-38)

12
( (/ lw(n, )”)|dk) ) . (6-39)

12
(Zmﬁ) <L

Finally we need to estimate

Let {A,} be a sequence with

By duality, it suffices to estimate

|m| . .
E / | (m, A=Ay —---=2)|uny, A)| - (g, A [Ap|dAy - - - dAgdA. (6-40)
m+ny+--+ng=n
ny+---+ni #0

By the same idea and similar techniques, one can bound (6-40) by mimicking the treatment of (6-3) and

[W(n, 1) 12
(Zm) ( mdl)) < C8%|lulyt. (6-41)

n

get

We complete the proof of Proposition 5.2 by combining (6-38) and (6-41). ]
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7. Proof of Theorem 1.3

The argument is similar to that in Section 5. By using a gauge transform as in (5-8) with v* replaced by
F (v), the well-posedness of (1-7) is equivalent to the well-posedness of the following equation:

U+ tyxx + (F () — 7 F(u) dx)u, =0, (7-1)
ux,0)=¢x), xeT,telR.
Now the nonlinear function w is defined by
W = 0yU <F(u) — / F(u) dx). (7-2)
T
Let Tr be an operator given by
t
Tru(x, 1) = Y5 (e ¢ (x) = Y5 (1) / "N (x, 7) dr. (7-3)
0

As in Section 5, the local well-posedness is a consequence of the following proposition.

Proposition 7.1. Let s > 1/2. There exists 6 > 0 such that, for the nonlinear function w given by (7-2)
and any u satisfying |lully, < Coll@|las,

(@01 ] 2| v
||w||s,_1/2+( (/ 20 dx)) <CUplus. F&|ull,. (7-4)

provided F € C°. Here Cy is a suitably large constant, and C(||¢|| s, F) is a constant independent of §
and u, but which may depend on ||¢| gs and F.

The constant C(||¢| s, F) will be specified in the proof of Proposition 7.1, which we postpone to
Section 8. We now return to the proof of Theorem 1.3. Proposition 7.1 implies that for é sufficiently
small, 7 maps a ball

{u ey :|luly, = Collgllms}

into itself. Moreover, using Lemma 5.4 and repeating similar argument as in the proof of Proposition 7.1,
one obtains, for s > 1/2 and F € C,

I Tru—Trvlly, <8°CAl¢lus, F)llu—vlly, (7-5)

for all u, v in the ball {u € Y; : |lu|ly, < Coll¢ | as}. Therefore, for § > 0 small enough, TF is a contraction
on the ball and the local well-posedness again follows from Picard’s fixed-point theorem. This completes
the proof of Theorem 1.3.

8. Proof of Proposition 7.1

First we introduce a decomposition of F(x) which was used by Bourgain. Let K be a dyadic number,
and define a Fourier multiplier operator Pk by setting

PKu(x,t)=/wK(y)u(x—y,f)dy- (8-1)
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Here the Fourier transform of {x is a standard bump function supported on [-2K, 2K ] and zﬂ(x) =1
for x € [—K, K]. Let ug denote the Littlewood—Paley Fourier multiplier, that is,

MK:PKM—PK/zu. (8-2)
Then we may decompose F(u) by

F(u) =) (F(Pxu) — F(Pgpu)) = Y Fi(Pgu, P pu)ug + Ry,
K K

where R; is a function independent of the space variable x. Repeating this procedure for Fj, we obtain

F(u)= Z F(Pogyu, ..., Pg,au)ug ug, + Z Roug, + Ry

Ki=zK> K
= Z F3(Pagsut, ..., Prygu)ug ug,uk; + Z R3ug,uk, + Z Roug, + Ri
K1=K>>K3 Ki>=K> K

where Ry, Ry, R3 are functions independent of the space variable. Set

GK3(X,[):F3(P4K3M,...,PK3/8M). (8_3)

Hence we represent w, defined in (7-2), as

w = E 8x”K0<”K1uK2uK3GK3 —/ Lt[(llxtKZI/lKSG[(3 dx)
Ko, K1>K2>K3 v
+ E aquO(uKluKz—/uKluszx)R3+ E 8qu0(uK1—qul dx)Rz.
Ko,K1>K> T Ko, K1 T

