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Local deformation rings for GL, and a
Breuil-Mézard conjecture when ¢ # p

Jack Shotton

We compute the deformation rings of two dimensional mod / representations of
Gal(F /F) with fixed inertial type for [ an odd prime, p a prime distinct from /,
and F/Q, a finite extension. We show that in this setting an analogue of the
Breuil-Mézard conjecture holds, relating the special fibres of these deformation
rings to the mod / reduction of certain irreducible representations of GL,(Op).

1. Introduction

Let p be a prime and let F' be a finite extension of Q,, with absolute Galois group Gr.
We study the (framed) deformation rings for two-dimensional mod / representations
of G, where [ is an odd prime distinct from p. More specifically, let E be a finite
extension of Q; with ring of integers O, uniformiser A, and residue field F. Let

,5 . GF —> GLz([F)

be a continuous representation. Then there is a universal lifting (or framed defor-
mation) ring R"(p) parametrising lifts of p. Our main result relates congruences
between irreducible components of Spec R"(5) to congruences between certain
representations of GL,(OF), where Op is the ring of integers of F. Our method
is to give explicit equations for the components of Spec R"(p), which may be of
independent use.

If r: Ir — GL,(FE) is a continuous representation that extends to a representation
of G (an inertial type), then we say that a representation p : G — GL,(E) has
type 7 if its restriction to I is isomorphic to t. Say that an irreducible component
of Spec R™(5) has type 7 if a Zariski dense subset of its E-points correspond
to representations of type t. We define (Definition 4.1) a formal sum C(p, t) of
irreducible components of the special fibre Spec R"(5) ®o F. For semisimple T,
this is obtained as the intersection with the special fibre of those components of
Spec R"(p) having type t; for nonsemisimple 7 this must be slightly modified.
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To an inertial type T we also associate an irreducible E-representation o (t) of
GL,(OF), by a slight variant on the definition of [Henniart 2002] (see Section 3C).
For an irreducible F-representation 6 of GL,(OF), define m(6, o (1)) to be the
multiplicity of 6 as a Jordan—Holder factor of the mod A reduction of o (7). Then
we can state our main theorem:

Theorem 4.2. Let p : G — GL,(F) be a continuous representation. For each
irreducible F-representation 0 of GL,(OF), there is a formal sum C(p, 0) of irre-
ducible components of Spec R (p) ® F such that, for each inertial type T, we have
the equality

C(p, 1) =) m(.0()C(p,0).
0

In fact the C(p, 0) are uniquely determined (at least for those 6 which actually
occur in some (T‘L’)).

This theorem is an analogue for mod / representations of Gg of the Breuil—
Meézard conjecture [2002], which pertains to mod p representations of Gg,. Our
statement is not in the language of Hilbert—Samuel multiplicities used in [Breuil
and Mézard 2002], but rather in the geometric language of [Emerton and Gee 2014].
The original conjecture of Breuil and Mézard was proved in most cases by Kisin
[2009a]; further cases were proved by PaSkiinas [2015] by local methods, and the
full conjecture was proved when p > 3 in [Hu and Tan 2013]. The conjecture was
generalised to n-dimensional representations of Gy in [Emerton and Gee 2014];
the only case known, outside of those just mentioned, is that of two-dimensional
potentially Barsotti—Tate representations (see [Gee and Kisin 2014]).

In the [ # p setting, a comparison of special fibres of (very particular) local defor-
mation rings was used by Taylor [2008] to prove the change of level results needed
to obtain nonminimal automorphy lifting theorems. This is another motivation for
our result.

Our method of proof is to explicitly determine equations for deformation rings
of fixed type and, indeed, obtaining these explicit descriptions is another goal of
this paper. We reduce to the tamely ramified case, in which we use the relation

pogp ' =01,

for ¢ € G a lift of Frobenius and o € Ir a generator of tame inertia. Since we
are considering lifts p of fixed type, and so with fixed characteristic polynomial
of p(0), we may use the Cayley—Hamilton theorem to reduce this equation to one
of degree at most two in the entries of p(¢) and p (o). These explicit descriptions
show that the irreducible components of Spec R™(p) ® E are always smooth (which
is also proved in [Pilloni 2008]) and that the reduced deformation rings in which the
semisimplification of the restriction to inertia is fixed are always Cohen—Macaulay
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(see Section SE). It is natural to ask whether these properties persist beyond the
case of two-dimensional representations. We note that the generic fibres of our
local deformation rings have been studied in [Pilloni 2008; Reduzzi 2013], but their
methods say little about the integral structure.

