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FROM THE LAPLACIAN WITH VARIABLE MAGNETIC FIELD
TO THE ELECTRIC LAPLACIAN IN THE SEMICLASSICAL LIMIT

NICOLAS RAYMOND

We consider a twisted magnetic Laplacian with Neumann condition on a smooth and bounded domain of
R? in the semiclassical limit # — 0. Under generic assumptions, we prove that the eigenvalues admit a
complete asymptotic expansion in powers of i'/4.

1. Introduction and main results

Let Q be an open bounded and simply connected subset of R? with smooth boundary. Let us consider a
smooth vector potential A such that 8=V x A >0 on  and a a smooth and positive function on 2. We
are interested in estimating the eigenvalues A, (1) of the operator P, 4 = (ihV + A)a(ihV + A) whose
domain is given by

Dom(Py 4) = { € LA(Q) : (—ihV + A)a(=ihV + A)¢ € L*(R) and (—ihV + A)¥ -v =0 on 3R2}.

The corresponding quadratic form, denoted by Q, 4, is defined on H'(Q) by

Ona(y) = /Qa(x)l(—ihv + Ay dx.

By gauge invariance, it is standard that the spectrum of P;, 4 depends on the magnetic field 8 =V x A,
but not on the potential A itself.

Motivation and presentation of the problem.

Motivation and context. Before stating our main result, we should briefly describe the context and the
motivations of this paper. As much in 2D as in 3D, the magnetic Laplacian, corresponding to the case
when a = 1, appears in the theory of superconductivity when studying the third critical field Hc, that
appears after the linearization of the Ginzburg—Landau functional (see, for instance, [Lu and Pan 1999;
2000; Fournais and Helffer 2010]). It turns out that H¢, can be related to the lowest eigenvalue of the
magnetic Laplacian in the regime & — 0.

In fact, the case which is mainly investigated in the literature is the case when the magnetic field is
constant. In 2D, the two-terms asymptotics is done in the case of the disk by Bauman, Phillips and Tang
in [Bauman et al. 1998] (see also [Bernoff and Sternberg 1998; del Pino et al. 2000]) and is generalized by
Helffer and Morame [2001] to smooth and bounded domains. The asymptotic expansion at any order of
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all the lowest eigenvalues is proved by Fournais and Helffer [2006]. In 3D, one can mention the celebrated
paper [Helffer and Morame 2004], which gives the two-terms asymptotics of the first eigenvalue.

When the magnetic field is variable (and a = 1), fewer results are known. In 2D, [Lu and Pan 1999]
provides a one-term asymptotics of the lowest eigenvalue, and [Raymond 2009] gives the two-term
asymptotics under generic assumptions (we can also mention [Helffer and Kordyukov 2011], which deals
with the case without boundary and provides a full asymptotic expansion of the eigenvalues). In 3D, for
the one-term asymptotics, one can mention [Lu and Pan 2000], and for a three-terms asymptotics upper
bound, [Raymond 2010] (see also [Raymond 2012], where a complete asymptotics is proved for a toy
model).

Here we consider a twist factor a > 0. As we will see, the presence of a (which is maybe not the
main point of this paper) will not complicate the philosophy of the analysis, even if it will lead us to use
generalizations of the Feynman—Hellmann theorems (such generalizations were introduced by physicists
to analyze the anisotropic Ginzburg—Landau functional; see [Doria and de Andrade 1996]). In fact, this
additional term obliges us to have a more synthetic sight of the structure of the magnetic Laplacian.
The motivation to add this term comes from [Chapman et al. 1995], where the authors deal with the
anisotropic Ginzburg—Landau functional (which is an effective mass model). We can also refer to [Alama
et al. 2010], where closely related problems appear. Moreover, we will see that the quantity to minimize
to get the lowest energy is the function @, so that this situation recalls what happens in 3D in [Lu and
Pan 2000; Raymond 2010] and where the three-terms asymptotics is still not established.

Under generic assumptions, we will prove in this paper that the eigenvalues A, (#) admit complete

asymptotic expansions in powers of 1'/4,

Heuristics. Let us discuss the heuristics a little bit, to understand the problem. Let us fix a point x € Q.
If xo € Q2 and if we approximate the vector potential A by its linear part, we can locally write the magnetic

Laplacian as
a(xg) (thf +(hDy — ﬂ(xo)x)z) + lower-order terms.

The lowest eigenvalue can be computed after a Fourier transform with respect to y and a translation
with respect to x (which reduces to a 1D harmonic oscillator); it provides an eigenvalue a(x)B(xo)h.
If xp € 9€2, and considering the standard boundary coordinates (s, t) (r > O being the distance to the
boundary and s the curvilinear coordinate), we get the approximation

h?D? + (hDy — B(x0)t)* + lower-order terms.
The shape of this formal approximation invites us to recall basic properties of the de Gennes operator.

The de Gennes operator. For & € R, we consider the Neumann realization H in L?(R,) associated with

the operator )

d
—a - £)’, Dom(Hg) = {u € B*(Ry) : u'(0) =0}. (1-1)

One knows (see [Dauge and Helffer 1993]) that it has compact resolvent and that its lowest eigenvalue is
denoted by w(§); the associated L?-normalized and positive eigenstate is denoted by ug = u (-, &) and is
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in the Schwartz class. The function & +— @ (£) admits a unique minimum, say at §& = &y, and we let

2 (0)
0 = u(&o). cl=”§°3 . (1-2)

Let us also recall identities established in [Bernoff and Sternberg 1998]. For k € N, we let

Mk:f (t — &0) |ug, (1)|* dt,
>0

and we have
My=1, Mi=0, M>=300, Ms=;Ci, zu"(E)=3CiyOp. (1-3)
Main result. Let us introduce the general assumptions under which we will work throughout this paper.

As already mentioned, the natural invariant associated with the operator is the function af. We will
assume that

O rggizna(x)ﬁ(x) < Irgna(X)ﬂ(X) (1-4)
and that
x € 02— a(x)B(x) admits a unique and nondegenerate minimum at x. (1-5)

Remark 1.1. Assumption (1-4) is automatically satisfied when the magnetic field is constant (and is
sometimes called the surface superconductivity condition), and Assumption (1-5) excludes the case of
constant magnetic field. Therefore, our generic assumption deals with a complementary situation analyzed
in [Fournais and Helffer 2006], that is, the situation with a generically variable magnetic field.

Let us state our first rough estimate of the n-th eigenvalue A, (k) of Pj 4 that we will prove in this
paper:
Proposition 1.2. Under Assumptions (1-4) and (1-5), for all n > 1, we have
hn () = Ooha(x0) B (x0) + O (h*%). (1-6)

From this proposition, we see that the asymptotics of A, (%) is related to local properties of Py, 4 near
the point of the boundary x¢. That is why we are led to introduce the standard system of local coordinates
(s, t) near xo, where t is the distance to the boundary and s the curvilinear coordinate on the boundary
(see (2-1)). We denote by @ : (s, t) — x the corresponding local diffeomorphism. We write the Taylor
expansions

as, 1) =a(®(s, 1)) = 1 +ais +ast +ay s* + appst +ant* + O(|s)> + 1) (1-7)

and
B(s, 1) = B(D(s, 1)) = 14 b1s + bt + b115° + biast + byt> + O (s> + |t ), (1-8)

where we have assumed the normalization
a(xo) = B(xo) = 1. (1-9)
Let us translate the generic assumptions (1-4) and (1-5). The critical point condition becomes

ay = —by, (1-10)
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and the nondegeneracy property can be reformulated as
b11—|—a1b1+a11:a11+b11—a%:a>0. (1-11)
We can now state the main result of this paper:

Theorem 1.3. We assume (1-4) and (1-5) and the normalization condition (1-9). For all n > 1, there exist
a sequence (yy, ;) j>0 and hg > 0 such that for all h € (0, ho), we have

~ i
In(h) ~ Yy h!.
j=0
Moreover, we have, for alln > 1,

0!®0M"(So)>1/2
2 9

Yno0=00, VYu1=0, ¥n2=C(ko,az, b))+ (2n— 1)(

with

3C C
C(kg, ar, bp) = —Ciko + Tlaz + (71 + So@o)bz.

Comments about the main theorem. Let us first notice that Theorem 1.3 completes the one of Fournais
and Helffer [2006, Theorem 1.1] dealing with a constant magnetic field (see also [Fournais and Helffer
2006, Remark 1.2], where the variable magnetic field case is left as an open problem).

It turns out that Theorem 1.3 generalizes [Raymond 2009, Theorem 1.7]. Moreover, as a consequence
of the asymptotics of the eigenvalues (which are simple for # small enough), we also get the corresponding
asymptotics for the eigenfunctions. These eigenfunctions are approximated (in the L? sense) by the power
series, which we will use as quasimodes (see (2-10)). In particular, the eigenfunctions are approximated

by functions in the form
ug, (h™"20)g(h™"s),

where g is a renormalized Hermite function.

As we will see in the proof, the construction of appropriate trial functions can give a hint of the natural
scales of the problem (h'/? with respect to t and h'/* with respect to s). Nevertheless, as far as we
know, there are no structural explanations in the literature of the double scales phenomena related to the
magnetic Laplacian.

In this paper, we will explain how, thanks to conjugations of the magnetic Laplacian (by explicit
unitary transforms in the spirit of Egorov’s theorem; see [Egorov 1971; Robert 1987; Martinez 2002]),
we can reduce the study to an electric Laplacian which is in the Born—Oppenheimer form (see [Combes
et al. 1981; Martinez 1989]). The main point of the Born—Oppenheimer approximation is that it naturally
involves two different scales (related to the so-called slow and fast variables).