The main contribution of w is from the first term. The remaining terms can be handled by the method
presented in Section 6, because R,, R3 are functions independent of the space variable x (actually they
only depend on the conserved quantity fTF u dx). Hence in what follows we only focus on estimating the
first term — the most difficult one. Denote the first term by wy:

wp = E 8x”Ko<uK1MK2uK3GK3 —/ MK]”KzquGIQ dx) (8-4)
Ko.K1>Kr> K5 B

We should prove

Iy (0. ] 2
||w1||s,_1/2+< (/ “’1” dx)) <C8Clllus, F)llully,. (8-5)

In order to specify the constant C(||¢| gs, F), we define 9 by setting
M = sup{|D“F3(uy, ..., ue)| : uj satisfies |luj|ly, < Coll¢llgs forall j=1,...,6;a}. (8-6)

Here D% = 8)‘3‘11 -+ 9ye and « is taken over all tuples (o, ..., o) € (NU {0)® with Dolaj| <2.Misa
real number. This is because, for s > 1/2, |[ully, < Coll¢|| g+ yields that u is bounded by C||¢|| g, and
the previous claim follows from F3 € C?.
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In order to bound ||w [|5,—1,2, by duality, it suffices to bound

a(n)’ng
> / - 1/2”1(0(”07)\ A=Ay —A3— )

Ko, K|1>K>>K3 3
+ni+nytn3+ N ——
A JTax g x)Gry(m, pwydny - - dradrdp,  (8-7)
j=1

where A, ) satisfies
Z/ |Apo?dr = 1.
n

The trouble maker is Gg, since there is no way to find a suitable upper bound for its X, ; norm.
Because of this, the method in Section 6 is no longer valid, and we have to treat m and u differently
from n and A, respectively. A delicate analysis must be done to overcome the difficulty caused by Gg,.
For simplicity, we assume that § = 1. One can modify the argument to gain a decay of 8? by using the
technical treatment from Section 6.

For a dyadic number M, define the Littlewood—Paley Fourier multiplier by

gkym = PyuGiy, — PupGi, = (Giy)u- (8-3)
Let v be defined by

v(x, 1) _Z / 1 e e el gy (8-9)

To estimate (8-7), it suffices to estimate

>, (02)5 vk (1, M)yt gy (o, A = A1 = ha = k3 — )
K Ko.K1>K>>K3.M 3
A Tk g a)8ksm (. ) dis - - dradidp.  (8-10)

j=1

Here K is a dyadic number.
As we did in Section 6, we consider three cases:

Ky <2'k,; (8-11)
20K, < Ko <2'%ky; (8-12)
Ko > 2'°k;. (8-13)

The rest of the paper is devoted to a proof of these three cases. In what follows, we will only provide
the details for the estimates of ||w||s,—12 with 1/2 <5 <1 (the case s > 1 is easier). For the desired

estimate of
172
|y (n, 1)
<Z<”> </ th—n) “)) |

n
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simply replace v by

A .
v (x, 1) = Z/ 2, l“e””dx, (8-14)

and then the desired estimate follows similarly. Here C,, , € C satisfies sup, |C,, A| <1 and {A,} satisfies

Y 1A < 1.

9. Proof of case (8-11)
In this case, we should consider further two subcases:

M <29k, 9-1)
M > 29k, 9-2)

For the contribution of (9-1), noticing that K < C K in this subcase, we estimate (8-10) by

> / ( 8SvK)< > Bxul(O)uK]uKzuK3(P21oK1GK3) dx dt, (9-3)
KizK>ky Y DRI g <ck, Ko<CK
which is bounded by
Zuu&nmncﬁuw / YO Klvkluk,| ) Y Kouk,lu,|dx dt, (9-4)

K| K<CK; K>, Ko<CK,

where f* stands for the Hardy—Littlewood maximal function of f. By the Schur’s test, (9-4) can be
estimated by

12 12
ZK;(ZS—I)/ZHL[“YSW/(Z |U*K|2) <Z K125|MK1|2)
K3 K K 1/2 12

<Z Koluk,| > (Z Kslug,| 2) dx dt. (9-5)

Since s > 1/2, we obtain, by a use of Holder’s inequality, that (9-4) is majorized by

