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Local root numbers and spectrum of the local
descents for orthogonal groups: p-adic case

Dihua Jiang and Lei Zhang

We investigate the local descents for special orthogonal groups over p-adic local fields of characteristic
zero, and obtain explicit spectral decomposition of the local descents at the first occurrence index in terms
of the local Langlands data via the explicit local Langlands correspondence and explicit calculations of
relevant local root numbers. The main result can be regarded as a refinement of the local Gan—Gross—
Prasad conjecture (2012).
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1490 Dihua Jiang and Lei Zhang

1. Introduction

Let G be a group and H be a subgroup of G. For any representation 7 of G, it is a classical problem
to look for the spectral decomposition of the restriction of & from G to H. The spectral decomposition
problem can also be formulated in a different way. For a given = of G and a subgroup H, which
representation o of H has the property that

Hompy (rr, o) # 0? (1-1)

And what is the dimension of this Hom-space? When 7 or H is given arbitrarily, it is hard for such a
spectral decomposition to be well understood, and those questions may not have reasonable answers.

When G is a Lie group or more generally a locally compact topological group defined by a reductive
algebraic group, one may seek geometric conditions on the pair (G, H) such that the multiplicity m (rr, o),
which is the dimension of the Hom-space in (1-1), is bounded and at most one. In such a circumstance, one
may seek invariants attached to 7 and o that detect the multiplicity m (;r, o). The local Gan—Gross—Prasad
conjecture [2012] for classical groups G defined over a local field F is one of the most successful examples
concerning those general questions. When the local field F is a finite extension of the p-adic number field
Q,, for some prime p, the local Gan—Gross—Prasad conjecture for orthogonal groups has been completely
resolved by the work of J.-L. Waldspurger [2010; 2012a; 2012b] and of C. Mceglin and Waldspurger [2012].

One of the basic notions in the local Gan—Gross—Prasad conjecture for orthogonal groups G are the so
called Bessel models. Over a p-adic local field F, Bessel models are defined in terms of a special family
of twisted Jacquet functors. It is proved through the work of Aizenbud et al. [2010], Sun and Zhu [2012],
Gan et al. [2012], and Jiang et al. [2010b] that the Bessel models over any local fields of characteristic
zero are of multiplicity at most one. The local Gan—Gross—Prasad conjecture is to detect the multiplicity
(which is either 1 or 0) in terms of the sign of the relevant local e-factors.

Meanwhile, the Bessel models have been widely used in the theory of the Rankin—Selberg method
to study families of automorphic L-functions and to define the corresponding local L-factors and local
y-factors. In terms of representation theory and the local Langlands functoriality, the Bessel models
produce the local descent method, which has been successfully used in the explicit construction of certain
local Langlands functorial transfers for classical groups [Jiang and Soudry 2003; 2012]. In the spirit of
the Bernstein—Zelevinsky derivatives for irreducible admissible representations of general linear groups
over p-adic local fields [Bernstein and Zelevinsky 1977], the Bessel models can be regarded as a tool to
investigate basic properties of irreducible admissible representations of G (F) in general.

For instance, if G is an odd special orthogonal group SO,, 1, then the local descents constructed
via the family of Bessel models may produce representations on the family of even special orthogonal
groups SO,,,,, whose F-ranks should be controlled (up to 1) by the F-rank § of SO»,41, with m =
n—6,n—386+1,...,n—1,n. When m =n, it is the restriction from SO, 1| to SO,,, which is the case of the
classical problem of symmetric breaking. Hence the explicit spectral decomposition when a representation
7 of SO2,41(F) descends, via the twisted Jacquet functors of Bessel type, to SOy, (F) is an interesting
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and important problem, and may be considered as a refinement of the local Gan—Gross—Prasad conjecture.
One of the problems in our mind is to understand the spectral decomposition of the local descent for
special orthogonal groups over p-adic local fields in terms of the local Langlands parameters.

We explain our approach below with more details. The method is applicable to other classical groups. In
some cases, we have to replace the Bessel models by the Fourier—Jacobi models, following the formulation
of the local Gan—Gross—Prasad conjecture in [Gan et al. 2012]. The connection of the results in this paper
to automorphic forms is considered in the work of the authors [Jiang and Zhang 2015].

1A. Local descents. Let F be a nonarchimedean local field of characteristic zero, which is a finite
extension of the p-adic number field Q,, for some prime p. As in [Jiang and Zhang 2015; Arthur 2013,
Chapter 9], we use G, = SO(V*, gy,..) to denote an F-quasisplit special orthogonal group that is defined
by a nondegenerate, n-dimensional quadratic space (V*, ¢*) over F withn = [%] and use G, =SO(V, q)
to denote a pure inner F-form of G;;. This means that both quadratic spaces (V*, ¢*) and (V, g) have
the same dimension and the same discriminant, as discussed in [Gan et al. 2012], for instance.

Let I1(G,) be the set of equivalence classes of irreducible smooth representations of G, (F). It is
well-known that any 7w € I1(G,) is also admissible. Let t be the F-rank of G,. Take X to be an
t-dimensional totally isotropic subspace of (V, g), and take X~ to be the dual subspace of X*. Then one
has a polar decomposition of (V,q): V=X~ ® Vo @® X, where (Vj, qv,) 1s the F-anisotropic kernel of
(V, g). With a suitable choice of the order of the dual bases in X~ and X, one must have a minimal
parabolic subgroup Py of G,,, whose unipotent radical can be realized in the upper triangular matrix
form. For any standard F-parabolic subgroup P = M N, containing Py, of G, take a character iy of the
unipotent radical N (F) of P(F), which is defined through a nontrivial additive character {r of F. One
may define the twisted Jacquet module for any & € I1(G,,) with respect to (N, ¥y) to be the quotient

INyy (V) :=V/V(N, ¥n),
where V (N, ¥y) is the span of the subset
{r(m)v—yYym)v | Vv e V,,Vn e N(F)}.

Let My, is the stabilizer of /x in M. Then the twisted Jacquet module Jy v, (V) is a smooth represen-
tation of My, (F). In such a generality, one may not have much information about the twisted Jacquet
module Jy v, (Vrz), as arepresentation of My, (F'). Following the inspiration of the Bernstein—Zelevinsky
theory of derivatives for representations of p-adic GL, [Bernstein and Zelevinsky 1977], the theory of
the local descents is to obtain more explicit information about the twisted Jacquet module Jy y, (V) in
terms of the given m and its local Langlands parameter, for a family of specially chosen data (N, ¥y).
To introduce the twisted Jacquet modules of Bessel type, we take a family of partitions of the form:

pe=[Qe+ 11271, (1-2)
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with 0 < £ <. Those partitions p, are G,-relevant in the sense that they correspond to F-rational
unipotent orbits of G, (F). As in [Ji_ang and Zhang 2015], the F-stable nilpotent orbit (’);}[ corresponding
to the partition p, defines a unipotent subgroup V), of G, over F, and each F-rational orbit Oy in the
F-stable orbit (9_;}/Z defines a generic character woeiof Ve (F).

More precisely, let {e+1, e4s, ..., ex.} be a basis of X*, respectively such that g (e;, e_ j) =20; ; forall
1 <i, j <. Then we may choose the minimal parabolic subgroup Py to fix the following totally isotropic
flag in (V, q):

VircVv)c..-c V' where V* =Spanfesr, ..., exi}. (1-3)

For the partition pg in (1-2), we consider the standard parabolic subgroup Py¢ = My¢Nye, containing P,
with the Levi subgroup M« = GLIXK XG,—¢ and V,, = Nyc. Here V), consists of elements of form:

z Yy X
Vyy=1v= Lo ¥V | €Gu:izeZs}, (1-4)

P -
where Z, is the standard maximal (upper-triangular) unipotent subgroup of GL,. Then the F-rational
nilpotent orbits O, in the F-stable nilpotent orbit O;t[ correspond to the GL; (F) x G,_¢(F)-orbits of
F-anisotropic vectors in (F*~2¢, ¢). The generic character ¥, of V), (F) may be explicitly defined as
follows: Fix a nontrivial additive character ¥ of F. For an anisotroi)ic vector wy in ((V;r @ V[)L, q)

associated to the F-rational orbit O; in O3 , define a character ¢ ,, of V), (F) by

-1
Vo,(v) =Yeuw =V <Z Zii+1+q (e, wo)) (1-5)
i=1
where z; ; is the entry of the matrix z in the i-th row and j-th column and yy is the last row of the matrix
y in (1-4).

The Levi subgroup M. acts on the set of those generic characters ¥, ,, via the adjoint action on V.
We denote by G,?‘ the identity component of the stabilizer in M;. of the character ¥rp,, viewed as a
subgroup of G,_,. By Proposition 2.5 of [Jiang and Zhang 2015], the algebraic group G isa special
orthogonal group defined over F' by a nondegenerate quadratic subspace (W, g) of (V, g) with dimension
n—2¢ — 1. Here if ¢, is of form v ,,,, we have that

We = (V" @ Spanfwo} @ V)" (1-6)

and G,(,Q‘Z can be identified as the special orthogonal group SO(W,, ¢). We refer to [Jiang and Zhang 2015,
Proposition 2.5] for more structures of G,(?‘ .
We define the following subgroup of G,,, which is a semidirect product,

Ro, =Gy X Vp,. (1-7)
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For any 7 € T1(G,), the twisted Jacquet module with respect to the pair (V,, ¥o,) is defined by

\7(9/(”) - j@/(vﬂ) == jVL’Z’I//O(Z (VT() = VJT/VJT(VEW 1/’0()7 (1_8)

which may also be called the twisted Jacquet module of Bessel type of 7.
For an irreducible admissible representation o of G,?‘ (F), the linear functionals that belong to the
following Hom-space

Homg,, (r)(m ® 07, Y0,), (1-9)

where oV is the admissible dual of o, are called the local Bessel functionals for the pair (7, o). The
uniqueness of local Bessel functionals asserts that

dimHOl’nRO{(F)(JT ®ao", Yo,) < 1. (1-10)

This was proved in [Aizenbud et al. 2010; Sun and Zhu 2012; Gan et al. 2012; Jiang et al. 2010b]. It is
clear that

HomRoz(F)(n ®Jv’ wa) = HomG’?Z(F)(jO({ (7T), J)

It is a natural problem to understand possible irreducible quotients o of the module Jo, (7r) of G,(?‘ (F).
The local Gan—Gross—Prasad conjecture determines such a quotient o by means of the sign of the epsilon
factor for the pair (7, o). One of the main results of this paper is to determine all possible quotients o
for a given m with explicit description of their local Langlands parameters (Theorem 1.7), when the index
£ is the first occurrence index (given in Definition 1.3).

In order to understand all possible irreducible quotients, we introduce a notion of the ¢-th maximal
quotient of  if Jp,(7) is nonzero. Define

So, () =Ny, ker(l,), (1-11)

where the intersection is taken over all local Bessel functionals [, in Hom GO (F) (Jo, (), o) for all
o€ H(G,(,QZ). The ¢-th maximal quotient of 7 is defined to be

Qo, (1) == Jo, (1) /So, (7). (1-12)

Of course, if Jp, () is zero, we define Qp, () to be zero. In this paper, we study this quotient for
irreducible admissible representations w of G, (F) with generic local L-parameters, the definition of
which will be explicitly given in Section 2A. Since we mainly discuss the local situation, we may call the
local L-parameters the L-parameters for simplicity.

Proposition 1.1. For any w € I1(G,) with a generic L-parameter, if the twisted Jacquet module Jo, (1)
is nonzero, then there exists a o € H(G,?“) such that

Hom,or ., (o, (1), @) #0.

Namely, the twisted Jacquet module Jo, () of 7 is nonzero if and only if the £-th maximal quotient
Qo, () of m is nonzero.
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Proposition 1.1 follows from Lemma 3.1 in Section 3. By Proposition 1.1, if Jp, (;r) is nonzero, then
the £-th maximal quotient Qp, (7r) is nonzero. In this situation, we set

Do, () := Qo, () (1-13)

and call Dy, (7r) the £-th local descent of  (with respect to the given F'-rational orbit ). Note that the
group G,?“ (F) and the representation Dy, (7r) depend on the F-rational structure of orbit O,.

The theory of the local descents is to understand the structure of the £-th local descent Do, (;r) as a
representation of G,?( (F), in particular, in the situation when £ is the first occurrence index. In order to
define the notion of the first occurrence, we prove the following stability of the local descents.

Proposition 1.2. For any m € [1(G,,) with a generic L-parameter, if there exists an £ such that the £,-th
local descent DOz, () is nonzero for some F-rational orbit Oy, then the £-th local descent Do, (1) is
nonzero for every £ < {1 with a certain compatible O,.

The details of the compatibility of O, and O, will be given in Proposition 3.3. Proposition 1.2 follows
essentially from the relation between multiplicity and parabolic induction as discussed in Section 2D and
will be included in Proposition 3.3 on the stability of the local descents in Section 3.

Definition 1.3 (first occurrence index). For w € I1(G,,), the first occurrence index £y = £y () of 7 is the
integer £g in {0, 1, ..., t} where v is the F-rank of G, such that the twisted Jacquet module J@ZO ()
is nonzero for some F-rational orbit Oy, but for any £ € {0, 1, ..., t} with £ > £y, the twisted Jacquet
module Jp, () is zero for every F-rational orbit O, associated to the partition P as defined in (1-2).

It is clear that the definition of the first occurrence index is also applicable to the representations 7
that may not be irreducible. At the first occurrence index, we define the notion of the local descent of .

Definition 1.4 (local descent). For any given 7w € I1(G,), assume that ¢ is the first occurrence index
of . The £(-th local descent DOzO () of  is called the first local descent of 7 (with respect to Op,) or
simply the local descent of 7, which is the £p-th nonzero maximal quotient

Do, (m) := Qo,, ()
for the F-rational orbit Oy, associated to the partition py, as defined in (1-2).

It is clear that such an Oy, always exists by the definition of £y, but may not be unique. Also, when
G, = G, is F-quasisplit and 7 is generic, i.e., has a nonzero Whittaker model, the first occurrence index
is clearly £g =n = [g] where n = dim V*. The discussion related to the first occurrence index in this
paper will exclude this trivial case.

1B. Main results. The main results of the paper are about the spectral properties of the ¢-th local descents
of the irreducible smooth representations of G, (F) with generic L-parameters. At the first occurrence
index, the spectral properties of the local descents are explicit.
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Theorem 1.5 (square integrability). Assume that w € [1(G,) has a generic L-parameter. Then, at the
first occurrence index €y = £o(r) of 7w, the local descent DOeO () is square-integrable and admissible.
Moreover, the local descent Do, () is a multiplicity-free direct sum of irreducible square-integrable

representations, with all its irreducible summands belonging to different Bernstein components.

The proof of Theorem 1.5 depends on the following weaker result about the £-th local descent for gen-
eral £. Because it can be deduced from the work on the local Gan—Gross—Prasad conjecture for orthogonal
groups of Waldspurger [2010; 2012a; 2012b] for tempered L-parameters, and of Mceglin and Waldspurger
[2012] with generic L-parameters, we state it as a corollary and refer to Section 3 for the details.