As we recalled at the beginning of the introduction, many papers deal with the two or three first terms of
A1(h) and do not analyze A, (h) (for n > 2); see, for instance, [Helffer and Morame 2004; Raymond 2009].
One could think that it is just a technical extension. But, as can be seen in [Fournais and Helffer 2006]
(see also [Dombrowski and Raymond 2013]), the difficulty of the extension relies on the microlocalization
properties of the operator: The authors have to combine a very fine analysis using pseudodifferential
calculus (to catch the a priori behavior of the eigenfunctions with respect to a phase variable) and the
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GruSin reduction machinery [1972]. Let us emphasize that these microlocalization properties are one of
the deepest features of the magnetic Laplacian and are often found at the core of proofs (see, for instance,
[Helffer and Morame 2004, Sections 11.2 and 13.2; Fournais and Helffer 2006, Sections 5 and 6]). We
will see how we can avoid the introduction of the pseudodifferential (or abstract functional) calculus.
In fact, we will also avoid the GruSin formalism by keeping only the main idea behind it: We can use
the true eigenfunctions as quasimodes for the first-order approximation of P;, 4 and deduce a tensorial
structure for the eigenfunctions.

In our investigation, we will introduce successive changes of variables and unitary transforms, such as
changes of gauge and weighted Fourier transforms (which are all associated with canonical transformations
of the symbol). By doing this, we will reduce the symbol of the operator (or, equivalently, reduce the
quadratic form), thanks to the a priori localization estimates. By gathering all these transforms, one
would obtain a Fourier integral operator which transforms (modulo lower-order terms) the magnetic
Laplacian into an electric Laplacian in the Born—Oppenheimer form. For this normal form, we can prove
Agmon estimates with respect to a phase variable. These estimates involve, for the normal form, strong
microlocalization estimates, and spare us, for instance, the multiple commutator estimates needed in
[Fournais and Helffer 2006, Section 5].

Scheme of the proof. Letus now describe the scheme of the proof. In Section 2, we perform a construction
of quasimodes and quasieigenvalues thanks to a formal expansion in power series of the operator. This
analysis relies on generalizations of the Feynman—Hellmann formula and of the virial theorem, which
were already introduced in [Raymond 2010], and which are an alternative to the Grusin approach used in
[Fournais and Helffer 2006]. Then we use the spectral theorem to infer the existence of a spectrum near
each constructed power series. In Section 3, we prove a rough lower bound for the lowest eigenvalues
and deduce Agmon estimates with respect to the variable ¢, which provide a localization of the lowest
eigenfunctions in a neighborhood of the boundary of size 4!/2. In Section 4 , we improve the lower

bound of Section 3 and deduce a localization of size h'/4

with respect to the tangential coordinate s. In
Section 5, we prove a lower bound for O} 4 thanks to the definition of “magnetic coordinates,” and we
reduce the study to a model operator (in the Born—-Oppenheimer form) for which we are able to estimate

the spectral gap between the lowest eigenvalues.

2. Accurate construction of quasimodes

This section is devoted to the proof of the following theorem:

Theorem 2.1. For all n > 1, there exists a sequence (yy, ;) j>0 such that, for all J > 0, there exist hy > 0,
C > 0 such that

J
d(h}jnmhﬂﬁoaﬁﬁi)SCh““Vf
j=0

Moreover, we have, for alln > 1:

wu+bu—ab@mﬂ@w>”2

Y0 =00, ¥u1=0, ¥u2=C(ko,az, b))+ (2n— 1)< >
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The proof of Theorem 2.1 is based on a construction of quasimodes for P, 4 localized near xg.

Local coordinates (s, t). We use the local coordinates (s, ¢) near xo = (0, 0), where f(x) =d(x, 92) and
s(x) is the tangential coordinate of x. We choose a parametrization of the boundary:

y :R/(10Q|2) — 3Q.

Let v(s) be the unit vector normal to the boundary, pointing inward at the point y (s). We choose the
orientation of the parametrization y to be counterclockwise, so that

det(y'(s), v(s)) = 1.
The curvature k(s) at the point y (s) is given in this parametrization by
y"(s) = k(s)v(s).
The map & defined by
D :R/(10R2|2) x 10, to[ — 2,  (s,8) > y(s) +1tv(s) (2-1)
is clearly a diffeomorphism, when ¢y is sufficiently small, with image
D (R/(10R12) x 10, 1o]) = {x € Q| d(x, 9Q) < fp} = Q.
We let
As. )= (L= tk(DA@(, D) - V'), A(s,1) = A(R(s. 1)) -v(s),  Bls. 1) = B(D(s, 1)),

and we get _ _ ~
O5Az — 0 Ar = (1 — 1k($))B(s, 1).

The quadratic form becomes
Onaly) = /aa — tk(s))|(—ihd, + Ay | +a(l — tk(s)""|(—ihd, + Ay | dsdr.

In a (simply connected) neighborhood of (0, 0), we can choose a gauge such that
t
Aq(s, 1) = —/ (1—t'k(s)B(s, t)dt', Ay =0. (2-2)
41

The operator in the coordinates (s, t). Near xo and using a suitable gauge (see (2-2)), we are led to
construct quasimodes for the operator
L(s, —ihds; t, —ihd) =

—h* (1 —tk(s) "9, (1 — tk(s))ad; + (1 — tk(s)) " (=ihds + A)(1 — tk(s)) " 'a(—ihd; + A),
where (see (1-8))

- 2
A(s, 1) = (t — &h'?) 4+ bys(t — Eh'/?) + (by —k@% + by152(t — Eoh'/?) + O (|t + |s1?)).

Let us now perform the scaling
s=h% and r=hn"’1.
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The operator becomes
L(h) = L(h o, =ik 495 h' 2T, —in'1?d,).

We can formally write £(h) as a power series:

L(h)~h Y LihI,

j>0
where
Fo=—82+ (t — &%, (2-3)
L1 =—a1097 —2idy(t — &) + a1 (r — &)’ +2b10T(r — &)
= ay0 Hg, — 23, (t — &) +2b10 (1 — &)?, (2-4)

Ly = —aytd; — azd; +kod: + 2koT (v — £0)* + a2 (1 — &)*
+ (by — ko) T (T — &) —iai (T — &)
+ 0 (ai Hs, — ai (t — &)* +2b11 (t — &)?)
— 82 —2iay(t —&)0d, +iai(t — &)dyo0. (2-5)

The aim is now to define good quasimodes for £(h). Before starting the construction, we shall recall in
the next subsection a few formulas coming from perturbation theory.

Feynman—Hellmann and virial formulas. For p > 0 and & € R, let us introduce the Neumann realization
on R of

Hye=—p 0} +(p'?r — &)
By scaling, we observe that H, ¢ is unitarily equivalent to He and that H; ¢ = H (the corresponding
eigenfunction is uy ¢ = ug). The form domain of H,, ¢ is B'(R.) and is independent from p and £ so
that the family (H, ¢)»~0,ccr 1s @ holomorphic family of type (B) (see [Kato 1966, p. 395]). The lowest
eigenvalue of H), ¢ is £(§) and we will denote by u, ¢ the corresponding normalized eigenfunction:
up (1) =pug(p'?1).

Since u; satisfies the Neumann condition, we observe that 997 u , ¢ also satisfies it. In order to lighten
the notation, when it is not ambiguous we will write H for H, ¢, u for u, ¢, and pu for u(§).
The main idea is now to take derivatives of

Hu = uu (2'6)
with respect to p and &. Taking the derivative with respect to p and &, we get the following proposition:

Proposition 2.2. We have
(H — w)ogu =2(p"*t — &)u+ ' (§)u 2-7)
and
(H—pw)opu=—p 207 —Ep~ ' (p'Pr—&) = p~ e (p'Pr = ). (2-8)
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Moreover, we get
(H — w)(Su) = Xu,

where .
X==JW@&+p 07+ (02— &)
and
S= —iag — p0,.
2 1Y

Proof. Taking the derivatives with respect to & and p of (2-6), we get
(H — 0)deu = 1/ ()u — d Hu

and
(H—p)dou=—0,H.

We have 0: H = —2(p'?t — &) and 0,H = ,0*235 +p 2t (p'?r —§).
Taking p = 1 and & = & in (2-7), we deduce, with the Fredholm alternative:

Corollary 2.3. We have
(Hg, — 1 (0)vg, = 2(t — &o)ug,

with
Vg, = (g ug) |g=g)-

Moreover, we have

/ (t —&o)uz, dt =0.
>0

Corollary 2.4. We have, for all p > 0,

/t>0(p1/2T B SO)M%’,EodT =0

and
&o

f (T - %_0)(apu)p:1,§:§0btdt = _Z
>0

Corollary 2.5. We have
(HS() — 1 (§0))Sou = (83 +(r — So)z)u&),

where ‘
0
Sou = —(Bptp.£)1p=1.= — 5 Vso-

Moreover, we have

Cl)
18, ug, 1> = | (T — &o)ug, |* = -

The next three propositions deal with the second derivatives of (2-6) with respect to & and p.

(2-9)
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Proposition 2.6. We have

(Hg — (&) wg, = 4(t — o) vg, + (1" (o) — 2)ug,,

with
2
wg, = (95 Ug) 5=,
Moreover, we have

2 —
/ (T — Eo)vgyugy dT = w.
>0

Proof. Taking the derivative of (2-7) with respect to £ (with p = 1), we get

(Hg — 1(€))03us = 204/ () ug +4(t — &) dgug + (1 (€) — 2)ue.