1/2 1/2 1/2 1/2
CMully, (Dv};ﬁ) (ZK lug, | ) (ZKolu’;<0|2> (ZKﬂmF) (9-6)
K 4 Ko 4 K> 4
Observe that
1/2 1/2
H (Zw};ﬁ) < H (Zwﬁ) < Clvlls < Cllvllo./3 < C. ©-7)
K 4 K 4

Here the first inequality is obtained by using Fefferman and Stein’s vector-valued inequality on the
maximal function, and the second is a consequence of the classical Littlewood—Paley theorem. Similarly,

1/2 1/2
H <Z K0|M7<0|2> < <Z KoIMK0|2>
Ko 4 Ko

< C18}%ulls < Cllullij,13 < Cllully, (9-8)
4
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and
1/2
H (ZK luk,| ) < Clloyulls < Cllulls1/3 < Cllully,. 9-9)
4
Hence, from (9-7), (9-8) and (9-9), we have
(8-10) < CMully,. (9-10)

For the contribution of (9-2), since in this subcase K < CM, we estimate (8-10) by

Sl [ X Wl Y Y Kvilenad Y Y Kugluldsdr, -1
K

TxR g <k, M K<CM K, Ko<CK,

which is bounded by

1/2
ZKI_QS_I)/ZHMHYS/ Z |I,tK3 <Z|UK| ) <ZM25|8K3M| )
TxR
K, K;3<K, 1/2
<Z Kolu,| ) (Z K lug,| 2) dxdt. (9-12)
Ko

By a use of the Cauchy—Schwarz inequality, (9-12) is estimated by

172
ZKI_(ZY_D/ZHMIIK/ (Z|U7<|) (ZKoluK0 ) (ZKZ“‘KZ )
K TxR K
M2s 172
(ZK lu ks | ) (Z Z 2s|gK3M|) dxdt. (9-13)
K3

K;3<K;

Using Holder’s inequality, we then bound it further by
o512 172 1/2
> KAy, (Zw;‘az) (Z Ko|u7<0|2)
K 41 N g,

; (o),
(g,

(2 Sienat)

K3<K;

SNCRE)
6

which is majorized by

—(2s—1)/2 —
SRTETVP g, Y Ky

—(2s—1)/2 —
STRTETVR g Y K 103G oo

. NG
(ZM *18 k5. M| ) =<
6

K K3=K; M K K3=<K;
From the definition of G, we have
Gy (x, 1) = OONK3) [[ully, = OMK3) 1P| s (9-15)

Hence, fors < 1,
105G &, lloo < COMKS || 115 - (9-16)
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Since s > 1/2, we then have

9-14) < CM el D Ky @72 ully, < CMYp s full},. (9-17)
K

This completes our discussion of Case (8-11).

10. Proof of case (8-12)

In this case, it suffices to consider the following subcases:

K <29k, (10-1)
K <29, (10-2)
K >2°(Ky+M) and K3 > K,/>, (10-3)
K>2(Ky+M), Ki<K)? and M=>27"K;"° (10-4)
K>2K,+M), Ky<K)? and M <279k (10-5)

The first two cases can be handled in exactly the same way as cases (9-1) and (9-2).
For case (10-3), observe that (8-12) and (10-3) imply

K <CK; (10-6)
and
1/2 1/2 ,,1/2
Ky < K,"K;'". (10-7)

Hence (8-10) is bounded by

f S0 Kvkluk,| Y Kok lur|luks | 1G s llo dx dt. (10-8)

K KfCKl Ko>K>>K3
Ko<k}

Applying Holder’s inequality, we estimate (10-8) by
1/2
csz(Z |v;;|2> (Z K> ug, |2>
K K
One more use of Holder’s inequality yields that (10-8) is bounded by

1/2 172 1/2
onl (e} (), 1[G,
K K1

4j=0,2,3" Vk;
Hence we obtain

12

12
I1 (Z Kjl.+€|qu|2> dx dt. (10-9)

j=0.23 N K;

4

(10-8) < CMully, . (10-10)

This finishes the proof of (10-3).
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For case (10-4), we estimate (8-10) by

S DID Kulu, | 2 Kool bl 3 Lol (10-11)

K»,K3Y K| K<CK; M=ck;"

which is dominated by

1/2
c Zf(Dm) (ZK | ) ol
K2, K3 1/2
<ZK0|MKO> (ZM3/2gK3M|> dxdt. (10-12)