Proposition 1.6 (irreducible tempered quotient). For any w € [1(G,) with a generic L-parameter, and
forany £ €{0, 1, ..., v} with v being the F-rank of G,, if the twisted Jacquet module Jp,(m) is nonzero,
then Jo, () has a tempered irreducible quotient as a representation of G,?‘ (F), and so does the £-th
local descent Do, (). In other words, if Jo,(r) # 0, then there exists a o € Htemp(G,?‘) such that

It is worthwhile to mention an analogy of Proposition 1.6 to the generic summand conjecture (Conjec-
ture 2.3 in [Jiang and Zhang 2015] and Conjecture 2.4 in [Jiang and Zhang 2017]). In such generality, if
the representation 7 in Proposition 1.6 is unramified, then for any index ¢, the £-th local descent Dy, ()
has a tempered, unramified irreducible quotient. While the generic summand conjecture [Jiang and Zhang
2015; 2017] asserts that for any irreducible cuspidal automorphic representation of G, with a generic
global Arthur parameter, its global descent at the first occurrence index is cuspidal and contains at least
one irreducible summand that has a generic global Arthur parameter. This assertion serves as a base
for the construction of explicit modules for irreducible cuspidal automorphic representations of general
classical groups with generic global Arthur parameters as developed in [Jiang and Zhang 2015; 2017].
We will discuss the global impact of the results obtained in this paper to the generic summand conjecture
in our future work.

From the setup of the local descents, the theory is closely related to the local Gan—Gross—Prasad
conjecture. By applying the theorems of Mceglin and Waldspurger on the local Gan—Gross—Prasad
conjecture for generic L-parameters, and by explicit calculations of local L-parameters and the relevant
local root numbers via the local Langlands correspondence in the situation considered here, we are able to
obtain the following explicit spectral decomposition for the local descent at the first occurrence index. In
order to state the result, we briefly explain the notation used in Theorem 1.7 below, and leave the details
for Sections 2 and 5.

Write Z := F*/F*2. After fixing a rationality of the local Langlands correspondence ¢, as in
Section 2B, when a & € [1(G,,) is determined by the parameter (¢, x), the abelian group Z acts on the
dual S'w of S,. Denote by Oz () the Z-orbit in S}p determined by 7 (see (2-17)). Denote by [¢]. the
pair of the local L-parameters which are conjugate to each other via an element ¢ in the complex group
O(V)(C) with det(c) = —1. In Definition 4.1, we introduce the notion of the descent D, (¢, x) and that
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of the first occurrence index £y = €o(¢, x) for the local parameters (¢, x). The basic structure of the
descent Dy, (¢, x) at the first occurrence index is given in Theorem 4.6.

Theorem 1.7 (spectral decomposition). Assume that w € I1(G,(V,))) is associated to an equivalence

class [¢]. of generic L-parameters.

(1) The first occurrence index of w is determined by the first occurrence index of the local parameters

via the formula

Lo(mr) = Xergifm{ﬁo([fp]c, X))

(2) For each F-rational orbit Oy, the local descent of 7 at the first occurrence index £y = £o() is a
multiplicity-free, direct sum of irreducible, square-integrable representations of G, “(F), which can

be explicitly given below.

(a) When n=2n is even and for x € Oz ()

Do, (1) = @ 7. x3(p. d)),
PED (9, x)
where the local Langlands correspondence v, for i is given by a =disc(Oy,) and x,(7w) = x, and
the quadratic space W defining G,(?e0 is given by disc(W) = —disc(Oy,) - disc(Vy) and (2-25).
(b) Whenn =2n+1is odd,

Doy, () = ay) T disc(0ry) (@ Xg (90, B)),

$€D¢y (9, %)
det(¢):disc(0g0)-disc(Vn)

where the quadratic space defining G,?eo is given by (2-24) and (2-26).

Theorems 1.5 and 1.7 will be proved in Section 5, not only using the result of Proposition 1.6, but also
using the proof of Proposition 1.6 in Section 3, with refinement. Moreover, in order to keep tracking the
behavior of the local L-parameters and the sign of the local root numbers with the local descents, we
need explicit information about the descent of local L-parameters D,(¢, x), given in Theorem 4.6.

We note that it is possible that D(% (7r) = 0 for some F-rational orbit Oy,. But there exists at least one
F-rational orbit Oy, such that DOZO () # 0. Also an explicit formula for the character de (¢, ¢) can be
found in Corollary 5.4.

Some more comments on Theorem 1.7 are in order.

First of all, in terms of the local Gan—Gross—Prasad conjecture, the spectral decomposition as given
in Theorem 1.7 can be interpreted as follows: For any 7 € [1(G,) with a generic L-parameter, at the
first occurrence index, the spectral decomposition explicitly determines in terms of the local Langlands
data of all possible irreducible representations o of G, “(F) that form the distinguished pair with the
given 7 as required by the local Gan—Gross—Prasad conjecture. Meanwhile, this spectral decomposition
indicates that for such a given 7z, ifao € H(G,(l%) can be paired with 7 as in the local Gan—Gross—Prasad
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conjecture, then o must be square integrable. Hence Theorem 1.7 and Corollary 5.4 can be regarded as a
refinement of the local Gan—Gross—Prasad conjecture.

Secondly, it is interesting to compare briefly Theorem 1.7 with the local descent of the first named
author and Soudry [Jiang and Soudry 2003; 2012], see also [Jiang et al. 2010a]. For instance, one takes
G to be the F-split SO2,1. Let 7 be an irreducible supercuspidal representation of GL,, (F'), which is
of symplectic type, i.e., the local exterior square L-function of t has a pole at s = 0. The local descent in
[Jiang and Soudry 2003; Jiang et al. 2010a] is to take & = 7 (7, 2) to be the unique Langlands quotient of
the induced representation of the F-split SOy, (F) with supercuspidal support (GL;,, ). According to
the endoscopic classification of Arthur [2013], # = (7, 2) has a nongeneric (nontempered) local Arthur
parameter (t, 1, 2), and has the local L-parameter ¢>,|-|% D ¢ |-|_%, where ¢ is the local L-parameter
of . Now the local descent in [Jiang and Soudry 2003; Jiang et al. 2010a] shows that D,,_; () with
£o = n — 1 being the first occurrence index is an irreducible generic supercuspidal representation of
SOy,+1(F) with the generic local Arthur parameter (z, 1, 1) or the local L-parameter ¢,. In this case,
T is the image of D,_; () under the local Langlands functorial transfer from SOy, to GLy,. The
result is even simpler than Theorem 1.7, as expected. However, from the point of view of the local
Gan—Gross—Prasad conjecture, the result in [Jiang and Soudry 2003; Jiang et al. 2010a] can be viewed as
a case of the local Gan—Gross—Prasad conjecture for nontempered local Arthur parameters. Hence the
work to extend Theorem 1.7 to the representations with general local Arthur parameters is closely related
to the local Gan—Gross—Prasad conjecture for nontempered local Arthur parameters. This is definitely a
very interesting topic, but we will not discuss it with any more details in this paper.

Finally, we would like to elaborate an application of Theorem 1.7. For a generic local L-parameter ¢
of an F-quasisplit G}, the local L-packet I14(G},) as defined in [Mceglin and Waldspurger 2012] contains
a generic member, i.e., a member with a nonzero Whittaker model. From the relation between unipotent
orbits of G} (F) and the twisted Jacquet modules for G (F). The Whittaker model corresponds to the
twisted Jacquet module associated to the regular unipotent orbit of G. In general, other members in
the local L-packet I14(G}) may not have a nonzero twisted Jacquet module associated to the regular
unipotent orbit. Hence it is desirable to know that for any member 7 in the local L-packet I1y(G},), what
kind twisted Jacquet modules does 7= have?

Let P(G}) be the set of orthogonal partitions p = [p1p2 - - - p,] associated to the F-stable unipotent
orbits of G (F). As defined in [Jiang 2014, Section 4] and similar to the definition of the twisted Jacquet
modules of Bessel type, we may construct a twisted Jacquet module associated to any F'-rational unipotent
orbit O, in the corresponding F-stable orbit (’);}. More precisely, we may construct, for any O) in (’);t,
a unipotent subgroup Vo, of G and a character ¥, and define the twisted Jacquet module Jo, ()
for any irreducible smooth representation 7 of G (F). Now, we define p(s) to be the subset of P(G}),
consisting of partitions p with the property that there exists an F-rational O in the F-stable Oi} such
that the twisted Jacquet module Jo, (;r) is nonzero. Let p™ (i) be the subset of p(7r) consisting of all
maximal members in p(;r). Following [Kawanaka 1987; Mceglin 1996], one may take p” (;r) to be the
algebraic version of the wave-front set of m. It is generally believed [Jiang and Liu 2016, Conjecture 3.1]
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that if 7 is tempered, then the set p” (;r) contains only one partition. One expects that this property
holds for general 7. Assume that p™ () = {E =[pip2--- p:1} with p; > pp > --- > p, > 0. In order to
determine the algebraic wave-front set p” (;r), it is an important step to understand how the largest part
p1 in the partition p € p™ () is determined by the local Langlands data associated to m, via the local
Langlands correspo_ndence for G (F). Here is our conjecture.

Conjecture 1.8. Assume that w € [14(G}) has a generic local L-parameter ¢. Then the largest part p;
in the partition p = [pipz - - - pr] that belongs to p™ () is equal to 2£y + 1, where £y = £o(7) is the first
occurrence index in the local descents.

Assume that Conjecture 1.8 holds. Then part (1) of Theorem 1.7 asserts that the largest part p; of
the partition p in the algebraic wave-front set p”* (;r) of 7 is completely determined by the property of
the local Lan_glands data associated to m, if 7 has a generic local L-parameter. From this point of view,
Theorem 1.7 serves as a base of an induction argument to determine the remaining parts p», ..., p,. In
Section 6, we will discuss Conjecture 1.8 via some examples. However, we expect that the induction
argument is long and complicate, and hence leave it to our future work. Waldspruger [2018] confirmed
this conjecture for a special family of generic local L-parameters of special odd orthogonal groups.

1C. The structure of the proofs and the paper. The local Gan—Gross—Prasad conjecture as proved in
[Waldspurger 2010; 2012a; 2012b; Mceglin and Waldspurger 2012] is the starting point and the technical
backbone of this paper; we state it in Section 2. In order to understand the F-rationality of the local L-
parameters and the F-rationality of the local descents, we reformulate the local Langlands correspondence
and the local Gan—Gross—Prasad conjecture in terms of the basic rationality data given by the underlying
quadratic forms and quadratic spaces. This is discussed in Section 2B. It is clear that one might formulate
such rationality in terms of rigid inner forms as discussed by T. Kaletha [2016]. Due to the nature of the
current paper, the authors thought it more convenient and direct to use the formulation in Section 2B. In
addition to the local Langlands correspondence as proved by Arthur [2013], we need the result for even
special orthogonal groups as discussed by H. Atobe and W. T. Gan [2017].

We start to prove Proposition 1.6 in Section 3. First we show (Lemma 3.1) that for any 7 € [1(G,,), if
the twisted Jacquet module Jp, (i) of Bessel type is nonzero, then it has an irreducible quotient. Then by
applying the relation of multiplicity with parabolic induction (Proposition 2.6 as proved by Mceglin and
Waldspurger [2012]), we obtain (Corollary 3.2) the relation of the first occurrence index with parabolic
induction and the result that for any = € I1(G,) with generic L-parameters, every irreducible quotient of
the local descent at the first occurrence index is square-integrable. It is clear that Corollary 3.2 is one step
towards Theorem 1.5. Finally, Proposition 1.6 follows from the stability of local descents (Proposition 3.3)
and its proof.

In order to prove Theorems 1.5 and 1.7, we have to work on the local L-parameters. We define in
Section 4 the descent of local L-parameters. In order to explicitly determine the structure of the descent of
local L-parameters, we first calculate explicitly the local epsilon factors associated to a local L-parameter
or a pair of local L-parameters, and keep tracking the local Langlands data through the process of local
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descents. With help from the theorem of Mceglin and Waldspurger [2012] on the local Gan—Gross—
Prasad conjecture for orthogonal groups with generic L-parameters and the explicit local Langlands
correspondence, we undertake a long and tedious calculation of the characters that parametrize the
distinguished pair of representations as given by the local Gan—Gross—Prasad conjecture and determine the
descent of the local L-parameters. Theorem 4.6 describes explicitly all the local L-parameters occurring
in the descent of the local L-parameter associated to the initially given representation . The point is that
all the local L-parameters occurring in the descent of local L-parameters are discrete local L-parameters.

With Theorem 4.6 in hand, we are able to determine in Section 5 the local L-parameters for all the
irreducible quotients of the local descent DOeO (;r). We then use the structure of the Bernstein components
of the local descent to prove Theorem 5.2; the irreducible quotients of local descent Do,, (1) belong
to different Bernstein components and are square integrable. Hence the local descent Do, (1) is a
multiplicity free direct sum of irreducible square-integrable representations and hence is square-integrable,
which is Theorem 1.5. Theorem 1.7, which gives an explicit spectral decomposition of the local descent
DOeO (7r), can now be deduced from Theorems 1.5 and 4.6.

In Section 6 we provide even more explicit results for two special families of generic local L-parameters:
the local cuspidal L-parameters as discussed by A.-M. Aubert, A. Moussaoui, and M. Solleveld [2015]
(where they are called the local cuspidal Langlands parameters) and the local discrete unipotent L-
parameters that correspond to the discrete unipotent representations in the sense of G. Lusztig [1995].
Moreover, we discuss Conjecture 1.8 via examples.

2. On the local Gan—-Gross—Prasad conjecture

2A. Generic local L-parameters and local Vogan packets. We recall from [Mceglin and Waldspurger
2012] the notion of the generic local L-parameters and their structure. Without the assumption of the
generalized Ramanujan conjecture, the localization of the generic global Arthur parameters [2013] will
be examples of the generic local L-parameters defined and discussed in [Mceglin and Waldspurger 2012]
for a p-adic local field F of characteristic zero. Following [loc. cit.], we denote by ®g,(G}) the set
of conjugacy classes of the generic local L-parameters of G;;. We may simply call ¢ € ®gen(Gy) the
generic L-parameters since we only consider the local situation in this paper.

Now we recall from [loc. cit.] the definition of generic local L-parameters for orthogonal groups. We
denote by Wr the local Weil group of F. The local Langlands group of F, which is denoted by Lp, is
equal to the local Weil-Deligne group Wr x SL,(C). The local L-parameters for G (F) are of the form

¢:Lp— "G (2-1)

with the property that the restriction of ¢ to the local Weil group Wy is Frobenius semisimple and
trivial on an open subgroup of the inertia group Zr of F, the restriction to SL,(C) is algebraic, and ¢ is
compatible with the projections of £ and LG to the Weil group Wi in the definition. Then, for each
given local L-parameter ¢, there exists a datum (L*, ¢L*, é) such that:
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(1) L* is a Levi subgroup of G} (F) of the form
L*=GL,, x ---x GL,, xGj,.
(2) ¢*" is alocal L-parameter of L* given by
¢ =@ D¢ ®d: Lr > "L,

where ¢; is a local tempered L-parameter of GL,; for j = 1,2, ..., 1, and ¢y is a local tempered
L-parameter of G, .

(3) B:=(Bi1,...,B) € R, such that By > fr > --- > B, > 0.

(4) The parameter ¢ can be expressed as
o=@l @¢/ITMe B @ Be @) @0

Following [Arthur 2013; Mceglin and Waldspurger 2012], the local L-packets can be formed for all
L-parameters ¢ as displayed above, and are denoted by I14(G). Now a local L-parameter ¢ is called
generic if the associated local L-packet [14(G}) contains a generic member, i.e., a member with a nonzero
Whittaker model with respect to a certain Whittaker data for G;. The set of all generic local L-parameters
of Gy, is denoted by ¢ € Pgen(Gr). It was proved in [Meeglin and Waldspurger 2012] that all the members
in such local L-packets are given by irreducible standard modules. Note that the situation here is more
general than that considered in [Arthur 2013] and hence the members in a generic local L-packet may
not be unitary. By [Mceglin and Waldspurger 2012], the local Gan—Gross—Prasad conjecture, which we
call the local GGP conjecture for short, holds for all generic L-parameters ¢ € ®gen(G).