In a forthcoming paper, we will extend Theorem 4.2 to the case of n-dimensional
representations using global methods.

The structure of this paper is as follows. In Section 2 we define the universal
deformation rings and show how to reduce their study to the case when p is tamely
ramified. We also prove some lemmas that will be useful in the calculations that
follow. In Section 3 we define the deformation rings with fixed inertial type that we
will need and discuss the construction of the representations o (7). In Section 4 we
state and prove the main theorem, modulo the calculations of Section 5 and results
of Section 6. Section 5 contains the calculations of explicit equations for local
deformation rings, divided into cases according to the value of ¢ mod /. Finally, in
Section 6 we prove the results on the mod [ reduction of the o () that are stated in
Section 3D (and used in the proof of Theorem 4.2).

2. Preliminaries

2A. Fields and Galois groups. Suppose that [ #~ p are primes with [ > 2.

Let F/Q, be a finite extension with ring of integers O, maximal ideal pr,
uniformiser @wp, and residue field kr of order g. Let F have absolute Galois
group Gp, inertia group Ir, and wild inertia group Pr. Let Ip — Ip/ Pr = Zl be
the maximal pro-/ quotient of I, so that PF /Pp = Hz’ Lp Zy. Note that PF is
normal in Gg and write Tr = G/ PF. The short exact sequence 1 — Ir/ PF —
Tr — Gg/Ir — 1 splits, so that Tp = 7; x 7. We fix topological generators o of
this Z; and ¢ of this Z such that ¢ is a lift of arithmetic Frobenius. Then the action
of Z on Z; is given by

pop~ =01, (1)

Let L/F be an unramified quadratic extension, with residue field k..

Now let E/Q; be a finite extension with ring of integers O, residue field F
and uniformiser A. Let € : G — ZZX be the [-adic cyclotomic character, and let
1: Gr — Z] be the trivial character. If A is any O-algebra then we will regard
these as maps to A™ via the structure maps Z; — O — A.

Define two integers a and b by a = v;(¢ — 1) and b = v;(g + 1), where v; is the
[-adic valuation; at most one of a and b is nonzero since [ is odd.

2B. Deformation rings. Suppose that M is an n-dimensional F-vector space and
that p : Gr — GL(M) is a continuous representation. Let (¢;);_, be a basis for M,
so that p gives amap p : G — GL, (F).
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Let Co denote the category of artinian local O-algebras with residue field F,
and C(; the category of complete noetherian local O-algebras with residue field .
If A is an object of C» or C@, let m4 be its maximal ideal. Define two functors

D(p), D" (p) : Co — Set
as follows:

» D(p)(A) is the set of equivalence classes of (M, 1) where M is a free rank-n
A-module, p : G — Aut4 (M) a continuous homomorphism, and ¢t: M ® 4F ~> M
an isomorphism commuting with the actions of Gr.

o DU(p)(A) is the set of equivalence classes of (M, p, (e;)!_,) where M is a free A-
module of rank 7, p : G — Auta (M) is a continuous homomorphism, and (e;)7_,
is a basis of M as an A-module, such that the isomorphism (: M ® 4 F => M

defined by ¢ : ¢; ® 1 — e; commutes with the actions of Gp.

In the first case, (M, p, t) and (M’, p’, ') are equivalent if there is an isomorphism
a: M — M’', commuting with the actions of G, such that t = (' o &; in the second
case, (M, p, (¢;);) and (M’, p’, (e});) are isomorphic if the map M — M’ defined
by e; el/. commutes with the actions of Gr. There is a natural transformation of
functors D"(p) — D(p) given by forgetting the basis.

Alternatively, when p is regarded as a homomorphism to GL,, (F), we have the
equivalent definitions

DY(p)(A) ={p : GF — GL,(A) | p is continuous and lifts p}

and
D(p)(A) = D°(5)(A)/conjugacy by 1+ M, (m).

The functor D(p) is not usually prorepresentable, but the functor D”(p) always
is (see, for example, [Kisin 2009b, 2.3.4]).

Definition 2.1. The universal lifting ring (or universal framed deformation ring)
of p is the object RZ(p) of C/5 that prorepresents the functor DP(p). The universal
lift is denoted p" : Gr — GL,(R"(p)).

We recall a useful calculation (see, e.g., [Barnet-Lamb et al. 2014, Section 1.2]):

Lemma 2.2. The ring R%(p)[1/1] is generically formally smooth of dimension n>.