It remains to take & = &j and to write the Fredholm alternative.

Proposition 2.7. We have

(H — ) (93u) p=1 =gy = —2(97 + (T — £0)*) (Bp10) p=1 6=, — 260(T — 0) (Dp1) p=1 £ =2y + (283 —

and o
((83 =+ (T - 50)2)(8/0”)/):],5:50, Ms()) = —70

SO_T u
2 )

Proof. We just have to take the derivative of (2-8) with respect to p and p =1, &£ = &. To get the second

identity, we use the Fredholm alternative, Corollaries 2.4 and 2.5.
Taking the derivative of (2-9) with respect to p, we find:

Lemma 2.8. We have

O

(H — W) (@0, Su) p1 s=g, = (=32 + 7(r — £0))utgy, — (8o H) p=1,=5, (Sot) + (32 + (T — £0)>) (ptt) p=1.6 =,

and
Oo
<(apH)p=l,$:§o(SO”‘)’ ”‘> — 5

Lemma 2.9. We have £
0
((r —&0)Sou, ug,) = gﬂ”(éo)-
Proof. We have
wer=-2[ (- e
>0

and
st =2 [ oo —guddr—a [ (@S
>0 >0

Combining Lemmas 2.8 and 2.9, we deduce:

Proposition 2.10. We have

@  ©
(=07 = (= —0)") Sour, gy ) = =7 + 711" (o).
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Proposition 2.11. We have
(07 + (r — &) vgy, ugy) = 50“;&.
Proof. We take the derivative of (2-7) with respect to p (after having fixed & = &):
(H — 1) (0gu)e=s, = 2(p"*T — §0)ut -
We deduce
(H — 1) (0p05u) p=1,6=5) = —(0p H) p=1,6=, Vg, + Ty + 2(T — §0) (D) p=1,£=t-

The Fredholm alternative provides

§o
((33 + T(T - 50))1)50, ug;'o) = 50 + 2((7: - 50)(8/)”);):1,5:50» M§0> = Ev
where we have used Corollary 2.4.

We have now the elements to perform an accurate construction of quasimodes.

Construction. We look for quasimodes expressed as power series,

v~ Z Wy,
ji=0
and eigenvalues, .
r~h Y ahil,
Jj=0
so that, in the sense of formal series,
L)y ~ 2y
Term in h. We consider the equation
(£o—2r0)Po =0.

We are led to take Lo = ©¢ and Y (o, ) = fo(o)ug ().
Term in h>/*. We want to solve the equation
(Fo — ©0) Y1 = Mo — L1vo.
We have, using that by = —a; and by Proposition 2.2,
(%o — o) (V1 — ify(0)vg, — aro fo(o)Sou) = Aug,.
This implies that A; = 0, and we take
Y10, T) = ify(0)vg, +a10 fo(o)Sou + f1(0)ug, (1),

fo and f} being to determine.
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Term in h3/>. We consider the equation
(o — ©0) Y2 = Ao — L1y — Eavho.
Let us rewrite this equation by using the expression of ¥/:
(%o — O0) Y2 = Ao — L1 (ify(0) v, + aro fo(o)Sou) — L1 (fi(o)ug) — Lavpo.
With Proposition 2.2, we deduce
(%o — ©g) (V2 —if{(0)vg, — aro fi(0)Sou) = havo — &1 (i fo(0)ve, + a10 fo(o) Sou) — La1)o.

We take the partial scalar product (with respect to 7) of the right-hand side with ug,, and we get the

equation
(L1(if5(0)vg, +aio fo(o)Sou) + Lav0, ug,) = Az fo.

This equation can be written in the form
(ADZ + Bio Dy + ByDyo + Co? + D) fo = A2 fo.

Terms in D2. Let us first analyze (Poug,, ug,). It is easy to see that this term is 1. Let us then analyze
(11, ug,). With Proposition 2.6, we deduce that this term is —2((t — &y)vg,ug,) = (1" (£0)/2) — 1. We
get A= pu"(50)/2 > 0.

Terms in o%. Let us collect the terms of (Poug,, ug,). We get
Ooar1 +2b11((7 —€0) ug,. ugy) — at (T — £0)ugy. ug,)-
With Corollary 2.5, this term is equal to
Ooai1 + Opbi — 7(11.

Let us analyze the terms coming from (£1v1, ug,). We obtain the term

CN) w” (o)
ai((=07 — (r = &0)") Sou, ugy) = ——~aj + Oo——af,

where we have used Proposition 2.10. Thus, we have

Oo
8
Terms in 0 D,. This term only comes from (£, ug,). It is equal to

C = Opay| + Ob11 — Opa; + — 1 (Eo)aj > 0.

ou” (§o)
{07 + (7 = §0))vgy, g ) = a1 =,
where we have used Proposition 2.11.

Terms in Dyo. This term is .,
alfou (éo)

2a;1((t — &) Sou, ug,) = 4

where we have applied Lemma 2.9.
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Value of D. We have:
D =((—a210; — azd; + kodr + 2koT(r — &0)* + a2t (v — £0)*)ug,, us,)
+(((b2 —ko) T (z — 0) — ia1 (z — §0))ug,  g,)-
Using the relations (1-3) and the definition of C; given in (1-2), we get
D = C(kg, az, b>).
Let us introduce the quadratic form, which is fundamental in the analysis. We let

Eor” (o) Eon” (&o)
a————no +a;———

94 ’
(o, m) 2 )

+

1 i
:%&))nz 0n+®0(a11+b11—a12+a12'u SO))Oz.

Lemma 2.12. 9 is definite and positive.

Proof. We notice that i (&y) > 0 and aj; + b1 — a% + a%(,u”(éo)/S) > 0. The determinant is given by

w” (o) M"(SO)) _ 2 Oou” (§0)?  Oop” (§0)
2 1w T2

®o (an—i-bn—a%—l-a% (6111+b11—a%)>0. 4

We immediately deduce that 9(o, —id,) is unitarily equivalent to a harmonic oscillator and that the
increasing sequence of its eigenvalues is given by

( Oou” (&0)
2

1/2
{<2n+ 1) (a1 + b1 —a%)) } :
neN

The compatibility equation becomes
(o, Ds) fo = (A2 — D) fo.

Thus, we choose A; such that A, — D is in the spectrum of 2(o, D) and we take for fp the corresponding
normalized eigenfunction (which is in the Schwartz class). For that choice of fj, we can consider the
unique solution 11/5L (which is in the Schwartz class) of

(20— O3 = Aoty — L1 (i fg(@)vg, +a10 fo(0) Sou) — Latho
satisfying (z//j, ug,) = 0. It follows that v, is in the form
V2 =3 (0, 1) +if(0)vg +ai0 fi(0)Sou + f2(0)ug,
where f| and f, are still to be determined.

Higher-order terms. Let N > 2. Let us assume that, for 0 < j < N — 2, the functions v; are determined
and belong to the Schwartz class. Moreover, let us also assume that, for j = N — 1, N, we can write

Yi(0, 1) =i (0, ) +if]_(0)ve, +a10fj-1(0)Sou + fi(0)ug,

where the (WJ-L) j=N—1,~ and fy_, are determined functions in the Schwartz class and the (f;) j—y—1,n
are not determined. Finally, we also assume that the (A;)o<;j<y are determined. We notice that this
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recursion assumption is satisfied for N = 2. Let us write the equation of order N + 1:
N-2
(%0 — O)¥n41 = An1%0 — L1vy + o — L) Yn—1 — Envpi¥o+ D Gvgioj— Eng1-)¥j.
j=1
This equation takes the form

(Lo —O)YN+1 =AN+1V0 —L1Yn + (Ao — L) Yn—1 + Fy(o, 1),

where Fy is a determined function in the Schwartz class by the recursion assumption. By Proposition 2.2,
we can rewrite

(%o — O0) (Y41 — ify(0)vg, — aro fn (o) Sou)
=AN+1¥0— 331(%%(0, T) +ify_1(0)vg +a10fy—1(0)Sou) + (A2 — L) Yn—1 + Fn (0, T)
= An+1%0 — L1 (ify_1 (0)vg, +ar0 fy—1(0)Sou) + (A2 — £2)(fv—1ug) + Gy (o, T),

where Gy is a determined function of the Schwartz class. We now write the Fredholm condition. The
same computation as previously leads to an equation in the form

o, —idy) fy—1 = (A2 — Claz, bz, ko)) fy—1 + Ans1 fo+ gn (o),

with gy = (G, ug,).. This can be rewritten as

(2(0, —id5) — (A2 — Claz, b2, ko)) fn—1 = gn (0) + An+1 fo.

The Fredholm condition applied to this equation provides Ay = —(gn, fo)o and a unique solution fy_1
in the Schwartz class such that { fxy—_1, fo)s = 0. For this choice of fy_; and Ay, we can consider the
unique solution Wﬁ 41 (in the Schwartz class) such that

(%0~ O ¥y
= An+1W0 — L1 (Vi (0, T) +ifj_1(0)vg, +aio fn—1(0)Sou) + (Ao — L2)¥n—1 + Fy (0, 7).
This leads us to take
UN+1 = Vi +ify(©@)vg +a10 iy (0) Sou + fiv+iutg.