Recall that an F-quasisplit special orthogonal group G, = SO(V*, ¢*) and its pure inner F-forms
G, =S0O(V, g) share the same L-group LG:. As explained in [Gan et al. 2012, §7], if the dimension
n = dimV = dim V* is odd, one may take Sp,_;(C) to be the L-group “G?, and if the dimension
n=dim V =dim V* is even, one may take O,(C) to be LG: when disc(V*) is not a square in F'* and
take SO, (C) to be LG; when disc(V*) is a square in F*. Let S, be the centralizer of the image of ¢ in
SOu(C) or Sp,_;(C), and S be its identity connected component group. Define the component group
Sp 1= S¢/Sg4, which is an abelian 2-group.

By Theorem 1.5.1 of [Arthur 2013], and its extension to the generic L-parameters in ®ge,(G}) in
[Mceglin and Waldspurger 2012], the local L-packets I14(G};) are of multiplicity free and there exists a
bijection

T <= () = X () 2-2)

between the finite set I14(G}) and the dual of S,/Z (L G¥) of the finite abelian 2-group S, associated to ¢.
Following the Whittaker normalization of Arthur, the trivial character x corresponds to a generic member
in the local L-packet I14(G}) with a chosen Whittaker character. There is an F-rationality issue on which
the bijection may depend. We will discuss this issue explicitly in Section 2B. Under the bijection in (2-2),
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we may write
T =, x) (2-3)

in a unique way for each member 7 € I14(G}) with x = x, as in (2-2). For any pure inner F-forms G,
of G}, the same formulation works [Arthur 2013; Kaletha 2016]. The local Vogan packet associated to
any generic L-parameter ¢p € ®gen(G}y) is defined to be

My[G]:= | J Ty(G), (2-4)
G
where G, runs over all pure inner F'-forms of the given F-quasisplit G,. The L-packet I14(G,) is defined
to be empty if the parameter ¢ is not G ,-relevant.
According to the structure of the generic L-parameter ¢ € ®g,(G), one may easily figure out the
structure of the abelian 2-group S;. Write

¢ =P misi, (2-5)

which is the decomposition of ¢ into simple and generic ones. The simple, generic local L-parameter ¢;
can be written as p; X up,, where p; is an a;-dimensional irreducible representation of Wy and u, is
the irreducible representation of SL,(C) of dimension b;. We denote by ®,(G},) the set of all simple,
generic local L-parameters of G In the decomposition (2-5), ¢; is called of good parity if ¢; € @ (G},.)
with G, being the same type as G, where n; := [%] We denote by Iy, the subset of I consisting of
indices i such that ¢; is of good parity and by Iy, the subset of I consisting of indices i such that ¢; is
self-dual, but not of good parity. We set Ipsq := I — (Ig, Ulyp) for the indices of non-self-dual ¢;. Hence
we may write ¢ € ®ge,(G,) in the following more explicit way:

¢ = (@mi¢i> ® < @ 2m;~¢j> ® ( P mi(x esd)kv)), (2-6)

i EIgp jEIbp kelnsa
where 2m/j =m; in (2-5) for j € Iy,. According to this explicit decomposition, it is easy to know that

#1 #lgp—1

Sy =7, or 7, (2-7)

The latter case occurs if G, is even orthogonal, and some orthogonal summand ¢; for i € Ig, has odd
dimension.

In all cases, when G, is even or odd orthogonal, for any ¢ € ®ge,(G}), we write elements of Sy in the
following form

(ei)iel,, € Zglgp ,  (or simply denoted by (¢;)) (2-8)

where each e; corresponds to ¢;-component in the decomposition (2-6) for i € Ig,. The component group
Cento, (c)(¢)/Cento, (c)(¢)° is denoted by Ay. Then Sy consists of elements in Ay with determinant 1,
which is a subgroup of index 1 or 2. Also write elements in A4 of form (e;) where e; € {0, 1} corresponds
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to the ¢;-component in the decomposition (2-6) for i € I,. When G, is even orthogonal and some ¢; for

i € Igp has odd dimension, then (€i)iely, is in Sy if and only if ), el € dim ¢; is even.

An L-parameter ¢ is of orthogonal type or symplectic type if its image Im(¢) lies in O, (C) or Sp,,, (C),
respectively. In this paper, a self-dual L-parameter refers to be of either orthogonal type or symplectic
type. Let p be an irreducible smooth representation of WWg, which is Frobenius semisimple and trivial on
an open subgroup of the inertia group Zr of F. Similarly, p is of orthogonal type or symplectic type if

p X1 is of orthogonal type or symplectic type, respectively. In this case, p X 1 is a discrete L-parameter.

2B. Rationality and the local Langlands correspondence. As explained in Section 1B, one of our
motivations is to study the algebraic version of the wave-front set p™ (7r) of 7 via this local descent
method. Our main approach is to perform an induction argument on the parts of partitions p in p™” (). In
this inductive argument, the representations are descended to the ones of special orthogon_all groups with
different parity alternatively. We need to keep tracking the F'-rational nilpotent orbits O, which give the
nonzero local descents. Meanwhile, O, also determines the quadratic forms of the descendant special
orthogonal groups. On the other hand, one needs to fix a normalization of the Whittaker datum in order
to fix the local Langlands correspondence. Such a normalization depends also on the quadratic forms of
the special orthogonal groups. Hence, we will fix the normalization for the parent representations and
track the F-rational forms O, for their descendants, then the normalization for their descendants will
be determined. In this sense, we refer those normalizations as the F-rationality of the local Langlands
correspondence for G,, = SO(V,,) in terms of the F-rationality of the underlying quadratic space (Vy, gu).
When more quadratic spaces get involved in the discussion, we denote by g, the quadratic form of Vj,
which was simply denoted by g before.
Define the discriminant of the quadratic space V;, by

disc(Vy) = (=)™ D2 det(V,,) € F*/F*?
and, similar to [O’Meara 2000, p. 167], define the Hasse invariant of V, by

Hss(Vy) = 1_[ (@i, aj),

I<i<j=<n

where V;, is decomposed orthogonally as Fvy @ Fv, @ - - - @ Fu, with g, (v, v;) = «; € F*. According
to this definition, if V;, is decomposed orthogonally as V,, = W @ U, we have, by [O’Meara 2000,
Remark 58:3], the following formulas:

disc(V,) = (—1)“b disc(W) disc(U) (2-9)
Hss(V,) = Hss(W) Hss(U) ((—1)*“@=D72 disc(W), (—=1)?P=D/2 disc(U)) (2-10)

where a =dim W and b =dim U.
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Recall from Section 1A that for each F-rational orbit O, the nondegenerate character ¥, is given by
Ve, w, defined in (1-5) where wy is an anisotropic vector wy. Define

disc(Op) :=disc(V," ® Fwo®V, ) and Hss(Op):=Hss(V,"® Fwo®V,),
where V,ZjE is defined in (1-3). Since the quadratic space V;r @ Fwo® V, is split, one has
disc(Op) = qn(wo, wo) and  Hss(Op) = (—1, =) D2~ 1) disc(Oy)).
Let W, be defined in (1-6). We have the decomposition
Vo=V @ Fuwo@V,) @ W,. (2-11)
Then one has disc(W,) = (—1)*!disc(V,) disc(Oy), and it is easy to check that
Hss(Wy) = (—1, = )" D/2 Hss (V) ((—1)* disc(Op), (— 1) D/2H dise(Vy)). (2-12)

In order to fix the F-rationality of the local Langlands correspondence, we adopt the (QD) condition of
Waldspurger [2012a, p. 119] for the even special orthogonal group (Vy, gn):

(QD) The special orthogonal group of (Vy, qn) ® (F, qo) is split, where (F, q) is the one-dimensional
quadratic space with qo(x, y) = —a - xy.

Here a € Z will be specified later. In [Waldspurger 2012a], a is denoted 2vy.
Lemma 2.1. Assume that n is even. Then (Vy, qv) satisfies (QD) if and only if

Hss(V,) = (=1, = 1D)"®D2((—1)"q, disc(Vy)), (2-13)

where n = %

Proof. Write V' = (Vy, gn) @ (F, qo). Since disc(V') = —a - disc(V,,), we deduce
Hss(V') = Hss(Vy)((—=1)" disc(Vy), —a)(—a, —a) = HSS(Vn)((—l)'H_1 disc(Vy), —a). (2-14)

Note that SO(V’) is split if and only if V' is isometric to the quadratic space H" & F v for some vy,
where H is a hyperbolic plane, equivalently gy, (vo, vo) = disc(V’) and Hss(V') = Hss(H" & Fvg). Under
the assumption that gy, (vo, vo) = disc(V’), by (2-10), we have

Hss(H" @ Fuvg) = Hss(H")((—=1)", disc(V"))(disc(V'), disc(V"))
= (=1, =)' D21, disc(V'))" . (2-15)
SO(V’) is split if and only if (2-14) equals (2-15). By using the relation that disc(V') = —a - disc(V,)
and by simplifying the equality, we obtain this lemma. U

For example, suppose dim V" = 2, that is, SO(V,}) is a quasisplit and nonsplit even special orthogonal
group, whose pure inner form SO(V,,) satisfies disc(Vy) = disc(V;) and Hss(Vy,) = — Hss(V}"). Note that
SO(V,) and SO(V)) are F-isomorphic. Recall that I14[G}] is a generic Vogan packet of SO(V"). The
issue is which orthogonal group shall be assigned to x € 3¢ with x((1)) = —1 [Gan et al. 2012, §10]. We
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fix the F-rationality of the local Langlands correspondence following [Waldspurger 2012a, §4.6]. This
means that for 7 (¢, x) € II4[G] of SO(V’) where V' € {V,, V,*}, the quadratic space V' is determined
by (2-13).

For the even special orthogonal groups, the local Langlands correspondence needs more explanation.
Define ¢ to be an element in O(V,,) \ SO(V,,) with det(c) = —1. For instance, when n is odd, we can
take ¢ = —I,,. Consider the conjugate action of ¢ on I1(G,), from which arises an equivalence relation
~. on [1(G,). Obviously, when n is odd, the c-conjugation is trivial. We only discuss the even special
orthogonal case here. Denote by I1(G,)/ ~. the set of equivalence classes. For o € [1(G,), let [o],
denote the equivalence class of o. Similarly, one has an analogous equivalence relation on the set ®(G,,)
of all L-parameters of G, which is also denoted by ~..

Let us recall the desiderata of the weak local Langlands correspondence for even special orthogonal
groups SO(V,) from [Atobe and Gan 2017, Desideratum 3.2]. For the needs of this paper, we only recall
some partial facts from their desiderata, which has been verified in [loc. cit.], in order to fix the rationality
of the local Langlands correspondence.

A Weak Local Langlands Correspondence for G, = SO(Va,):

(1) There exists a canonical surjection
| |G/~ @G/~
Gy

where G, runs over all pure inner forms of G. Note that the preimage of ¢ under the above map is
the Vogan packet I14[G} ] associated to ¢.

(2) Let ®(G})/ ~. be the subset of ®(G})/ ~, consisting of the ¢ which contain an irreducible
orthogonal subrepresentation of £y with odd dimension. The following are equivalent:

. § € DG/ ~..
o Some [o]. € [T4[G}] satisfies 0 o Ad(c) = 0.
e All [o]. € [I4[G;] satisfy 0 0 Ad(c) = 0.

(3) For each a € Z, there exists a bijection
ta: TIy[GE] — Sy,

which satisfies the endoscopic and twisted endoscopic character identities (refer to [Arthur 2013;
Kaletha 2016] for instance).
(4) For [o]. € TI4[G}] and a € Z, the following are equivalent:
e 0 € II(SO(Vap)).
e (,([o]e)((1)) and Hss(V5,) satisfy the following equation

Hss(Van) = ta([01) (D) (=1, =) TD2((=1)"a, disc(Va,)). (2-16)
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Note that the subscript a in ¢, is used to indicate the F-rationality of the Whittaker datum. The details
can be found in [Atobe and Gan 2017, §3].

By the above weak local Langlands correspondence for SO(V,,,) and the local Langlands correspon-
dence for SO(V,,41), each irreducible admissible representation 7w € I[1(G,,) is associated to an equivalence
class [¢]. of L-parameters under c-conjugation. Following [Gan et al. 2012, §9 and §10] and [Atobe and
Gan 2017, Proposition 3.5], define the action of Z on 3¢ via an one-dimensional twist given by the local
Langlands correspondence ¢,, which is

a-x—> xX®nNa

where 1, ((€)ie1,,) = (det ¢y, a)? and (-, - ) is the Hilbert symbol defined over F'. Denote by Oz (rr) the
orbit in Sy corresponding to r. More precisely, if 7 = (¢, x) under the local Langlands correspondence
t, for some a, one has

Oz(m) ={X @1 € Sp: @ € Z}. (2-17)

Note that the set Oz () is uniquely determined by 7 and independent of the choice of the local Langlands
correspondence ¢,.

In the rest of this paper, the local Langlands correspondence refers to the weak local Langlands
correspondence for even special orthogonal groups SO(Vy,), and the local Langlands correspondence
for odd special orthogonal groups SO(Vy,11).

Under the local Langlands correspondence ¢, of G, (F) with some a € Z, for an L-parameter ¢ and a
character x € 3¢, denote by 7,(¢, x) the corresponding irreducible admissible representation of G, (F).
Conversely, given an irreducible admissible representation & of G, (F), denote by ¢, (;r) and x, () the
associated L-parameter and its corresponding character in S'd,, respectively.

When G, = SO(V,,41), the local Langlands correspondence is unique and independent of the choice
of a. We denote the trivial action by Z, then Oz (7r) contains only 7, and we simply write 7 (¢, x) and
(¢ (), x (), respectively.

Remark 2.2. Let ¢ be an L-parameter of SO(V>,). Suppose that all irreducible orthogonal summands
of ¢ are even dimensional. Then the c-conjugate L-parameter ¢°¢ is different from ¢ because ¢ is not
G,/ (C) = SOy, (C)-conjugate to ¢. It follows that I1,[G}] and ITx[G}] are two different Vogan packets.
However, the conjugation Ad(c) : 7, (¢, x) — ma (¢, x) gives a bijection between 1[G ] and [Ty [G].
According to [Atobe and Gan 2017, §3], the c-conjugation stabilizes the Whittaker datum associated to ¢,.
Thus, the corresponding characters of Sy associated to 7 and 7 o Ad(c) under the same local Langlands
correspondence are identical.

2C. On thelocal GGP conjecture: multiplicity one. The local GGP conjecture was explicitly formulated
in [Gan et al. 2012] for general classical groups. We recall the case of orthogonal groups here.

Let n and m be two positive integers with different parity. For a relevant pair G, = SO(V, qy) and
H,, = SO(W, qw), and an F-quasisplit relevant pair G, = SO(V*, g})) and H,; = SO(W™, gy,) in the

m

sense of [Gan et al. 2012], where m = [2

] with m = dim W = dim W*, we are going to discuss the local
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L-parameters for the group G x H,; and its relevant pure inner F-form G, x H,,. Consider admissible
group homomorphism:

¢:Lrp=Wr xSLy(C) — LG x L H, (2-18)

with the properties described for the local L-parameters in (2-1). We consider those L-parameters
analogous to ®g,(G},), and denote the set of those L-parameters by ®gen (G, x H,'). To each parameter
¢ € Duen(G; x H,), one defines the associated local L-packet I1y(G); x H,), as in [Mceglin and
Waldspurger 2012]. For any relevant pure inner F-form G, x H,, if a parameter ¢ € ®gen (G, x H,)
is G, x Hy,-relevant, it defines a local L-packet I14(G, x H,,), following [Arthur 2013; Mceglin and
Waldspurger 2012]. If a parameter ¢ € ®gen(G) x H,y) is not G, x Hy,-relevant, the corresponding local
L-packet I14 (G, x H,,) is defined to be the empty set. The local Vogan packet associated to a parameter
¢ € Pyen(Gy x H,y) is defined to be the union of the local L-packets I14(G, x H,,) over all relevant pure
inner F-forms G, x H,, of the F-quasisplit group G x H,, which is denoted by

My[G* x HE].

