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On {-torsion in class groups
of number fields

Jordan Ellenberg, Lillian B. Pierce and Melanie Matchett Wood

For each integer £ > 1, we prove an unconditional upper bound on the size
of the {-torsion subgroup of the class group, which holds for all but a zero-
density set of field extensions of @ of degree d, for any fixed d € {2, 3,4, 5}
(with the additional restriction in the case d = 4 that the field be non-D;). For
sufficiently large £ (specified explicitly), these results are as strong as a previously
known bound that is conditional on GRH. As part of our argument, we develop a
probabilistic “Chebyshev sieve,” and give uniform, power-saving error terms for
the asymptotics of quartic (non-Dy4) and quintic fields with chosen splitting types
at a finite set of primes.

1. Introduction

The distribution of class groups is a great mystery. The Cohen—Lenstra heuristics
[Cohen and Lenstra 1984] (for quadratic fields) and the Cohen—Lenstra—Martinet
heuristics [Cohen and Martinet 1990] (for more general number fields) make
predictions for the distribution of class groups, including for the average size of the
£-torsion subgroups for certain “good” primes £. However, the questions of proving
anything towards these predictions are almost entirely open, and mostly apparently
inaccessible.

The main goal of the present work is to prove, for each integer £ > 1, an
unconditional upper bound for the size of the £-torsion subgroup of the class group,
which holds for all but a zero-density set of field extensions of @ of degree d,
for any fixed d € {2, 3,4, 5} (with the additional restriction in the case d = 4
that the field be non-D,). Alternatively, these results may be viewed as the first
unconditional upper bounds for the average size of £-torsion in class groups as the
field varies over extensions of Q of fixed degree d € {2, 3,4, 5} (and non- Dy in the
case d = 4).

Let K be a degree d field extension of Q@ with absolute discriminant Dg =
| disc K/Q|. We will denote the class group by Clg and the £-torsion subgroup by
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Clg[€]. We note the trivial pointwise upper bound (see for example [Narkiewicz
1990, Theorem 4.4])

IClg[€]] < |Cli| a0 DT, (1-1)

for every € > 0. (Throughout, £ > 0 is allowed to be arbitrarily small (possibly taking
a different value in different occurrences), and 4 <« B indicates that | 4| < ¢B for
an implied constant ¢, which we allow in any instance to depend on £, d, ¢.)
It is conjectured that
|IClg[{]] < D% 1-2)

for every ¢ > 0, but improving on the trivial bound (1-1) has proved difficult.
(Impetus for this conjecture may be found in [Duke 1998; Zhang 2005, page 10;
Brumer and Silverman 1996, “Question CL({, d)”].) For K quadratic, Gauss’s
genus theory [1966] implies (1-2) in the case £ = 2. Recently, Bhargava et al. [2017]
obtained nontrivial upper bounds for 2-torsion in fields of degree d for all d > 3,
proving |Clg[2]| < D%?78¢ for d = 3,4 and |Clg[2]| < DY?71/2d+¢ for
d > 5. For £ = 3, after initial incremental improvement in [Helfgott and Venkatesh
2006; Pierce 2005; 2006] over the trivial bound (1-1) for quadratic fields, Ellenberg
and Venkatesh [2007, Proposition 3.4, Corollary 3.7] proved that

IClk[3]l <« D> T* (1-3)

holds for both quadratic and cubic fields, and moreover there is a positive constant
4 > 0 such that
IClg[3]| « D/ >7%F¢ (1-4)

holds for quartic fields. (In particular, one may take 6 = 1/168 in (1-4) for quartic
fields with Galois closure having Galois group A4 or S4.) At this time, these are
the best bounds in the literature that are unconditional and hold for all such fields.
In the realm of average results, there is little known, with the exceptions being
spectacular successes. For 3-torsion in quadratic fields, Davenport and Heilbronn

[1971] proved 5 |
3 (cikB3ll (3“2) + Z(z))X, (1-5)

deg(K)=2

0<Dg=<X
in which the first contribution is from fields with disc K/Q > 0 and the second is
from fields with disc K/Q < 0; this has recently been improved to reflect second
order terms by [Bhargava et al. 2013; Taniguchi and Thorne 2013; Hough 2010].
For 2-torsion in cubic fields, Bhargava [2005] proved the asymptotic

> ok~ (g5 * se) Y (16

deg(K)=3
0<Dg=<X
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in which each isomorphism class of fields is counted once, and the first contribution
is from fields with disc K/Q > 0 and the second is from fields with disc K/Q < 0.
For 4-torsion in quadratic fields, Fouvry and Kliiners [2007] have determined the
asymptotics, for each nonnegative integer k,

> ICRRIF ~ ek + p R (kg — ) X, (1-7)
deg(K)=2
0<Dg=<X

where ¢y is the number of vector subspaces of [Flzc . See also the recent work of Klys
[2016] giving analogous results on 3-torsion in cyclic cubic fields, and the recent
work of Milovic on 16-rank in quadratic fields, e.g., [Milovic 2017].

Turning to conditional results, Klys’s results [2016] extend to p-torsion in cyclic
degree p fields under GRH and Smith [2016] has results on §-torsion averages
in quadratic fields under GRH as well. In the case of quadratic fields, Wong
[1999b] proved that, conditional on the Birch—Swinnerton-Dyer conjecture and the
Riemann hypothesis, |Clg[3]| < Dl/ 4T¢_ Before the proof of (1-3), Soundararajan
noted (as communicated in [Helfgott and Venkatesh 2006]) that one could prove
IClg[3]] <K D;(/SH for K quadratic if one assumed the truth of the Riemann
hypothesis for only the L-function L(s, x) of the quadratic character x associated
to the quadratic field K. The key idea of the latter bound was the use of many small
primes that split in K; the role of the Riemann hypothesis was to guarantee the
existence of sufficiently many such primes. This approach has been generalized by
Ellenberg and Venkatesh [2007] to number fields of any degree; we recall the key
result in the special case of field extensions of Q:

Theorem A [Ellenberg and Venkatesh 2007, Lemma 2.3]. Let K be a field extension
of Q of degree d, and let € be a positive integer. Let § < ze(d 0 Suppose that
{p1.....ppm} are M prime ideals in Og with Norm(p;) < D that are unramified
in K/ (I;D and are not extensions of ideals from any proper subﬁeld Ko & K.Then

IClg[€]] Kaee DY*TEM (1-8)

(Here we recall the convention in [Ellenberg and Venkatesh 2007] that an ideal
p in O is said to be an extension of a prime ideal from a subfield Ky & K if there
is a prime ideal po in Ok, such that p = poOg.)

Upon assuming GRH, an application of the effective Chebotarev theorem of
Lagarias and Odlyzko [1977] guarantees, for any fixed n > 0, the existence of
> D;'(_a rational primes of size < D?( that split completely in K. Upon choosing
n= m — go for arbitrarily small gy > 0, one obtains the following bound,
currently the state of the art for conditional pointwise upper bounds for |Clg [€]|:
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Theorem B [Ellenberg and Venkatesh 2007, Proposition 3.1]. Let K be a field
extension of Q of degree d and £ a positive integer. Assuming GRH,

3= zra@=ntE
IClk[€]l Ka,.e D : (1-9)
forany e > 0.

One may attempt to remove the conditionality by proving results that hold on
average, or for all but a small exceptional family. In this vein, in the case of imaginary
quadratic fields, Soundararajan [2000] noted that for all but at most one imaginary
quadratic field K with Dg € [X, 2X], one has the bound |Clg[{]| <« X 1/2~1/2t+e,
for any prime £. Also in the imaginary quadratic case, a recent result of Heath-
Brown and Pierce [2014] provides an upper bound for averages (and in addition
higher moments) of |Clg[{]|, for example proving for any prime £ > 5 that

S oIkl <« x 3Tt (1-10)

deg(K)=2
0<Dg=<X

with the sum restricted to imaginary quadratic fields.

In this paper, we prove unconditional results for |Clg[{]| that are as strong as
(1-9) for all sufficiently large positive integers £, and hold for all but a zero-density
family of quadratic, cubic, non- D4-quartic, or quintic field extensions of Q.

For this we work with families of fields. Let N;(X') denote the number of degree
d extensions of @ with 0 < Dg < X, in which each isomorphism class is counted
once; it is conjectured that for an appropriate constant ¢,

Nij(X) ~caX. (1-11)

Importantly for our work, this is known to be true for d = 2 (classical), d = 3 by
Davenport and Heilbronn [1971], d = 4 by Cohen, Diaz y Diaz, and Olivier [Cohen
et al. 2002] and Bhargava [2005], and d = 5 by Bhargava [2010]. Throughout our
work, in the case of d = 4, we restrict our attention to non-Dy-quartic fields (that
is, quartic extensions whose Galois closure does not have Galois group Dj); see
the remark on page 1758. Thus we let ]V4 (X) denote the further restricted count
of non- D4-quartic extensions of 0; then (1-11) is also known to hold for ]V4 (X),
with a different constant [Bhargava 2005].

As a consequence of the field counts (1-11) combined with the trivial bound (1-1),
a trivial average bound for |Clg[{]] is

> ICIk[l] <a,e XPTE (1-12)

deg(K)=d
0<Dg=<X

Our approach to improve upon (1-12) is to show that “most” degree d fields K
contain sufficiently many small primes that split completely in K for Theorem A to



On {-torsion in class groups of number fields 1743

give a good upper bound for |Clg[£]|. Roughly speaking, we will show that there is

some small 8, > 0 such that for all but at most O(X 1 %) of the degree d fields K

with 0 < Dg < X, at least a fixed positive proportion of the primes p < X 8o split

completely in K. (Under GRH, the small set of exceptional fields is in fact empty.)
Our main results are as follows:

Theorem 1.1. Ler d € {2, 3,4, 5} and let £ be any positive integer with £ > £(d)
where

£2)=4L3)=1, L#4)=38, {L(5 =25
Then for all but Od,g’a(Xl_%(t}—l)ﬁ) degree d fields K/Q with Dg < X (and
non-Dy in the case d = 4),

3= 2e@=n e
IClk[{]l a6 D ,

forall e > 0. For d = 4,5, in the remaining cases of positive integers £ < £(d), for
all but Oy ¢ (X130 +ey dooree d fields K/Q with 0 < Dx < X (and non-Dy in
the case d = 4),

1=80(d)+
IClg[e]]l Ka,ee DZ 007
for all € > 0, where we may take
1 g
so(@y= | TI=%
0 L ifd=5
200 :

Remark. Theorem 2.1 states a version of this result in terms of bounding the
number of exceptional fields that fail to have many small split primes. One notes
from Theorem 2.1 that for sufficiently large £, the limiting reagent is not the
availability of small completely split primes, but the constraint § < m in
Theorem A.

As immediate corollaries, we note:

Corollary 1.1.1. Let d €{2,3,4,5}. As K ranges over degree d extensions of Q
with discriminant 0 < Dg < X (and non-Dj in the case d = 4),

3 [CIklO] < X 2T,

deg(K)=d
0<Dg=<X

for all integers £ > £(d), where £(2) = £(3) =1, £(4) = 8, £(5) = 25.
Corollary 1.1.2. For positive integers £ < 7, averaging over non- Dy-quartic fields,

/
3 ICIKO] <ae X3,

deg(K)=4
0<Dg=<X
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For positive integers £ < 24, averaging over quintic fields,

3 CIK O] Kape X3T200FC,

deg(K)=5
0<Dg=<X

Our strategy is as follows. Recall that Ny (X') denotes the number of degree d
fields K over @, up to isomorphism, with 0 < Dg < X, and let N; (X'; p) denote the
number of degree d fields K over Q, up to isomorphism, with 0 < Dg < X, such
that the rational prime p splits completely in K. (For d = 4 we define N4 (X; p)
analogously, restricting to non- Dy-quartic fields.) Suppose we know that for each
fixed prime p, N;(X; p) is a positive proportion of N;(X), so p splits completely
in a positive proportion of the fields. Then one would expect the fields in which the
primes split completely to distribute somewhat evenly, so that “most fields” have
the property that “near the average number” of primes split completely in them;
that is, one would expect that the primes do not conspire to cause many fields to
fail the criterion of Theorem A. We will make this argument precise by developing
a flexible “Chebyshev sieve” (Lemma 3.1, related to Chebyshev’s inequality); the
crucial input to the sieve will be asymptotics for N; (X; p) with power-saving error
and explicitly given dependence on p (Lemma 2.2, Theorem C, Theorems 2.3
and 2.4).