The next lemma enables us to reduce to the case where the residual representation
is trivial on Pp. Suppose that @ is an irreducible F-representation of Pr. Then by
[Clozel et al. 2008, Lemma 2.4.11] there is a lift of 6 to an O-representation of Pr,
which may be extended to an O-representation 6 of Gy, where Gy is the group

—1 ~

{g € Gr | gfg— = 0}. For each irreducible representation 6 of Pr we pick such
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a 6 and a finite free O-module N (6) on which ﬁp acts as 6. If M is a set-finite
O-module with a continuous action p of G, then define

My =Homj (6, M).

The module My has a natural continuous action py of Gy given by (gf)(v) =
gf (g_1 v); the subgroup Pr of Gy acts trivially.

Lemma 2.3 (tame reduction). (1) Let M be a set-finite O-module with a continu-
ous action of Gg. Then there is a natural isomorphism

— Gr
M = (D Indg (N(©) ®0 Mp),
[0]
where 6 runs through a set of representatives for the Gg-conjugacy classes of
irreducible representations of Pr.

(2) The isomorphism of part (1) induces a natural isomorphism of functors:
D(p) = [ | D(Bo),
(0]
where 6 runs through a set of representatives for the Gp-conjugacy classes of
irreducible representations of Pr.

(3) If R®(py) is the universal framed deformation ring for the representation py
of Gg/ PF, then

RO = (@), R0 IX, - Xyl

where ng = dim py. This isomorphism lies above D(p) => ]_[[9] D(pg), the
isomorphism of part (2).

Proof. The first two parts are in [Clozel et al. 2008]: part (1) is Lemma 2.4.12
and part (2) is Corollary 2.4.13. Part (3) is the refinement to framed deformations
obtained by keeping track of a basis in the construction of part (1) of the proposition,
as in [Choi 2009, Proposition 2.0.5].

As [Choi 2009] is not easily available, we sketch the argument for part (3). Let
[61], [62], . .. be the GF-conjugacy classes of irreducible f’p—representations. Pick
left coset representatives (g;;); for Gy, in Gr. Write N; for N (6;), and choose an
O-basis (fir)r of N;.

Let A be an object of Co, M be a free rank n A-module with a continuous action
of Gr, and My, be as above. Given (for each i) a basis (eil);z’l of Mg,, we can
produce a basis (e;jk) j.x,; of

My, = AIGF] @i, (Ni ®o My,)

defined by
eijk = &ij ® fik ® ey
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Then (e;jx1)i,jk,1 1s a basis of M.
Let 7(A) be the set of ¥ = (Y;jxs,i7joxr) which are n x n matrices of elements
of my4 such that

Yijkl,i’j’k’l’:() if i :i/andjzj/:kzk/:l

(so that n? — > né_ “free” entries of Y remain). Then F defines a functor on Cp
prorepresented by O[[ X, ..., X nZ—anll (the variables X being simply an enumer-
ation of those Yk i jx/7 which can be nonzero).

We then have a natural transformation of functors

Fx[[D%pe) — D°(5)
[0]
taking the tuple (Y, (My,, pg,, €i1);) to the tuple

(EB Indg" (N; ®0 My), D 1dE: @ ®0 py). Uy + ¥ (e j,k,l).
i i

Then one can check (and this is what is done in [Choi 2009, Proposition 2.0.5])
that this is in fact an isomorphism, and so we get the claimed isomorphism of
prorepresenting objects. O

2C. Twisting.

Lemma 2.4. Suppose that x : Gp — O™ is any character. Then there is a natural
isomorphism

R%(p) = R™(p® ).
Moreover, if x1 and o satisfy X1 = X2 then they induce the same maps
RY(p)®F = R™(p® %) ®F.
Proof. This follows easily from the isomorphism of functors
D%(p) — D (6 ®X)

given by tensoring with x (remembering that we are considering O-algebras). For
the last statement, observe that if the functors are restricted to F-algebras then the
isomorphism only depends on ¥. ([

Since every [F-valued character lifts to O (using the Teichmiiller lift) this shows
that R"(p) = R (p ® ) for every ¥ : Gp — F*.

We also need the calculation of the universal deformation ring of a character, to
which some of our calculations reduce. This is completely standard, but we include
it as a simple illustration of the method.
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Lemma 2.5. Let ¥ : Gg — F* be a continuous character. Then

olx,r]

RO = ———m
0= 0 =1

has 1 irreducible components, indexed by the 1%-th roots of unity. They are formally
smooth of relative dimension one over O.