The local GGP conjecture is formulated in terms of the local Bessel functionals as introduced in
Section 1A. For a given relevant pair (G,, H,), assuming that n > m, take a partition of the form:

pei=[Qe+ D12,

where 2¢ + 1 =dim W+ =n—m. As in Section 1A, the F-stable nilpotent orbit O;‘K corresponding to the
partition p, defines a unipotent subgroup V), and a generic character ¥o, associated to any F'-rational
orbit O, 1_n the F-stable orbit (’);}(. Followiﬁg [Jiang and Zhang 2015], there is an F-rational orbit O,
in the F-stable orbit Oi}z such that the subgroup H,, = GS* normalizes the unipotent subgroup V), and
stabilizes the character ¥/o,. As in Section 1A again, the uniqueness of local Bessel functionals asserts that

dimHomg,, (r) (T ® 0, Y0,) < 1,

as proved in [Aizenbud et al. 2010; Sun and Zhu 2012; Gan et al. 2012; Jiang et al. 2010b]. The stronger
version in terms of Vogan packets is formulated as follows.

Theorem 2.3 (Mceglin—-Waldspurger). Let G and H,, be a relevant pair as given above. For any local
L-parameter ¢ € ®gen (G, x H,y), the following identity holds:

> dimHomg,, r) (T ®0, Y0,) = 1. (2-19)
7®0€lly[GEx H]

n

Theorem 2.3 is the orthogonal group case of the general local GGP conjecture over p-adic local fields.
It was proved by Waldspurger [2010; 2012a; 2012b] for tempered local L-parameters, and by Moeglin
and Waldspurger [2012] for generic local L-parameters.
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2D. On multiplicity and parabolic induction. We now discuss the relation between multiplicity in the
local GGP conjecture and parabolic induction as given in the work of Mceglin and Waldspurger in a series
of papers [Waldspurger 2010; 2012a; 2012b; Meeglin and Waldspurger 2012] for orthogonal groups.

Let ¢ and ¢ be generic L-parameters of different type and of even dimension. Denote by 7 (¢) and
7L (¢) the two irreducible representations of general linear groups via the local Langlands functoriality,
which is independent with the choice of ¢ in [¢].. Define

E(p, @) = det(p)(—1)" - (%, 7 () x 7). ¥F), (2-20)

where (s, -, Y¥r) is the e-factor defined by H. Jacquet, I. Piatetski-Shapiro and J. Shalika [1983]. Recall
that det(¢)(—1) = (det(¢), —1)F and (-, - ) is the Hilbert symbol defined over F'. Decompose ¢ and ¢
as in (2-6), their index sets are denoted by I‘gp and Igp respectively, and define the character x*(¢, ¢) to

be the pair (x5(#, ¢), x,(¢. ¢)) (or simply (x5, x;)), where

1) =[] £ 00 (2-21)
ireld,
and
Xaleiag) = [T £, ). (2-22)
ielg,

By convention, if ¢ or ¢ equals 0, then x*(¢, ¢) = (1, 1).
Note that Xa: and 7 belong to $‘¢ and S(p, respectively, and are independent of the choice of ¥r
defining local root numbers (see [Gan et al. 2012, §6]). It is easy to see that

x5 ((D) = x5(1) = Ep, §).

By [Gan et al. 2012, §6 and §18], the character x*(¢, ¢) of Sy x S, only depends on ¢ and [¢]..
For © € T1(G,) with G, =SO(V,,) and o € I1(H,,) with H,, = SO(V»,,,+1), define the multiplicity
for the pair (7, o) by

dimHomg,, (7,0 @ Yo,) ifn>m,

m(w, o) = { (2-23)

dimHomg,, (0,7 ® Yo,) ifn<m.

Theorem 2.4 [Waldspurger 2012a, Theorem in §4.9]. Assume that the twisted endoscopic identities
and twisted endoscopic character identities as described in [Waldspurger 2012a, §4.2 and §4.3] hold.
Suppose that ¢ and ¢ are generic L-parameters of G, = SO(V,,) and H,, = SO(Wy,,,11). There exists an
isometry class of quadratic spaces V x W, unique up to a scalar multiplication, that satisfies the following

conditions:
disc(V) = det(e). (2-24)
Hss(W) = (=1, —1)"0m+D2(—1ym+1 disc(W))E (@, ). (2-25)
Hss(V) = (=1, =)+ D2((—1)" disc(W), disc(V))E (¢, ¢). (2-26)
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Moreover, under the local Langlands correspondence i,

m(wa (@, X5)s Ta(®, x3)) =1,
where a = — disc(W) disc(V).

It must be mentioned that the assumption on the t.e. identities and t.e. character identities for the
quasisplit groups in Theorem 2.4 is removed by the work of Mceglin and Waldspurger [2016] on the
stabilization of the twisted trace formula.

We note that Atobe and Gan [2017, Theorem 5.2] give a version of local GGP conjecture in terms of
the weak local Langlands correspondence.

Remark 2.5. Suppose that V x W satisfies the conditions in Theorem 2.4, so AV x AW for any A € Z.
More precisely, after choosing disc(W) € Z, one can choose an F-rational orbit O, with disc(O,) =
(—1ymint2m+1.2n} dise (V) disc(W). Then there is a unique isometry class V x W satisfying (2-24), (2-25)
and (2-26), which is associated with O,.

The relation between the multiplicity and the parabolic induction is given by the following proposition
of Meeglin and Waldspurger.

Proposition 2.6 [Mceglin and Waldspurger 2012, Proposition 1.3]. Assume that v is the induced repre-
sentation
Ind$" 7;|det|” ® - - - ® 7, |det|* @ g

and o is the induced representation
Indg’” rl’ldetl’s1 Q- ® t,/ldetl’s’ & oo

whereay > oy >--->a, >0, >p2>---> 6 >0, all t; and rj/. are unitary tempered irreducible
representations of general linear groups, and my and o( are tempered irreducible representations of

classical groups of smaller rank. Then the following equation of multiplicities holds:

m(mw, o) =m(mg, 09).

3. Proof of Proposition 1.6

The proof of Proposition 1.6 takes a few steps. We first prove the following lemma, which implies
Proposition 1.1.

Lemma 3.1. For any € I1(G,), the following hold:
(1) Each Bernstein component of the £-th twisted Jacquet module Jo, (1) is finitely generated.

(2) If Jo, () # 0, then there exists an irreducible representation o € H(G,?‘Z) such that

(3) If Jo,(mw) # 0, then the £-th local descent Do, () of 7 is not zero.
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Proof. It is clear that (3) follows from (2). Assume that (1) holds. Then (2) follows, since any smooth
representation of finite length has an irreducible quotient. Hence we only need to show that (1) holds.

For any 7w € I1(G,,), let End(;r) be the space of continuous endomorphisms of the space of w. We
have the following G, (F) x G, (F)-equivariant homomorphism:

[ €8(Gu(F)) :=CX(Gu(F)) = n(f) €End(m) > @7,

where 7 (f)(v) := |, G (F) f(g)m(g)vdg is the convolution operator induced by 7 for all Bruhat—-Schwartz
functions f € S(G,(F)). Itis not hard to check that this homomorphism is surjective. By the separation
of variables, the homomorphism induces a surjective homomorphism

S(Gn(F) x G9(F)) = S(G,(F)) @ (G (F)) » n @1 @ S(GY"(F)).

By taking the (V),, ¥0,)-coinvariant for the action by the left translation of S(G,(F)), one has the
projection

Wy b0 (S(G)(F)) @ S(GE(F)) — Jo, (1) @ ¥ @ S(GL* (F)).
Then taking G -coinvariant for the action by the left translation, one obtains a surjective homomorphism
0L, po (S (Ga(F)) @ S(GY (F)] = 17 ® joi[Jo, (1) ® S(G (F))].

Note that G,(?‘Z (F) acts on GO [Jo,(m)®S (G,(?‘ (F))] via the left translation on the second variable. As

smooth representations of G,?‘(F ), one has a surjection
o[ To, (1) ® (G (F))] — Jo, ().
We need to show that the map
p: Jo, () ® S(G(F)) = Jo, ()

defined by vQ® f fo@ ) f(h™YJo, () (h)v dh factors through the quotient colJo, (M)RS(GY (F))]
and is surjective. First, for any smooth vector v € Jo, (7r), suppose that v is fixed by a compact open
subgroup Ky of G,?“ (F). Let 1k, be a characteristic function of Ko in & (G,?l (F)). By choosing a suitable
nonzero constant co, we have v ® ¢ - 1g, > v. It follows that this map is surjective. Then, if v ® f is of
form ) (7w (h;)v; ® L(h;) fi —v; ® f;) for some h;, v; and f;, one must have that p(v ® f) = 0. Thus, the
map p factors through the quotient GO [Jo, (7)) ® S(G,?e (F))].

Because

SUG, X Vp)\Gy x G, ¥0,) = ;00 (v, 40,(S(Gn) @ S(G))),

we obtain a projection

SUGYH(F) X Vyp (F)\Gn(F) x Gy (F), Yo,) = 1V ® Jo, (7).
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By Theorem A and the subsequent remark in [Aizenbud et al. 2012], as a representation of G, (F') X G,(,QZ (F),
each Bernstein component of

SUG (F) % Vp (FO\Gn(F) X G (F), $0,)
is finitely generated, and so is each Bernstein component of Jp, (7). This finishes the proof of (1). [

Assume that 7 € [1(G,) has a generic L-parameter. By the corollary in [Mceglin and Waldspurger
2012, §2.14],  can be written as the irreducible induced representation (standard module)

Indg}zg) 71]det|” ® - - - ® 77| det|™ ® mo, G-

where o1 > ap > -+ - > oy > 0, and all 7; and 7y are irreducible unitary tempered representations. One
may write the Levi subgroup of P as GL,, x --- x GL,, xG,, and has that 79 € [Tiemp(Gp,)-
As a corollary to Proposition 2.6, one has:

Corollary 3.2. For any 7w € [1(G,,) with a generic L-parameter and written as in (3-1), the following hold:

(1) The first occurrence indices £y(rr) and £y(g), with g being as in (3-1), enjoy the relation:
Lo(m) =n —no+£o(mo).
(2) Every irreducible quotient of the local descent Doy () of  is square-integrable.

Finally we prove the following proposition, which proves Proposition 1.2 and finishes the proof of
Proposition 1.6.

Let 7w € TI(G,) of a generic L-parameter. Assume that the character Yo, is given by ¥, v, (defined
in (1-5)). Then the quadratic space Wy, defining G%b is of form (1-6). For each ¢ < £y, we may choose
the compatible F-rational orbit O, such that its corresponding character is ¥, ,,. Then its stabilizer
G = SO(Wy, q), where W, = XZ)% ® Wy, & X(Z)fe and XZE)—E = Span{eil, eﬁz, R eZ)}.

Proposition 3.3 (stability of local descent). For any m € I1(G,,) with a generic L-parameter, then the
L-th local descent Do, (1) is nonzero for £ < £y and the above compatible Oy.

Proof. By Corollary 3.2, there exists an F-rational orbit Oy, associated to the partition py, such that the
twisted Jacquet module j(% (,r) has an irreducible quotient o belonging to l'[temp(G,?l") and hence we
have that m(rr, o) # 0.

For any occurrence index £ < £o(;r), we want to show that the twisted Jacquet module Jp, () is
nonzero for the F-rational orbit Oy, which is compatible with Oy,. Note that the quadratic spaces defining
both orthogonal groups G,?‘f and G,?fo have the same anisotropic kernel if O, is compatible with Oy,.
Let 7 be a unitary non-self-dual irreducible supercuspidal representation of GLg,_¢(F). Define

o
1 qGn YD)
o] = IndPZ()i[(F) TQo,

where Py, is a parabolic subgroup of G, whose Levi subgroup is isomorphic to GL¢,—¢ x G, © TItis
clear that o is an irreducible tempered representation of G (F). By applying Proposition 2.6, we obtain
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an identity: m(mw, 0,") = m(m, o) # 0. Hence the £-th twisted Jacquet module 7o, (7r) has a quotient o,
as representations of G,(,Q‘ (F). In particular, the £-local descent Dp, () is nonzero, and has the irreducible
tempered representation o, as a quotient. This finishes the proof. U

4. Descent of local L-parameters

We introduce a notion of the descent of the local L-parameters and determine the structure of the descent
of local L-parameters, which forms one of the technical cores of the proofs of the main results in the
paper. To do so, we have to calculate explicitly the relevant local root numbers.

Let ¢ € ®gen(Gyr), which is a 2n-dimensional, self-dual local L-parameter, either of orthogonal type
or of symplectic type. For x € Sw define the £-th descent of (¢, x) for any £ € {0, 1, ..., n}, which is
denoted by ®, (¢, x), to be the set of generic self-dual local L-parameters ¢, satisfying the following
conditions:

(1) ¢ are local L-parameters of dimension 2(n — £) for G,?‘ (F), which have the type different from that
of .

(2) The equation x, (¢, ¢) = x holds.

Definition 4.1 (descent for L-parameters). For a parameter ¢ in ®g,(G,) and x € 3}0, the first occurrence
index £y := £o(p, x) of (¢, x) is the integer £o in {0, 1, ..., n}, such that D, (¢, x) # < but for any
£e{0,1,...,n} with £ > £y, D,(p, x) = &. The £y-th descent D, (¢, x) of (¢, x) is called the first
descent of (¢, x) or simply the descent of (¢, x).

Note that £o(¢, x) =n if and only if y = 1 by convention. As in the local descent on the representation
side, this case will be excluded from the discussion at the first occurrence index, because in this case, the
Bessel model becomes the Whittaker model.

Note that by definition D, (¢, x) = D¢(¢°, x), and hence D, (¢, x) is stable under c-conjugate. It
follows that ©,([¢]., x) is well defined, and that ¢¢ € D,(¢p, x) if and only if ¢ € D, (¢, x). In fact, the
c-conjugation preserves the Bessel models, and hence the local descent of representations is stable under
c-conjugate and any two c-conjugate L-parameters have the same local descent.