Counting quadratic fields may be accomplished by a simple classical argument
(given in the Appendix). Power-saving error terms for N;(X) were first found in
the cases d = 3,4 by Belabas, Bhargava, and Pomerance [Belabas et al. 2010],
and first found in the case d = 5 by Shankar and Tsimerman [2014]. In the case
d = 3, Bhargava, Shankar, and Tsimerman [Bhargava et al. 2013] and Taniguchi and
Thorne [2013] have also proved a second main term and improved the power-saving
error term. For the refined estimates that we require on Ny (X; p), we quote the
necessary asymptotics for d = 3 from [Taniguchi and Thorne 2013], while for
d = 4,5 we prove the necessary estimates using the methods and results from
[Belabas et al. 2010; Shankar and Tsimerman 2014]. In fact, in Sections 4 and 5,
we give the field counting asymptotics for fields with any chosen splitting types
at a finite set of primes with the expectation that they could be useful in other
applications; see Theorems 4.1 and 5.1.

Our counting theorems improve upon analogous results that appear in four recent
papers, three [ Yang 2009; Cho and Kim 2015; Shankar et al. 2015] in the area of
finding symmetry groups of families of L-functions (see [Sarnak et al. 2016] for a
general overview of the area) and one [Lemke Oliver and Thorne 2017] studying
the distribution of ramified primes in small-degree number fields. See Sections 4
and 5 for detailed comparisons to these previous works.
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2. Anatomy of the proof

2A. Reduction to counting bad fields. We now outline the strategy in more detail;
for the sake of motivation, we focus temporarily on proving upper bounds on
average. Let us fix d and define for any degree d field K over @ and any real
parameter Y > 1,

N(K;Y) = #{rational primes p <Y that split completely in K}.

(Implicitly, in the case d = 4 we further restrict to non- D4-quartic fields.) Let us
fix a positive integer £ and a parameter §; < m, to be chosen precisely later.
Then by Theorem A, for any X > 1,

Yo jcxl< Y. DPTNK: DY)
X<Dg=<2X X<Dg=<2X

< x'e 3N N X)L
X<Dg<2X

Now given real parameters X > 1 and 1 < M <Y, we define %2 (X;Y, M) tobe
the set
BYX;Y, M) ={K/Q, deg(K) =d, X < Dg <2X :
at most M primes p <Y split completely in K },
(with the usual further restriction in the case d = 4).
We denote by 7(Y) the number of rational primes p < Y, and let us regard

1 <M < 7(X?) as fixed for the moment, to be specified later. Then we may make
the decomposition

> ICike]

X<Dg=<2X

&« X1/2+8( Z N(K;X(Sl)—l + Z N(K;X‘Sl)_l)'
XgDKSSZX Kes)(X;X%,M)
K¢#(X;X51,M)

Since N(K; X°®) > M if K ¢ #%(X: X%, M), we have

> |C1K[Z]|<<X1/2+’“’( > M4 > 1),

X<Dg=<2X X<Dg=2X Keggg()(;)(ﬁ,M)
K¢#%(X; X% M)

and we may conclude that

Yo Qg < X3PFEM T G (X X M) X PTE (21
X<Dp<2X
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Then upon defining the set

Ba(X;Y.M)={K/Q, deg(K)=d, 0<Dg <X :
at most M primes p <Y split completely in K } (2-2)

(with the usual further restriction in the case d = 4), we may trivially replace the
expression #932, (X; X% M) in (2-1) by #2,(2X; X 81 M) and only increase the
right-hand side.

We now suppose that we can bound from above the cardinality of the “bad
set” B (2X; X%, M) for appropriate §; and M. Note that one expects via the
Chebotarev density theorem that a positive proportion of the primes up to X' 81 split
completely in K, so that a reasonable choice for M will be proportional to 7 (X 8 ).
Precisely, we suppose that there is a small fixed §, > 0 such that for every X > 1
and an appropriate choice of M with X% /log X « M <« X% /log X we have

$B2X; X5, M) « X102t (2-3)

for all & > 0. Then upon summing over O(log X) ranges and applying (2-1) and
(2-3) within each range, we see that for any X > 1,

dooqcgl s Y > ik

0<Dg <X 0<j<[logy X12/—1<Dg=<2J

&« Z {(2j—1)3/2+8(2(j—1)81)—110g2j

0<j=<[log, X1 +#%d(2j;2(j—1)81’M)(2j—1)1/2+s}
< 10gX Z {(2j)3/2—81+8 + (2j)3/2—52+28}
0=<j=<[log, X1

&« X3/2—8+38’ (2-4)
where § = min{§;, §,} and & > 0 is arbitrarily small. Thus we see that an upper
bound of the form (2-3) is the key to obtaining an average result in the shape
of Corollaries 1.1.1 and 1.1.2; this upper bound plays a similarly crucial role in
obtaining the results of Theorem 1.1, as we show in Section 7.

Ultimately, we will prove the following version of (2-3), which controls the
number of possible bad fields:

Theorem 2.1. Let (X ;Y, M) be defined as in (2-2). Set

L ifd=2,
2 ifd=3
sody=12 Y ’ 2-5
0() 41_8 ifd=4, ( )
55 ifd=5.
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For each d = 2,3,4,5, there is a constant 0 < co(d) < 1 such that for every
0 <8 <680(d) and every X > 1,

. 51 (X/2)° 1—6+¢
4%, (X,(X/2) , ZCO(d)—log(X/Z)‘s) <X

for every € > 0.

Remark. The methods of this paper also prove an analogous theorem if the condi-
tion “split completely” in the definition (2-2) is replaced by another fixed splitting

type.

2B. Counting bad fields via a sieve and counts for fields with local conditions.
We prove Theorem 2.1 via a sieve we develop for this purpose; to describe the
strategy, we first recall the simplest classical setting of a sieve. Let &/ be a finite
set of elements of cardinality N, and let &7 denote the set of all rational primes.
We assume a certain property of interest has been specified so that each element
a € o either satisfies it or not, with respect to p, for each p € &. For each prime
p € Z we let o7, denote the finite subset of .7 that satisfies the fixed property with
respect to the prime p. Moreover we assume we know that for each p there exists
a real number 0 < §, < 1 and a real number R, with |R,| < N such that

#ay =5, N + R,. (2-6)

In simplest terms, a classical aim of a sieve is to provide an upper bound for the
number of elements in the set .7 such that the designated property fails for all
primes p < z, for some fixed threshold z. Thus one could use a sieve to provide an
upper bound for
#/\ U ).
pP=z

For example, to sieve for prime numbers, the set <7 is a finite set of integers, and
the property is that p|a. Slightly more generally, one could apply a classical sieve
such as the Turdn sieve to count

#(r\ U ) @-7)
PEPy
for an arbitrary fixed finite set of primes Py.

In our application, the set < is the set of fields K /Q of degree d with Dg € (0, X]
and the property is that p splits completely in K, so that 7, is the subset of fields
in which the prime p splits completely. In this setting, assuming we possess an
appropriate understanding of #47, as in (2-6), then (2-7) would allow us to count
those degree d fields K with Dg € (0, X'] in which a fixed set of primes fail to
split completely. But in order to bound the bad set %,;(X; X 51 M) we require
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more flexibility: a field belongs to this set if all the primes in a sufficiently large set
fail to split completely in K, but the relevant large set of primes might be different
for two different bad fields K. Thus we develop in Section 3 a flexible new sieve
that allows us to count elements a € &/ that fail to lie in .27, for many p, without
specifying which p fail for any given a.

The key input to any sieve is an understanding of <7, that provides the expres-
sion (2-6). In our case, this requires an understanding of Ny (X), N;(X; p), and
N;(X; pg) for two distinct primes p, ¢; here Ny(X; pg) counts the number of
degree d fields K/Q in which both p and ¢ split completely. In the case of quartic
fields, we let

Ny(X), Ng(X;p) and Ny(X; pq)

denote the analogous quantities, restricted to non- D4-quartic fields K/Q.
We now summarize the key results we will require for the sieve. For quadratic
fields, we record:

Lemma 2.2. There exists a constant ¢, > 0, such that for e = e1 or e = eqey for
distinct primes eq, ey,

No(X) =2 X + O(X/?), (2-8)
Na(X:e) =8ecr X + O(eX/?), (2-9)

where 8, is a multiplicative function defined for any prime e by

1 1
T 2(14e )
For completeness, we record a simple proof of this classical result in the Ap-
pendix; the error terms given here can be improved (see for example the survey
[Pappalardi 2005]), but will suffice for our application.
In contrast, the results for cubic, quartic, and quintic fields are deep. For cubic
fields, we cite:

Je (2-10)

Theorem C [Taniguchi and Thorne 2013, Theorems 1.1, 1.3]. There exist constants
c3 >0, c; < 0 such that for e = e; or e = eye; for distinct primes eq, e,

Ni(X) = 3 X + 4 X3/8 + o(x7/°F®), (2-11)
N3(X:e) =8ec3X + 8L, X504 0¥ xT/9%¢), (2-12)
where 8, and 8|, are multiplicative functions defined for any prime e by

1 1
T 6(tere?)

For quartic fields, we have:

5 5, = % + O3, (2-13)
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Theorem 2.3. There exists a constant c4 > 0 such that for e = ey or e = e1e, for
distinct primes eq, ey,

Na(X) = csX 4+ O(X23/24+e), (2-14)
Ni(X:e) = 8eca X + O(e'/3Fe x23/24+e) (2-15)

where 8, is a multiplicative function defined for any prime e by

1 1
S 24 (14e142e24¢73)’

We note (2-14) is due to [Belabas et al. 2010, Theorem 1.3]; we deduce (2-15)
in Section 4, using the methods of Belabas, Bhargava, and Pomerance [Belabas
et al. 2010], which build on the work of Bhargava [2005] that obtained the original
count of S4-quartic fields with an o(X) error term. See Theorem 4.1 for our most
general result of this type, of which Theorem 2.3 is a special case.

For quintic fields, we have:

(2-16)

e

Theorem 2.4. There exists a constant c5 > 0 such that for e = e1 or e = eye; for
distinct primes eq, e,

Ns(X) = csX 4+ O(X19°/200+¢), (2-17)
NS(X,e) — 8eC5X + 0(@1/2+8X79/80+8 + X199/200+8), (2-18)

where 8, is a multiplicative function defined for any prime e by

1 1
1201 el 42242073 et
We note (2-17) is due to Shankar and Tsimerman [2014]; we deduce (2-18) in
Section 5, using their methods, which build on the work of Bhargava [2010] that
obtained the original count of Ss-quintic fields with an o(X) error term. (We also
fill in a missing step from [Shankar and Tsimerman 2014].) See Theorem 5.1 for
our most general result, of which Theorem 2.4 is a special case.

(2-19)

e

We remark that the techniques for counting number fields that produced these
results for Nj(X;e) continue to be refined, and we may expect that the error
terms will continue to be reduced. Thus in our subsequent computations involving
N, (X;e) we have worked more generally with error terms of the form O(e? X'7),
so that it will be immediately clear how improvements in counting fields will lead
to refinements of our results. (In particular, improved error terms for smoothed
versions of the counting functions Ny (X';e) would suffice for our application.)
We note that the mechanism we employ will apply equally well to higher degree
extensions of Q (or extensions of a fixed number field, using the more general
form of Theorem A available in [Ellenberg and Venkatesh 2007, Lemma 2.3]) if
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suitable results for N;(X) and Ny(X;e) (or their analogues for extensions of a
fixed number field) become available. In addition, one might consider other families
of fields for which precise asymptotics are known, such as abelian fields over Q@ with
a fixed Galois group, ordered either by discriminant [Wright 1989; Frei et al. 2015]
or by conductor [Wood 2010]. It would be an interesting question to see whether
the existing methods can be refined to produce an appropriate power-saving error
term with sufficiently explicit dependence on a finite number of local conditions.

3. The Chebyshev sieve

We now develop in a fully general setting a new sieve that allows us to give an
upper bound for the number of elements a belonging to a set </ that satisfy a
desired property with respect to p for “few” p (without specifying for which p it is
satisfied). We will see that the principal idea is probabilistic, relating to Chebyshev’s
inequality, thus we dub it the Chebyshev sieve.