Proof. By Lemma 2.4, we may take x to be trivial. If x is any lift of ¥ to an object
A of Cp, then for g € Pr we must have x(g)" =1 for some n coprime to /, and
therefore x (g) = 1, so that we are reduced to considering characters of Tr. We
must have that x (6)? = x (o) and x (6) =1 mod my,, and therefore that x (@) =1.
We are then free to choose x (¢). Writing x(0) =1+ X and x(¢) =147, we
have shown that

((A+X)" =1

functorially, and so the universal framed deformation ring is as claimed. ([

2D. Multiplicities and cycles. Suppose that X is a noetherian scheme and that
F is a coherent sheaf on X. Let Y be the scheme-theoretic support of F, and
let d > dimY. Let 2¢(X) be the free abelian group on the d-dimensional points
of X; elements of Z¢(X) are called d-dimensional cycles. If a € X is a point
of dimension d write [a] for the corresponding element of Z¢(X) and define the
multiplicity e(F, a) to be the length of F; as an Oy ,-module (this is zero if a € Y).

Definition 2.6. The cycle Z4(F) associated to F is the element

Ze(}', a)[a] € Z"(X).

a

If X = Spec A is affine and F = M for a finitely generated A-module M, then
we will write Z¢ (M) for Z¢(F).

Ifi : X — X' is aclosed immersion of X in a noetherian scheme X', then there is
a natural inclusion i, : Z4(X) — Z4(X’) for each d. For a coherent sheaf F on X
whose support has dimension at most d, we then have

i.(ZU(F)) = Z (i (F)).

We will often use this compatibility without comment.
A cycle is effective if it is of the form Y n4[a] for nq > 0. We say that an effective
cycle Cy is a subcycle of an effective cycle C; if C; — C| is also effective.
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2E. A determinantal ring. For a, b, and ¢ natural numbers, if / is the ideal gen-
erated by the a x a minors of a b x ¢ matrix with independent indeterminate
entries over a Cohen—Macaulay ring A, then A/I is always Cohen—Macaulay (see
[Eisenbud 1995, Theorem 18.18]). We include a simple proof in the very special
case that we need below.

Proposition 2.7. Let k > 2 be an integer and let A be either a field or a discrete
valuation ring. Let R = A[Xy, ..., Xy, Y1,..., Y] and let I << R be the ideal
generated by the 2 x 2 minors of

X, X2 -+ Xy

Y. Yo ... Vi)’
Let S = R/I1. Then S is a Cohen—Macaulay domain and is flat over A. It is
Gorenstein if and only if k = 2.

The same is true if we replace S by its completion S™ at the “irrelevant” ideal
(X15~~-,Xk’Y19"'?Yk)'

Proof. Note that R and § are naturally graded A-algebras.

Suppose that A is a field. It is easy to see that Proj(§) is a smooth irreducible
projective variety over A of dimension k£ + 1—it is covered by the open sets
{X; # 0} and {Y; # 0}, each of which is isomorphic to (A}4 \ {0} x Nj\. Thus S
is a domain. We may extend A so that its cardinality is at least k + 1, and choose
pairwise distinct oq, ..., 0 € A*.

I claim that (X| — oYy, ..., Xx — oYy, Y1 + - - - + Yi) is a regular sequence
in S. To see this, observe that Proj(S/(X| — 1Yy, ..., X; —;Y;)) is reduced (we
may check this on the affine pieces) and that its irreducible components are all of
the form

R
Proj< )
(Xj —aig¥Yi<jzk +(Xj, Yi)i<j=i,j#io
for 1 <ip <i or of the form
PI‘Oj(S/(Xl, ey X,‘, Y], ey Y,’)).

Now it is easy to check that X; | — ;1 Y41 (ifi <k)or Y| +---4+ Y, (ifi =k)
is a nonzerodivisor on each of these components, and so is a nonzerodivisor on
S/(X1—a1Yy, ..., Xi —«;Y;) as required.

Now

S/(Xi —aiY)i, Yi+- -+ V) ZA[Ya, ..., Y]/ (Ya, ..., Vi)?

is Gorenstein if and only if k = 2, as required.
If A is a DVR then the following easy lemma (a specialisation of [Snowden
2011, Proposition 2.2.1]) gives the result.
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Lemma 2.8. If A is a DVR and S is a finitely generated A-algebra such that
S® A/my and S ® Frac A are domains of the same dimension, then S is flat over
A (that is, a uniformiser of A is a regular parameter in S).