4A. Local root number. Let ¢ be a local L-parameter of G, and 1 be a nontrivial additive character
of F, as before. The local epsilon factor defined by P. Deligne and J. Tate [1979] is given by

e(s, ¢, ¥r) = e(3, ¢, Yr)g? @V, (4-1)

where a (¢, ) is the Artin conductor of ¢ and 8(%, ¢, wp) is the local root number. By [Gross and Reeder
2006, Proposition 15.1] and [Tate 1979], one also has the following properties of the local epsilon factors:

o &(s, ¢, Vo) =detg(a)|a|”9meU/2=¢g(s, ¢, Yr), where ¥, is defined by ¥, (x) = V£ (ax).
o (5, 9@ -1, ¥p) = """ Ve(s, b, Yr).
o &(s, ¢, ¥yp)e(l —s,¢", Yr) =det(@d)(—1).
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° E(S,(b@(b/, YF) :8(5’¢’ wF)S(Sv(»b/s wF)

Denote by w, the algebraic n-dimensional irreducible representation of SL,(C) in this paper. Let us

decompose ¢ as

d) = ®n20pn & Units

where (p,, V,,) is a semisimple complex representation of YWr, which may possibly be zero. By the work
of B. Gross and M. Reeder [2010] for instance, one has the local epsilon factor

e(s, &, Ur) = (%, ¢, wr)g @129,

where a(¢) = Y_,-o(n+ Da(on) + Y- n-dim V] and

ey 0. vr) =[Te( ouwr)™ [] det(—pu VI, (4-2)

n>0 n>1

with Z = T being the inertia group and V,, being the vector space defining p,, and with a(p,) being the
Artin conductor of p,. More details on the normalization of v and the Haar measure defining the Artin
conductor can be found in [Gross and Reeder 2010, §2].
By [Gan et al. 2012, Propositions 5.1 and 5.2], if ¢ is a self-dual L-parameter and det(¢) = 1, then
8(%, o, wp) is independent of the choice of ¥ ¢ and is simply denoted by £(¢). Moreover, e(¢) = £1.
For example, if 7 is a character of F*, we may rewrite 7 as |-|**w, where w is a unitary character of
F>. Then
n(1/2—s—s50) 8@ Yer=n)

“om v =a 8@, Uy I’

where 7 is the conductor of w (i.e., w is trivial on 1+ "0 but not trivial on 1+ @” o) and the Gauss
sum is defined by
g(a)’ Wa) = /x CU(M)WF(CIM) du.
OF
In particular, if 7 is unramified, then (s, t, ¥r) = 1. If T is a ramified quadratic character, then it is of
conductor 1. Thus &(s, 7, ¥r) = &(3, 7, ¥r)g'/*~* and &*(3, 7, ¥p) = (- 1).

|1=7/2, 7|.|"~1/2] be the square-integrable representation of a general linear

More generally, let m = [t]-
group determined by the line segment of Bernstein and Zelevinsky [1977], with the local L-parameter
o Xu,. Here @ is the associated irreducible representation of W via the local Langlands correspondence
for general linear groups. Denote by w,, the central character of 7. If T is a quadratic character of GL{ (F)

and w, = 1 (that is, if T is nontrivial, then r is even), then

qr—b/2=s) if T =1 and r is odd,
e(s, r Wy, ¥r) = { —t(@w)g"~PU/2=9) if ¢ is unramified and r is even, (4-3)
T(=1)2¢"1/2=9) if r is ramified.
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We remark that under the assumption ¢, X u, is self-dual and det(p, X ) = 1. If 7 is a self-dual
supercuspidal representation of GL, (F') with a > 1, then

£(s, 0 By, Yp) = 8(%, . lpF)rqra(r)(l/Z—s). (4-4)

Lemma 4.2. Let 91 = ¢, X, and ¢ = o X u,, be two irreducible local L-parameters, with ¢, and

@ being self-dual and of dimensions a and b, respectively.

(1) If m and n are even, then (¢ Q@ ¢3) = 1.
(2) If oz ® @; is of symplectic type, then

when m +n is odd,

1
(1 @) = {

e(r xt) whenmn is odd.

(3) If oz ® @ is of orthogonal type and w 2 T, then

8((/)1 X §02) = det((pﬂ)(—l)bm”/2 det(gpr)(_l)amnﬂ’

when m +n is odd, and (1 Q@ @) = e(r X T, YF), when mn is odd.
@) If oz Q@ @ is of orthogonal type and m = t, then

e(¢1 ® @) = det(pr) (=12 det(pr) (= ™/ (= ymntmn) = (—pyminimnl,
when m +n is odd, and (1 @ @) = e(r X T, YF), when mn is odd.

Remark 4.3. If mn is odd, and ¢,; and ¢, are of orthogonal type, then det(¢, @ ¢.) = +1 and £(¢,; R @)
depends possibly on the additive character ¥ . Thus, we add ¥ ¢ in the ¢ for this case. In this case the
local root number is calculated in [Gan et al. 2012, Theorem 6.2(2)]. However, after the normalization in
(2-20), the local root number is independent on V¢ (see [Gan et al. 2012, Theorem 6.2(1)]).

min{m,n}

Proof. Since w, ® ;; = EBl.Zl Un+m+1-2i, as representations of SL,(C), one has

min{m,n}

P1® ¢ = @ (9 ® ) B tnymt1-2i-

i=1
If m 2 x T for any unramified character y, there is no ¢, Q ¢, (Z)-invariant vector. Following (4-4), one has

min{m,n}

s @p) =[] etrxt,yp)™" ¥ =e(r x T, y)™. (4-5)

i=1

Suppose that 7 = x t for some unramified character x. Following (4-2) and (6.2.5) in [Bushnell and
Kutzko 1993], one has

e((pr ® ) M u,) = e(w x T, Yp) (—x @)™y 1,
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where d (;r) is the number of all unramified characters y such that 7w = y 7. And an unramified character
x' satisfies m = x'm if and only if the order of x’ divides d (7). It follows that

min{m,n}

(@1 @) = l—[ e(T X T, Yp) T2 (o (g yd(m)yntm=2i

i=1

— 8(7'[ X T, WF)mn(_X(w_)d(n))mn—min{m,n}. (4-6)

Since 7 and 7 are self-dual, the unramified character x has the property that 7 = x 2. Hence, the order
of x? divides d(r), equivalently ¥ (@)?) = +1. If x ()4 = —1, then the order of x equals 2d (),
which implies w 22 x 7 and then 7 22 7. In this case, (¢ ® ¢2) = e(w X T, YF)™".

If x (zw)?™) =1, then the order x divides of d (i), which implies 7 = 7 = t and

E(p1 ®g2) = e(m x T, )" (1), @7)

By (4-6), one obtains (4-7).
Combining with the case m 2 x t for any unramified x, we summarize

e(@ x 1, Yp)y™ ifmr ¥,

e = ;
(01 ® ¢2) {8(7‘[ X T, 1//F)mn(_1)mn7mm{m,n} ifr =t

Recall that e(g0)2 = (detp)(—1) = %1 if ¢ is self-dual. Since ¢, ® ¢, is self-dual, we have
£(pn ® ¢r)” = det(px) (—1)” det(pr) (—1)°. (4-8)

If m and n are even, then 4 divides mn and min{m, n} is even. By (4-5), (4-6) and (4-8), we have
(g1 ®¢2) = 1.

Suppose that ¢, ® ¢, is of symplectic type. Then det(¢, ® ¢;) = 1 and ¢, and ¢, are of different
type. If m + n is odd, then mn is even and e(w x 7, Yr)™ = 1. As ¢, and ¢, are irreducible and of
different type, there is no unramified character y satisfying w = x t. Therefore, (¢ @ ¢2) =1 if m+n
is odd, and e(¢| ® o) = e(r x 7) if mn is odd.

Suppose that ¢, ® ¢, is of orthogonal type. If & 22 7, then, when mn is even,

e(@1 ® ¢2) = (e(r x T, Yp)H)™? = det(pr ) (— 1?2 det(p, ) (— 1)™/2,

which is independent of the choice of ¥r; and when mn is odd, €(p; ® ¢») = e(wr X t, Y¥F), which
depends on the choice of .
If # = 7, then, when mn is even, &(p; ® @) equals

det(wn)(_l)bmn/z det((pr)(_l)aml’l/Z(_l)mil’l{m,n} — (_l)mil’l{m,n}
and when mn is odd, e(¢1 ® ¢2) = (7w X T, YF) as mn —min{m, n} is even. N

In some special cases, the result is simple. The following example is about the quadratic unipotent
L-parameters, which will be more explicitly discussed in Section 6.
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Example 4.4. Let ¢, = x X pu, and ¢, =& X u,,, where x and & are quadratic characters. If m +n is

odd, then '

(—Xé(w))mm{’”’"} if x & is unramified,

e(mxt)= 5 . . .

x&(=1)m/ if x& is ramified.
Remark 4.5. Let ¢ and ¢ be discrete L-parameters of different type. Then x* (¢, ¢) = ( X(Z, X;), with X;
and de as defined in (2-21) and (2-22), yields a pair of characters on A, and Ay, which are independent
of ¥r. In fact, one may decompose ¢ and ¢ as ¢ = H;_,¢; and ¢ = EEj.thbj, where ¢; and ¢; are
irreducible and of different type for all i and j. Since ¢; ® ¢; is of symplectic type, E(¢;, ¢) and E(¢, ¢;)
are =1 and independent of Y.

In the remark, we extend the character x*(¢, ¢) to be a character of A, x Ay, which is well-defined
and independent of ¥/r. And it is allowed that the orthogonal parameter ¢ or ¢ is of odd dimension. Then
the character x* (¢, ¢) is still well defined.

4B. Descent of local L-parameters. The main result of this subsection is Theorem 4.6, which explicitly
determines the descent of local L-parameters.
Let ¢ be a local L-parameter of G, for a square-integrable representation of G,(F). It can be
decomposed as
o =0_ 8, pi B poe,, BB B, 0; Kpuap 11, 4-9)

where all p; and o; are irreducible self-dual distinct representations of Wpr of dimension @; and b;,
respectively, and 1 <o <w@jo < <o, and 0< ;1 < Bi2 <--- < B, forall i are integers. For
such a local L-parameter ¢ as in (4-9), we define the even and odd parts according to the dimension of
the pg:
Qe = Bale EB;'i=1 pi X M2, ; (4-10)
Yo = Bﬂf‘:] EB;izl oi X H2g; i+1- (4-11)
For an irreducible representation p of Wpg, denote by ¢(p) the p-isotypic component of ¢ when restricted
to Wr. It is clear that ¢(p) is still a local L-parameter. For instance, ¢(p;) = EB;.": oi X Mae; ;- Hence
¢(p) = 0if p is not isomorphic to any of the p; or g; for all i.
For a local L-parameter ¢ of G, for a square-integrable representation of G, (F), we decompose it as
¢ = Hicigi. Let ¢’ be a subrepresentation of ¢, i.e., ¢’ = H;crg; where I’ C I. For an element (¢;) € S,
denote by (e;)|, the elements in S, such that ¢; = 0 for i € I'. For example, the element 1, is given by
ei=1foriel'ande; =0fori ¢1T.
Define the sign alternative index set, sgn, ,(x), as follows: when p = p; for some i,

sgn, , (00 =i 0 j <7ty XLy, #pituns, ) = —1) (4-12)
and when p = o, for some i,

Sgne,gi (X) = {.] 1 =< .] < Si, X(lgi®u25i1j+1EEQ,‘lZ[Lz;;WHH) = _1} (4'13)
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By convention, «; o = 0. For each (¢, x), define

Psgn = Bﬂle Hﬂjesgno,pi (x) Pi X M2a; j+1 H Ba,s'zl EBjesgne‘gi (x) Qi X H2p; i+2- (4-14)

Note that ¢, is uniquely determined by the given local Langlands data (¢, x), but it may possibly be zero.
If @ggn is not zero, then ¢, and ¢ are of different type. It is worthwhile to mention that ¢gg, is a common
component of each elements in the local descent D, (¢, x) (see Definition 4.1), whose dimension gives an
upper bound for the index of the first occurrence, i.e., 2¢¢p < dim ¢ — dim @gg,. According to Section 6A,
such types of L-parameters are closely related to the cuspidal local L-parameters, as discussed in [Aubert
et al. 2015], which, by definition, have the property that their L-packets contain at least one irreducible
supercuspidal representation.
From ¢, we define two new parameters [¢,] and ¢ by

[9o] =B} 10 K puop,, 41 and o' =80, X 1. (4-15)

Note that for each i, the piece o; X H2p; s +1 is the one with maximal dimension among the summands
0i W uap, 41’s for j =1,2,...,s;. Both [¢,] and @' are of the same type as ¢, and are possibly of
orthogonal type and have odd dimension. Define xr,,7 = xIry,7, the restriction of x on the elements
((ei)lg,1), to be a character of Afy, 7. Also x[y,7 1s considered as a character of Spy,7 by restriction.
Note that there is an isomorphism from Ayy,| to A, given by (e;) € Ay, > (e}) € Ayrand e; = e,

where ¢; and e; correspond to the component 0; X 42, +1 in Ary,7 and 0; K1 in A, respectively. Hence

2k
we have that Spp,1 = St

For a local generic L-parameter ¢ with the decomposition (2-6), define its discrete part by
¢0 = Hie, ¢, (4-16)
which is a discrete L-parameter.

Theorem 4.6. Let ¢ be a generic L-parameter of even dimension with the discrete part oo of the
decomposition (4-9). Then for x € Sy, the descent of the parameter (¢, x) at the first occurrence index £
can be completely determined by the following

QKO(‘P» X) = U[I/f H §osgn]c’
v

where  runs over all discrete L-parameters satisfying the following conditions with minimal dimension:
(1) dimy = Zle #sgn, , (x)-dim p; (mod 2).
2) yv= (Elﬂf?:](si X)) HEE_ m;pi @/VLZQMH) H (Elﬂ;.:]njgj ®V“2ﬂj,sj +2) with multiplicitym;, n; € {0, 1},
which are multiplicity-free.

(3) All §; and p; are of the same type as ¥ and
{(6i:1<i<kinf{p:1<i<r}=02.

D) Xreo1lSip = X;T|8¢,»{- via Spg,1 = S,t, where X;# is the character in x*(¢", ¥ B Psgn,o)-
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Note that @y, (,0T and [¢,] are associated to ¢ and @sgn , = H;_ EEjesgno,,,l. oo Pi X M2 j+1- Recall
that [¢]. = {¢, ¢¢} is the c-conjugacy class of ¢, and x*(¢', ) is well defined even though ¢ or v is
of orthogonal type of odd dimension, following from Remark 4.5. In addition, ¥ = 0 is allowed. We will
see some examples in Section 6.

Now, let us sketch the proof of Theorem 4.6. First, we only need to calculate the character x*(¢, ¢)
defined in (2-21) and (2-22) for general discrete parameters ¢ and ¢ by Corollary 3.2. Following from
Lemma 4.2 and their decompositions of form (4-9), we may reduce x*(¢, ¢) to the symplectic root
numbers of type £(0;, 0;), Where g; and g, are irreducible self-dual distinct representations of Wr and
are of different type. The formula is stated in Lemma 4.7 below.

Next, at the first occurrence £y, we have the property that the descent of the parameter (¢, x) has
the minimal dimension such that ©, (¢, x) is not empty. Following this property, we apply Lemma 4.7
repeatedly on the descent parameters in Dy, (¢, x) and then we give a refined description of those descent
parameters in Theorem 4.6. Its proof will be given in Section 4C.

The rest of Section 4B is devoted to calculating the character x (¢, ¢) for two discrete parameters ¢
and ¢. Due to symmetry, the formula for X;(go, ¢) is similar. In order to state Lemma 4.7, we introduce
more notation first.

For an L-parameter ¢ with the decomposition (4-9), define

Eﬂ{j: I<j<ri, a; jom}Pi X M2, ; if 0 = Pi for some i,
J"(0) = 1By 1<j<s. g om0 Ko ;41 if p = g; for some i, (4-17)
0 otherwise,

where ¢ € {>, <, >, <}, x = ¢ if ¢ and p are of the different type and * = o, otherwise. Also define

¢, (p) =0 Hoe:(p), (4-18)

which is the remaining part of the parameter ¢, without the p-isotypic component ¢, (o). For a subrepre-
sentation ¢’ of ¢, write #¢’ for the number of the irreducible summands in ¢’.
We decompose ¢ as in (4-9), i.e.,

¢=H;_ H 1:0,®M2a/ B 8, B _10i Mg 11, (4-19)
where p! and o] are of dimension a and b}, respectively.