As before, let <7 be a finite set of cardinality NV, let & denote the set of all
rational primes, and let <7, denote the finite subset of .o/ that satisfies the fixed
property with respect to the prime p. For a fixed real parameter z > 1, we let

P =1]]r

PDEZ
pP=z

and we define for each a € o/ the quantity
N(a)=#p:p|P(2), a € op}.

Next, we set

M(z) = % Y N = % > #a (3-1)

acd PIP(2)

to be the mean number of sets .7, (with p < z) to which a typical element a € &/
belongs. (In nonvacuous cases, M (z) is nonzero.) We would expect that a typical
element a € <7 has N (a) being about size M (z), and we want to bound from above
the number of a € & which have N (a) being unusually small, that is, less than a
fixed small proportion of M(z).

Given 1 < M <z, we define &(«7; z, M) to be the set of elements a € &7 such
that at most M primes p|P(z) have a € . (Or in other words, &(<7;z, M) is
the set of elements a € &/ such that N(a) < M.) Then we set

E(d;z, M) =#&8(o;z, M).

Our sieve lemma will provide us with an upper bound for E(«; z, 1 M (2)); that is,
the number of elements in <7 that lie in <7, for fewer than half the mean number
of p.
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For the purposes of the lemma, we introduce the following notation. Given
distinct primes p, g we let @4 = /), N o, and let R, 4 denote the quantity such
that

#olpg = 0pSqgN + Rp 4.

(For notational convenience, we will interpret R , as Rj.) Finally, we set
Uz) = Y 6.
pIP(2)
We now state the key sieve lemma.

Lemma 3.1 (Chebyshev sieve). With the setting described above,

E(o;z, S M(2))

4N 1 2U(z) 1 2
M) (U(Z)‘i‘ﬁ Z |Rp,q|+T Z |Rp|+(ﬁ Z |Rp|) )

.9 P(2) PIP(2) pIP(2)

=

3A. Proof of the sieve lemma. We note that the sieve inequality we prove is related
to the classical Turdn sieve (see for example Theorem 4.1.1 of [Cojocaru and Murty
2006]), and can be seen as an application of Chebyshev’s inequality

P(X —pul > a) <o?/a?,

for X a random variable with mean p and variance o2, applied to the random
variable N (a) when a is drawn uniformly from 7.
We prove the lemma directly. We begin by noting that

CE(@ s IME)EME s+ Y (V@ - M)
aeéa(,pf;z,%M(z))

1
=+ L WN@-M@)*
acg/
It then suffices to prove the variance term on the right-hand side satisfies

= W@ - M)

acd
1 1 I 2
U@+ D Ryl +2U<z>(ﬁ > |Rp|) + (N ) |R,,|) EE)
P:q|P(2) PIP(2) pIP(2)
We first note from (3-1) that the mean satisfies

1 1 1
M) =+ > oty = < 3 GpN + Rp) = U(2) + <7 Y R, (3-3)
PIP@) PIP@) pIP()
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We now consider the left-hand side of (3-2), which we trivially expand as

% > N()*- % Y N@Mz) + M(2)* = % Y N@?*—M(2)>. (34

acd acd acy

The first term on the right-hand side of (3-4) is equal to

%Z#(ﬂpm% (Z&N+Z§8N+Z

P-q|P(2) pIP(2) .9 P(2) .9 P(2)
P#q
2 1
2
pIP(2) p|P(2) pIP(2) D.q|P(2)
1

=Y 8p(1=8p) +U(2)* + 5 > Ry

pIP(2) p.9|P(z)

On the other hand, we may expand M (z)? via (3-3) and see that after cancellation
of the U(z)? factor, the right-hand side of (3-4) is equal to

3 51— p)+ S Rpg- 2U(z)( 3 Rp)—(%z Rp)2.

PIP(2) p q|P(2) pIP(2) PP (2)

As R, may be either positive or negative, we take absolute values; then using the
fact that §, < 1 we see the resulting inequality simplifies to (3-2), thus proving the
lemma.

4. Asymptotic count of non- D4-quartic fields

In this section we will prove the following, of which Theorem 2.3 is a special case.

Theorem 4.1. Let P be a finite set of primes. For each prime p € P we choose a
splitting type at p and assign a corresponding density as follows:

§p =1+ p  +2p72 4+ p~3)7! Jor p = 1929384,
bp1= g+~ +2p72 4+ p7H7! for p = @123,
8p = %(1 +p V4 2p7 24 p7H L for p = oy, with g, inertia degree 3,
§p 1= %(1 +p V4 2p7 24 pHTL  for p = o140, with g inertia degree 2,

Spi=1+p ' +2p7 24 p)7! for p = g1,

_ p—l+2p—2+p—3
(I+p~'+2p~2+p73)

Let§p :=[[,epdp andlete =[] ,cp p. Let N4(X; P) be the number of non-Dj
quartic fields with absolute discriminant at most X such that for each p € P, the

for p ramified.
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prime p splits in the quartic field in the splitting type chosen for p above. There
exists a constant c4 > 0 such that

where the implied constant in the O term is absolute (does not depend on P).
Moreover, we may choose more than one splitting type at each prime and let 5, be
the sum of the corresponding densities and the result still holds.

Bhargava [2005] first determined the asymptotic count of non- D4-quartic fields,
and Belabas, Bhargava, and Pomerance [Belabas et al. 2010] gave a power-saving
asymptotic for this count. We will follow the method of [Belabas et al. 2010],
additionally requiring our chosen splitting types. While the main term for such a
restricted count appears in [Bhargava 2005, Theorem 3] (at least for one prime,
and the same argument would work for more primes), we require a power-saving
error term with explicit dependence on the primes. In fact, such results have
appeared at least four times recently, but we will improve upon the exponents in
all of these results and remove various hypotheses that don’t hold in the situation
in which we need to apply the bound. Yang [2009, Proposition 3.1.7] proved
such a power-saving error of the form Ny(X; P) = SpcaX + O(e2 X 143/144+¢),
(['Yang 2009, Proposition 3.1.7] only states this for one local condition, but [Cho
and Kim 2015, Section 7] remarked it can be extended to finitely many local
conditions.) Lemke Oliver and Thorne [2017, Theorem 2.1] proved a power-
saving error (in which we may only specify that p is ramified) of ﬁ4 (X; P) =
SpcaX + O(e%/10 x239/240+€) Qhankar, Sédergren, and Templier [Shankar et al.
2015] proved ]V4(X; P) =8pcaX + O(e'2X23/24%€) when P contains a single
prime.

The exposition of the method in [Bhargava 2005; Belabas et al. 2010] is quite
clear, so we will focus here on the particular aspects of the computation we need.
Instead of directly counting quartic fields, the method, equivalently, counts maximal
quartic orders. The parametrization of quartic rings with their cubic resolvents
due to Bhargava [2004] (see also [Belabas et al. 2010, Theorem 4.1]) gives an
injection from the set of isomorphism classes of maximal quartic orders to the
set of GL,(Z) x SL3(Z) classes of pairs of ternary quadratic forms with integral
coefficients. Pairs of integral ternary quadratic forms comprise a 12 dimensional
lattice V7 = Z'2. Counting GL,(Z) x SL3(Z) classes of lattice points in Z!? is
the same as counting lattice points in a fundamental domain for GL;(Z) x SL3(Z)
on R!2. In this paper, we need to count only these lattice points in particular
translates of sublattices of Z!2. We collect some basic facts about the lattice
translates corresponding to our desired fields, apply the geometry of numbers result
from [Belabas et al. 2010] to count the necessary lattice points, and then work to
minimize the resulting error terms.
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As in [Bhargava 2005, Section 2.2] and [Belabas et al. 2010, Section 4] we use a
certain random fundamental domain for the action of GL,(Z) x SL3(Z) on R'2. For
a positive integer m, let L be a translate v +m V7 (v € V7z) of the sublattice mVz
of V7. Let N'(L; X) denote the expected number of lattice points in L, with first
coordinate nonzero and discriminant less than X, in a random fundamental domain.
(This notion of expected value for a random fundamental domain is defined as in
[Bhargava 2005, Equation (5)], with S the set of points of L with first coordinate
nonzero, but without the “abs. irr.” condition that appears in [Bhargava 2005,
Equation (5)]. See also [Belabas et al. 2010, p. 198].) Let Ng, (¢; X') be the number
of classes in V7 corresponding to isomorphism classes of S4-quartic orders and
whose index in their maximal order is divisible by ¢ and whose discriminant is less
than X'. We have the following result that estimates these counts.

Theorem D [Belabas et al. 2010, Theorem 4.11]. Let L be a translate v+ mVy
(v € V7). Let (a, b, ¢, d) denote the smallest positive first four coordinates of any
element of L. Then

N'(L,X) =

m!Slaes pBs ¢vs dds

Ng,(1; X) xUS|+as+Bs+ys+8s)/12
12 +
m

—HogX),

where S ranges over the nonempty proper subsets of the set of 12 coordinates on
Vz,and ag, Bs,vs,ds €0, 1] are real constants that depend only on S and satisfy
|S|+as+Bs+ys+ds <11

Let g be square-free and (g, ¢) = 1. First, we will assume that we have chosen
unramified splitting types at each prime in P. Now, we will start by counting the
expected number N'(q, e; X) of lattice points in a random fundamental domain
that satisfy the following conditions: (1) their first coordinate is nonzero, (2) their
discriminant is less than X, (3) their corresponding quartic ring is not maximal
at each prime dividing ¢ and is maximal and of chosen splitting type at primes
in P. We do this by summing Theorem D over the collection 7" of translates of
eq? V7 that give quartic rings that are not maximal at each prime dividing ¢, and
are maximal and with chosen local splitting at each p € P. (See [Bhargava 2004,
Section 4] for a description of which pairs of ternary quadratic forms correspond to
quartic rings that are maximal or split in a certain way at a prime.)

Given (a,b,c,d) €[1,eq?]*, we need to bound the number of translates in 7'
that have (a, b, ¢, d) as the smallest positive first four coordinates of any element.
By [Belabas et al. 2010, Corollary 4.8], there are O(6%@) ¢!4) translates of g2 V5
that are congruent to (a, b, ¢, d) modulo g2 and whose lattice points correspond
to quartic rings that are not maximal at each prime dividing ¢. Since V7 is 12
dimensional, there are e® translates of V7 congruent to (a, b, ¢, d) modulo e. Thus
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by the Chinese Remainder Theorem, there are O(6%@g'4¢8) translates in 7' that
have (a, b, ¢, d) as the smallest positive first four coordinates of any element.

For ¢ square-free, we define v(g) to be the multiplicative function defined for a
prime p by

4 =5 10 —11

v(p)i=p 242p 2 +2p=3p T —dp O —pTT43p ¥4 3p0—p10—p

This is the density of lattice points that correspond to quartic rings nonmaximal at
p [Belabas et al. 2010, Lemma 4.4]. Then #7 = v(q)g>*e'?T'p, where

Tp:=[]8(1—v(p),

peEP

and 0 < §, < 1 is the density of lattice points corresponding to quartic rings that
are split as we chose at p as a subset of those corresponding to quartic rings that
are maximal at p [Bhargava 2004, Lemma 23].

If g> > X, then all the classes counted by N’(q, ¢; X) have discriminant 0, and
by [Belabas et al. 2010, Lemma 4.10], in this case there are O(X! 1/12+€y guch
classes.

So now we consider the case when ¢? < X, in which case, using the shorthand

fg =S| +as+PBs+ys+8s and eg=a*Shbscrsqds,

by Theorem D,

N'(g.e;: X)

Xﬂs/lz
=v(¢)Tp Ns,(1; X)+0 Yo 6@ Y e tlog X ).
) (eq?)ISle

(a.b.c.d)€[1,eq?]* S S
We have

XILS/IZ

Z 62 (@g14e8 (Z s + log X)

(a,b,c,d)€[1,eq?]* S (eq*) &g
Xhs/12

_ colg) 14 8( 4 8 1
=6“"g e (e q logX—i-XS:—(eqz)ls| Z )

€s
(a,b,c,d)€1,eq?]*
Xﬂ's/ 12

(eq?)!S!

= 6“’(q)q22612(10gX + Z(Xl/lze_lq_z)"s 10g4(eq2)).
S

< 6°@Wg'4e? (e4q8 log X +) ((eg?)*os—Psys s 10g4(eq2)))
S
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Since 0 < pg =< 11, and recalling that g% < X, the above is

— 0(6(1)(q)q22€12((XI/IZe—lq—Z)ll 10g4(eq2) +10g4(eq2) +10gX))
— O(el+€X11/12+€+q22612+€X€).