By Holder’s inequality with L* norms for the first two functions in the integrand, L+ norms for the next
three functions, and an L?” norm (very large p) for the last one, (10-12) is dominated by

<Z Kol >1/2

185/4G kIl oo- (10-13)
6+

Cllully, Y lluk,llotlusllos
K>, K3

Applying (9-16), we estimate (10-12) by
3 3
3/8 3/8
cmlplmlluld, [TD° K luk, llor < CMNGl e, luld, [T K Pl los1/2 < CON g, el
j=2 K; j=2 K;

as desired. This completes the discussion of (10-4).
We now turn to case (10-5). In this case, we have

Ing+ni|+2K2+M > |n| > K/2 > 28(K» + M), (10-14)

which implies
Ino+nil = 2°(Kz + M). (10-15)

Notice that
3 3 3 3 3

(no+n1 +ny+ns +m)3—n0—n*1 —ny,—n3—m
=3(ng+ny)(ng+ny+n3+m)(ny+ny +n3+m)+ (ny +nj —i—m)3 — ng — n% —m?. (10-16)
From (10-15), (10-16), and (10-5), we obtain
In* —ng —n3 —n3 —n3 —m’| > C(Ky + M)KoK > CKoK; > CK{. (10-17)

Hence one of the following four statements must be true:

A —n’| > K, (10-18)
|(h = A1 — A2 — A3 — ) —ng| = K, (10-19)
there exists an i € {1, 2, 3} such that [x; —n?| > K2, (10-20)

Il > K§. (10-21)
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For case (10-18), we set
ﬁ(x, t) = (ﬁl|k—n3|2K§)v(x’ t) (10-22)

We then estimate (8-10) by

> ||uK2||oo||uK3||oo||GKg||ooZ/|a Ukl Y Y K'Ukluk,|dxdt. (10-23)

K>,K3 K; K<CK,

This is clearly bounded by

1/2 1/2
CimllulliZ/K0|u20|<2|57<|2> (Z K125|MK1|2> dx dt. (10-24)
Ko K

K

Using the Cauchy—Schwarz inequality, we bound (10-24) by

CQJIIIMII%/S/<ZKOIMKO ) (218 EZ| ) (ZK luk,| Z)I/dedt. (10-25)

By Holder’s inequality, (10-25) is majorized by

172 1/2 1/2
COMlull3, <Z K§ |u’;<0|2> (Z K3 Y Ik 2) H (Z K lug,| ) :
Ko 4 Ko K 4
which is controlled by
1/2 )
CMully, ||a;u||4(2 K(%Enﬁu%) < CMYull3, 192ulla Yy Ko */ < CMYull,. (10-26)
Ko Ko

This finishes the proof of case (10-18).
For case (10-19), let & be defined by

Then (8-10) can be estimated by

D gy ool ks lloo | G s oo f|a ikl Y Y K'vkluk,|dxdt. (10-28)

K>, K3 K| K<CK;

By Schur’s test and Holder’s inequality, we control (10-28) by

1/2 1/2
> ||uKz||oo||qu||oo||GK3||ooZ||a ik, 12 (Zwmz) H (Z K12S|MK1|2> . (10-29)
Kz Kg K 4 Kl 4
which is bounded by
CMNully, > Nu,llojz < CMully - (10-30)

Ko

This completes the proof of case (10-19).
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For case (10-20), if j = 1, we dominate (8-10) by

> ||uK2||oo||qu||oo||GK3||ooZ/|a ukol Y Y K'viliik,|dxdt. (10-31)

K>, K3 Ki K<CK;

As we did in case (10-19), we bound (10-31) by

1/2
CMullF, D N9xulla llvlla (Z K ik, | ) (10-32)
Ko 2
This can be further controlled by
1 1
CMull3, KZ o 0tk 4 olls =< Mlull3, KZ x ol = CMYlully,, (10-33)
0 0

as desired.
We now consider j =2 or j = 3. Without loss of generality, assume j = 2. In this case, we estimate
(8-10) by

Z||uK3||||GK3||oo /|a gl Y Y K'ilug,| Y liig,|dxdt, (10-34)

K| K<CK K>,<CKy
which is bounded by
1/2
CMully, Zna kolloo Y lliik,ll2 l[vlls (ZK%SWIF)
K><Ky Ky 4
Notice that
Zna kol Y liik,ll2 <CZ g 0z loc lully,

K><Ky
< CZf i, ) dAllully, < Clull,.
n

Hence (10-34) is dominated by
CMully, . (10-35)

This completes case (10-20).