Lemma 4.7. Let ¢ and ¢ be discrete L-parameters decomposed as in (4-9) and (4-19) respectively, and
be of different type. Then as the character of S,

r

x5l = [ (@etCon) (= 1y 9ime 1y ™ eoyen (4-20)

i=1j=1

xee o =T 1 1_[((1_[ £, Q,fl)( 1*e ’<@l>> (4-21)

i=l1 j=1
where E( -, -) is defined in (2-20).
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Itis clear that A, = Ay, x Ay, and Sy, = A, XS, . The isomorphism is given by (e;) = ((e;) g, (€i)]g,)-
Equations (4-20) and (4-21) give a formula for all values of X(Z on S,. Over Ay, the formula (4-21) will
be slightly different. Note that p; in (4-9) and p! in (4-19) are of different types, so are o; and o!.

Proof. To prove this lemma, we evaluate x,, at three types of elements in S

Type (1): 1p®pus,-

Type (2): 1gry,,,, Where dimo is even.

Type (3): 1oRpus541B00Ruzs, Where dim g and dim gg are odd.

For each type, the evaluation is reduced to the calculation of the symplectic roots of form &((¢ X i1, ) ® ¢),

where ¢ X u, is the summand occurring in the subscript of above types. From (4-10), (4-11), and (4-18),
we may write that ¢ = ¢, He¢, = ¢, He,(g) B¢, (¢). Then

e((c M) ®@¢) =e((¢ W) @ pe) - £((¢ W i) ® do(5)) - £((s W) ® @, (5))- (4-22)

Finally, we apply Lemma 4.2 to calculate each factor on the right hand side of (4-22).

Type (1): We verity (4-20). Consider a summand of form p X u;, in ¢. Write a = dim p. Since the
dimension of p X j1y, is even, ((e;)| o=y, ) = Z2 is a subgroup of S, in both symplectic and orthogonal

types. For all types, it is sufficient to show
X (Lppiy,) = det(p) (—1)* MO (=177, (4-23)

Here 1,x,,, corresponds to the nontrivial element in ((e;)| s, )-
By definition, if ¢ is of symplectic type, then

Xo (LpRus,) = det(@) (=D& ((p B 120) ® ¢) (4-24)

and if ¢ is of orthogonal type, then x;(1,mu,,) = &((p X n2e) ® @), as det(p) = 1. Similar to (4-22), we
have ¢((p X u2y) ® ¢) equal to

e((p M) @ de) - ((p X p2g) @ Po(p)) - e((p X p2e) R P, (0)).

As discussed in Remark 4.3, the local root number in this case is independent of the choice of the additive
character yr. We omit ¥ in the calculation. By Lemma 4.2, e ((p X t124) ® (,ol.’ X ,uvzo,lgwj)) = 1. It follows
that e((p X p2o) ® @) = 1.

Next, we calculate £ ((0X 12q) @, (0)). As defined in (4-17), we may write ¢, (0) = ¢ (p)BP=* (p).
It follows that

e((0 X p2a) ® Po(0)) = e((p W p2e) ® ¢, (p)) - (0 B p2a) ® 5% (p)).
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Since 65%(p) = Br<j=. - g

io

/<a}Ql{0 B 1aop 41, We have, by part (4) of Lemma 4.2, that
iy 10>

8((/0@M2a)®¢0<a(,0)) — 1_[ det(p)(_l)b:‘oa(Zﬁi’O,J“i‘l) det(Q:‘O)(_1)aa(2ﬂ;0'j+1)(_1)2’B;O’j+1
{I<j<sj = B <o}
= (DO T det(o)(—D"0" det(o)(— )™, (4-25)

fl=j=siy: By j<e)

where i is the index of Q:-O with Q:-O = p and #¢%(p) is the number of irreducibles in ¢;*(p), i.e., the

cardinality of {1 < j < SI{OI 'Bi/o,j <o}

Since ¢ 7% (p) = EE{lstS,fO: ﬂ/o,_,za}gz{o X Hap; 41, We have, by part (4) of Lemma 4.2 again, that

e(pPRuma) @07 () =[] det(p)(=1) 0"V det( ) (—1)** o™V (—1)2
{I<j<si;: Bz}
= JI  det(o)(=1)"" det(o} ) (~1)™. (4-26)

{1=j<si : B =}

On the other hand, because ¢, (p) = Eﬂsi/zl Hﬂ;’;l 0/ Hap; 41, We have, by part (3) of Lemma 4.2, that
i#ig ‘

!
s s

e((pRpaa) @, () =[] ]'[ det(p)(— )" * it det(g) (— 1Pt (4-27)

i=1 j=I
Finally, by taking the product of (4-25), (4-26), and (4-27), we obtain that

e((p M) ® Po(p)) - e((p X pay) ® ¢, (0))

= (l_[ ]_[ det(p)(—1)"® det(gl’-)(—l)““) x (—1)#es ()

i=1 j=1

=det(ﬁ)(—1)(25/:lbgsl{)“ X (]_[ det(Ql{)(_l)s,f) X (—1)H5 )
i=1
=det(p)(—1)?9M? x det(¢)(— 1) x (—1)*:" ).

Indeed, since ¢, is of even dimension, Zf/: 1 bis; and dim ¢ are of the same parity.
If ¢ is of symplectic type, continuing with (4-24), we obtain (4-23). If ¢ is of orthogonal type, then ¢
is of symplectic type, which implies that det(¢p) = 1. One also has (4-23).

Next, we show (4-21) by considering summands of form o X 1241 in ¢. Write b = dim g.

Type (2): Assume that g is of even dimension (that is, b is even). In this case, since ¢ X g1 has
even dimension, ((€;)|oxyu,,,) = Z2 is a subgroup of S, regardless to the type of ¢. Similarly, denote by
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lo®y,s,, the nontrivial element in ((e;)|ompu,p,,)- By definition, X;(lgguzﬂﬂ) equals

det(¢) (—1)P@B+D/2g (0 | w2p+1) @ @) if @ is of symplectic type, (4-28)
det(@)(—D™"e((0 X n2p+1) ® @) if ¢ is of orthogonal type,
where m = %. Under the assumption, we need to show that
s’ 5
Ko Uompug) = [ €. @) (1% @, (4-29)

i=1
Recall from (2-20) that

det(0))(—1)"?e(0 ® 0}) if ¢ is of symplectic type,

£(0,0) = ,
(@) {det(Q)(—l)bi/zs(Q ®o!) if ¢ is of orthogonal type.

We may write that ¢ = ¢, He¢, = ¢.(0) B, (0) He,, following from (4-10), (4-11), and (4-18) again.
It follows that

e((e™Xup+1) ®@P) =e((0 MW uap+1) @ de) - €((0 X p2p+1) ® Po, VF),
c((eXu2p4+1) @ de) = e((0 X 2p41) ® Pe(0)) - (0 X p2p41) @ ¢, (0)).

Here only the term £((0 X u2541) ® ¢y, Yr) is possibly dependent on ¥ . By part (2) of Lemma 4.2,
when ¢ ® o] is of symplectic type, we have that

(@™ pops1) ® (0] W pagy +1), ¥r) = (@ ®0)),

/

which is independent of {rr. As ¢, = EE;.‘/:1 EEI;’:l o; X Kap; +1> WE have that

/ /

’
s S; K}

(0 R paps1) @ o, Vi) = [ [ [ [ e(@® pap1) ® (0] R psay 1), ¥r) =] [ele @),
i=1j=1 i=1

which is independent of 5.
Now, let us calculate the first two terms: e((0 X uop+1) ® ¢e(0)) and e((0 MW uop+1) @ ¢, (0)).
Since ¢, (0) = Hﬂ’ilzl Eﬂ;le p; X [2q] » by part (3) of Lemma 4.2, we have that

i#ip
(0 M uap1) ® ¢, () = [ | [] det(@) (=14 ®P+D det(p)) (—1)*s P+, (4-30)
i=1 j=1
i#io

where i is the index of p; with p; = o.
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Following (4-25) and (4-26), we write ¢.(0) = fﬂ (o) H b0 p (0). By part (4) of Lemma 4.2, since
6" (0) = Blizjzr, : o <pp;, X W, ;- We have that

ig.J—
Tl (2 ba! (2 20 .
e(@Mupr) @)= [  det@ (=1 %0 det(pf ) (—1)"0s FPTY . (— 1)
(1=j=r] o} ;<p)
= J1  det@=D%% det(p],)(~1)" 0. (4-31)
{lfjgri’oz “z{o,jfﬂ}

Since d)fﬁ(g) = EE{lSJSr{Q o >ﬁ}:01{0 X Hoa; > WE have, by part (4) of Lemma 4.2, that

i.J

e(@Bups) @0 @)= []  det(@(=1)“%0s PV det(pf )(— 1) s FFHD . (—1)2641
fl<j<ri -« ;>B}
— (DR @O % T det(@)(=1)"%0 det(p)) (=101, (4-32)

{1=j=rj <o ;>B}

where #¢, b (o) is the number of irreducibles in ¢, b (0).
Finally, by taking the product of (4-30), (4-31), and (4-32), we obtain that

e((0 X u2p41) ® Pe(0)) - e((0 M u2p41) ® ¢, (0))

= (l_[ ﬁ det(g)(_l)a,{a,{‘j det(p;)(—l)b"’z{,j> % (_1)#¢e>ﬁ(Q)

i=1 j=1

= det(g)(—l)zir/=1 S de (_1)#¢e>ﬂ(g)'

Recall that b is even and det ,oi’(—l)b =1.
If ¢ is of symplectic type, then o is of symplectic type, which implies that det(o)(—1) = 1. Continuing
with (4-28) and by

det(¢)(—1) =det(¢,)(—1) = l_[ det(g;)(—1)",

i=1
one has (4-29).
If ¢ is of orthogonal type and b is even, then ¢ and p; are of orthogonal type and o/ is of symplectic
type. Because

Koo s
m= ZZalfal{’j —i—Zsi'% mod 2,
i=1 j=I1 i=1
continuing with (4-28), one obtains (4-29).
Type (3): Assume that b = dim g is odd, which implies that ¢ is of orthogonal type. Let oo X j124,4+1 be

any different summand in ¢ such that by := dim g is odd. Consider the following subgroup of S,

<(ei)|Q|E;L2/3+1EEQ0|ZIM2ﬁO+1 : (ei) [S 8(/)) = Zz.
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Denote by 1585, BogRuzp,+ the nontrivial element in the above subgroup. If oo I rop,+1 does not exist,
we do not need to consider this case as x; is a character of Sy. Then we have

X (LoRuap 1 BooRiuag, 1) = det(0) (—1)™ det(oo) (—1)™"e((0 W pap11) ® p)e((0o W pagy+1) ® ).

Following the above calculation, one obtains that

*
Xy (IQX]ILZﬁ-H BooXuap,+1 )

/

= det(e) (—1)"-det(go) (= )" x| | ] J(det(@)(~1) det(eo) (= 1)) T T [ T det(op) (= 1)*

i=1j=1 i=1j=1

s’ s/
! >p / >f
x [Tee ® e (—1)* @ [T e(oo ® o}y (— 1)< @)

S/

= [Tet@ (=" e(0 @ o))" (—1)*"@ x [ (detloo)(~1)"e(00 ® o))" (= )" @,

i=1 i=1
Finally, by putting all the calculations above together, we obtain (4-21). ]

At the end of this section, we present an example of Lemma 4.7, which also will be used in the proof
of Theorem 4.6. Let ¢ be a discrete L-parameter of the decomposition defined in (4-15).

Example 4.8. Let ¢/ be a discrete L-parameter of the different type from ¢ and v be given in item (2)
of Theorem 4.6. Applying Lemma 4.7 to both ¢ and B @sgn,0» ONE has

s k r €
Xy ((e) = H((]_[ E(oi, 5,)) : (1‘[ i, pp)" T s <X>) : (_1),,,.) , (4-33)
i=1 =1

j=1
where sgn,, , (x) is defined in (4-12).

Note that from this example the explicit description of D, (¢, x) is reduced to finding a ¥ of minimal
dimension satisfying (4-33).

4C. Proof of Theorem 4.6. Following Corollary 3.2, we have

Do (@, x) =Dy, (e, ),

and all local L-parameters ¢ in ©,(¢0, x) are discrete. The proof is reduced to the case where ¢ is
discrete. It is enough to show that items (1), (2), (3), and (4) are necessary and sufficient to characterize
the set Dy, (¢, x). First, assume that X(; = x. Applying Lemma 4.7, we conclude that items (2) and (3)
are the necessary conditions for the descent parameters in Dy, (¢, x). Note that item (1) holds by the
definition. Then assume that ¢ is of the decomposition ¥ H ¢gs,, where ¥ is given in items (2) and
satisfies (3). We show that for such ¢, X(Z (¢, @) = x is equivalent to x4, = X(}, which is item (4). The
calculation of X(} is given in Example 4.8. Finally, by the minimality condition on dim ¢, items (1), (2),
(3), and (4) are sufficient.
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Necessity. Take ¢ in Dy, (¢, x). Then ¢ is of the minimal even dimension such that Xg = x for the pair
(¢, ¢). By Corollary 3.2, ¢ is discrete.

First, we consider the subrepresentation ¢, (p;). By (4-20) in Lemma 4.7, the parity of #¢, -/ (p;) is
determined by x (Ipi@uai.j)- By (4-21), the value X(;((e,-,j)|%) is partially affected by €(o ® Ql{,)si/’ with
0., = p; where s/, = #¢,(p;), and more precisely by the parity of s/,. By the minimality of dim ¢, one has
that

<@,

b0 " (pi) =i Bjesen, , 00 Pi B Mo, 41,

where sgn,, o (X) is defined in (4-12).

Next, we consider the component ¢.(o;). For 1 < j; < j» <s;, by Lemma 4.7, we have that

>Bijy >bij
#p, i) +HHpe i
X(lQﬂﬂzﬂi, 150 B, /'2“) =(-1) ®, (0i)+#d (@) (4-34)

The parity of #¢, > (0:) t#e, Pin (0;) is uniquely determined by x (1 Q, gmﬁ B0, +1) In addition,
X¢((e,)|¢ (0)) 1s independent of ¢, (o;). The only requirement on qbe (Q,) is that (4- 34) holds for all
1 < j1 < j» <s;. Then by the minimality of dim ¢ one has, for 1 < j < r;, that
if x()=—
if x(1)=1.

Here x (-) = x (15,4, +1B0i R, 1) for simplicity. Thus, we obtain that
i, L]

; -5, R s,
¢. " (0B (o i>:{gl H2(fi 1)

<lgi,sl~
¢ (o) =H_, Eﬂjesgne.gi o0 i M pag, 12,

where sgn, o, (X) is defined in (4-13).

Now we rewrlte ¢ =Y Begen, where ¥ and ¢gg, (see (4-14) for definition) have no common irreducibles.
By the above discussion, Example 4.8 and Lemma 4.7, we may assume that 1//_ “i () and 1//"8’ ()
are zero for all p; and g;. In the rest of the proof, we will repeatedly apply Lemma 4.7 and the minimality
of dim ¢ to obtain the requirements on . First, no matter what ¥.(p) for p ¢ {01, ..., os} are, x; does
not change in (4-20) and (4-21). It follows that . (p) = 0 for p ¢ {01, ..., 0s}. Next, note that for all
o; only the parity of #w: Pisi (0;) has nontrivial contribution in (4-20) and (4-21), which implies, for all
1 <j<s,that

ve(0i) =njoj Mg, +2, (4-35)

where n; € {0, 1}. Finally, let us consider ¥,(p) in two cases: p ¢ {p1, ..., p;} or p = p; for some i. If
o ¢ {p1,...,pr}, only the parity of #,(p) is involved in (4-21). When ¥, (p) # 0, one has that

Yo(p) =p X 1. (4-36)

If p = p; for some i, only the parity of #sgn, 20— #lﬁ_ i (pi) possibly changes the value of X(Z in
(4-21). Thus, we obtain that

Yo(pi) = mip;i X poa;,, +1, (4-37)
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where m; € {0, 1}. Combining (4-35), (4-36) and (4-37), we obtain items (2) and (3), which are necessary
conditions on .