This ends the proof of the recursion. Thus, we have constructed two sequences (A ;); and (¥;); which
depend on n (through the choice of fy). Let us write A, ; for A; and v, ; for ¥; to emphasize this
dependence.

Conclusion: proof of Theorem 2.1. Let us consider a smooth cutoff function g near xo. For n > 1 and
J >0, we let

J
U0 = 0000 Y s (0 s (0, T e o) n (2-10)
j=0
and

J
[n.J1 _ /4
=" I,
j=0
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Using the fact that the v; are in the Schwartz class, we get
J J J
| (Paa =2 < €, R Ay,

Thanks to the spectral theorem, we deduce Theorem 2.1.

3. Rough lower bound and consequence

This section is devoted to establishing a rough lower bound for A, (4). In particular, we give the first term
of the asymptotics and deduce the so-called normal Agmon estimates, which are rather standard (see, for
instance, [Helffer and Morame 2001; Fournais and Helffer 2006; Raymond 2009]).

A first lower bound. We now aim at proving a lower bound:

Proposition 3.1. We have
hn(h) = @gha(x0)B(x0) — Ch>/*.

Proof. We use a partition of unity with balls D; of size r = h”, satisfying

doxi=1 and Y Vx> <Cr?=Ch?. (3-1)
J J
The so-called IMS formula (see [Cycon et al. 1987]) provides

OQna() = Onalxj¥) — Z/Qa|wx,-||2|w2dx,
J J
and thus

Ona() =Y Onalxj¥) — Ch* 2|y,
J

In each ball, we approximate a by a constant:
On.a(Xj¥) = (a(x;) — ChP)[(=ihV + A) (x;¥) 1.
If D; does not intersect the boundary, then

||(—ihV+A)(ij)||2thgﬁ(x)l)(ﬂﬂlzdx-

We deduce
Ona(xj¥) = (a(x))B(xj)h — Ch'P) [ x; v

If D; intersects the boundary, we can assume that its center is on the boundary, and we write in the local
coordinates (up to a change of gauge):

Ona(xj¥) > (1— Chp>f&(h2|a,(x,,-w)|2+ [(=ihds + A1) (x;¥)|?) ds dt.
We deduce

Onalx;v) Z(1—Ch")(a(Xj)—Chp)/hzlaz(leﬁ)IZJrI(—ihas+f§1)()<ﬂ/f)|2dsdt-
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We approximate A by its linear approximation A", and we have
/h2|at(x,-w)|2+|(—ihax+fi1)<x,-«/f)|2dsdt

> (1—¢) / B9, ()1 + [(—ihds + AT () 1 dsdt — Ce™! / Ix — x4 x; w1 *dx
> (1= &)@B(x;)h — Ce™'n*) | x; v II*.

To optimize the remainder, we choose ¢ = h%=1/2 Then we take p= %, and the conclusion follows. [

Normal Agmon estimates: localization in t. We now prove the following (weighted) localization esti-
mates:

Proposition 3.2. Let us consider a smooth cutoff function x supported in a fixed neighborhood of the
boundary. Let (1, (h), V) be an eigenpair of Py 4. For all § > 0, there exist gy, C > 0 and hq such that,
for h € (0, hy),

”esoz(x)h‘l/2+8x(x)ls(x)lh‘”“wh ||2 < C”eéx(x)ls(x)lh‘l/“

nll®.
Qh’A(e€ol(x)h71/2+5x(X)IS(X)Ihfl/“l//h) < Ch||65x(x)|s(x)|h71/4wh”2‘

Proof. The proof is based on a technique of Agmon (see, for instance, [Agmon 1982; 1985; Helffer
1988]). Let us recall the IMS formula; we have, for an eigenpair (A, (h), ¥p),

On.a@®Yn) = Ay (W) le® Yy |* + B2 ||a' 2V De® |12
We take
@ =gt ()2 +8x (x)|s(x) |~ V4, (3-2)

where yx is a smooth cutoff function supported near the boundary and where s : 02— (—[0€2|/2, |02|/2)
is the curvilinear coordinate such that s(xo) = 0. We use a partition of unity x; as in (3-1), but with balls
of radius Rh'/? with R large enough (the x ;j denote the centers), and we get

D (Qnalie® ) = kaMllxje®ynll* = CR*h = 12| xja' PV ey %) < 0.

J

We now distinguish between the balls intersecting the boundary (bnd) and the others (int). For the interior
balls, we have the lower bound, for > 0 and 4 small enough,

Ona(xje®yn) > (a(x))Bx)h — Ch*)|lx eyl

For the boundary balls, we have

Ona(xje®yn) = (@oa(x))B(x)h — Ch¥?) | x ;e Pyl

Let us now split the sum:

> f (a(x)B(xj)h — Bpalxo)B(xo)h — ChY* — CR™*h — Ch*|V®|) | x ey |* dx
jint
<Ch Y llxje® vl

jbnd
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With (3-2), we can notice that
IVO|? < C(sgh™ +82h71/3).

Taking R large enough and gy and ~ small enough and using (1-5), we get the existence of ¢ > 0 such that
a(x;)B(x;)h — Opa(x)B(xo)h — Ch** — CR™*h — Ch*|V®|* > ch.

We deduce
e xie®vnl> < C D Ixie vl

Jjint Jj bnd
Due to support considerations, we can write
D12 < b B4 2
C Y llxje®ynll> < C Y | xje OB Ty |17,
jbnd jbnd

Thus, we infer

le® 1% < €| Py, 12
‘We deduce that
3" Qnalxje®yn) < Ch| X OIs@I iy, 12
J
and thus
Q. a(e®Y) < Ch|Sx@I@ITy, 12 0

Corollary 3.3. Letn € (O, %] Let (A, (h), W) be an eigenpair of Py . For all § > 0, there exist g9, C >0
and hg such that, for h € (0, hy),

soz(x)h*1/2+ax(x)\s(x)|h*1/4wh H2 < CH X neﬁx(x)ls(x)lh’l/“

Y H2
A

where xp n(x) = X (t ()h=V2Y and with ¥ a smooth cutoff function being 1 near 0.

” Xh.n€

On A(Xh nesot(x)h’1/2+6x(x)ls(x)lh*”“wh) <Ch ” Y neﬁx(x)|x(x)|h*

Proof. With Proposition 3.2, we have

” Xh’nesot(x)h’1/2+5x(x)|s(x)|h’1/4 i H2 <C ”65)((x)|s(x)|h71/4 Vn ”2

‘We can write

[ DX DIy 12 — |5 P XSy 12| Ty X @Iy 12,
Using Proposition 3.2, we have the estimate
|/ T= gy OBy 12 || JT= e Oh 2 et A2 x ls )1y 12
= O (h) || Px DBy 12,

The IMS formula provides
Ona@®y) = OnaOthne® Vi) + Ona (V1= xnye®¥n) + O 2N 1Py |1 O
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Corollary 3.4. Letn € (O, %] Let (A, (h), Y,) be an eigenpair of Py 4. For all § > 0, there exist g9, C >0
and hg such that, for h € (0, hy),

HXh,negot(X)]1_1/2+§X(X)|S(X)|h_l/4(—ihas n Al)‘ﬁh Hz <Ch ” Xh,ne‘SX(x)ls(x)lh_

1/4

(4 H2

—1/2 4, ~ 2 —1/4 2
HXh,neSOt(x)h +8x ()]s (x)|h (—ihd, + Ay, ” < ChH Xh,nea)((x)ls(x)‘h U H )
4. Order of the second term: localization in s

It is well-known that the order of the second term in the asymptotics of 1, (h) is closely related to
localization properties of the corresponding eigenfunctions. The aim of this section is to establish such
properties. Let us mention that similar estimates were proved in [Raymond 2009] through a technical
analysis. Here we give a less technical proof using a very rough functional calculus.

Proposition 4.1. Under the generic assumptions, there exist C > 0 and ho > 0 such that for h € (0, hyp),
Jn(h) = ©oa(x0) (xo)h — Ch™2.

Moreover, for all 5 > 0, there exist C > 0 and hg > 0 such that for h € (0, hy),
/ NIy 2 ds dr < Clly

Proof. Let us recall the so-called IMS formula (see, for instance, [Cycon et al. 1987]); we have, for an
eigenpair (A, (h), ¥),
O 4@®Y) = ha(W®y|I* = h*[la' 2V ey ||? = 0.
We take
@ =8y (x)|s(x)|h~ 4, withs > 0. (4-1)

The idea is now to prove a suitable lower bound for QO 4. We use a partition of unity (x;) (see (3-1))
with balls of radius #'/# and centers (s j»tj). We get the lower bound

Onae® ) =Y Onay)) — Ch ey |,
where !
Vi =xje®y,
and we deduce

Y 0na@) = CR Y517 = kW IY; 117 <0, (4-2)
J

since we have, thanks to (4-1), |[V®|> < Ch~1/2.
Interior balls. Considering the balls not intersecting the boundary, we get (see the proof of Proposition 3.1):
D 0naW) =) (abepBacjyh—Ch) |1y
jint jint
Using Assumption (1-4), we deduce
> 0na@)) =Y (Ooalxo)Bxo)h — Ch¥*)|lys; | (4-3)

jint jint
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Boundary balls. Let us consider the j such that D; intersects the boundary (we can assume that its center
is (s, 0)). Using first the normal Agmon estimates, we have the lower bound

> Onawp =) fa(|(—iha, + Ay P+ |ihds + Ay 17) ds dt — CRY ey |17,
jbnd jbnd
where we have used the IMS formula to get
Z/t&(|(—ihat+fi2)wj|2+|(ihas+/i1)1/fj|2)dsdt
jbnd

§C/ ta(|(—ihd, + A2)e®y|* + |(ihds + ADe®y|?) ds dt + Ch** | e®y |2
0

<t<Ily

Using again the normal estimates (see Corollaries 3.3 and 3.4) and also the size of the balls, we get
D Onap =) / ay(|(=ihd, + Ay P + (ihds + Ay 1*) ds di — CRP(|e®y|1*,  (4-4)
jbnd jbnd

where
ay" =a;+ (s — 5;)d5a(x;).