The final statement of the proposition follows from the facts that both localisation
and completion preserve the properties of being Gorenstein, Cohen—Macaulay, or
A-flat; " is a domain because its associated graded ring is S, which is a domain. [J

3. Types
3A. Inertial types.

Definition 3.1. An inertial type T (of dimension n) is an equivalence class of pairs
(r¢, N;) such that:

e r;:Ip— GL,(E)isa representation with open kernel.
e N, is a nilpotent n x n matrix over E.
e (r;, N;) extends to a Weil-Deligne representation of Gp.

In particular, N; commutes with the image of r;. Two such pairs are equivalent if
they are conjugate by an element of GL,,(E).

We say that a continuous representation p : Gy — GL,(E) has inertial type T if
the restriction to inertia of the associated Weil-Deligne representation is equivalent
tor.

We define some particular two-dimensional types which will often arise. They
will all be of the form (r, N) with r| P trivial, and are therefore determined by r (o)
and N. Define:

e Trsbyr(o)= (6 ?) and N =0, where ¢ is an [“-th root of unity (s is for “split”).

* Ty byr(o) = (6 ?) and N = (8(1)) where ¢ is an [%th root of unity (ns is for

“nonsplit”).
* 75 by r(o) = (% {02 ) and N = 0 where, ¢; and ¢ are distinct [“-th roots
of unity.

e Tz byr(o) = (% 591) and N = 0 where, £ is a nontrivial I-th root of unity.
To see that 1¢ is a type, note that if L/ F is the unramified quadratic extension, then
there is a character of G /Pr mapping o to &, which when induced to G gives a
representation of type t:.

3B. Deformation rings with fixed type.

Definition 3.2. Let 7 be an inertial type. Then RY(p, ) is the maximal reduced,
[-torsion free quotient of RY(p) with the following property: if x : RP(p) —
GL,(E) is a continuous homomorphism such that the associated representation
ox : G —> GL,,(E) has type 1, then x factors through R"(p, 7).
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The rings RY(p) ® F and R"(p, t) ® F will occur very often, and so we denote
them respectively by RP(p) and R™(p, 7).

From now on suppose that n = 2. Write t = (r;, N;) and assume that E is large
enough that all of the roots of the characteristic polynomial of r; lie in E. Let
R"(p, 7)° be the maximal quotient of R”(0) on which:

o If r, is not scalar then, for all g € I, the characteristic polynomial of p"(g)
agrees with that of ;.

o If r; is scalar and N, = O then, for all g € Ir, p"(g) is scalar and agrees
with r;.

o If r; is scalar and N; # 0 then, for all g € I, the characteristic polynomial of
0" (g) agrees with that of r.. Moreover, we have

q(tr p”(¢))* = (g +1)* det(o"(9)). 2

It is clear that these quotients exist and that the conditions imposed are deforma-
tion problems for p.

Lemma 3.3. The ring R®(p, ©) is a reduced [-torsion free quotient of R®(p, 7)°.
If N; =0, then we have that R®(p, T) is equal to the maximal reduced [-torsion
free quotient of R™(p, 7)°.

Proof. The first part is clear unless r; is scalar and N, # 0. In this case, we must
show that any representation p : Gy — GL,(E) of type T satisfies equation (2). The
Weil-Deligne representation (r, N) corresponding to such a p satisfies r|;, =r;
and N # 0. Then r(¢)N = g Nr(¢) implies that r(¢) preserves the line ker N and
the quotient E2/ker N. If it acts as & on the former and f on the latter then we must
have o« = ¢f3; as @ and B are the eigenvalues of p(¢) equation (2) is easily verified.

The final claim follows from the simple observation that any E-point of R™(5, 7)°
has associated Galois representation of type 7, except perhaps if r; is scalar
and N, #0. O

Remark 3.4. If R is a reduced, [-torsion free quotient of RY(p) such that R"(p, )
is a quotient of R, then R = RY(p, 1) if and only if the closed points of type T are
Zariski dense in Spec R[1//]. In our calculations, when this is true it will always
be clear by inspection.