We now turn to the most difficult case, (10-21) in case (8-12). We should decompose G g, with respect
to the #-variable, into Littlewood—Paley multipliers in the same spirit as before. More precisely, for any
dyadic number L, let QO be

Qru(x,t)= / Yr(Du(x,t —t)dr. (10-36)

Here the Fourier transform of v, is a bump function supported on [—2L, 2L] and @ (x)=1lifxe[—L, L].
Let

HLMZQLM—QL/zu. (10-37)
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Then T u gives a Littlewood—Paley multiplier with respect to the time variable ¢. Using this multiplier,

we represent
Uk =Y u.r. (10-38)
L

Here ug ; =TIy (ug). We decompose G, as

G, =C+ Y (F(QLPakst, ..., QL Pkysu) — F3(QryaPaksit, - .., QLpa P sit))
L

10-39
=C+ ) Hi;, Lt jks, L o
j=4,2,1,1/2,1/4,1/8
L
where Hg, 1 is given by
Hg, L = F4(QKLP4K3M, ooy Qer Pysus £ =1, %) (10-40

Let 901; be defined by
My = sup{|D*Fy(uy, ..., u2)| : u; satisfies [|u|ly, < Collp|lps forall j=1,...,12;a}. (10-41)

Here D* = 9! --- 0% and « is taken over all tuples (a1, ..., a12) € (NU{O}'? with Y |or;| < 1. 90y is
a real number because F,; € C!.
In order to finish the proof, we need to consider a further three subcases:

L <2"9k3, (10-42)
2K <L <27°K§, (10-43)
L>27K;. (10-44)

For the contribution of (10-42), we set
hio.jks.L = (His i L1 -2) " (10-45)
Here j =4,2,1,1/2,1/4, 1/8. From the definition of Hg, 1, we get

L
ko, jks,Llla < CMy| @l s 2 llujs,Llla. (10-46)
0

Then (8-10) is bounded by

Sl Y [ Kok, ¥ e Y Mol Y 3 Kvihuldedr, (1047)
K> Ko

K3<CK," L=CK} K1 K<CK;

which is majorized by

Sl YKo Y sl [ u,
K>

Ko ky<ck,)? 12

1/2
Z|hKO,jK3,L|<Z|v;;|2> (ZK%S|MK1|2> dxdt. (10-48)
K K,

L<CK3
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Using Holder’s inequality with L* norms for the four functions in the integrand, we estimate (10-48)
as follows:

L
COM Dl llullf, 3 Kollumolla Y- Nurslloo Y- ~Zllujescls

Ko K3<K1/2 L<CK} 0

1/2
< CM I3 ull3, Y Ko * luksllo.13
Ko
< COM |1l Nully, - (10-49)

This finishes case (10-42).
For the contribution of (10-43), we bound (8-10) by

Z||uK2||ooZ||uK3noo/Z|a ukl Y. lhkgjkarl Y Y K'vilug,|dxdt,  (10-50)

210K3 <L <2-10K2 K K<CK;

which is dominated by

C||M||YZ||MK3||ooZ /Z|aqu0| > lhkgjksLl

A<27107 Ko 20K3 <L
Adyadic (A/2)K2<L<AK2
12

.(Zwy) (ZK] lug, | 2) dx dt, (10-51)
K

By the Cauchy—Schwarz inequality, we further estimate (10-51) by

Cllully, Z”uKs”oo Z A~ 1/2/2 [0xt g,

A<2™ 10
Adyadic

1/2 1/2
( Z L|hK0,jK3,L|2) (Zw;;ﬁ) (ZK luk, | 2) dx dt. (10-52)
K

20K3<L
(A/2)K3<L=<AK}

Applying Holder’s inequality with an L> norm for the first function in the integrand, an L? norm for the
second, and L* norms for the last two functions, we then majorize (10-52) by

1/2
[l 9x MK I
Cllull, Znumnoo >ooA” WZ s Lihgy kLI (10-53)
A<2™ 10 210K? 2
Adyadic (A/2)K2<L<AK§

Notice that if L ~ AKZ,
ko, ks, ll2 < COM NN s Allu s 2. (10-54)
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Thus we have

I

1/2 1/2
> L|hK0,,«K3,L|2> scsmlnqsnm( > L||uJ-K3,L||§>
2
L

210K§< 210K§’<L
(A/2)KZ<L=<AK} (A/2)KZ<L=<AK}
SCMyll@llas Allujk;llo,1/2
2
=CMilplzsA.