Let us fix So > 0 to distinguish between the balls whose centers are close to xo = (0, 0) and the others.

Case |sj| > So. Let us consider the boundary balls such that |s;| > Sp. Using the size of the balls, we get
the lower bound

/&}i“(u—iha, + AP+ 1(ihdy + Ay P) ds dt = (Opa(x;)B(xj)h — C/*) |1y 1?
> Oo(1 4 &)a(xo) x|, (4-5)
where ¢ > 0 only depends on Sy, 8, a and 2.

Case |s;j| < So. Let us consider the boundary balls such that [s;| < Sp. In each ball, we can use a new
gauge so that

2 /5?“(|(—ihat+fiz>w,-|2+|<ihas+fil>¢j|2)dsdt
jbnd
Isj1=So

= > /a}i“(ma,wz + [(ihdy + ATy %) ds dt,
jbnd
Isj1=<So
where A?ew (we omit the dependence on j) satisfies

A ali 2 2
|AT™ — 18" < C(tls — ;1" +17),

with B ) )
B =B+ 0B (xj)(s —s)).
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We obtain, thanks to the (weighted) estimates of Agmon,

S [ @t P+ o, AP ds s
jbnd
[sj1<So

>(1—h'" )" /a}i“(h%aﬂ/fﬂz + 1oy + B 1P) ds dt — CR* ey |*.  (4-6)
jbnd
Is;j1<So
In each ball, we use the change of variables (which is a scaling with respect to t depending on o)
o=s and 1= {ﬁ}i“}l/zt.
We can write
3 ={Bi")'?9, and 95 =0, +0,({B)"}/*)0:

and »
dsdt = {8} do dr.

‘We obtain
fa}in(h2|a,x//j|2+ iRy + 1B Y;1%) ds di
> (1—h'? / aj" Bl (h2 19y 1P + 1(ih{ B2 06 + 1) 1P)(BI") P do dt
—Ch3/2/|raT¢j|2dodr, (4-7)

where v/ ; denotes ¥/; in the coordinates (o, ). With the normal Agmon estimates (see Corollaries 3.3
and 3.4), we have

> [ redsPaodr < clety®
jbnd
Isj1<So

We must now obtain an appropriate lower bound for
f ay" By (W10 1> + (i B)™) 20, + 1) P)AI™ 1 do dr.
This is the end of the following lemma.

Lemma 4.2. We have
~lin plin N -7 pliny— 12\ Bliny —
/a}- ,3}- (h2|8t¢j|2+|(zh{,3} Y28, + 1)y ){,B} }y 12 do dr
> h®y / (a0)Bxo) + G2 )i B2 do dr — Ch |1 1.

Proof. We can notice that the Dirichlet realization on (—S, Sp) of DU{E}“‘}*I/ 2 is self-adjoint on
LZ({B}i“}_l/ ’do). Thus, we shall commute D, and {B}i“}_l/ 2 and control the remainder due to the
commutator.
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Notation 4.3. Henceforth, d, (/) will denote the derivative of the function f, whereas d, f will denote
the composition of the differentiation d, with the multiplication by f.

We can write
~lin 3li ~ .1 Aling— A 12\ Aling—
[ @B (110,00, + o)) B drde
=/&}inﬁ}inhzlatlzfj|2{/§}in}_1/2da dT
in Zlin| [ ~liny— . ~liny— A2 Slin —
+ [ dlin g ihaa ()2 = i, (B ) 1B o
We can estimate the double product:
th(/ a}inﬁ}in(ihaa{’g}in}—l/z_i_T)lﬁjiaa({B}in}—l/z)l&j{ﬁ}in}—l/z do d'L')
— —2h2§)t</ a}inlg}inao_ ({Ig;in}—l/2)8o_ ({Ig}in}—l/2&j){B‘}in}—l/zl}_jdo_ dT)
e ~1 _ ~1 _ A 2
=—n? [ @ Bia, (1B 2)a, (B2 %) dor dr = 0Dl
where we have used an integration by parts for the last estimate. We deduce
~lin Ali ~ . Aling— A 12\ Aling—
f am B (W10, 2 + | (h By 20, + 7)) B 2 do
~lin Ali A . liny— ~ 12\ Aling—
> / a}-mﬁ}m(h2|a,w,-|2+|(zhag{ﬁ}m} V2 4+ 1) 9] ){ﬂ}-‘“} Y2 do dt—CR|ly,l°.  (4-8)

For Sy small enough, we have, using the nondegeneracy, for s such that |s| < So (with S slightly bigger
than Sp),
@ (s)B}"(s) = a(xo)Bxo) + F1sI’.

Let us analyze the integral:
/|a(ihaa{/§}i“}—1/2+r)¢j\2{,§}i“}—1/2 do dt
= f|(ihag{,§}i“}l/2 +1)oi; — ih{B}iﬂ}*l/Z&j|2{3}i“}*1/2 do dr.
We must estimate the double product:
20 / ((indo (BImY 2 + 7)o i (B 24 ) (B~ do
_ _2h2m/(80({B}in}—l/Zo_vA’j){E}in}—lﬂ&_j){lg}in}—l/z do dt

=—h? / 0 [(BIm) 129 P(BIM 12 do de + O (WD) 15112 = O WD) 195112
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We infer:
/dljjng}in(hzwﬂl;ﬂz_i_ |(l-h80{/§}in}—l/2+T)]/’}j|2){l[§}in}—l/2 do dt

> a(x0)B(x0) / (K100 2+ (ih0, (BIY 2 4+ <) ) Bim) 2 do e

o

8 [ (1100 (00, B2+ 2)ords ) B0 drde - R P

We recall that, for all £ € R,
[ (1808 + |2 = bt = sob' ) ) de = o+ 2101 = GuhloIP.
We infer with the functional calculus:
/5;in/§}in(h2|3z@j|2+ ‘(ihag{lg}in}—l/z_i_r _$0h1/2)¢j|2){3}m}—1/2 do dt
= 160 [ () + §o?) 15 PIEI) 2 do dr — Y P (49

4
This concludes the proof. U

Lower bound for A, (h). If we take § = 0, we deduce, with (4-2)—(4-7) and Lemma 4.2,

dnMYI1P =)~ Oha(xo) B (xo) / W17 dx — Ch2 ||y ||,
J

Tangential Agmon estimate. Gathering the estimates (4-3), (4-5), (4-7) and Lemma 4.2, we deduce the
existence of ¢ > 0 such that

> (@uh [ (atorpixn) + ) v dsdr = @uhls I = €l 1)

jbnd
[sj1<So 2 2
+ D chllyi P+ ehlly I <0
jbnd jint
sj1=So
and

> (00 [ SswsP dsar— ch s ) < CHP Ll < Ol
jbnd
2Coh! 4 <|s;1<s0

Taking Cy large enough, we infer

2 2
E ¥ 01- < Clyll”,
jbnd
2Coh" 74 <]s;1<s0

so that
DSTliP=clyl® and sl =lle® vl < Clv ™ m
j

jbnd
Isjl<so
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Let us write an immediate corollary (see Corollaries 3.3 and 3.4).
Corollary 4.4. Let (11, 12) € (0, 3] x (0, 3] Let (\x(h), vy be an eigenpair of Py a. For all (k,1) € N,
there exist C > 0 and hg > 0 such that, for h € (0, hy),
[sthmines e v | = CH2R 2,
[ a8 (=i + Ay |* < CRIM R 12,
| o8 0 (=0 + A |* < CRA*2H 1 2,

where xp yy.n, (X) = X (t ()R~ V21 3 (s (x)h=V4 ). Moreover, we have

(1= st )s* e | = OB 1y,
| (U= Xt m)s e (—ihds + Ay | = OBy I,
(1= st )s* 2 (=ihd, + Ay || > = O (™) [y

Remark 4.5. In the following, each reference to the “estimates of Agmon” will be a reference to this last
corollary. Moreover, at some point, the localization ideas behind Section 3 and 4, which are summarized
in the last corollary, follow from the general philosophy developed in the last decade (an improvement of
the approximation of the eigenvalues provides an improvement of localization and conversely). In the
next section, we will strongly use these a priori estimates.

5. Unitary transforms and the Born—-Oppenheimer approximation

We use a cutoff function x;, near xg with support or order A /41 with n > 0. For all N > 1, let us consider
L?-normalized eigenpairs (A, (h), ¥y.n)1<n<n such that (Y, p, ¥u.n) =0 when n # m. We consider the
N dimensional space defined by

Ey(h) = span Y, p, Where Yy h = X1V -

1<n<N
Remark 5.1. The estimates of Agmon of Corollary 4.4 are satisfied by all the elements of &€y (h).

We can notice that, with the estimates of Agmon, for all 1} € Eyx(h),

Ona®) < AN+ O ™) |1, (5-1)
In the following subsection, we provide a lower bound for QO 4 on Ey(h).