Let Ng,(q.e; X) be the number of classes in V7, or equivalently lattice points in
a fundamental domain, corresponding to isomorphism classes of S4-quartic orders,
whose index in their maximal order is divisible by ¢ and whose discriminant is
less than X, and that are maximal and of chosen splitting type at p € P. Now, by
inclusion-exclusion, as in the proof of [Belabas et al. 2010, Theorem 4.13], we have
that the number of isomorphism classes of maximal S4-quartic orders splitting as
chosen for p € P and having (absolute) discriminant less than X is given by

3 (@) Ns, (. e: X)

g=1

where the sum is restricted to square-free ¢ that are relatively prime to e.

Now we compare Ng, (¢, e; X) and N'(q, e; X). Note that the difference is that
N'(g,e; X) excludes those lattice points with first coordinate 0, and Ng, (¢, e; X)
excludes those lattice points that do not correspond to orders in S4-quartic fields.
So by [Belabas et al. 2010, Lemmas 4.9 and 4.10], we have

[Nsy(q.e: X) = N'(g.e: X)| = O(x11/12¥),
Thus by our previous computation for N'(g¢, e; X),
Ns,(g.e; X) = v(q)TpNs,(1; X) + O(e! Tex11/12Fe 4 422,12%e ye) - (4.9)

So for a fixed Q (to be chosen in terms of X, e later), we sum over square-free ¢
with (g,e) =1 as in (4-2), obtaining

> w(@)Ns, (g e: X)

g=1

/ /
= Y w@Ns,(q.e:X)+ Y u(q)Ns,(q.e: X)
1=¢=Q q9>Q

= 3 @@ TpNs,(1;X) + O(Ey) + O(E>)
1=<¢g=<0
= " @v@TpNs,(1: X) + O(Ey) + O(E3) + O(E3)

g=1

= [T =) T 85 Nsy (1 X) + O(Ey) + O(E2) + O(E),
p DEP
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where )
E| = Z (€1+£X11/12+8+q22€12+8X8),

1<¢g<0
/
Ey= ) w@)Ns,(q.¢: X),
q>Q
/
E3= ) v(@)TpNs,(1; X).
q>Q

(Note that we handle the terms slightly differently than in [Belabas et al. 2010], so
that E£3 above does not correspond to their E3 term.)

We have E| = O(e!teQXx11/12+¢ 4 23,1242 y#) By [Belabas et al. 2010,
Lemma 4.3], we have Ng,(q,¢; X) = O(Xq *1%), and so E; = O(XQ~!1¢).
We have E3 = O(Q~'12.X), since by [Belabas et al. 2010, Lemma 4.2], we have
Ns,(1; X) = O(X), and by definition v(q) = O(q~27¢).

Ife < Xl/lz, then we take O = X1/24e_1/2, and we have

Z/M(Q)NS4(q,e; X)= l_[(l —v(p)) 1_[ 8pNs, (1; X)+ 0(61/2+8X23/24+8)'
9=1 p peP

By [Belabas et al. 2010, Lemma 4.2], we have that

[ =v(p)Ns,(1: X) = ca X + O(X23/24F%),
4

for some positive constant c4. Thus we conclude that the number of isomorphism
classes of maximal S4-quartic orders with our chosen splitting types at p € P and
having (absolute) discriminant less than X is

(SPC4X + 0(61/2+8X23/24+E).

If e > X'/12_ then the number of isomorphism classes of maximal S4-quartic
orders with chosen splitting types for p € P and having (absolute) discriminant
less than X is O(X) by [Belabas et al. 2010, Lemma 4.2], which we may then also
write as

SpcaX + 0(31/2+8X23/24+8).

There are at most O(X7/8+€) quartic extensions with Dg < X with Galois
closure having Galois group Cy, K4 or A4 [Baily 1980; Wong 1999a]. So we can
conclude Theorem 4.1 holds for unramified splitting types. This argument shows we
can also choose more than one splitting type at each p, and sum the corresponding
densities.

Now, given P and choices for local splitting types some of which may be
ramified, let P; be the subset of P for which we choose only unramified splitting



1758 Jordan Ellenberg, Lillian B. Pierce and Melanie Matchett Wood

types. We can find Ny (X'; Py) using the result already proven. For any subset
P, C P\ Py, write Ny (X; P; U P5) for the number of non-D, quartic fields with
absolute discriminant at most X such that for each p € P; the prime p splits in
one of our chosen spitting type, and for each p € P, the prime p does not split in
one of our chosen splitting types. We can also apply the result already proven to
find ]V4 (X; P U I_’z). Then using inclusion exclusion, we have

Naxipy= 3 (~DIPINy(x: PLUPy)
P,CP\P;

=d8pca X + Z (—1)|P2|0(61/2+8X23/24+€).
P2CP\P1

Since each set P, corresponds to a distinct divisor of e there are O(e?) terms in
the sum and Theorem 4.1 follows.

Remark. On the other hand, the number of D4-quartic fields with Dg < X is
~ cX with ¢ &~ 0.052326, as initially indicated (as an order of magnitude) by Baily
[1980] and refined with an explicit constant by Cohen, Diaz y Diaz and Olivier
[Cohen et al. 2002]. It is an interesting open problem to count D fields with local
conditions such as certain primes being split completely, and for now we exclude
them from our consideration.

5. Asymptotic count of quintic fields

In this section we will prove the following, of which Theorem 2.4 is a special case.

Theorem 5.1. Let P be a finite set of primes. For each prime p € P we choose
a splitting type at p and assign a corresponding density as follows (i.d. = inertia
degree):

8p 1= %(1+p_1+2p_2+2p_3+p_4)_1 Jor p = 9192038485,
8p =5 (I4+p  +2p 2 +2p 3+ p~H! for p = 9192394,
8p=g§(l+p ' +2p24+2p+p™ 71 for p = 123 with ;. 3 id. 2,
8p:i=t(l+p ' 42p2+2p 4+ p~H~! for p = @123 with p3 i.d. 3,
8p:=L+p ' +2p242p 4 pH ! for p = 12 with g, id. 3,
8p=2(1+p " +2p 2 42p 4 p~H ! Jor p =162 with p, i.d. 4,
8p = s(I+p~ +2p7242p 4+ p~H7! for p =1,

_ p71+2p72+2p73+p74
(+p~14+2p=2+2p~3+p~%)

Let§p :=[],epdp andlete =[],cp p. Let N5(X; P) be the number of quintic
fields with absolute discriminant at most X such that for each p € P, the prime

o
|

for p ramified.
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p splits in the quartic field in the splitting type chosen for p above. There exists a
constant cs5 > 0 such that

NS(X, P) — 5PC5X+ O(el/2+8X79/80+8 +X199/200+8), (5_1)

where the implied constant in the O term is absolute (does not depend on P).
Moreover, we may choose more than one splitting type at each prime and let 5, be
the sum of the corresponding densities and the result still holds.

Bhargava [2010] gave the first asymptotic count of quintic number fields, and
Shankar and Tsimerman [2014], building on Bhargava’s work, gave the first
power-saving error term. Both proofs fundamentally rely on Bhargava’s [2008]
parametrization of quintic rings. We will follow the outline of the argument of
[Shankar and Tsimerman 2014], additionally requiring our chosen splitting condi-
tions. While the main term for such a restricted count appears in [Bhargava 2010,
Theorem 3] (at least for one prime, and the same argument would work for more
primes), we require a power-saving error term with explicit dependence on the
primes. While such bounds have appeared in at least three recent papers, we will
improve on the exponents in all of them, as well as remove hypotheses that do
not hold in our cases of interest. Lemke Oliver and Thorne [2017, Theorem 2.1]
have shown, assuming that we choose ramification at each prime p € P, that
Ns(X: P) = 8pcsX + O(eX199/200+€) - Cho and Kim [2015, Section 6] have
recently proven a bound of the sort we desire; it seems they show Ns5(X; P) =
SpcsX + O(e? ¢ X 399/ 400+¢) ~ Also, Shankar, Sodergren, and Templier [Shankar
etal. 2015] stated the bound Ns(X; P) =8pcs X 4+ O(e*0 X 79/80+e 4 y199/200+e)
when P contains a single prime.

Instead of directly counting quintic fields, the method, equivalently, counts
maximal quintic orders. Analogously to the quartic case, we use a parametrization
of quintic rings with their sextic resolvents due to Bhargava [2008]. Let V7 = 740
denote the space of quadruples of 5 x 5 skew-symmetric matrices with integer
coefficients. Then quintic rings with their sextic resolvents are parametrized by
GL4(Z) x SL5(Z) orbits on V7 [Bhargava 2008, Theorem 1]. These orbits corre-
spond to lattice points in a fundamental domain for GL4(Z) x SL5(Z) on R*°. As
in [Bhargava 2010, Section 2.2; Shankar and Tsimerman 2014, Section 2.2], we
take a certain random fundamental domain for the action of GL4(Z) x SL5(Z) on
R*°. For a subset S C V7, let Ngom(S; X) denote the expected number of elements
of S with absolute discriminant less than X and whose associated quintic ring is an
integral domain (i.e., is an order in a quintic field), in a random fundamental domain
(as in [Shankar and Tsimerman 2014, Equation (1)], summed over the implicit i
there). Let N *(S; X) denote the expected number of elements of S with absolute
discriminant less than X, in a random fundamental domain (as in the equation
after (1) in [Shankar and Tsimerman 2014], summed over the implicit i there).
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We first consider the case in which only unramified splitting types are chosen.
Let a1, denote the (1,2) coordinate of the first matrix in a quadruple of 5 x 5
skew-symmetric matrices. For a square-free integer ¢ relatively prime to e, let
Wy.e C V7 denote the set of elements corresponding to quintic rings that are not
maximal at each prime dividing ¢ and are maximal and of chosen splitting type at
primes dividing e. Recall from [Bhargava 2008, Section 12] that W, , is defined
by congruence conditions modulo g2e (for maximality, an argument analogous
to that in [Bhargava 2004, Lemma 22] is necessary). Let U, C V7 denote the set
of elements corresponding to quintic rings that are maximal at all primes and of
chosen splitting type at the primes dividing e. Then counting Ngom(Ue; X) will
provide us with precisely the count N5(X;e) we require. We will count lattice
points in U, by using inclusion-exclusion to reduce to counting lattice points in
the Wy e.

By [Bhargava 2010, Equation (27)] (see also [Shankar and Tsimerman 2014,
Equation (4)]), if L is a translate of the lattice mVz and m = O(X1/40), then

N*(LN{ajs # 0} X) = com X + O(m™3° x3°/40), (5-2)

for some positive absolute constant c.

Bhargava gives the density of lattice points corresponding to rings maximal at a
given prime [2008, Equation (48)] and the density of lattice points corresponding to
rings maximal and of each splitting type [2008, Lemma 20]. Using these two com-
puted densities, we conclude that of the (g2e)*® quadruples of 5x 5 skew-symmetric
matrices mod g2e, we have that Wy, corresponds to v (9)q3°8 pe*® ]_[pep(l—v (p))
of them, where

v(p) =
(=D (p+ D) PP+ D2 (PP +p+ D)2 (P PP+ PP+ D (0 2P +2p+])

1 p40

and we extend this to a multiplicative function v(g) for square-free gq. (Here,
v(p) is the density of lattice points correspond to rings that are nonmaximal at p
from [Bhargava 2008, Equation (48)].) Note that v(p) = p~2 + O(p~?) and thus
v(g) = O(¢g—>7*).