3C. K-types. Let G = GLy(F), K = GLy(OF), and for N > 1 let K(N) =
1+ My(p}) and Ko(N) = {(“) : c € p¥}. Let Uy = OF and for N > 1 let
Uy=1+ pI}' . The exponent of a character x of Oy. is the smallest N > 0 such that
x is trivial on Uy. If 7 is an irreducible admissible representation of GL,, (F) (we
only need m = 1 and m = 2) over E, let rec(7r) be the continuous representation of
W over E associated to 7 under the local Langlands correspondence (normalised

s0 as to be preserved by automorphisms of E).
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For each two-dimensional inertial type T = (r;, N;), we define an irreducible
representation o (t) by the following recipe:

o If T =114, then o (7) is the trivial representation of K.

o If T = 11 44, then o (7) is the inflation to K of the Steinberg representation St
of GL2 (k F)-

o If r = (1®rec(e)]y,, 0) for a nontrivial character € of F'* of exponent N, then
o(7) = Indgo(N) €,

where €((“ ")) = e(a).

o If T = (rec(m)|;., 0) for a cuspidal representation w of GL,(F), then by
[Bushnell and Henniart 2006, Theorem 15.5] there is a certain subgroup J C G,
containing the centre of G and compact modulo centre, and a representation
A of J such that

= c—Ind? A.

By conjugating, we may suppose that the maximal compact subgroup J° of J
is contained in K. We then have

o (t) =1Indf (Al o).
o If t =t/ ®rec(x)|s,, then o (1) =0 (') ® (x |y, o det).

This is a slightly modified version of the construction in [Henniart 2002] — the
construction there only depends on r;, and agrees with ours whenever r; is not
scalar. The following is an easy consequence of [Henniart 2002]:

Proposition 3.5. If o (7) is contained in an irreducible admissible representation 1
of GLo(F) and rec(w) = (r, N), then r|;, = r; and either N = N or N; # 0
and N = 0.

If 7 is infinite-dimensional, then the converse is true.

3D. Reduction of types. Suppose that 7 : I — GL, (F) is such that 7 extends to G.

Definition 3.6. The set L(r) is the set of types t such that there exists a represen-
tation p : Gr — GL,(Op) of type 7 satisfying

pli, =r.
If r| By is nonscalar then we abuse notation and also write L(7) for the set of r
such that (r, 0) € L(r), as in this case every element of L(7) is of this form.

Lemma 3.7. Suppose that r is trivial on Pg. Then each element of L(r) is one of
the types T; s, T ns» Tty 00» T defined in Section 3A.
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Proof. Suppose that p : Gr — GL(Op) is of type 7 and is such that p|;, = 7.
As F|p, is trivial, p must also be trivial on Pr and its type is determined by the
eigenvalues of p(o) and by a nilpotent matrix N commuting with p (o). Now, the
fundamental relation ¢po ¢~ = o9 shows that the eigenvalues of p (o) are the same
(but perhaps in a different order) as those of p(0)?, and this implies that they are
(g% — 1)-th roots of unity. Moreover, they are congruent to 1 modulo the maximal
ideal of O, and so must in fact be either /%th or /°-th roots of unity (recall that
at most one of a and b is nonzero, since [ # 2). If they are distinct /-th roots of
unity, then N must be zero and T = 1¢, ,; if they are equal /“-th roots of unity then
T = T 5 OF T¢ 55 if they are 1b-th roots of unity then they must be £ and £7 = &~!
for an [°-th root of unity £. Moreover the case & = 1 has already been dealt with
and so we may assume that & # 1, in which case N =0 and 7 = ;. (]

Lemma 3.8. (1) Suppose that r|p,_ is irreducible. There is a lift r of T to GL,(E),
which we fix. Then L(r) = {r ® x}, as x runs over the set of characters
X :1Ip —> E* which extend to G and reduce to the trivial character.

(2) Suppose that 7| B = 71D Py where 71 and 7, are distinct characters
of Gg. There are lifts ry and ry of r1 and vy to E*, which we fix. Then

L(r) = {(ril1; ® x1) @ (n2l1; ® X2)}y1.xo Where X1, xa run over all pairs of
characters I — E* which extend to Gr and reduce to the trivial character.

(3) Suppose that f|13F =@ fi)lI;F where 11 and 1| are distinct characters
of G which are conjugate by an element of Gr (recall that L/F is the
unramified quadratic extension). There is a lift ry of 71 to EX. Then L(F) =
{(r1l1 ® X)) ® (r{l1, ® X))}y as x runs over all characters Ir — E* which
extend to G, and reduce to the trivial character.

Proof. This follows from Proposition 5.1 below; the ingredients in the proof of that
proposition are Lemma 2.3 (reduction to the tame case) and Lemma 2.4 (lifting
ring of a character). O

Lemma 3.9. If t = (r,0) is an inertial type with r| By nonscalir, then o (1) is
irreducible. If T’ is any othﬁ inertial type, then o (t') contains o (t) if and only if
1’/ € L(¥) (in which case o (1) = o (1/)).