From (10-55), (10-53) is bounded by

i, |
COMB el D huslloo Do AV 57 Z2F,
Ky

K3 A<2710
Adyadic

which is clearly majorized by

CM 13 -

This finishes case (10-43).
For the contribution of (10-44), we estimate (8-10) by

Zumnwz||uK3||oo/Z|aquo| > ksl Y Y K'vkluk,|dxdr,
K> K3 Ko

L>2-5K} K1 K=<CK,

which is bounded by

ERTARNS
E ””Kz”ooE lu ks lloo E X2
K> K3 Ko 0

1/2 1/2 1/2
( > L|hK0,jK3,L|2) <Z|v;;|2> (ZK]ZS|MK1|2> dx dt.
K K

_5p2
L>273K;

Applying Holder’s inequality, we further have

192, 2
(10-59>scm1||u||%j,2||uK3||mZxT0"°° > Lluj,..l3

K3 Ko L>275K}
2 ”aquo”oo
< CMllully, Y s lloo Y —— = llujs llo,ijo-
K3 Ko 0
This is clearly majorized by
4
CNMyl| Pl a Nully, -

Hence we complete case (10-44).

885

(10-55)

(10-56)

(10-57)

(10-58)

(10-59)

(10-60)

(10-61)
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11. Proof of case (8-13)

In this case, it suffices to consider the following subcases:

M =271k,

M <27k and K3K;>27'"k2,

M<27"9k? and K3IM>27'°K,

M<279k}P K3Ky<27''K2 and K3M <27'°K}.

For case (11-1), notice that we have
K <CM32,

Hence we estimate (8-10) by

Do lugllugllugsl Y Y KWwgp > Kouk,lgks.mldxdt,

K1>K>>K3 M K<CM3/? Ko<CM?3/2
which is bounded by
172
3/2)(1— 2 2
/ > |uK1||uK2||uK3|ZM<“< Pleksml Y Ksz(ZKoWum) dx dt,
Ki1>K>>K3 K<CM?3/2 Ko

since 1/2 < s < 1. Applying Schur’s test, we estimate (11-7) by

1/2 172 1/2
/ > Juk gy luk,) (ZMﬂgmm) <Z|v?<|2> (ZK(%W;OF) dx dt.
K Ko

K1>K>>K3

By Holder’s inequality and s > 1/2, (11-8) is majorized by

1/2
c > ||a3/2GK3||oo(]'[||uK ||6+)H( |v1<|2) )

K1>K>>K3

1/2
(X K3l
Ko

<Ml + o3 lully, > K3 H lu, llos

K1>K3>K3

4

2
< CMpllms + 16135l H > K Plluk, oty

j=1 K;
< CM(pll s + II¢||12L1~Y)IIMII§A,-

This finishes case (11-1).
For case (11-2), observe that, in this case,

1/2 g 1/2 1/2

Ko< CK, K,

(11-1)
(11-2)
(11-3)
(11-4)

(11-5)

(11-6)

11-7)

(11-8)

(11-9)

(11-10)
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We estimate (8-10) by

Y kgl Y K Y Koul, IGrlledx dr, (11-11)
Ki=K>>K3 K=<CKy Ko<C(K{K2K3)!/2
which is bounded by
12 12 3
Cm/(ZW}}IZ) (ZK§S|MK0 ) T1>" K2k, | dx dr. (11-12)
K Ko j=1 K;

Using Holder’s inequality with L* norms for the first two functions and L% norms for the last three
functions in the integrand, we obtain

CMlully, ﬂ ZK”ﬂum‘ < CMully,. (11-13)
j=1"K;
This completes case (11-2).
For case (11-3) we have
Ko< CK|*K)*M'>. (11-14)

Hence we dominate (8-10) by

Do ugllumllul ) lgkml Y Kvg > Kouj,dxdt, (11-15)