We have that §p < 1 and 1 —v(p) < 1. So, when ¢%e = O(X '/4%), by summing
Equation (5-2) over all the translates of qzeVZ that comprise W, ., we find that

N*(Wq,e N{aiz # 0} X)

— l)(q)q805pe40 1_[ (1 _ V(P))Coq_80€_40X
pEP

+O0(@)g*8pe®® [T —v(p)g™ 787> X3%/40)
peEP
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=v(@8p [T (L= v(p)coX + O(w(q)g?spe [ ] (1 —v(p))X?*/40)

PEP DEP
=v(@)8p [ [(1=v(p)coX + O(gFeXx*/4%), (5-3)
pEP

where in the last identity we have used the fact that v(g) = O(g~>7¢).
We then, by inclusion-exclusion as in [Shankar and Tsimerman 2014, Section 4],
have for an appropriate Q (to be chosen later in terms of X'),
Naom(Ue N{ay2 # 0} X)
/
= > 1(q) Naom(Wg.e N{ayz # 0}: X)

q=1

= Z/ 1(q) Naom(Wq,e N{a12 # 0}; X) +Z, () Naom(Wy,e N{a12 # 0}: X)
1=¢=<Q q>Q

= Z/ @ N*(Wy,e N{arz # 0}; X)
1=¢=<Q

+ 3 1@ (Naom(Wye N {arz # 03: X) = N*(Wye N {arz # 03: X))

1<¢<Q /
+ Z () Naom(Wg,e N{ar2 # 0}; X),
q9>0Q

where the sums are over square-free ¢ relatively prime to e.

By [Shankar and Tsimerman 2014, Lemma 3], we have Ngom(Wy,e; X) =
O(¢~2*¢X) and we use this for the sum for ¢ > Q. We will use Equation (5-3)
for the first 1 < ¢ < Q sum. For the second 1 < ¢ < Q sum, note that each lattice
point corresponding to a nondomain of discriminant D is counted with coefficient

- > ul@.

1=9g=Q
q1D
which is O(D?) = O(X?), and by [Shankar and Tsimerman 2014, Equation (8)]
there are at most O (X 199/200+e ) lattice points corresponding to nondomains. (This
step, or something similar, should be added to the proof in [Shankar and Tsimerman
2014].)
As aresult, as long as Q = O(X1/80p=1/2),

Ndom(Ue N {a12 7é O}; X)

= 3" w@v@se [T =v(p)eoX + O(E1) + O(Es) + O(Es).
q=1 pDEP
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where
El — Z O(q8€X39/40), E2 — 0(X199/200+8),
1=¢=<Q0
Eyz= ) q %X, Es= Y w@v(@)sp [[1=v(p)coX.
q>0 q>0 pEP

These terms trivially admit the estimates
E, = 0(Q1+8eX39/40), E, = O(X199/200+8)7
Es=0(07'"*X),  Es=0(07'*X),

where in the last estimate we have used the fact that v(g) = O(¢~21¢).
We take Q = X 1/80,=1/2 ‘and have

Ndom(Ue N {1112 75 O}; X)
= 3 w@v@8p [T A= v(p)eoX + O(eM/2x79/80%e 4 y199/200+¢)

q=1 pEP
= [0 —v(p)spcoX + O(e!/2x79/80F¢ 4 x199/200%e)
P

From [Bhargava 2010, Lemma 11], we have that Ngom({a12 =0}; X) = O(X39/40),
and so
Naom(Ue N{a12 = 0}; X) = O(X39/40).

It follows that
NS(X; P) = Ndom(Ue; X)

=TT —v(p)speoX + O(e!/2xT9/80% 4 x199/200+2)
P

We thus conclude Theorem 5.1 holds with, ¢s = [, (1 —v(p))co when we only
choose unramified splitting types. As at the end of Theorem 4.1, we can apply the
result we have just proven and inclusion-exclusion to prove Theorem 5.1 in general.

6. Application of the sieve

6A. Summary of the asymptotic inputs to the sieve. We now turn to the appli-
cation of the sieve lemma to degree d field extensions of Q. Note that when
applying the sieve, it is crucial to have error terms with explicit dependence on
local conditions (such as we have derived in Theorems 2.3 and 2.4): without such
an explicit dependence, we would not have quantitative control of the right-hand
side of the key sieve inequality in Lemma 3.1, since we would not have an explicit
bound for R in terms of p.
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Let &7 and 7, (for each rational prlme p) be the sets such that #.o/ = N;(X)
and #4, = Ny(X; p) (or N4(X) N4(X p) in the case of d = 4). With these
definitions, the quantity £ (szf/ 2,5 Lar (z)) treated in the sieve (Lemma 3.1), which
we will now denote by E; (sz% ; 2, %M (z)), is the number of degree d extensions
K of @ with 0 < Dg < X (up to isomorphism, and non- D4 when d = 4) such that
there are at most %M (z) primes p < z that split completely in K.

We recall the collection 4(X; Y, M) of bad fields, as defined in (2-2). We will
think of ¥ = z = (X/2)% for 8¢ > 0 to be chosen precisely later, and define M (z)
as in (3-1). In particular, the set of bad fields satisfies

#24 (X (X/2)%, LM(X/2)%)) = Eq(«7; (X/2)%, L M((X/2)%)).

We will need to apply the sieve separately to fields of each degree, since in
several cases the count for Ny (X; p) takes a somewhat different form, but in an
effort to unify the presentation, we restate the asymptotics we will assume in more
general form. We write the results of Lemma 2.2, Theorem C, Theorems 2.3 and 2.4
as follows.

Quadratic fields: for §, as in (2-10), there is some g, > 0 and 0 < 1, < 1/2
such that

No(X) =X + O(X72TE),  Ny(Xie) =68e0cr X + O(e72 X721,

Cubic fields: for 8., 8, as in (2-13), there is some o3 > 0 and 0 < 73 < 5/6 such
that

N3(X) = C3X+CQX5/6 + O(X®18),
N3(X:ie) =83 X +8;C;X5/6 + 0(@03X73+8).

Non-Dy-quartic fields: for 8, as in (2-16), there is some 04 > 0 and 0 < 74 < 1
such that

Ny(X) = caX + O(X™H0), Ny(X:€) = Seca X + O X™F7),

Quintic fields: for §, as in (2-19), there is some o5 > 0 and 0 < 75 < 1 as well
as some 0 < y < 1 such that

Ns(X) =csX + O(XVT8), Ns(X:e)=68ec5X + 05 X™) + O(XVT8).
The main result of the sieve in this context is the following:
Proposition 6.1. With the notation as above, we have

Eq(7;(X/2)%, LM ((X/2)%)) « x17%0Fe,



1764 Jordan Ellenberg, Lillian B. Pierce and Melanie Matchett Wood

for any 8g such that

1—14 . _
1+204 ifd =24,
N 1} o
8o < mm{ Forab ifd =3, (6-1)
. 1—Td . . _
mm{l—i—Zad’l y} ifd =5.

Moreover, for any such 8¢ there exist positive real constants co(d) < ci1(d) < 1 and
Xg = X43(80) = 1 such that for all X > X,
8o

XD (/) < () K

o) ioa(x /2 log(X/2)%"

(6-2)

The requirement that X > X simply is a quantification of the requirement that
X be sufficiently large, and will be incorporated later simply by enlarging certain
implicit constants.

Proposition 6.1 immediately provides the upper bound we require for the bad set
PBa(X;Y, M) defined in (2-2), with an appropriate choice of the parameters Y, M.
As there are 7(Y) = Y(log Y)~! + O(Y(log Y)™2) primes p < Y, we could of
course only expect at most Y (log Y)™! primes p <Y to split completely in any
given field. Proposition 6.1 shows that, up to a constant factor, this is a reasonable
expectation, in that the mean M ((X/ 2)%0) is approximately pumw((X/ 2)50), for
some [ € [co(d), ¢1(d)]; moreover Proposition 6.1 provides an upper bound for the
number of fields with Dg < X in which at most 3 M ((X/2)%) primes p < (X /2)%
split completely.

We will prove Proposition 6.1 case by case.

6B. Sieve for quadratic fields. For notational convenience, in this section we write
o, t for 0,, ;. We compute that for any prime p,

Ry = #aty — Sp#ad = No(X; p) —8pNa(X) = O(p° XTF°).
Similarly, for distinct primes p, g
Rpg = #lpg — 8p8g#d = No(X; pq) — 884 N2(X) = O(p°q° X7T9),
Thus since #o7 > X,

1 1+0 yt—1+¢ 1 2+20 yt—1+¢
5 D [Rpl <ZHOXTTIRE o Y [ Rpg| < 2PPROX TN
pIP(2) p.q|P(2)
We compute
1 1
U@ =2 4=3 ) 1,

PIP(2) PIP(2)
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from which we deduce that
1z(logz)™' + O(z(logz)™) < U(z) < 1z(logz) ™' + O(z(logz)™3).  (6-3)

Indeed, letting &, = (1 + p~ ™1, the upper bound follows directly from the prime
number theorem and the fact that 0 < ¢, < 1, while the lower bound only requires
noticing

1 _ 1 _1 -1 -2
Uiz) = 3 Z &y = 3 Z 1= gz(logz) + O(z(logz)™ ).
PIP(2) PIP(2)
We may compute the mean as in (3-3):
1 1 -1
M(Z):U(Z)—i-@ g(:)szU(Z)‘i‘O(Z +UX‘[ +8)‘
p|P(z

Recalling (6-3) and that z = (X /2)% for a parameter 8, to be chosen later, we see
the last error term will be < %U (z) for sufficiently large X as long as

1—1
8o < —~ (6-4)

Assuming this, for sufficiently large X we have
coz(logz)™' < 1U(2) = M(z) <3U(2) < cyz(logz) ™!

for absolute constants 0 < ¢y < ¢y < 1. We apply Lemma 3.1 to see that

xl+te
Ey(o:z, lM(z)) < - (2+22+2‘7X’_1 +Z(21+GX’_1)+(21+0XT_1)2)

< XE(XZ_I-FZZGXI),
still assuming (6-4). Balancing the terms in the last expression above would set
o = (I1-1)/(1+20), (6-5)

which certainly satisfies (6-4); as a consequence, for any §¢o < (1 —7)/(1 + 20),
we obtain

Ey(/1(X/2)%, 3M((X/2))) < X 1700%e,
which proves Proposition 6.1 in the case of quadratic fields.

6C. Sieve for cubic fields. For notational convenience, in this section we write
o, t for 03, 3. We compute that

sz#«%—gp#ﬂzcg(%— p)X5/6+0(pGXT+8): 0(p_1/3X5/6+p0XT+8).
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For distinct primes p, ¢,
Rpq = c5(8)8, —8,89) X/ + O(p7q° X™+%)
— 0(p—1/3X5/6 +q_1/3X5/6 +paanr+£)‘
Since #47 > X, we may compute that
1 2/3v—1/6 |, _1+0 yr—1+e
#sz |Ry| <« z23x~ V6 1oy ,
PIP(2)

@ Z 1Rp.ql < ZS/3x—1/6 4 2420 yr—lte,
P,q|P(2)

Next, we note that
1 1 1
Uz = ) 8p=r¢ > TTpi1p2 6 > e
pIP(2) PIP(2) pIP(2)
say. From this we can deduce (as in the case of quadratic fields) that
22—12(10g 2) 7V 4+ 0(z(logz)2) < U(z) < %Z(log )71+ 0(z(logz)™2).  (6-6)
Finally, we compute the mean
_ 1 _ 2/3y—1/6 | _1+0 yr—1+
M) =U@)+ 5 %)RP—U(Z)—FO(Z 3x—1/6 4 1o yroite),
plP(z

Recalling (6-6) and that z = (X/ 2)50 for a parameter 8¢ to be chosen later, we see
the last error term will be < %U (z) for sufficiently large X as long as the analogue
of (6-4) holds, in which case

coz(logz)™" = JU(z) = M(2) = JU(2) < eyz(logz)™".

for absolute constants 0 < cg <cy < 1.
We now apply Lemma 3.1, which shows that

Es (g%;z, %M(z))
1+¢

< <Z+(25/3X—1/6+22+20Xr—1)

2
z
+Z(22/3X—1/6+ZI+UXI—1)+(22/3X—1/6+ZI+UX1'—1)2).

As long as 8¢ < 1/4, we have z3/3 X ~1/® « z: after further simplification and still
assuming the analogue of (6-4), we see that

Ey(o/;z, M(2)) < X5(Xz7h + 22 X7).



On {-torsion in class groups of number fields 1767

This is optimized by choosing g as in (6-5) as before, which satisfies (6-4). In
particular, for any 8o < min{1/4, (1 —1)/(1 4+ 20)}, we obtain

Es(a: (X/2)%, 3 M((X/2)%)) < X700+,
which proves Proposition 6.1 in the case of cubic fields.