Proof. These are the results of Propositions 6.4 and 6.5. U

If t = (r, N) with r| By scalar, then o (1) need not be irreducible. We give the
(well-known) analysis of these o () in Section 6A. For now, we just give names to
the following representations of GL,(kr) (and hence, by inflation, of K) over [

o the trivial representation, 1,
« the Steinberg representation, St (irreducible if g &= —1 mod /),

e if g=—1mod [, the cuspidal (but not supercuspidal) subrepresentation 7| of St.
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4. The “Breuil-Mézard conjecture”

Let p : GrF — GL,(F) be a continuous representation, and suppose that E is
sufficiently large that

« every subrepresentation of p ® [ is already defined over F,

« E contains all of the (g? — 1)-th roots of unity,

o for every T € L(p|;,), o () is defined over E.
We state our analogue of the Breuil-Mézard conjecture when [ # p. By Lemma 2.2
and the fact that RZ(p, 1) is defined to be O-flat, we have

dim R°(p, 1) < 4.

Definition 4.1. We associate to each type T = (r, N) a cycle C(p, 1) € Z*(R"(p))
as follows:

o If N =0, set

C(p, 1) =Z*(R(p, 0).
e If N # 0 (in which case r must be scalar) let 7’ = (r, 0) and set
C(p, )= Z*R(B, 1) + Z*(R%(p, ).

Theorem 4.2. For each irreducible F-representation 6 of GL2(OF), there is an
effective cycle C(p, 0) € Z4(RP(p)) such that, for any inertial type T, we have an
equality of cycles
C(p, T)=Zm(9,0(f))c(ﬁ, 0), (3)
6

where m(0, o (v)) is the multiplicity of 0 as a Jordan—Holder factor of o (t) and the
sum runs over all 6.

Proof. We proceed case by case, using the results of Section 3D and of Sections 5
and 6A below.

Suppose that p| 5 is nonscalar. Then by Lemma 3.9, the representations o (1)
for T € L(p|;,) are all irreducible and isomorphic to a common irreducible repre-
sentation, which we call 6y. By Corollary 5.2, R"(5) has a unique minimal prime,
denoted a, which has dimension 4. So we have

Z*(Spec(R"(p))) =Z - [al.
Define C(p, 6p) = [a] and C(p, €) = 0 for 0 # 6y. By Corollary 5.2,
C(p, ) =[a] =C(p, bb)

ift e L(/5|13F), otherwise
C(p,t)=0.
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In other words, for all T we have
C(p, 1) =) _ m@®, 0(@®)C(P,0),
0

as required.

If pl 5, is scalar, then we may twist p by a character of G and apply Lemma 2.4
and so suppose for the rest of the proof that p|p_is trivial.

If g #+£1 mod/, then L(p|;.) C {T1, T1.ns}. By the discussion of Section 6A,
we have that

o(t15)=1 and o(7),5) =St

are irreducible and nonisomorphic, and that neither is a Jordan—Holder factor of
any other o (7). So the fact that we can define the C(p, 6) so as to satisfy (3) is a
triviality, as there are no relations amongst the o (¢) for different . We work out
what the C(p, 6) are explicitly: for 6 # 1 or St we define C(p, 8) = 0. Otherwise,
there are four cases to consider:

o If p(¢) has eigenvalues with ratio not in {1, +¢} then by Proposition 5.3 there
is a unique minimal prime a,, of R7(p). In this case, define

C(p, ) =lanl, C(p,SY=lay]

« If p is an extension of the trivial character by itself then by Proposition 5.5
part 1 there is a unique minimal prime a,, of R"(5). In this case, define

C(ﬁ’ 1) = [au/], C(ﬁ, St) = [a,,].

o If p is a nonsplit extension of the trivial character by the cyclotomic character
then by Proposition 5.5 part 2 there is a unique minimal prime ay of R"(p).
In this case, define

C(p,1)=0, C(p,SHY=[an].

o If p is the direct sum of the trivial character and the cyclotomic character then
by Proposition 5.5 part 2 there are two minimal primes of R”(5), denoted
there by a,, and ay. In this case, define

C(ﬁ, 1) = [anr]y C(ﬁ, St) = [anr] + [aN]-

It is then easy to verify that equation (3) holds; we just do the last case. We see
from Proposition 5.5 part 2 that