Ki1>K>>K3 M K=<CKy KofC(KleM)l/z

which is bounded by

1/2
CZ/(Z"’?(') <ZK luk, 2) Ly ,
K3 K 1/2
-<ZM|8K3,M|2> [1>_ &, lux,ldxdr. (11-16)
M

j=1 Kj

Using Holder’s inequality with L* norms for the first two functions, L® norms for the third, an L? norm
with p very large for the fourth, and L% for the last two functions in the integrand, we obtain

7’ > luk,lls 182G, lloo- (11-17)
6+ K3
Clearly (11-17) is dominated by
CMNpl s ey, D K3 llukslle < CMNpll s ullF,. (11-18)
K3

Hence case (11-3) is done.
For case (11-4) we observe that
M?*K, <2710K3. (11-19)
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In fact, if (11-19) does not hold, then, from (11-4),
M*K, >27"°Kk2 > K3M.
Thus M > K, which immediately yields
M? > M?K, > 2710k,

contradicting M < 2_10Kg/3. Hence (11-19) must be true. From (11-19), K22K3 + K22M < 2_9K§, we
get

|(na +n3+m)* —n3 —n3 —m®| <27°KZ. (11-20)
Since ny +ny +n3 +m # 0, from (8-13), (11-4), and (11-20), the crucial arithmetic observation (10-16)
yields

|n3—n8—n?—n%—n3 m’ |>2K0 (11-21)

Hence one of the following statements must be true:

x—n’| > K§, (11-22)

|(h = A1 — Ao — A3 — ) —mg| = K, (11-23)

there exists an i € {1, 2, 3} such that |A; —n}| > K3, (11-24)
Il > K§. (11-25)

For case (11-22), we estimate (8-10) by

> ||u1<1||oo||u1<2||oo||u1<3||oo||GK3||oo2/Ko|uzo|
Ko

K1,K>,K3

> Rk

K<CKy

dxdt. (11-26)

Then the Cauchy—Schwarz inequality yields

2\1/2 172
ety |(S x| ¥ aiae] )| (S i)
Ko K<CKo 2
2\1/2
< CMlully, (Z Ki® ) | ) < CMully,. (11-27)
Ko K<CKy 2
This finishes the proof of case (11-22).
For case (11-23), (8-10) can be estimated by
Y lux, ||oo||uK2||oo||uK3||oo||GK3||ooZ/Ko|u,<0 Y. Kvidxar. (11-28)
Ki,K2,K3 K<CKy

By Schur’s test and Holder’s inequality, we control (11-28) by

1/2 1/2
<Z |U}k{|2> (Z K§S+2|IZKO|2)
K

Ko

CMull3, , (11-29)

2

2
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which is clearly bounded by
1/2
CMulf3, (Z K3 iy 15 /2) < CMuly,. (11-30)
Ko

This completes the proof of case (11-23).
For case (11-24), without loss of generality, assume j = 1. We then dominate (8-10) by

D ks lloolluis oo Gislloo Y Z/ Koluklliik,| Y K vkdxdt. (11-31)
K>,K3 K1 Ky K<CK,
By Holder’s inequality, we bound (11-31) by

D g lloollusloolGrslloo > Y~ >~ K Kollugylla lliik, ll2 vk lla

K>, K3 K, Ko K<CKj

< Y llug,lloollugs ool Grslloo D Mg llonp | Y- Killullallv lla.  (11-32)

K>, K3 K Ko K<CKy

By Schur’s test, we dominate (11-32) by

1/2 12
CMull3, D llux, llo.12 (Z K&Snumuﬁ) (Z lug ||i>
ki Ko K . ) .\ ) 12
< CMul}, (Z Kosnmno,m) (Z ||vK||0,1/3)
Ky K

< CMully,. (11-33)

Hence case (11-24) is done.
In order to finish the proof, as is done in (10-36), we need to consider three further subcases:

L <2"k3, (11-34)
20k <L <273k, (11-35)
L>27KZ. (11-36)

For the contribution of (11-34), notice that

L
Ihky.jksLlle < COMlQlls—5 X2 lujks,Llle- (11-37)
Here hg, ik, is defined as in (10-45). In this case we also have K3 < K0/3, from
K3K3 <27 9k2.