6D. Sieve for non- D4-quartic fields. The case of non- D4-quartic fields is very
similar to that for real quadratic fields, thus we only mention the highlights, with
o, T denoting oy, 4. We have

R, = t#aly — Spttad = O(p° X*T°),

1 1

U(z) = Sp = =~ .
> % 2 iy T
PIP(2) plPGy TP EPTAD

We deduce that

. 17Z(logz) 4 0(z(logz)™ 2)<U(Z)< Z(logz) 1 0(z(logz)™%). (6-7)

Next we compute the mean

= 1 — 1+ -1+
M) =U@)+ 5 ”Z()Rp — U(z) + O(z1Fo xT1+e),
PPz

Recalling (6-7) and that z = (X / 2)% . we see that as long as the analogous condition
to (6-4) holds and X is sufficiently large,

coz(logz)™! < %U(z) <M(z) < %U(z) <ciz(logz)™!

for absolute constants 0 < cg < ¢y < 1.
We apply Lemma 3.1 to see that under the assumption (6-4)

1+e¢
E (,Q{ z, IM(Z)) <« X (Z+22+20'X1' 1+Z(ZI+O'X‘L' 1)+(ZI+GX'E 1) )
<< XS(XZ—I_i_ZZO'X‘E)’

so that
Eq(/3(X/2)%, FM((X/2)%)) < X100+

for any 8o < (1 —1)/(1 + 20).
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6E. Sieve for quintic fields. Finally, we apply the sieve to quintic fields, denoting
0s, Ts by 0, T. We compute that for any p = O(X7?),

R, =#d, —Spttad = O(X®(p° X* + X7)).
For distinct primes p, ¢,
Rpg = #atpg — 8pSgttat = O(X°(p°q° X* + X7)).

We compute

1 1
ve= Y b=l ,
120 1 —“142p=242p3 —4
PIPG) PGz TP TEPT AT
from which we deduce that
1

12Oz(log )71+ 0(z(log 2)2).

2 _ —
Wz(]og 2)7 4+ 0(z(logz) ) < U(2) <

The mean may be expressed as

M(z)=U(z)+@ Z Ry =U(z) + O(Xe (1o X1 4 o xv=I+e)).
PIP(2)

The last term will be < %U (z) for sufficiently large X as long as y < 1 and the
analogous condition to (6-4) holds. Assuming this, we have

coz(logz) ™' < 1U(2) < M(z) <3U(2) < cyz(logz)~!
for absolute constants 0 < ¢y < ¢y < 1.
We apply Lemma 3.1 to see that under the assumptions 7,y < 1 and (6-4),
+e&

1
Es(e;2, 1M (2) <€ Xzz

(z+z2X—1 (2O XT+ XY ) 42X (2O XX
+22X—2(ZUX’+X?’)2>.
After simplification, this shows

X1+8
22
L XXz 4+ X7 +229X7).

E5(42%;Z,1M(z)) < (z422xv 1 220y
Assuming z = (X/2)%, we may conclude that for any
8o < min{(l —17)/(1+20),1— y},

we have
Es(o; (X/2)%, LM ((X/2)%)) « x1~%0Fe,

This completes the proof of Proposition 6.1.
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7. Proof of the main theorem and corollaries

7A. Proof of Theorem 2.1. We now derive Theorem 2.1 from Proposition 6.1. By
definition, if M < M, then B,;(X;Y, M) € B4(X; Y, M,). If X is sufficiently
large that (6-2) holds, say X > X;(§), we may apply (6-2) to write

(X/2)

) s 1
4B, (X, X2 50l

) <424 (X: (X/2)° . LM((X/2)%)
= Eq(«7; (X/2)%, 1M ((X/2)%)).

We then apply Proposition 6.1 and deduce that for X > X4(9),

RS (X/2)° st
#%d (X, (X/Z) s ECo(d)W) <X
for every € > 0, and for § constrained by (6-1). When we make the constraints
in (6-1) precise by applying the results of Lemma 2.2, Theorem C, Theorems 2.3
and 2.4, we obtain the parameters defined in (2-5). For any § satisfying (2-5), we
may remove the explicit assumption that X > X;(§) by including an appropriate
implicit constant, so that

(X/2)8

) s 1
#%B, (X, X2 sl s

) <<d,8,s X1—5+£ (7_1)

for every X > 1 and every ¢ > 0.

7B. Proof of Theorem 1.1. To derive Theorem 1.1 from Theorem 2.1, we proceed
via a standard dyadic argument, which we now make precise. Let ¢ > 0 be fixed
and for this ¢, let the implied constant in Theorem A be denoted by Cy = Cy(d, ¢),
so that (1-8) becomes

1
IClg[€)] < CoDZ M~ (7-2)

Fix any § < m Then if K is a degree d extension of Q with Dg € (X, 2X]
that is not in the bad set %2 (X; X9, %co (d)X‘S/ log X‘S), we see from (7-2) that
_ 1 1
ICIx[0)] < Co(eo(d) " DET* X log(x?) < €)D"+ log(D2).

where it suffices to take Cj = C021+8(%co(d))_1. Now we assume that X is
sufficiently large, say X > C(d, ¢, ¢), so that for all § < m, and for all
Dk € (X,2X], we have log(D%) < D% Under this assumption we have

1_
Ciglo)] < cyp2 0 (7-3)

for all these fields not in %’2, (X; X9, %co(d)Xa/ log X‘s).
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Let FO e(X 8, ¢) denote the collection of fields K/Q of degree d w1th X <

Dk < 2X that fail the bound (7-3); we may conclude that for any § < W@=1) d ) and
forall X > C(d, £, ¢),
Fy,(X:8.8) C BY(X. X%, Leo(d)XP/log XP). (7-4)

Now let Fy ¢(X;8,¢) denote the collection of fields K/Q of degree d with 0 <
Dg < X that fail the bound (7-3); then

Fau(X:s.)c | FJ2/:68.e).
0<j=<llog, X1
Set jo to be the smallest j such that 2/0 > C(d, £, ¢). Then for j < jo, we apply
the trivial bound, #Fg e(2f §,€) < 2/. (This bound is only “trivial” in the sense
that we know by (1- 11) how to count fields of degree d with 0 < Dg < X, for
d <5.) For j > jo, we apply (7-4) to write

U  Feiseoc | #25(2.275 feo(d)2/? ) 1og27%).
Jo<j=[log; X Jo<j=[log, X1
Trivially enlarging each of the last sets to the nondyadic version

Bq (271,278 Leo(d)279 ) 10g 279)
and applying the result of Theorem 2.1 to each such set, we obtain

#Fg(X:8.0)<Cd L)+ Y 200D e X1 (7:5)
Jo<j=[logy X
which now holds (with a sufficiently large implicit constant) for all X > 1, for all
¢ > 0 arbitrarily small, and for all § < min{m, 80(d)} where 8¢(d) is defined
as in (2-5) in Theorem 2.1. For sufficiently large £, the first constraint on § is a
stronger constraint than the second.

To be precise, we now break down into cases depending on d. For d = 2,
Theorem 1.1 is implied in the case £ = 2 by Gauss genus theory, and in the case
£ = 3 by the known asymptotic (1-5). For integers £ > 4, Theorem 1.1 follows from
(7-5), since ﬁ = min{%, 217} for £ > 4. (Of course, for primes £ > 5 and imaginary
quadratic fields, Theorem 1.1 is implied by the stronger result (1-10), or indeed by
an earlier result of Soundararajan [2000] that at most one imaginary quadratic field
K with Dg € [X,2X] can have |Clg[{]| > DI%(_%&“; see also Corollary 2.2 of
[Heath-Brown and Pierce 2014].) For d = 3, Theorem 1.1 is implied for £ = 2 by
the known asymptotic (1-6), and for £ = 3 by the stronger known result (1-3). The
cases £ > 4 are implied by (7-5), since 4@ = mln{25 46} for £ > 4. For d =4,
Theorem 1.1 follows from (7-5) since Z = mm{ 418 615} for £ > 8; the remaining
cases of £ < 7 follow from the choice 6y = ﬁ. Finally, for d = 5, Theorem 1.1
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similarly follows from (7-5) since z = mln{ 300° § e} for £ > 25; the remaining
cases of £ < 24 follow from the choice §¢ = 2(1)0

Corollaries 1.1.1 and 1.1.2 now follow from Theorem 1.1, or can be derived
directly from Theorem 2.1, as already demonstrated in Section 2A.

Appendix: Counting quadratic fields

In this appendix we prove the following result, from which Lemma 2.2 may be
deduced immediately.

Proposition A.1. Let P be a finite set of primes. For each prime p € P we choose
a splitting type at p and assign a corresponding density as follows:

(A +p™H7 for p=pipa,
8pi=13(1+p™)7" forp=p1.
(p+17! for p ramified.

Lete = [],ep p and 8¢ = [],ep Op. Let NZE(X; P) denote the number of real
(respectively imaginary) quadratic extensions of Q) with fundamental discriminant
| Dk | < X such that for each p € P, the prime p splits in the quadratic field with
splitting type chosen for p above. Then

NEX;P) = &(% X + 0(evVX). (A-1)

8
£(2)

We remark that in (A-1), the first term is contributed by fundamental discriminants
= 1 (mod 4) and the second by fundamental discriminants = 0 (mod 4). We prove
the proposition explicitly for N2+ (X; P), and omit the analogous argument for
N5 (X; P). Upon combining the counts for real and imaginary fields, this implies
Lemma 2.2 as a special case.

The proof is a simple elaboration on the classical method for counting square-free
integers < X. Recall that, for a fundamental discriminant D, a prime p is ramified
in Q(+/D) precisely when p | D; otherwise a prime p } D splits in Q(+/D) if the
Kronecker symbol ( p) evaluates as +1, and is nonsplit if ( ) = —1 (see, e.g.,
[Hua 1982, Theorem 10.3, Chapter 16]). Thus for each unramlﬁed p € P we assign
ep € {—1, +1} according to the specified splitting type of p. Let Py be the set of
ramified primes in P and set P’ = P\ Py; define

=l_[p and e'=l_[p.
DPEP pEP’

Then we may write

N2Jr (X;P)= #{fundamental discriminants 1 <n < X :eg|n, (%) =¢gp,VpE P'}.
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We will find a count for this by sieving for fundamental discriminants (that is,
elements that are free of odd squares) in the following two sets:
AWM = {1 <n<X:n=1 (mod4), eoln, (%) =¢ep.Vpe P’},

A© — {1 <n<X:n=8,12 (mod 16), ey|n, (%) =¢p,VpE P/}~

More generally, fix a power g and define for any b (mod 2¢) the set
A={1<n<X:n=b (mod2¥),en, (%) =¢p,Vpe P}

For each odd prime ¢ let A; = {n € A: ¢*|n}. Note that certainly .4, is empty as
soon as ¢ > v/ X ; we let M be the index of the greatest prime ¢y < ~/X. We will
denote by A, the complement A \ A,. We will deduce Proposition A.1 from the
following lemma:

Lemma A.2. Let A be as above, with P = Py U P’ a set of odd primes. Then

= X
mAq:?,zg_—zé_(z) l_[ 5p l_[ 8p+0(€\/y),

g odd peEP’  pePy
with 8, as defined in Proposition A.1.

If the set P specified in Proposition A.1 is a set of odd primes, then the proposition
follows immediately from this lemma, by applying it to A1) with g =2, b =1 and
then partitioning .A® into two disjoint sets with g =4 and b = 8 or 12, respectively,
and applying the lemma to each.

If 2 belongs to the set P specified in Proposition A.1, then we consider separately
the case when 2 is specified to be ramified or unramified. If 2 € Py then AWM g
empty. We already have 2 | n for every n € A, so we set Pyg = Py \ {2} and
apply Lemma A2 to A with P = Pyy U P’ (as before, separating A into two
disjoint sets and applying the lemma to each). We obtain

g odd PEP’  pePy

X
=85 [16 [] 8 +0vX).

pGP/ pGP()O

with §, = % as claimed.

If 2 € P’ then A© is empty. We recall that for p =2 and n = 1 (mod 4), the
Kronecker symbol (%) =+41lifn=1 (mod8) and —1 if n = 5 (mod 8). Thus if
2 P/, weset P’ = P’'\ {2} and A becomes

AWM = {1 <n<X:n=b (mod3), e|n, (%) =¢ep.Vpe P"},
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with b = 1 if the original specification was ¢, = +1 and b = 5 if e, = —1. Applying
Lemma A.2, we see that

ﬂ;lq:%m) TT 6 [ 6+ O(ev/X)

g odd peEP” pePy

:52'%(/2) [T 8 [] 85+ Otevx),

PEP”  peP

with 6, = %, again as claimed. This proves Proposition A.1.
We now prove Lemma A.2. By the inclusion-exclusion principle,

M
(N Ag=D (D" > |Ag NN Ag,l. (A-2)
m=0

q odd q1<""<qdm

in which for the m = 0 term we sum the full set |.A|. A priori, any fixed term in
(A-2) can be written as

|’Aql ﬁm"4‘IWI|
=#{n<X :q7---qp|n, n = b (mod 2%), egln. (%) =ep.YpeP'}.