Remark 5.2. Let us underline the main spirit of this section. We are going to use successive canonical
transformations of the symbol of our operator (change of variable, change of gauge, weighted Fourier
transform) or, equivalently, of the associated quadratic form. In the spirit of Egorov’s theorem, all these
transformations will give rise to different remainders which can be treated thanks to the a priori localization
estimates. Then, after conjugations by these successive unitary transforms, we will reduce the analysis to
one of an electric Laplacian in the Born—-Oppenheimer form.
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Choice of gauge and new coordinates: a first lower bound. On the support of y;, we use a gauge such

that Ag =0and 3 _
|A; — ATP| < C( + |s|t* + |s[*1),

where

A A

AP =1 (14 bys +biis*) — Eob(s)/?h'/? + %ﬂ =th(s) — &b(s)"*h'/? + %zz,
where 132 = by — ky. We also let
AP (s, 1) = 14+ ays +ai s>+ axt = a(s) + ast.
Moreover, in this neighborhood of (0, 0), we introduce new coordinates:
t=t(bis)'?, o=s. (5-2)

In particular, we get A ) )
0 = (b(o)'?8;, 8y =05+ 5b"'0bTo,

and .
dsdt =b"'"?do dr.

1/2

To simplify the notation, we let p = b='/2. We will also use the change of variable

N A S
0_/0 p(u)du_f(o)

so that L?(pdo) becomes L2(p2>d&).
This subsection is devoted to the proof of the following lower bound of Qp 4 on €y (h).

Proposition 5.3. There exist hg > 0 and C > 0 such that for h € (0, hy) and all xﬁ e En(h),

Ona() = Onapp(l) — CH¥ 14|12, (5-3)

where

On.app (V) = f (1 +ap7) (1 — tho) |hd W/ |>p* d& dt

b b .12
+/(1 +ar7)(1 —rko)—lj(ihﬁ—la&ﬁﬂ—goh1/2+7212—h5‘mf)g/f prdsdr

+ha®o/&2|¢|2ﬁ2 dé dr,

where 1} denotes r in the coordinates (&, ).
In order to prove Proposition 5.3, we will need this lemma:

Lemma 5.4. There exist hg > 0 and C > 0 such that for h € (0, hy) and all 1& € En(h),

Ona(W) = Qpapp(lr) — CH3ZH4 12,
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where

Qh,app(lzl)

2 A
b2 do dt,

N on b b .
:fmz(a, t)|h8fl/f|2b1/2dad‘r+/m1(a, z)‘(hs+r—s0h1/2+?2r2—h71z1)r)w

with
E=id,b""?, mi(o,7)=U4ac)(1+at)(1—tk)™", ma(o,v)=1+ac>)(1+at)(1—rtko),
and where 1& denotes Y in the coordinates (o, 7).

Proof. We have
Ona() = /&(1 — k()| (=ihd, + AP " +a(1l — k()| ihds + A | dsdr.
Thanks to the normal and tangential Agmon estimates, we get
Qna(¥) > f a(l — tko)h? |3, F 17 +a(l — tko) " |(ihd, + AP |’ ds dr — CR¥>F V4|2,
The Agmon estimates imply
Qna(¥) = f P (1 — tho)h? (3,2 +a"P (1 — tko) ™| (ihds + A{P)|* ds di — CH3PH 14|12,
We get
Ona(¥) > / a(l +a2t)((1 — tho)h?|9, 9 1> + (1 — tho) | (ihd; + A?"p)mz) dsdt — Ch3/2 141412
With the coordinates (o, T), we obtain
/ a(1+axt) (1 —tko)h?| 3 F 1+ (1 +axt) (1 —tko) Y| ihdy+ ATV > ds dr = 0 () — CHPF 14|12,
where

04 (i) = / (o, ) hd 9126 do dr

. by n 3y b .
+/r7t1(a, r)‘(hbfl/zia(,+r—goh1/2+?2r2b*1/2—h#m,)w

where
iy (o, 1) = ab(1 +at)(1 — tho) ™", ia (o, T) = ab(1 +at)(1 — ko).
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With the estimates of Agmon, we can simplify the quadratic form modulo lower-order terms:

0n(i) = / fin(o, D262 do d

~ b b NN
—i—/rhl(a, r)‘(hb_l/ziag—i—r—thl/z—l—?zrz—h?]rD,)t// b= do dr

_ Ch3/2+1/4”1/7”2.
We recall that ab = 1 + ao? + O(|o]?), so that with the estimates of Agmon we infer

0n(i) = / ma(o, Do) 262 do dr

2.

. b b .
+/m1(0, r)‘(hb_l/ziag—l—t—éohl/z—l—ftz—h?er,)l// b= do dr

— CRYPHVA 12,

We now want to replace bh='%ip, by i0,6=1/2, which is self-adjoint on L2(b~"dodr). Writing a
commutator, we get

. b b 12
/ml(o, r)‘(hb_l/ziag g —goh‘/2+52r2—h31zb,)a// b dodr

2.

. ) b b .
:fml(o, r)((hiagb—l/z—ih(agb—l/z)ﬂ—soh1/2+32r2—h31r0f)¢/ b~ do dr.

Let us consider the double product

~ l; b ~ ~ A
2h§)’t</ mi (o, r)(hia,b—l/2 +1—&h'?+ Ezrz — h%IDI)Wi(aob_l/z)wb_mdo dt)
~ b ~ ~ A
_ 2hm(/ mi (o, r)(hia(,b*ﬂ - h%rD,)xﬂi(@ab’l/z)wb’l/z do dr)
= —21°n / (0, 0) (36 6~ @595 do dr) + 0D I,

where we have used the normal Agmon estimates. We deduce that

~ [; b o ~ <A
2%(/ mi (o, r)(hiagb_]/z Fr—gh!? Ezrz - hEITD,)t//i(BJb_l/Z)x//b_]/z do dr)

= —h? / my (0, T) (3,58, 167 * P > do dt + O (h?) |9 ||*

= 0|1V )%
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This implies

. b b A2
/ml(a, r)‘(hb_l/ziaa ¥ —$0h1/2+?212—h?11Df>w| b= do dr

~ E b A 2/\ A
> fml(o, r)‘(hiagb_l/z fr—gh' 2y 32# - h;ert)w‘ b dodr —CR|Y2. O
Proof of Proposition 5.3. We use Lemma 5.4. In the coordinates (&, 7), we have

O app () = f my (£ 1), D)o ¥ |2 p2 do dt

5 et b b S12,
+/m1<f—1<o>,r>|(zhp 95— goh o+ 22 2o, )y [ s ar,

h
Where (1), 1) = (1 +af 1 @) (1 +ar) (1 — o),

ma(f71(6), 1) = (1+af 71 (6)?) (1 +ar)(1 — tko).

We notice that f (&) =& + 0(|5 %), so we can use the estimates of Agmon to get
Onape(0) = [ ma(e, )1k P d

2 ~
1‘52 db’_ dt — Ch3/2+1/4||1ﬁ”2.

. el b b y
+fm1<a,r>\(zhp 955+~ &b+ 20 —h D))

This inequality can be rewritten as

Qh,app(v}) = Qh,app,l (\Z’) + Qh,app,Z(I/;) - Ch3/2+1/4”1/~/”25

where
Oapp.1 (V) = / (1+ayt)(1 — tho)|hd- Y/ |* p* d& dt
+/(1 Farr)(l — rko)_l‘(ihﬁ_185ﬁ+t —gh ¢ %72 —hb—zer,)zpjzﬁz & dt
and
Onapnah) = [ (1 + @)1 = cho) .G )P d d
n /(1 Fart)(1 — ko)~ ‘6<ihﬁ_1agﬁ+ T —&h'? 4+ %rz — h%rD,)tZ)zﬁz d5 d.
Reduction of Qh,app,z(xp). By the estimates of Agmon, we have

O aon2 () = / Ih3 (59?3 d& d

b b ik 7
b2 h_lfp,)w‘ prds dv — CRPHAg 2,

+/‘6(z’hﬁ_18&ﬁ+r—§0hl/2+ : .
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Moreover, we get

(i x—1q ¥ 1/2 b AL
|0<lhp 0 p+7— ok + 2o —hE‘EDI)Iﬁ Pdsdr

vy v— v Y12 D v ~
Z/|U(lhp 135 p+1 —Eoh'?) | pPdsdT — CHHVA |y |12,
Let us analyze/|5*(ih]5_18g,ﬁ+r—thl/z)lplzﬁzd&dr.We have
/|6(ihﬁ18g13+t—§0h1/2)1}|2152d6 dt :/\(ihﬁla&ﬁﬂ—gohl/z)&u} —iny | p?ds dr.

The double product is

v

290 (/ (ihp~" 05 p + 1 — Eoh'2) iy 2 d dr) — —21’% (/(ﬁ—laéﬁ)&l/“/@ﬁz d& dr).

But we have

2§}t</ 35 (& py) pyr d& dr) = 29{(/ ﬁ&ﬁ&d&dr) + / 505 py|* do dt
and
/68&|1§1}|2d6 dt = —/ |pUr|? ds d.
Gathering the estimates, we obtain the lower bound:
Onapp(¥) = Onapp () — CHY T4 14|12,

A weighted Fourier transform: toward a model operator. We now define the unitary transform which
diagonalizes the self-adjoint operator p~' D p (for completeness, one should extend p by 1 away from a
neighborhood of 0). As we will see, with the coordinate &, this transform admits a nice expression.