Then (8-10) is bounded by

/ ZKouKO YKk Y lugllukllugyl D kg ksl dxdt. (11-38)

K<CKy K1>K2;I3<3 Lch%
Ks<Kk(!
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Write (11-38) as

> fZKouKO Yo KE > ulluglluksl Y kg jkscldxde.  (11-39)

Adyadic K<CKp Ki>K»>K3 L<CK}
A<l AR 2<K3<AKY? '

Observe that if AK§/3/2 < K3 < AK§/3, we have

Ko< A2k [PK)PK. (11-40)
Hence
1/2 172 _ 172
Y Y K Y KK A Y &
Ko K=Ko K1,K> A<l Ks~AK2

‘/MZOU?AMKIHMKA Z |hK0,jK3,L|dth- (11-41)
L=<CK}

Applying Holder’s inequality with L* norms for first two functions and L for the last three, and then
using (11-37), we get

CM Nl llully, Y Y K* D" K{PK,? Y A~

Ko K<Kj K{,K> A<l
1/2 L
S K lukolla s luk, N lugylls > ks ile,
K3~AkY? L<ck3 9 (11-42)
which is bounded by
_ L
COMNGlaellully, D Y K* Y AT Y 0 Sk llallvi s
Ko K<Ko A<l L<ca’k2 0
1/2 1/2 1/2
UK Pl lovan Y Ky Pl lloran Y K3 ik Llovas
Kl K2 K3
< CM Pl el DAY 0 D7 Klllugylla vk lla
A<l Ky K<CKjy
1/2 12
< CMyl|plI7s llully, (Z K§S|IMKOII%,1/3) (Z ||vK||(2),1/3>
Ko K
< CM [l luly, - (11-43)

This completes case (11-34).
For the contribution of (11-35), we bound (8-10) by

Z||uK1||ooZ||uK2||ooZ||qu||oo/Z > K'wiKowg, Do lhkyjksildedt, ) 40

Ko K=CKp 210K3 <L <2-5K2
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which is dominated by

Clluly, Z||u1<3||oo XY Yk /KouK vk > lhkjkacldxdr.  (11-45)

A<25 Ko K=CKj 21°K33<L
Adyadic (A/2)K2<L<AK2

Using the Cauchy—Schwarz inequality, we further estimate (11-45) by

Clul}, Z||uz<3||oo Yoary > KS/uKOvK(

A<23 Ko K=<CKy 20K3<L
Adyadlc (A/Z)K2<L<AK3

1/2
L|hKo,jK3,L|2> dxdt. (11-46)

Employing Holder’s inequality with L* norms for the first two functions and an L? for the last one, we
bound (11-46) by

Cllul3,
1/2
Z||uK3||ooZ ATy Y Kl luk,lla llvk lla ( > L|hKo,jK3,L|2) (11-47)
A<2710 Ko K=CKo 20K3<L 2
Adyadic (AJ)K2<L<AK?
From (10-55), (11-47) is majorized by
CM 11135 llull3, Znumnoo S Ay ST Kofluk,lls o ls
A<2710 Ky K<CKy
Adyadic
1/2 1/2
2 3 2s 2 2
§c9m||¢||m||u||ys(21<o ||uK0||O,;) (vaKnO,;)
Ko K
< CMllp N7 luely,. (11-48)

This finishes the proof for case (11-35).
For the contribution of (11-36), we estimate (8-10) by

> ||uK1||oo||uK2||ooZ||uK3||oo/ZKou}zo > Ik jksLl Y, K'vidxdr.  (11-49)

K1,K> Ko L>275K}? K=<CKy

By the Cauchy—Schwarz inequality, (11-49) is bounded by

> ||uK.||oo||uK2||ooZ||um||ooZ > KS/vKuK(

1/2
LIhKO,jK3,L|2> dx dt. (11-50)
K1,K> Ko K<CKp L>2— IOKZ

Employing Holder’s inequality with L* norms for the first two functions and an L? for the last one, we



892 YI HU AND XIAOCHUN LI

dominate (11-50) by

2
CMlluly, D Mugslloo Y. D K llukylla vk lla
K3

Ky K<CKj

12
< Z L|MjK3,L|2>

L>275K}

2

2
<CMul3, Y luksloo Y D Killuggllo,isallvi lloazlullo.s

K3 Ko K<CKj
< CMllpllas ully, - (11-51)

Hence we complete case (11-36).
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