Denote the set on the right-hand side by S, and let Q := {¢q1,...,gm}. We first
observe that if any p € P’ belongs to Q then the set S must be empty. Thus we
may reduce to considering the case in which P” and Q are disjoint, in which case
we will prove that

#S = 2Lg X gedGrgmeco) T %(p_—l) +0(). (A-3)
‘]1 /I €o peP’ p

First note that if a prime p in Py belongs to Q as well, then the condition qf . -q,zn |n

already specifies that p is ramified. Thus upon defining egg = [] pePy\Q P> We

may deduce that

S = {k < X(q7 -+~ qmeo0) " :
k= big} - qmeon)” (mod29), (£) =, Vpe P/}, (A4)

where for each p € P’ we have defined &), = &, (“3°).

We note that for any integer K > 1 and any residue class » modulo 28, the
quantity

#{k < K :k =b (mod 29), (%) =¢, Vpe P}
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may be expressed as

> (MTi+4@)) X

a (mode’) “peP’ k<K
(a,e’)=1 k=a (mode’)
k=b (mod 28)

2|P/ O AT (Zg,+0(1))

a (mode’) peP’
(a,e")=1

_ p—1 K
_(1_[ o )2g+|P,| +0+0();
pEP’

all the intermediate terms vanish by orthogonality of characters. Applying this to S
in (A-4), we obtain

= X r—1
#S = q g2 3002g+|P|p1;[”( » )+0(e’),

proving (A-3).
Applying (A-3) to the inclusion-exclusion in (A-2) shows that

- X ged(d, eq)
NA= T wo(gEEtee TT 5(25) - o)
(d,2¢")=1
The error term contributes O(e+/X), while the main term contributes

X%g(l_[ %( ; )) Z M(d)gcd(d eo)+0(XZ )

ep’
P d, 2e’) 1 > «/>

Here the error term is O(~/X), with an implied constant which may be taken to be
independent of P.

We now simplify the main term. We note that since P consists of odd primes
and (eg, e’) = 1, upon setting d = §f with § = ged(d, eq), we have

1(d) ged(d, ep) _ w(@éf) 8
— dz o g Z 82]‘2 o
(d,2e")=1 0 (8f,2¢’ ) (f,eo) 1
1 (e p0) —  u())
-1 (52 B x EE)
leo =1
(f,2€’e9)=1
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The sum over §|eq is a multiplicative function with respect to eq. For p prime we

have
O
8lp

and thus for e( square-free we may compute by multiplicativity that

n(@d) p—1 1
Z =117

8|e0 pPEP)
We next recall that for any 3 (s) > 1 and any distinct primes ¢y, ..., qr,
r o0
1 m(d)
(M0-fko) = T (5= = 45
i=1 PEG155qr} d=1

@]1q1)=1
Thus

Y =0 05 @

f=1 PEP p2
(f.2e’e0)=1

Assembling this all together, we see that

M A

q odd

=%0-%) @ Q( 2 1_—2) [1 (5 o

PEPy p?

This reduces to

< X 1 1 1
ﬂ Ag = 3.26-27(2) pl;[/ 2 (1+p—1)p1;[0 1+ + 0(6\/?),

q odd

proving Lemma A.2, with §, as in Proposition A.1.

Acknowledgements

The authors thank Paul Pollack, Arul Shankar, Frank Thorne, and Jacob Tsimerman
for very helpful conversations, and the referee for helpful comments on exposition.
We thank Frank Thorne in particular for a suggestion that helped improved the
exponent in Theorem 5.1. Ellenberg is partially supported by National Science
Foundation Grant DMS-1402620 and a Guggenheim Fellowship. Pierce has been
partially supported by National Science Foundation Grant DMS-1402121 and
CAREER grant DMS-1652173. Wood is partially supported by an American
Institute of Mathematics Five-Year Fellowship, a Packard Fellowship for Science



1776 Jordan Ellenberg, Lillian B. Pierce and Melanie Matchett Wood

and Engineering, a Sloan Research Fellowship, and National Science Foundation
Grant DMS-1301690.

References

[Baily 1980] A. M. Baily, “On the density of discriminants of quartic fields”, J. Reine Angew. Math.
315 (1980), 190-210. MR Zbl

[Belabas et al. 2010] K. Belabas, M. Bhargava, and C. Pomerance, “Error estimates for the Davenport—
Heilbronn theorems”, Duke Math. J. 153:1 (2010), 173-210. MR Zbl

[Bhargava 2004] M. Bhargava, “Higher composition laws, III: The parametrization of quartic rings”,
Ann. of Math. (2) 159:3 (2004), 1329-1360. MR Zbl

[Bhargava 2005] M. Bhargava, “The density of discriminants of quartic rings and fields”, Ann. of
Math. (2) 162:2 (2005), 1031-1063. MR Zbl

[Bhargava 2008] M. Bhargava, “Higher composition laws, IV: The parametrization of quintic rings”,
Ann. of Math. (2) 167:1 (2008), 53-94. MR Zbl

[Bhargava 2010] M. Bhargava, “The density of discriminants of quintic rings and fields”, Ann. of
Math. (2) 172:3 (2010), 1559-1591. MR Zbl

[Bhargava et al. 2013] M. Bhargava, A. Shankar, and J. Tsimerman, “On the Davenport—Heilbronn
theorems and second order terms”, Invent. Math. 193:2 (2013), 439-499. MR Zbl

[Bhargava et al. 2017] M. Bhargava, A. Shankar, T. Taniguchi, F. Thorne, J. Tsimerman, and Y. Zhao,
“Bounds on 2-torsion in class groups of number fields and integral points on elliptic curves”, preprint,
2017. arXiv

[Brumer and Silverman 1996] A. Brumer and J. H. Silverman, “The number of elliptic curves over Q2
with conductor N, Manuscripta Math. 91:1 (1996), 95-102. MR Zbl

[Cho and Kim 2015] P.J. Cho and H. H. Kim, “Central limit theorem for Artin L-functions”, preprint,
2015. arXiv

[Cohen and Lenstra 1984] H. Cohen and H. W. Lenstra, Jr., “Heuristics on class groups of number
fields”, pp. 33-62 in Number theory (Noordwijkerhout, Netherlands, 1983), edited by H. Jager,
Lecture Notes in Math. 1068, Springer, 1984. MR Zbl

[Cohen and Martinet 1990] H. Cohen and J. Martinet, “Btude heuristique des groupes de classes des
corps de nombres”, J. Reine Angew. Math. 404 (1990), 39-76. MR Zbl

[Cohen et al. 2002] H. Cohen, F. Diaz y Diaz, and M. Olivier, “Enumerating quartic dihedral
extensions of Q”, Compositio Math. 133:1 (2002), 65-93. MR Zbl

[Cojocaru and Murty 2006] A. C. Cojocaru and M. R. Murty, An introduction to sieve methods and
their applications, London Mathematical Society Student Texts 66, Cambridge University Press,
2006. MR Zbl

[Davenport and Heilbronn 1971] H. Davenport and H. Heilbronn, “On the density of discriminants of
cubic fields, I, Proc. Roy. Soc. London Ser. A 322:1551 (1971), 405-420. MR Zbl

[Duke 1998] W. Duke, “Bounds for arithmetic multiplicities”, Doc. Math. Extra Vol. II (1998),
163-172. MR Zbl

[Ellenberg and Venkatesh 2007] J. S. Ellenberg and A. Venkatesh, “Reflection principles and bounds
for class group torsion”, Int. Math. Res. Not. 2007:1 (2007), Art. ID rnm002, 18. MR Zbl

[Fouvry and Kliiners 2007] E. Fouvry and J. Kliiners, “On the 4-rank of class groups of quadratic
number fields”, Invent. Math. 167:3 (2007), 455-513. MR Zbl


http://dx.doi.org/10.1515/crll.1980.315.190
http://msp.org/idx/mr/564533
http://msp.org/idx/zbl/0421.12007
http://dx.doi.org/10.1215/00127094-2010-007
http://dx.doi.org/10.1215/00127094-2010-007
http://msp.org/idx/mr/2641942
http://msp.org/idx/zbl/1227.11114
http://dx.doi.org/10.4007/annals.2004.159.1329
http://msp.org/idx/mr/2113024
http://msp.org/idx/zbl/1169.11045
http://dx.doi.org/10.4007/annals.2005.162.1031
http://msp.org/idx/mr/2183288
http://msp.org/idx/zbl/1159.11045
http://dx.doi.org/10.4007/annals.2008.167.53
http://msp.org/idx/mr/2373152
http://msp.org/idx/zbl/1173.11058
http://dx.doi.org/10.4007/annals.2010.172.1559
http://msp.org/idx/mr/2745272
http://msp.org/idx/zbl/1220.11139
http://dx.doi.org/10.1007/s00222-012-0433-0
http://dx.doi.org/10.1007/s00222-012-0433-0
http://msp.org/idx/mr/3090184
http://msp.org/idx/zbl/1294.11191
http://msp.org/idx/arx/1701.02458
http://dx.doi.org/10.1007/BF02567942
http://dx.doi.org/10.1007/BF02567942
http://msp.org/idx/mr/1404420
http://msp.org/idx/zbl/0868.11029
http://msp.org/idx/arx/1506.07416v1
http://dx.doi.org/10.1007/BFb0099440
http://dx.doi.org/10.1007/BFb0099440
http://msp.org/idx/mr/756082
http://msp.org/idx/zbl/0558.12002
http://msp.org/idx/mr/1037430
http://msp.org/idx/zbl/0699.12016
http://dx.doi.org/10.1023/A:1016310902973
http://dx.doi.org/10.1023/A:1016310902973
http://msp.org/idx/mr/1918290
http://msp.org/idx/zbl/1050.11104
http://msp.org/idx/mr/2200366
http://msp.org/idx/zbl/1121.11063
http://dx.doi.org/10.1098/rspa.1971.0075
http://dx.doi.org/10.1098/rspa.1971.0075
http://msp.org/idx/mr/0491593
http://msp.org/idx/zbl/0212.08101
http://msp.org/idx/mr/1648066
http://msp.org/idx/zbl/0907.11015
http://dx.doi.org/10.1093/imrn/rnm002
http://dx.doi.org/10.1093/imrn/rnm002
http://msp.org/idx/mr/2331900
http://msp.org/idx/zbl/1130.11060
http://dx.doi.org/10.1007/s00222-006-0021-2
http://dx.doi.org/10.1007/s00222-006-0021-2
http://msp.org/idx/mr/2276261
http://msp.org/idx/zbl/1126.11062

On {-torsion in class groups of number fields 1777

[Frei et al. 2015] C. Frei, D. Loughran, and R. Newton, “The Hasse norm principle for abelian
extensions”, preprint, 2015. arXiv

[Gauss 1966] C.F. Gauss, Disquisitiones arithmeticae, Yale University Press, New Haven, CT, 1966.
MR Zbl

[Heath-Brown and Pierce 2014] D. Heath-Brown and L. B. Pierce, “Averages and moments associated
to class numbers of imaginary quadratic fields”, preprint, 2014. to appear in Compositio Math. arXiv

[Helfgott and Venkatesh 2006] H. A. Helfgott and A. Venkatesh, “Integral points on elliptic curves
and 3-torsion in class groups”, J. Amer. Math. Soc. 19:3 (2006), 527-550. MR Zbl

[Hough 2010] B. Hough, “Average equidistribution of Heegner points associated to the 3-part of the
class group of imaginary quadratic fields”, preprint, 2010. arXiv

[Hua 1982] L. K. Hua, Introduction to number theory, Springer, 1982. MR Zbl
[Klys 2016] J. Klys, “The Distribution of p-Torsion in Degree p Cyclic Fields”, preprint, 2016.
arXiv

[Lagarias and Odlyzko 1977] J. C. Lagarias and A. M. Odlyzko, “Effective versions of the Chebotarev
density theorem”, pp. 409-464 in Algebraic number fields: L-functions and Galois properties
(Durham, United Kingdom, 1975), edited by A. Frohlich, Academic Press, London, 1977. MR Zbl