Sufficiency. Assume that ¢ =  H ¢se, and ¢ is of the form in item (2) satisfying item (3). By the
above discussion and (4-20), x|y, = X(; lg,- In order to complete the proof, it is sufficient to show that
Xlg, = Xglg, if and only if x1e,1 = X(;’r' In the rest of the proof, all the characters are on the corresponding
subgroups S, , Spy,1 and St

By applying (4-21) in Lemma 4.7 to ¢ and ¢, and by (4-33) in Example 4.8, we have

Si

K S =i ;
Xo((€i g,) = Xopi ((Z m)) JTTe=1eene @y, (4-38)

k=1 i=1 j=1
Define f: (e; j)lg, € Sy, = (ij: | @i, j) € Ay, where S, is considered as a subgroup of S,. It is
easy to check that f is surjective on S,+. (In general it is not surjective on A,:.) Denote [y, to be the
restriction map into Syy,7. Then f|y, 7 is an isomorphism. Following (4-38) and by #(p:gnf;f" (0i) =0 for
all 1 <i <, one has that

X ((€i g, 1) = X ((eis;)) = X (f (€3, )] 1g,1))- (4-39)

By (4-39), if xly, = Xlg, then X141 = X;r as flry,7 is an isomorphism.
Suppose that x[,,1 = X;-;—- Let o; X M2B; ;+1 be an irreducible subrepresentation of ¢,. We consider two
cases: dim g; is even and dim g; is odd, respectively, as S, is generated by the elements of two types

P R C
1@:'@#2@-‘_#1 and 1Qi|zlv02/51‘j+lEgi’ﬁlmﬂi/’jﬂrl withi #i',ori =i"and j # j'.
Assume that dim g; is even. In this case, lgi&tzﬁi,ﬁ] isin Sy, . Set

Jo=#j <l <si:lesgn,, (0} =tpens ()
By the definition of sgn, ,, (), one has that

X(IQHZMZ/S,-JH) = (_l)jOX(lQi&MZﬂivsiJrl) = (_l)jer%] (lQﬂusziH)'

* >ﬂi’j i .
By (4-38), we have that xg (1g,®yuz, 1) = X (1g,m1) (= )*en @) Thus, we obtain that x (Loiuag, ;1) =
*
X(p(lgi'zuzﬁ,-,jﬂ)'
Assume that dim g; is odd. Consider the elements in S, of form lgigmﬂi,j n1BoyByuzg, o1 with i # 1/,
ori=i"and j # j'. Suppose thati =i’ and j < j’. Set

>ﬁi,j/

Jo=#j<l<j':lesgn,, (0} =H#pans () —#pani (0)-

One has that , 5
1 # :nigi i —# ;nigi/ i

X(1Qi‘guzﬁi,ﬂlEﬁgiﬁﬂzﬂi,w—l) = (_1)10 =(=D b (@) ~Houpmi (@ )'

Since f(lgi@ltzﬁi,ﬁlEﬁaﬂﬂzﬁi_im) =0 € S, one has, by (4-38), that

>/3i./‘ >ﬂi,j’
* — y* #osen (01)+HH#osens (01)
X(ﬂ(]‘Qi&ruzﬁ,"j+laagi|zﬂzﬁi,j/+l) = Xyt (0) (—1)"sene (0T Psene Q1)
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which is equal to x (19"xl‘?ﬂz,_/“@\‘?ixmﬁi_/ﬂ)'
Suppose that i 7 i’. Denote 1 jy q.x = LRy, | 18018z, - When i =1 and j =k, define that
l(i,j),(l,k) = 0. Then l(i,j),(l,k) is in 8%. We rewrite that

Loiyiag, ;1800 Buzg, 1 = 1 is T L, @50 + Larsin -

In the above case, we proved that X(l(i .G, v,)) = X(Z(l(i .G, s,)) and X(l(i 3.,),(1‘/’]'/)) = X(Z(l(i’,si/),(i’,j’))-
It remains to show that x (1 s),(i7.s,)) = X¢(1(z si).(i".s,)) With i # i’ By definition, one has that
l.S ﬂl W8 /
X (Lash.ar S,)) = Xro,1 (i so), G0 S,)) Note that #gpsgn ¢ (0i) = #psgn.e’ (0i) = 0. It then follows from
(4-38) that x7(Li,s),G",5)) = X¢+( 0;®18g, 1), Which implies that x (1¢s),i".s5,)) = Xg(Lii,5),0"5))-
Therefore, we complete the proof of Theorem 4.6.

5. Proof of Theorems 1.5 and 1.7

In this section, we will apply our main results from Theorem 4.6 to prove Theorems 1.5 and 1.7. First, we
use the descents of discrete parameters studied in Section 4 to recover the local descents of representations
via the local Langlands corresponding.

Proposition 5.1 (part (1) of Theorem 1.7). For a w € T1(G,) with a generic L-parameter ¢, the first

occurrence index of m can be calculated by
lo(m) = max_ {lo(p, x)} =n—3dim(gn) + max {o(p. 1)},
x€Oz () x€0z(m)

where Oz (1) is defined in (2-17) and ¢ is defined in (4-16). Moreover, suppose that o is a character
such that

Lo(em, xo) = max {Lo(em, x)}
x€0z ()

holds, and that 7 = 7, (@, xo) under the local Langlands correspondence t,. Define o := 7, (¢, Xo) €
I1(Gp,) where ny = %dim oo. If disc(Oyyx)) = disc(Ogy(np)), then an irreducible square integrable
quotient occurs in D(%(m () if and only if it occurs in D(%(ﬂu) (o).

Proof. For each x € S, = S, and a generic L-parameter ¢ of type different from that of ¢, since

X*(¢. ) = x*(¢0, ), we have Dy (g, x) = De¢r, x). Hence £o(p, x) =n — 5 dim(en) + Lo (e, X)-
It suffices to show that £o(r) = max, co, @) {fo(e, )}

By Corollary 3.2, DOZ (;r) is nonzero for some ratlonal orbit Oy, if and only if there exists a nonzero
irreducible square-integrable representation o of G % such that m(r, o) #0. If m(, o) # 0, assume
that 7 = 7,(p, x») and 0 = 7,(p, xs). By Theorem 2.4, (xr, xo) = x*(¢, ¢) and then [¢]. is in
Do) (@, xx). It follows that

Lo(mm) < Lo(@, xx) < max {Lo(p, x)}.
x€0z(m)

On the other hand, let xo be in Oz (;r) such that

6(g, xo) = max {£o(p, x)} =n— 1 dim(pn) + max {€o(eo, x)}.
x€O0z(m) x€O0z(m)
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Take an equivalence class [¢ ], of the local L-parameters in ® gmex (¢, xo) at the first occurrence index Zglax =
Lo(@, x0). Choose the local Langlands correspondence ¢, such that # = 7, (¢, xo). By Definition 4.1,
X0 = Xg(@, ¢). Denote x4 = X(Z(go, ¢) and 0 = 7,(¢, x¢) under the same Langlands correspondence ¢,.
By Theorem 2.4, we have m (ir, 0) = 1 and o is an irreducible quotient in DOzgmx (7r). Then Dozomax () #0
and £o(r) > £5'**. Hence, we have that €o() = £5**.

Consider the local descents given by the rational orbits Oy r) and Oy, With disc(Ogyr)) =
disc(Oyy(n))- Referring to Theorem 2.4 and Remark 2.5, the local Langlands correspondence (; for
is determined by disc(Og,(x)), so is the same choice for 7. Recall that the corresponding character of
Sy = S,y is denoted by xp, := xp(7) = xp(700).

By the definition in (2-17), Oz () = Oz(np) and then £o(70) = max,co,){fo(¢n, x)}. By the
above proof, £o(1r) = n — 1 dim gy + £o (). If disc(Ogy () = disc(Opy(rp)), then GO ~ e 07

If £o(p, xp(m)) < Lo(w) (equivalently, if £o(¢no, xp(0)) < Lo(mn)), then both Dy ) (¢, x») and
Do) (@O, xp) are empty. By Theorem 2.4, Dy ) () = Diy(np) () =0

Assume that £o(¢, x4(7)) = £o(r) for some ¢, as denoted in the proposition. With the above notation,
an irreducible square-integrable representation o of G,(,%0 occurs in DOeO o () if and only if (3, (1), o) =
x*(¢, @) by Theorem 2.4. Recall that by the definition of 7o, x,(w) = x.(7g) under the same local
Langlands correspondence. By x*(¢, ¢) = x*(¢o, ¢), we have x*(¢g, ¢) = (x.(70), o), Which is
equivalent that o is also an irreducible quotient of Do, ., (770). U

In order to prove Theorem 1.5, it remains to show that the irreducible quotients of the local descent
. . . o
D@ZO (7r) (at the first occurrence index £y = £o (7)) belong to different Bernstein components of G, ‘0 (F).

Theorem 5.2 (Theorem 1.5). For any & € I1(G,,) with a generic L-parameter, irreducible quotients of
the local descent D@ZO () at the first occurrence index £y = £o(mw) of w belong to different Bernstein
components. Moreover, Do, () can be written as a multiplicity-free direct sum of irreducible square-

O,
integrable representations of G, “(F), and hence is square-integrable and admissible.

Remark 5.3. In general, the local descent Doéo (7r) at the first occurrence index could be a direct sum of
infinitely many irreducible nonsupercuspidal square-integrable representations. When £ < £y, the descent
Dp, () may not be completely reducible.

Proof. Assume that m = 7, (¢, x) under local Langlands correspondence ¢, for both even and odd special
orthogonal groups discussed in Section 2B. The local descent Do, (1) is a smooth representation of

OZO (F). By the Bernstein decomposition, Doe (7r) is a direct sum of its Bernstein components. Thus, it
is sufficient to show that if o1 and o, are nonisomorphic irreducible quotients of DOeO (), i.e.,

m(mwy (@, x), 01) =m(we (@, x), 02) =1,

then o7 and o, have different cuspidal supports. Corollary 3.2 asserts that o) and o, are square-integrable.
By Proposition 5.1, we may assume, without loss of generality, that ¢ is discrete. Then oy = 7, (¢1, &1)
and oy = m,(¢o, &), where ¢; and ¢, are of the form in Theorem 4.6. We have decompositions
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¢i = Y H gy fori =1, 2. Let Ay, be the infinitesimal characters of ¢; (as explained in [Arthur 2013,

p. 69], for instance). That is,
|w|1/2
)‘¢;(w)=¢i(uh ( w|-12) )

Referring to [Aubert et al. 2015], if Ay, # Ag,, then H(;,I(G,(?ZO) and H¢2(G,?z°) belong to different
Bernstein components. Because ¢ # ¢», we have that Yy # >, which implies that A, # Ay, by
the definition of ;. Then A4, # A4,. Hence each Bernstein component of the local descent D@ZO ()
has a unique irreducible quotient, which is square-integrable by Corollary 3.2. By the definition of
the ¢-th local descent Do, (;r), which is the £-th maximal quotient of the £¢-th twisted Jacquet module
Jo, (), it follows that each Bernsteln component of the local descent DOz (7r) is an irreducible square-
integrable representation of G ‘0 (F). Therefore, the local descent Dol (r) is a multiplicity-free direct
sum of irreducible square-integrable representations of G (F), and hence is itself square-integrable.
Moreover, for any compact open subgroup K of G, “(F), there are only finitely many square-integrable
representations of G,(,% (F) with K-fixed vectors. Thus, the K -invariant subspace of Doéo (7r) is finite
and hence the local descent D@(O (7r) 1s admissible. U

Now, let us finish the proof of part (2) of Theorem 1.7. Following Theorem 5.2, for each F-rational

orbit Oy, Dy, () is either zero or a direct sum of square-integrable representations. Recall that an
irreducible square-integrable representation o is a subrepresentation of Dy, (;) if and only if the data
associated to o belong to Dy, (¢, x) for some x € Oz () by Theorem 2.4. To prove this theorem, we
will characterize o by the descents of L-parameters in Theorem 4.6.
Fix a choice of F-rational orbit Op,. Then the quadratic space W defining G,?((’ is determined by
disc(W) = (—1)*! disc(Oy,) disc(V;,) (refer to Remark 2.5). Following Theorem 2.4, we choose the
local Langlands correspondence ¢, where a = (—1)" disc(O,) for the even special orthogonal group. For
the odd special orthogonal group, the normalization is unique.

Assume that G, is a even special orthogonal group. Let m = 7,(¢, x,) Where x, = x,() via ¢,.
If £o(p, xa) < Lo(), then Dy (¢, x4) is empty and the local descent Dy, () is zero for the F-rational
orbit Oy,. If £o(@, xa) = £o(), then Dy, (¢, x,) is not empty. By the definition of Dy, (¢, x,), for
¢ € Dy (@, Xa)» Xa = X* (¢, @) and denote x4 to x*(¢, ). Under ¢4, by (2-25), the corresponding
representation 7, (¢, x4) of G,?eo occurs in DOeO (;r). This gives the decomposition (a) in Theorem 1.7.

Assume that G, is an odd special orthogonal group. In this case, the set Oz (i) is a singleton and
m=mn(p, x). Thus £o(@, x=) =Lo() and €o(r) = £o(¢@, x). Let W be the quadratic space defining G,(,%
By (2-24), only the L-parameters ¢ satisfying det ¢ = disc(Oy,) disc(V,,) correspond representations of
G,i%. Thus if det ¢ = disc(Oy,) disc(V,,), by the definition of D, (¢, x), W satisfies (2-24) and (2-26).
Then 7, (¢, x (; (¢, ¢)) is arepresentation of G,(l%, where a = — disc(Oy,). This gives the decomposition (b)
in Theorem 1.7.

With Proposition 5.1 together, we finally complete the proof of Theorem 1.7
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Furthermore, by following Theorem 4.6 and Lemma 4.7, we will give a formula for X(Z (¢, @) (simply
written as X[;) in Theorem 1.7. For L-parameters ¢ € Dy, (¢, x), (P, X;) determine the irreducible
square-integrable representations o = 7, (¢, qu(go, ¢)) of G,?fo (F), via the given local Langlands corre-
spondence t,. These o occur as irreducible summands in the local descent DO[O (@, x)).

Assume that ¢ € D, (¢, x) is as given in Theorem 4.6, which can be written as

— S . .
- 1= ir 1'= i/, :
¢ = (B8 X 1) B B mioi B po,, +1) B @B nior R g, L +2) B @sen

Here the notation follows from Theorem 4.6. We may use more self-explanatory notation for the elements
in Ay to make the formula clearer. A general element of Ay is written as

((es,1), (ep.,1), (eq,i), (i), (eir jr)).

Those components correspond to the components determined by the summands: & X 1, m;p; X pog; , +1,
nyoy X K2py , +25 Pi X M2 415 and g X 2By 425 respectively. Note that (e; ;) and (e; ;) are indexed

by 1<i<randjesgn,,(x),andby 1 <i’<sand j €sgn,, (x), respectively.