Weighted Fourier transform. Let us now introduce the weighted Fourier transform % ;:

@) = [ @) d5 =)
We observe that F; L*(R, p*d&) — L*(R, d}) is unitary. Standard computations provide
Fs((p~ ' Ds )W) =2F () and F3G9) = —DyF ().
Proposition 5.5. There exist hg > 0 and C > 0 such that for h € (0, ho) and all 1} € Ey(h),
Oh.app () = / (1+ax0)(1 — tho)|hDe | d1dt

l; . 2
+/(1+a2‘17)(1—1:k0)_1 (—hk+r—§0h1/2+3212>¢ drdt

+ha®o/ |D;¢|* drdt — CRYZV4 1912,
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where q? — e—ibl/2h(—hkr2/2+r3/3—th]/2r2/2+(b2/8)r4)gﬁ(1}).

Proof. We have
O aop (V1) = / (1 +arr)(1 — tko)lhd: g dh. de

2
didt

b b
(—hk LT —Eh 2+ 72# - h?%l)f>¢

+/(1 +aye)(1— tho)!
+ha®0/ |D;¢|> dhrdr,

where ¢ = F ,;(g/v/). With the normal estimates, we can write

2

b b
(—hk LT —Eh' 24 52‘[2 - hjltD,)(Z) dxrdt

/(1 +axt)(1 — tho) ™!

E 2
(—hk L —Ehr+ 32#)(;) drdrt

> /(1 +at)(1 — ko) ™!

A

: -1 1/2 by 2\ vy -
— DN (1+axt)(1 —tkp) —hi+1—§&)h +7r othD 9 d\dT

5 2
(—hk LT —Eh 32#)(/3 dxrdt

> /(1 +at)(1 — ko) ™!

b - 5
— bl.%(/ (—h/\ +1—&h'?+ ?2‘52)(/3‘[/’11)7(;) di dr) — CR¥ZHV4 1912

Completing a square and using the normal Agmon estimates to control the additional terms, we get
b b
(hDr - 71‘17 (—hk L —Eht §r2)>¢

b
(—hx+r—goh1/2+§rz>¢

2
drdr

Onap (V) = / (1 +ay0)(1 — tho)

2
di dt+ha®0/ |D; ¢ dhdr—Ch3> V4192

+/(1+a2t)(1—tko)l
We now change the gauge by letting

¢ = eib1/2h(—hkr2/2+r3/3—.§0h1/2r2/2+(b2/8)r4)¢v)'
We deduce
Onapo) = [ (1 @r)(1 = ek D: G divd

2
dldt

b .
+ /(1 +apt)(1 — ko) ™ (—hx +1—&h'?+ Ezﬁ)qb

—{-ha@o/

2
Dy (7MY didr — CHPHA |,
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Finally we write

2
f|DA(eiAb"2/4g5)|2dkdr =/‘qu§— %rzqé didt

> f D¢ drdr — ClT23II Dy
> / |D3§* drdt — Cl|T ||| Drbl.
In addition, we notice that
1Dl < C(I5¥ I + 20 1) < ChY || O

In order to get a good model operator, we shall add a cutoff function with respect to 7. Let n € (0, ﬁ).
Let x be a cutoff function such that

x(@®)=1 for|t] <1, 0<x=1, supp x C [-2,2].

We define
1(x) =xx(h"x).

Applying the normal Agmon estimates, we have:
Proposition 5.6. There exist hg > 0 and C > 0 such that for h € (0, hy) and all IZ e En(h),
Onapp (V) = /(1 +ah' 212 0)) (1= k' 21 2)ko) |k D §? d de

_ b .12
+/(1+a2h1/21(h_1/2r))(1—hl/zl(h_l/zr)ko) '|(<hn =02+ D 0)?) g drar

+ hoz@of |D;$|1> drdt — Ch3> V414,
M g _ 2 3 _ 1/2.2 4 v
where ¢ = e ib1/2h(—hat? /24717 [3—Eoh' 212 /24+(by/8)T )9?15(11/)

Remark 5.7. In particular, we have reduced the analysis to an electric Laplacian (with curvature terms),
which has essentially the Born—Oppenheimer form (see our recent work [Bonnaillie-Noél et al. 2012],
where a similar and simpler model appears). To see this more precisely, let us adopt a heuristical point of
view. If we forget the different terms due to curvature, the operator which appears is in the form

ha®gD; + h*D? + (=hi+1 — &gh'/)?.
After the rescaling A = h~'/4%, T = h'/2x, we get

h(h'?a®oD; + D} 4 (—h'/*A — x — &)?).
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Therefore we are led to analyze a problem which is semiclassical with respect to just one variable. At
some point (that we will justify at the end of this section), we can reduce the study to

h(h'?a©0D; + € +h'*h)),

and then (Taylor expansion)
h (h1/2a®0D2 Lo+ &) (‘50) ‘/2,\2)

Finally we recognize the harmonic oscillator, whose spectrum is well-known.

A simpler model in the Born—-Oppenheimer spirit. We introduce the rescaled quadratic form:

0yn(p) = f(l +arh' 1)) (1 = 1(x)koh'/?) |8, 0|* dA dx
N 2

B b
+/(1+azl(x)h1/2)(1—l(x)kohl/z) ! (x—$o+h1/2)»+?2l(x)2hl/2)(p didx

+a®0/ |Dyo|*dxdx.

‘We recall that l;z = by — ko. We will denote by H, ; its corresponding Friedrichs extension. We will
denote by v,(Q, 1) the sequence of its Rayleigh quotients. For each A, we will need to consider the
quadratic form

Do (@) = / (14 a2k 2100) (1 = 1koh2) 19 dx

+/(1+a21(x)h1/2)(1 —1(x)koh'/?) ™!

2

b
(x —& + 1'%+ Ezl(x)zhl/z)w dx,

whose domain is B!(R*). We denote by v i(qx,n,n) the increasing sequence of the eigenvalues of the
associated operator. The main proposition of this subsection is the following:

Proposition 5.8. For all n > 1, there exist hy > 0 and C > 0 such that, for h € (0, hg):

1 @
Vn(Qy) = O+ (C(ko, az, by) + (2n— 1),/ @)h”z _ CR\/HS,

With Propositions 5.6 and 5.3, inequality (5-1), and the min-max principle, we first deduce the size of
the spectral gap between the lowest eigenvalues of Pj, 4. Then, with Theorem 2.1, we deduce Theorem 1.3.

Elementary properties of the spectrum. This subsection is devoted to basic properties of the spectrum of
Oy.1- The following proposition provides a lower bound for vi(gy ;,1).

Proposition 5.9. There exist positive constants C, co, M and hy such that if h € (0, hy), then:

(1) If x| = Mh='Y470 then
V1(ga.n) > g +comin(1, A*h).
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(2) If|IA| < Mh= V4" then

1
V1 (@nn) = Og + Cko, az, ba)h'/? + @Azh — Ch¥/473n,

where C (kg, ay, by) is given in Theorem 1.3.
Proof. The proof is left to the reader as an adaptation of [Fournais and Helffer 2010, Proposition 5.2.1]. [J
Let us now prove a lower bound for the essential spectrum of H,, ;.

Proposition 5.10. There exist hy > 0 and ¢y > 0 such that, if h € (0, hy), then
infaess(Qn,h) > O + Co.

Proof. Let ¢ € Dom(Q, ) such that supp(¢) C [F\Ri \ [—1%, Ié]z. Let us use a partition of unity
X127 Rt Xzz’ r = 1 such that x; g(x) = x1(R™'x) and where ¥ is a smooth cutoff function being 1 near O.
We have

0yn(@) > Qun(x1.r®) + Qyn(x2.r}) — CR™[I 9%

For R > 2h™", we have (the metrics becomes flat and we can compare with a problem in R?)

0y n(x2.r®) > llx2. RO
‘We have
0101 = [ V1@ 10,00 + a0l Di1.59) P dx i

R

Taking h € (0, hg) (where hg is given by Proposition 5.9) and R > h~ 12, we infer

Onn(X1,rO) > /2(®o+co)|X1,R¢|2dx di.
R+

This implies that
Q.4 (¢) > (min(1, Og +co) — Ch*")[1$]%.

The conclusion follows from a Persson’s lemma-like argument (see [Persson 1960; Fournais and Helffer
2010, Appendix B.3]). (I

The following proposition provides an upper bound for the lowest eigenvalues of H, j.

Proposition 5.11. For all M > 1, there exist hy > 0, C > 0 such that forall 1 <n < M:
Vi (Qn) < h ™'y () + O (h™).

Proof. This is a consequence of (5-1) together with the lower bounds of Propositions 5.3 and 5.6 and the
min-max principle (see for instance [Reed and Simon 1978]). ]

Remark 5.12. For & small enough, we deduce that there are at least M eigenvalues below ®¢ + ¢y. Let
us consider the first M eigenvalues v,(Q,.») below ©¢ + ¢o. With Theorem 2.1, we deduce that, for all
M > 1, there exist hg > 0 and C(M) > O such that, for 1 <n < M,

0 < v,(Qni) — O < C(M)h'/?.
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For 1 <n < M, let us consider a normalized eigenfunction f, , » associated to v,(Q,, ) so that f, , »
and f,, , » are orthogonal if n # m. Let us introduce:

Sm(h) = Span1§j§M(fj,n,h)-
Agmon estimates. First, let us state Agmon estimates with respect to x.