[Lemke Oliver and Thorne 2017] R. J. Lemke Oliver and F. Thorne, “The number of ramified primes
in number fields of small degree”, Proc. Amer. Math. Soc. 145:8 (2017), 3201-3210. MR Zbl

[Milovic 2017] D. Milovic, “On the 16-rank of class groups of Q(,/—8p) for p = —1 mod 4”, Geom.
Funct. Anal. 27:4 (2017), 973-1016. MR

[Narkiewicz 1990] W. Narkiewicz, Elementary and analytic theory of algebraic numbers, 2nd ed.,
Springer, 1990. MR Zbl

[Pappalardi 2005] F. Pappalardi, “A survey on k-freeness”, pp. 71-88 in Number theory, edited by
S. D. Adhikari et al., Ramanujan Math. Soc. Lect. Notes Ser. 1, Ramanujan Math. Soc., Mysore,
India, 2005. MR Zbl

[Pierce 2005] L. B. Pierce, “The 3-part of class numbers of quadratic fields”, J. London Math. Soc.
(2) 71:3 (2005), 579-598. MR Zbl

[Pierce 2006] L. B. Pierce, “A bound for the 3-part of class numbers of quadratic fields by means of
the square sieve”, Forum Math. 18:4 (2006), 677-698. MR Zbl

[Sarnak et al. 2016] P. Sarnak, S. W. Shin, and N. Templier, “Families of L-functions and their
symmetry”, pp. 531-578 in Families of automorphic forms and the trace formula (Puerto Rico,
2014), edited by W. Miiller et al., Springer, 2016. Zbl

[Shankar and Tsimerman 2014] A. Shankar and J. Tsimerman, “Counting S5-fields with a power
saving error term”, Forum Math. Sigma 2 (2014), 13, 8. MR Zbl

[Shankar et al. 2015] A. Shankar, A. Sodergren, and N. Templier, “Low-lying zeros of certain families
of Artin L-functions”, preprint, 2015. arXiv

[Smith 2016] A. Smith, “Governing fields and statistics for 4-Selmer groups and 8-class groups”,
preprint, 2016. arXiv

[Soundararajan 2000] K. Soundararajan, “Divisibility of class numbers of imaginary quadratic fields”,
J. London Math. Soc. (2) 61:3 (2000), 681-690. MR Zbl

[Taniguchi and Thorne 2013] T. Taniguchi and F. Thorne, “Secondary terms in counting functions for
cubic fields”, Duke Math. J. 162:13 (2013), 2451-2508. MR Zbl

[Wong 1999a] S. Wong, “Automorphic forms on GL(2) and the rank of class groups”, J. Reine Angew.
Math. 515 (1999), 125-153. MR Zbl


http://msp.org/idx/arx/1508.02518
http://msp.org/idx/mr/0197380
http://msp.org/idx/zbl/0136.32301
http://msp.org/idx/arx/1409.3177
http://dx.doi.org/10.1090/S0894-0347-06-00515-7
http://dx.doi.org/10.1090/S0894-0347-06-00515-7
http://msp.org/idx/mr/2220098
http://msp.org/idx/zbl/1127.14029
http://msp.org/idx/arx/1005.1458v2
http://msp.org/idx/mr/665428
http://msp.org/idx/zbl/0483.10001
http://msp.org/idx/arx/1610.00226
http://msp.org/idx/mr/0447191
http://msp.org/idx/zbl/0362.12011
http://dx.doi.org/10.1090/proc/13467
http://dx.doi.org/10.1090/proc/13467
http://msp.org/idx/mr/3652776
http://msp.org/idx/zbl/06734538
http://dx.doi.org/10.1007/s00039-017-0419-6
http://msp.org/idx/mr/3678506
http://msp.org/idx/mr/1055830
http://msp.org/idx/zbl/0717.11045
http://msp.org/idx/mr/2131677
http://msp.org/idx/zbl/1156.11338
http://dx.doi.org/10.1112/S002461070500637X
http://msp.org/idx/mr/2132372
http://msp.org/idx/zbl/1153.11339
http://dx.doi.org/10.1515/FORUM.2006.034
http://dx.doi.org/10.1515/FORUM.2006.034
http://msp.org/idx/mr/2254390
http://msp.org/idx/zbl/1138.11049
http://dx.doi.org/10.1007/978-3-319-41424-9_13
http://dx.doi.org/10.1007/978-3-319-41424-9_13
http://msp.org/idx/zbl/06675153
http://dx.doi.org/10.1017/fms.2014.10
http://dx.doi.org/10.1017/fms.2014.10
http://msp.org/idx/mr/3264252
http://msp.org/idx/zbl/1328.11109
http://msp.org/idx/arx/1507.07031v1
http://msp.org/idx/arx/1607.07860
http://dx.doi.org/10.1112/S0024610700008887
http://msp.org/idx/mr/1766097
http://msp.org/idx/zbl/1018.11054
http://dx.doi.org/10.1215/00127094-2371752
http://dx.doi.org/10.1215/00127094-2371752
http://msp.org/idx/mr/3127806
http://msp.org/idx/zbl/1294.11192
http://dx.doi.org/10.1515/crll.1999.075
http://msp.org/idx/mr/1717617
http://msp.org/idx/zbl/1005.11059

1778 Jordan Ellenberg, Lillian B. Pierce and Melanie Matchett Wood

[Wong 1999b] S. Wong, “On the rank of ideal class groups”, pp. 377-383 in Number theory (Ottawa,
ON, 1996), edited by R. Gupta and K. S. Williams, CRM Proc. Lecture Notes 19, Amer. Math. Soc.,
Providence, RI, 1999. MR Zbl

[Wood 2010] M. M. Wood, “On the probabilities of local behaviors in abelian field extensions”,
Compos. Math. 146:1 (2010), 102-128. MR Zbl

[Wright 1989] D. J. Wright, “Distribution of discriminants of abelian extensions”, Proc. London
Math. Soc. (3) 58:1 (1989), 17-50. MR Zbl

[Yang 2009] A. Yang, Distribution problems associated to zeta functions and invariant theory, Ph.D.
thesis, Princeton University, 2009, Available at https:/search.proquest.com/docview/304982142.
MR

[Zhang 2005] S.-W. Zhang, “Equidistribution of CM-points on quaternion Shimura varieties”, Int.
Math. Res. Not. 2005:59 (2005), 3657-3689. MR Zbl

Communicated by Philippe Michel
Received 2016-04-01 Revised 2017-06-10 Accepted 2017-07-10

ellenber@math.wisc.edu Department of Mathematics, University of Wisconsin,
Madison, WI 53706, United States

pierce@math.duke.edu Mathematics Department, Duke University,
Durham, NC 27708, United States

mmwood@math.wisc.edu Department of Mathematics, University of Wisconsin,
Van Vleck Hall, Madison, WI 53711, United States

American Institute of Mathematics, San Jose, CA 95112,
United States

mathematical sciences publishers :.msp


http://msp.org/idx/mr/1684617
http://msp.org/idx/zbl/0931.11048
http://dx.doi.org/10.1112/S0010437X0900431X
http://msp.org/idx/mr/2581243
http://msp.org/idx/zbl/1242.11081
http://dx.doi.org/10.1112/plms/s3-58.1.17
http://msp.org/idx/mr/969545
http://msp.org/idx/zbl/0628.12006
https://search.proquest.com/docview/304982142
http://msp.org/idx/mr/2713725
http://dx.doi.org/10.1155/IMRN.2005.3657
http://msp.org/idx/mr/2200081
http://msp.org/idx/zbl/1096.14016
mailto:ellenber@math.wisc.edu
mailto:pierce@math.duke.edu
mailto:mmwood@math.wisc.edu
http://msp.org

Algebra & Number Theory

msp.org/ant

EDITORS

MANAGING EDITOR

Bjorn Poonen

Massachusetts Institute of Technology

Richard E. Borcherds
J-L. Colliot-Thélene
Brian D. Conrad
Samit Dasgupta
Hélene Esnault
Gavril Farkas
Hubert Flenner
Sergey Fomin
Edward Frenkel
Andrew Granville
Joseph Gubeladze
Roger Heath-Brown
Craig Huneke

Kiran S. Kedlaya
Janos Kollar

Yuri Manin

Philippe Michel
Susan Montgomery

Shigefumi Mori

Cambridge, USA

EDITORIAL BOARD CHAIR

David Eisenbud

University of California
Berkeley, USA

BOARD OF EDITORS

University of California, Berkeley, USA
CNRS, Université Paris-Sud, France
Stanford University, USA

University of California, Santa Cruz, USA
Freie Universitit Berlin, Germany
Humboldt Universitit zu Berlin, Germany
Ruhr-Universitit, Germany

University of Michigan, USA

University of California, Berkeley, USA
Université de Montréal, Canada

San Francisco State University, USA
Oxford University, UK

University of Virginia, USA

Univ. of California, San Diego, USA
Princeton University, USA

Northwestern University, USA

Ecole Polytechnique Fédérale de Lausanne

University of Southern California, USA

RIMS, Kyoto University, Japan

Martin Olsson
Raman Parimala
Jonathan Pila

Anand Pillay
Michael Rapoport
Victor Reiner

Peter Sarnak

Joseph H. Silverman
Michael Singer
Christopher Skinner
Vasudevan Srinivas
J. Toby Stafford
Pham Huu Tiep
Ravi Vakil

Michel van den Bergh

Marie-France Vignéras

Kei-Ichi Watanabe
Shou-Wu Zhang

University of California, Berkeley, USA
Emory University, USA

University of Oxford, UK

University of Notre Dame, USA
Universitidt Bonn, Germany
University of Minnesota, USA
Princeton University, USA

Brown University, USA

North Carolina State University, USA
Princeton University, USA

Tata Inst. of Fund. Research, India
University of Michigan, USA
University of Arizona, USA

Stanford University, USA

Hasselt University, Belgium
Université Paris VII, France

Nihon University, Japan

Princeton University, USA

PRODUCTION
production@msp.org
Silvio Levy, Scientific Editor

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2017 is US $325/year for the electronic version, and $520/year (+$55, if shipping outside the US)
for print and electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans
Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage
paid at Berkeley, CA 94704, and additional mailing offices.

ANT peer review and production are managed by EditFLow® from MSP.

PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2017 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

Algebra & Number Theory

Volume 11 No. 8 2017

On {-torsion in class groups of number fields
JORDAN ELLENBERG, LILLIAN B. PIERCE and MELANIE MATCHETT WOOD

Torsion orders of complete intersections
ANDRE CHATZISTAMATIOU and MARC LEVINE
Integral canonical models for automorphic vector bundles of abelian type
ToM LOVERING
Quasi-Galois theory in symmetric monoidal categories
BREGJE PAUWELS
p-rigidity and Iwasawa p-invariants
ASHAY A. BURUNGALE and HARUZO HIDA

A Mordell-Weil theorem for cubic hypersurfaces of high dimension
STEFANOS PAPANIKOLOPOULOS and SAMIR SIKSEK

1739

1779

1837

1891

1921

1953


http://dx.doi.org/10.2140/ant.2017.11.1739
http://dx.doi.org/10.2140/ant.2017.11.1779
http://dx.doi.org/10.2140/ant.2017.11.1837
http://dx.doi.org/10.2140/ant.2017.11.1891
http://dx.doi.org/10.2140/ant.2017.11.1921
http://dx.doi.org/10.2140/ant.2017.11.1953

	1. Introduction
	2. Anatomy of the proof
	2A. Reduction to counting bad fields
	2B. Counting bad fields via a sieve and counts for fields with local conditions

	3. The Chebyshev sieve
	3A. Proof of the sieve lemma

	4. Asymptotic count of non-D4-quartic fields
	5. Asymptotic count of quintic fields
	6. Application of the sieve
	6A. Summary of the asymptotic inputs to the sieve
	6B. Sieve for quadratic fields
	6C. Sieve for cubic fields
	6D. Sieve for non-D4-quartic fields
	6E. Sieve for quintic fields

	7. Proof of the main theorem and corollaries
	7A. Proof of 0=thm.261=Theorem 2.1
	7B. Proof of 0=thm.161=Theorem 1.1

	Appendix: Counting quadratic fields
	Acknowledgements
	References
	
	