€,0;/
Corollary 5.4. With the notation as in Theorem 1.7 and Theorem 4.6, for ¢ € D, (¢, x), the character
X;((e(g’]), (ep.i), (eo,ir), (e j), (¢j j)) can be explicitly written as the following product.

k

H(Hé(al,azf)51’> Xl_[(l—[f‘?(pi»ez/)”’) NI T (l_[é’(p,-,@p)ff’-(—lyff)

=1 *I'=1 i=1 M'=1 i= ljesgngp(x) I'=1

XH( v [T T e,

i'=1j'esgn, o, (X)
which can also be written as the following product:

H(l_[ E@r or S’) x <l_[ E(pi o)

I'=1 I'=1

% lL[ l_[ (_1)(’;‘*])61}]‘ % li[(_l)ni’si’ei’ x li[ l_[ (_l)j/ei’,_j’

i=1 jesgnovpi(x) i'=1 i'= l/esgneg/( )

>Zir=l MiEp,i—FZ,(:l Zjesgno,pi (x) €i.j

6. Examples

We will consider the descents for two special families of the discrete local L-parameters. The spectral
decomposition of the local descents in these cases can be even more explicitly described. Also, we will

discuss Conjecture 1.8 via some examples.

6A. Cuspidal Local L-parameters. In order to understand the summand ¢, defined in (4-14) occurring
in the local descent D¢, (¢, x), we give an example on such summands for cuspidal local L-parameters,
which is called cuspidal Langlands parameters in [Aubert et al. 2015, Definition 6.8], and their descents.
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Aubert, Moussaoui, and Solleveld conjectured [2015, Conjecture 7.5] that an L-packet I1,(G,) of a
reductive group contains a supercuspidal representation if and only if ¢ is a cuspidal L-parameter. For
the split orthogonal groups and symplectic group cases, Moussaoui [2017] verified this conjecture and
gave a description of cuspidal L-parameters. Take

o =8_ B, pi ¥ BE_ B, 0 K pgj-1,

where Zf.:l sib; (here b; = dim g;) is even. By [Moussaoui 2017, Proposition 3.7], ¢ is a cuspidal
L-parameter for split even orthogonal group G, when ¢ is of orthogonal type and [];_, deto; = 1.
Following (2-8), we write the elements in S, in the form ((e; ;), (¢; j)), indexed by the set

{ejjil1<i<r, 1<j<r}U{e;:1<i<s, 1<j<s}

The index sets correspond to the summands p; X u5; and o; Xz respectively. If o; has even dimension
forall 1 <i <s, then
Sp =1{((ei ), (¢i.))) €2y x 75 e; j, ¢ j € {0, 1}}.

Otherwise, S, is the subgroup of 7, x Z, consisting of elements with the condition that Zi, j¢i,jdimg;
is even. Define the character x in S, by

N

x(ei). N =[] ﬁ<—1)<f+”f)ef-f T1 f[(—l)<f+5f>°f~f.

i=1 j=I i=1j=1

Remark 6.1. In some cases, the associated representation 7, (¢, x) is supercuspidal. For instance, take
p=H_, EE?:"1 pi Mo . By definition, x (1,,x,,) =—1forall 1 <i <r and x((1)) =1 where (1) is the
element with ¢; ; =1 for all i and j. Thus, 7,(¢, x) is a representation of a symplectic group or a split

even special orthogonal group, because det(¢) = 1. By [Moussaoui 2017], 7, (¢, x) is supercuspidal.

Under the above assumption, by (4-14), we have that

2 i 2 ';—1
@sgn = By B 0 8 gyt BB B 0 M pao.

By convention, the summand o; X 1,; is empty if s; = 1. As )"

j=158jbj is even and

r S
dimg —dim gen = > 2a;[3(ri + D]+ s;b;.
i=1 j=1

we deduce that dim ¢gg, is even. By the definition in (4-15), one has that

[@o] = H_0i M o5, —1 and xp,7 = 1.

According to Theorem 4.6, if ¢ € Dy, (¢, x), we may decompose ¢ as ¢ = Y H¢gon, where Y satisfies
the conditions in Theorem 4.6. Then ¥ = 0 is the unique choice. In fact, dim ¢ = 0 is even and of the
minimal dimension. By convention, X;T ((pT, Y¥r) = 1. Thus,

r

N
Dey (9, 1) = [Psgnle = {psgn, 9n)  and Lo=Y_a;[5Gi+ D]+ 35;b;. (6-1)
i=1 j=I1
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Similarly, assume that the elements in Sy are of form ((e; i) (¢ ;)), where e ; and ¢, ; correspond to a
pi X o, — jy+1-component and @; X u;;-component respectively. Define the character ¢ € 3¢, with the
following conditions for all i:

¢ é‘(lpi&/n(ri—j)ﬂ) =1 when j = 2[%] and ¢ (1g;my,) = —1.
* C(lpi@m(ri7/')7153/),'&12(4—;’)“) =—lforl<j< 2[%]
o $(LoRuyBoiBpyj4ry) = —1 for 1 < j <si = 1.

By Lemma 4.7, one has that (x, ) = x*(¢, ¢). By choosing the quadratic spaces and the Langlands
correspondence as in Theorem 2.4, we have that m (w, (¢, x), m.(¢, ) = 1.

For example, when G, = SO(V,,41) is an odd special orthogonal group, take Oy, with disc(Oy,) =
disc(V2,41) as det(@sgn) = 1, which is the unique F-rational orbit such that DOeO (m (e, x)) #0 and

Ta(Psgns ¢) if some dim p; is odd,
Do, (m(¢, x)) = . .
7Ta ((psgn, é‘) @ na (gosgn’ {) 0therWlS€,
where a = — disc(V2,+1). Note that DOzO (m (@, x)) is a representation of a pure inner form of split even

orthogonal group as det(¢ggn) = 1.

6B. Discrete unipotent representations. We follow the definition of unipotent representations given by
Lusztig [1995]: 7 (¢, x) is a unipotent representation if and only if ¢ is trivial on the inertia subgroup
T =T of the local Weil group Wr, and such a ¢ is called a unipotent local L-parameter. We apply the
local descent method to give an explicit description on the descent of discrete unipotent representations.

Denote by &y, = (-, €) p the nontrivial unramified quadratic character of F*, which is also regarded as
a character Wy via the local class field theory. Here € is a nonsquare element in F with absolute value 1.

Let ¢ be a discrete unipotent L-parameter. Then it can be written as

0= {Elel X M2a; H Hﬂ§:1$un X H2b; it G, =S0241,

r : ! 62)
EE'izll X M2a;+1 H Eﬂjzlgun X H2b;+1 if G, =S0,,.

Recall the calculation on the local root number from Example 4.4. We obtain the following.

Corollary 6.2. Let (@, n) be a discrete unipotent representation of G, = SO(V2,11). Then DOZO () is
irreducible and

Tq ((Psgn, ¢) if diSC(OZo) = det(wsgn) disc(Vany1),

D =
O, () {0 otherwise,

where § = X‘;sgn (¢, sgn) and a = — det(@sgn) disc(Vay4.1).

Note that when G,, = SO(V2,41), the descent ¢, is invariant under c-conjugate. And the local descent
Do, (1) is an irreducible unipotent discrete representation.

Now, let us consider the case G, = SO(V,,). Suppose that an irreducible unipotent discrete repre-
sentation 7 in the L-packet I1,(G,). One can choose a local Langlands correspondence ¢, such that
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7 = 74(¢, n) with the condition that n(11xy,,, ,,B&,Ku,.,) = 1. To prove this, let us consider the action
of Z on S(p. In this case, as det ¢ = €, the character 7, (defined in Section 2B) is equal to

5
N (((e). () = [ [(=D¥.
j=1
where o is a uniformizer in F. Then x (11xy,,, . Ben®uop) = 1 06 X ® N (11845, 41 BeunBuan, 1) = |
for any x € S}p. Hence, by the definition of Oz (7r) in (2-17), there exists a character x in Oz () such
that x (11®y5,, 1 BewBuos ) = 1. Then we can choose ¢, such that x,(w) = x, which is the desired
normalization for the local Langlands correspondence.

Corollary 6.3. Let 7w be a discrete unipotent representation of G, = SO(Vy,) in I1,[G}]. Choose the
local Langlands correspondence i, such that w =14 (0, n) with n(11®us,, 41 88mRu,11) = 1. Then Do, (1)
is an irreducible representation of SO(Vay11) with m = dim ¢, /2 and

’  disc(O,) = a.
Do, () = n(@sgn ¢) if ISC(' b)) =a

0 0 otherwise,
where { = thsgn (¢, @sgn), disc(Vop 1) = —ae’® and

Hss(Vamt1) = (=1, =)™ D2~ 1)+ disc(Vap11))n((1)).

6C. On Conjecture 1.8. We will show that Conjecture 1.8 holds for certain representations of SO7.
Referring to [Collingwood and McGovern 1993], for SO3, all stable unipotent orbits are parametrized
by the following partitions p, respectively

(71, (5,171, [3%1], [3,2%], [3,1%, [2%1°], [17], (6-3)

where the powers indicate the multiplicities in the partitions, and the corresponding unipotent orbits are
listed following the topological order. In particular, [7] is for the regular unipotent orbit and [17] is for
the trivial orbit. In this case, this topological order is a total order. Hence, for an irreducible smooth
representation i, the set p”' (;r) is a singleton. We may assume that

p"(m)={p=Ipip2---p/1}, where py=pr>--->p,>0. (6-4)
Let 7 be an irreducible square-integrable representation of SO(V7, F) and ¢ be its L-parameter. We
are going to apply our main results to the following two types of ¢
(1) ¢ = x1 W ug B xo X us or
(2) o= x1 W o B x2 B pep B x5 B o,

where yx; are quadratic characters, and to verify that Conjecture 1.8 holds for the representations in the
corresponding Vogan packets. For simplicity, we assume that —1 is a square in F*. Then (detg, —1)p =1
in (2-20) for all L-parameters ¢. We take V5 satisfying disc(V7) = —1 = 1 mod F*2. For the odd special
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orthogonal group, the local Langland correspondence is unique and denote x, to be the corresponding
character in S(p.

To verify Conjecture 1.8, we will construct an L-parameter ¢ in D,(¢, x,) for some £ € {1, 2}, which
implies the descent D¢ (¢, x,) is not empty. By Theorem 1.7, for such ¢ the F-rational orbit O, and the
quadratic space W defining G¢* are determined by disc(Oy) = disc(W) = det¢ mod F*2. Following
(2-25) and (2-26), after simplification, Hss(V7) =Hss(W) = x, ((1)). The local Langlands correspondence
1, for the even special orthogonal group SO(W) is normalized by a = det ¢ mod F*2. Hence we obtain
that the following irreducible square-integrable representation of SO(W, F)

o = ﬂdet¢(¢v X*((P’ ¢))

occurs in Do, (r) for the above chosen F-rational orbit, where
disc(W) = det¢ and Hss(W) = Hss(V7).

It follows that p; in (6-4) is greater than or equal to 2¢ 4+ 1. Because £ € {1, 2}, we have a lower bound
p1 > 3 by the total order in (6-3).

Now, if p; =7, & is generic and then £y = 3. Conjecture 1.8 holds. If p; = 5, then the nonvanishing
of the twisted Jacquet module associated p = [51?] is equivalent to the nonvanishing of the local descent
Dp, () by Lemma 3.1. By definition, the first occurrence index £y equals 2. If p; = 3, by the above
lower bound p; > 3 we have p; = 3. Then £y = 1 in this case, which implies the conjecture.

Furthermore, for these two types of parameters, our results may explicitly determine p™ () in terms
of (¢, x») associated to 7. The detailed calculation will be given in the remainder of this paper.

Type (1): Assume that ¢ = x1 X g H xo M uy. Then S, = Z, x Z,. Denote by ¢ and ¢_ the trivial and
nontrivial characters of Z», respectively. Then we may write the characters of S, as ¢+ ® ¢.+. Its Vogan
packet I1,[SO7] contains four representations 7 (¢, {+ ® {+).

If 7 = (¢, {4+ ® {4), then 7 is the unique generic representation in IT,[SO7]. We have ¢y = 3 and
p=171.

For r =m (¢, {— ® £_), choose

_ {Xl Hxa if x1 # xa»

ClaBx i =
where x’ is a quadratic character not isomorphic to x; or x». Since 7 is nongeneric, we have £o() < 2.
By Lemma 4.7, ¢ € D,(¢, {— ® {_) and then £y¢(r) > 2. It follows that £o(r) =2 and p™ (7) =[5, 12].

Whenm =7m(p, {4 ®¢-) or (e, {— ®L4), Hss(V7) = —1 (i.e., SO7 is nonsplit) and £¢ < 2. Similarly,

we have o H x' € D2(p, ¢ ® ¢ ) and ¢ = x1 H x' € D2(p, - ® ¢1). In both cases, £y > 2 and then
Lo(r) =2 and p" () = [5, 17].
Type (2): Assume that ¢ = x1 Xy B xo X up B x3 W . Since 7 is square-integrable, i, x» and x3 are
distinct. Then Sy = Z, x Z» x Z5 and the character of S, is of form {1 ® {» ® ¢3, where ¢; for 1 <i <3
are characters of Z5.
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Letmr =7m(p, {1 ®H®¢&3). If ¢ = ¢4 forall 1 <i <3, then r is generic and £¢(r) = 3. All the other
representations are nongeneric. For the remaining cases, we always have £o(7) <2, i.e., p # [7].

As F*/(F*)? contains at least 4 elements, there exists a character x’ of F* such that x> =1 and x’
is not isomorphic to any x; for 1 <i < 3. When ¢;, = {_ for some iy and ¢; = ¢4 for all i # iy, we may
take ¢ = x;, B x’. In this case, SO7 is nonsplit. It follows that ¢ € D (g, ®l-3:1§,~) and then {o(7) =2
and p" () =[5, 12].

If ¢, = ¢4 for some i and §; = ¢_ for all i # i, we may take ¢ = x; H x; where {7, j} ={1, 2, 3} \ {io}.
One has that ¢ € D, (¢, ®i3=1§i) and hence £o(7) =2 and p” () = [5, 1?].

If g =¢_ forall 1 <i <3, we may take ¢ = 53?:1Xi H x’, which is in D (¢, ®i3:1§,-). We have the
lower bound £y(;r) > 1. By the above discussion, this implies Conjecture 1.8 for this representation. In
this case, one may also explicitly determine p™ (;r) by calculating the symplectic root number (T X ;)
where 7 is a supercuspidal representation of GL,(F) with the central character w, =1 (i.e., of symplectic
type). We omit the details here.

Remark 6.4. Beside the above Type (1) and Type (2), for any irreducible smooth representation 7 of
SO(V5, F) in a generic L-packet, we may obtain the lower bound £((7r) > 1 by using an alternative global
argument. Then Conjecture 1.8 holds for all pure inner forms of SO3. However, such global arguments
only work for the special orthogonal groups of lower rank.

Remark 6.5 (counter example). We give an example to show that Conjecture 1.8 may not be true for
nontempered representations. Let G} = SO} be the split even orthogonal group. Note that SO} only has
4 stable unipotent orbits, whose corresponding partitions are

13, 11, 241, 124177, [14].

Here [22]/ and [2%]"! are the same partitions of 4 but give two different unipotent orbits. We take 7 to be
the irreducible nongeneric nontempered infinite dimensional representation of SOj}. Then it is not generic
and has a nonzero twisted Jacquet model associated to [2217 or [22]/. In this case, the largest part p; is
even and not equal to 2¢ 4 1 for all £. In general, one can find a family of nontempered representations
of SO3,, whose largest part p; in the partitions of p™ (7) are even. Hence Conjecture 1.8 fails for those
nontempered representations.
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