Proposition 5.13. There exist hg > 0, g9 > 0, C > 0 such that, for all f € §y(h),

f | FPdx di < CII I
2

R+
Proof. Let us use a partition of unity, X12,R + X22’R =1, with R > h™". We take ® = gox (x/r)|x|. This
IMS formula implies (with f = f,, » 1)

0y (x1.re®f)+ 0y n(xa.re® f) — Cellle® fII* = va(Quu)le® f1I* < 0.

We recall that
0y n(x2are® f) > llxa.re® fII?

and that
0 Grre® f) = f 01 (@m0 k€® 12 dx di.

On the one hand, we have
Oni(x2.re® ) — Ceglixa.re® f1I7 = (©o+ Ch' )| xa.re® f1I* > (1 — Ceg — ©g — Ch'?) [ x2.re® f 1%
On the other hand, we get
Onn(x1.re® ) — Cegllxi.re® f1IP = (@ + Ch')x1.re® f1?
> / (v1 (@) — Ce3 — @ — ChV?) 1. ge® fI2 dx d.

When |A| > Mh~1/47" we have

V1(qnin) —Ceg— O — Ch'/? > —Cef — Ch'/2.
When |A| < Mh~1/*, we have

v1(gnan) —Cel — Oy — Ch'/* > —Cef — Ch'/>.
If i and g are small enough, we deduce that

(1—Ce5—©g— Ch'?)|x2.re® fI* < Clix1.re® f17,

so that ~ A
Ix2.re® fIF < ClfI* and [e®fI2 < CIfI?,

where C and C are independent from r. It remains to make r — 400 and apply the Fatou lemma. Finally,
it is easy to extend the inequality to f € §p(h). ]
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Then, we will need Agmon estimates with respect to A:

Proposition 5.14. There exist hg > 0, C > 0 such that, for all f € §p(h),

/ A R axd < Ol I (5-4)
RZ

+

and

/ 2 1 Dy 2 dxdn < Ch'V2| )2 (5-5)

R3

Remark 5.15. Heuristically, these estimates with respect to A correspond to the phase space localization
of [Fournais and Helffer 2006, Section 5].

Proof. We take f = f; , » and use the IMS formula (with ® = W4 r =Y A |A]) to get
Qi€ ) < vj(Qyi)lle® I+ CIIVPe® fII* < (8 + C(M)L'2 + Ch'2) e® £1%.

We recall that

0, 1) = [ 11(aple® P +a@lDue® P dx iz [ niguanle® fPdx dr.

R% R}

We have, for all D > 0,

[ e sPaxai= [ e Pdxdit [ e s Pdxdi.
RZ [A|<Dh=1/4 |A|>Dh~1/4

Moreover, we get

/ Vi@ m)le® fI7dx dr > / (®0 + comin(1, ha?))[e® fI* dx da
A= Mh=1/4=1 |AI=Mh=1/4=

and

) 2
f o1 (@ m)le® FI2 dx di
Dh’l/4§\)\|§Mh*1/4*’]

i
> f O + C ko, az, by)h'/* + H80) 50, _ cpta=sn le® f1? dx d.
Dh=1/4< |3 <Mh=1/4=n 2
This leads to
/ (c1 min(1, hA%) — Ch'/? = Ca®h'/?)|e® f|* dx d)\géhlﬂf |fI*dhrdx.
|A|>Dh~1/4 [A<Dh=1/4

It remains to take D large enough, and we get (5-4). Then we have

[ (1@ = ©0)1e® 7P+ a@0I D€ ) dx ar = P 1P,
R

+
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But we notice that

| (1@ = @01 fPdx
R

.
> / (C(ko, ar, b +
Dh=14<|A|<Mh=1/4=n

"
+/ (C(ko, ay. by 4 P80 52y, Ch3/4_3”) 1e® £ d2dx.
[»<Dh=/4 2

W (EO)A 2h — Cch34- 3")|e FI2dx dx

Taking D larger, we get

(M (EO)AZh Cchl/? _ h3/4_3'7>|e‘1’f|2dx di > 0.

~/;)h1/4§|k|§Mhl/4"

Moreover, we have

< Ch'2| £ O

/ 1/4<C(k0,a2,b2)h1/2 M(SO)AZh Ch3/*~ 3")|e‘1’f|2dmx
IA<Dh

Approximations of eigenvectors by tensor products. Let us define the quadratic form gy with domain
B'(R;) ® L*(R):

q0(¢) = Qo(p) — Oolle|* = " 8.9 1* + | (x — £0)I* — Bolg|* dx d.
+

The Friedrichs extension of g is the operator Hg, ®1d; 2. We also define the Feshbach—Grusin projection
on the kernel of Hg, ® Id;2 -

Mop = (@, ugy) xug, (x).

The next proposition states an approximation result for the elements of §,(#) (which behave as tensor
products):

Proposition 5.16. For all M > 1, there exist hg > 0 and C > 0 such that we have, for all f € §p (h),

I f = Tofllg2 + 18 (f — o)l 2 + x(f = Mo f)ll 2 < Ch'B| £1, (5-6)
I(Af = ToAf Il 2 + 19x (Af — TIoAf) I 2 + Ix(Af — oA f)ll 2 < CRY3| £, (5-7)
(3 f — o £ 1l 2 + 1185 (B3 f — Todx )l 2 + Ix (@ f — Todsa f)ll 2 < CHE| £ (5-8)

In particular, Ty is an isomorphism from §y (h) onto its range.

Proof. We take f = f; , . By definition, we have

Hynf=vi(Qun)f. (5-9)
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Approximation of f. We deduce

Qni(f) =vi (@l fI? < (@9 +Ch)| fI1%.

‘We have
2

b
(x — & +h'?A +h1/2721(x)2)f dx da.

0 (f) = (1 — Ch”“)/ o £+
%

Moreover, we get (using the estimates of Agmon), for all € € (0, 1):

[ o+
R+

Taking ¢ = h'/#, we deduce

2
dx dx > (1 —g)Qo(f) — Ce 'n1?| £11%.

b
(x — & +h'Ph+ hl/zfl(x)z)f

qo(f) < Ch'*| £12.
We deduce (5-6).

Approximation of L.f. We multiply (5-9) by A and take the scalar product with Af:

Qni(hf) < (©g + CRYAIAL I+ [([Hyns A1f, AF)].

Thus, it follows that

QM) < (O + ChYH) |IAf 12 +a®o|(D; £, Af)| < OollAf 1>+ ClI £

We get
Qi (L f) = (1= CR'ZN)((1 — &) Qo(f) — Ce | f1).
We take ¢ = h!/* to deduce
qo(hf) < Ch= V4| £112.
We infer (5-7).

Approximation of D, _f. We take the derivative of (5-9) with respect to A and take the scalar product with

3Afi
0y (3. 1) < O+ Ch'A) 3, £ 1> + [([Hyn, 31, 3.1)|.

The estimates of Agmon give
[{[Hyns 311, 00| < CHILFIP
We have
Qnn(@.f) = (1= Ch' 27 ((1 — ) Qo(3r.f) — Ce~ ' hIl f11?).
We take ¢ = 1'/# and deduce
003 f) < CHIf11%.

We infer (5-8). [l
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Conclusion: proof of Proposition 5.8. For all f € §(h), we have the lower bound

0011 = [ (@unnlfP+aulD, f dxdi

+

> / (w(qx,n,h)—(®O+C(ko,a2,bz)h1/2 # (SO)A%))dedA
2
1/2 M (SO) 2
+ | (@ +Clko, ar, b + 22525320 )| 12 dix d + «®¢| Dy £ 2 dix d.
2

‘We now estimate

1/2 IL//(SO) 2 2
/2 v1(qann) — | ®0 + Clko, az, by)h! +TA h) ) f1>dxdx

R+
1
- / (m(qx,n,h) - (@0 + Clko az, b)Y + @xzh»uwx dx
A|=MA=1/4-1 2

+/ (VI(C]A,n,h)—(®O+C(k0,a2,b2)hl/2 ad (SO)k2h)>|f|2dxdk.
|A|<Mh=1/4=n

Moreover, we get

Y
/ <v1<qx,n,h) — <®o+c<ko, az, by)h'/* + @Azh))vﬁdx dx
|A|=Mh=1/4=n 2

MN(SO) 52
2

> / —<®o+C<ko, az, by)h'/* + h)|f|2dx dr= 0™ fI?
|A|>Mh—1/4=n

where the last estimate is a consequence of the estimates of Agmon. Then we get

w (%‘ ) _
/ y (w(cu,n,h)— (®o+c<ko,az,bz>h“2 0 /\Zh))lflzdx dr = —Ch3/473) 1112,
A <Mh—1/4=n
We deduce

Qun(f) > / <c<ko,az,bz>h1/2 a (SO>)»2h>|f|2dXd)»+a®o|DAf|2dXd)»
R2

+ @l fI* = CRY*731 7112,

We now use Proposition 5.16 to get

Qun(f) > / (C(ko, az, by)h'/* + [Ty f1*dx d\ +a®g|D; Ty f|* dx di
2

+

M”(Eo)/\zh)
2

+ @l fII* = CA2H1E| T, £11%.
But we notice that for all f € §y(h),

Qun(f) <vm (@)l £11%,
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and thus:

Vi
/ (C(ko, az, by)h'/? + %&))Azh)moflzdx dr+a®| Dy f|? dx d
&

< (v (Qy) = )l FII* + ChYZ13 | T £ 12
< (vm(Qy.n) — ©) o f 11> + CAYZH1E 1, 12,

The conclusion follows from the min-max principle.
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