C(ﬁ, Tl,s) = [anr] = C(ﬁa 1)’ C(/;, Tl,ns) = [anr] + [aN] = C(ﬁv St)a

and C(p, t) = 0 for all other 7, exactly as required by (3).
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If g =—1 mod/, then L(p|;.) C Ug{rl,s, T1,ns, Te} for & a nontrivial 1°-th root
of unity. By the discussion of Section 6A, we have that

U(Tl,s)=1, O'(‘L'g)=7'[1, O'(Tl,ns)ss:l@ﬂls

where 1 and m; are irreducible and nonisomorphic, and are not Jordan—Holder
factors of any other o (1). For 6 # 1 or m; we define C(p, ) = 0. Otherwise, there
are four cases to consider:

If p(¢) has eigenvalues with ratio not in {31} then by Proposition 5.3 there is
a unique minimal prime a,, of R7(p). In this case, define

C(p, ) =lanl, C(p,m)=0.

If p is an extension of the trivial character by itself then by Proposition 5.6
part 1 there is a unique minimal prime a,, of R”(p). In this case, define

C(p, 1) =lanl, C(p,m)=0.

If p is a nonsplit extension of the trivial character by the cyclotomic character
then by Proposition 5.6 part 2a there is a unique minimal prime, denoted ay
in that proposition, of R 9(p, T1.ns), which we regard as a prime of R B(p). In
this case, define

C(ﬁ’ 1)=O’ C(ﬁ,ﬂ])z[ﬂN].

If p is the direct sum of the trivial character by the cyclotomic character then
in Proposition 5.6 part 2b three four-dimensional primes of R™(5) are defined,
denoted there a,,-, ay and ay’. In this case, define

Cp, ) =lan], C(p,m) =[an]+[an].

It is then easy to verify that (3) holds using Proposition 5.3 in the first case and
Proposition 5.6 parts 1, 2a, and 2b in the second, third, and fourth cases; again we
just do the fourth case, which is the most complicated. Equation (3) is equivalent
to the equations

and

C(ﬁv fl,s) = 6(15’ 1) = [anr]a
C(p, T1ns) =C(p, 1) +C(p, m1) = [an,]1+ [an]+ [an'],
C(p, ) =C(p, 1) = [ay ]+ [an],
C(Ia’ T)ZO ift ¢U§{T1,Svrl,nSaT§}-

But by Proposition 5.6 part 2b we have
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C(p, t1,5) = Z*(R(p, T1,4)) = [t ],
C(p. Tins) = ZHR(P, 11,)) + ZHR(P. T1.0s)) = [ ]+ [an] + [an/],
C(p.1e) = Z*(R(P, T¢)) = [ay]+ [an],
and
C(p,1)=0 if T & Ue(T1s. Tinss Te)

as required.

If g =1 mod/, then L(p|;.) C U;,;I,Q{t{m Tenss Tey,oo ) fOr &, &1 and & (possi-
bly trivial) /-th roots of unity with ¢; # ¢,. By the discussion of Section 6A, we
have that

o(trs) =1, 0(tens)=St, o(t70) =18t

where 1 and St are irreducible and nonisomorphic, and are not Jordan—-Hélder
factors of any other o (7). For 8 # 1 or St we define C(p, 6) = 0. Otherwise, there
are four cases to consider:

« If p(¢) has eigenvalues with ratio not in {#1} then by Proposition 5.3 there is
a unique minimal prime a,, of R B(p). In this case, define

C(ﬁ, 1) = [anr]y C(ﬁ, St) = [anr]-

o If p is a ramified extension of the trivial character by itself then by Proposition
5.8 part 1 there is a unique minimal prime ay of R7(p, 71 ,5) Which we regard
as a four-dimensional prime of RY(p). In this case, define

C(p, 1) =0, C(p,SH=[an].

o If p is aunramified extension of the trivial character by itself then by Proposition
5.8 parts 2 and 3 there are four-dimensional primes of R”(p) which are denoted
there by [a,,] and [ay]. In this case, define

C(ﬁv 1) = [anr]a C(,5, St) = [anr] + [aN]-

It is then easy to verify that (3) holds using Proposition 5.3 in the first case,
Proposition 5.8 part 1 in the second case, and Proposition 5.8 parts 2 and 3 in the
third case (according as p is split or not); again we just do the third case, which is
the most complicated. Equation (3) is equivalent to the equations

Cp,15) =C(p, 1) = [an],
C(p, Tg.ns) = C(p, SY) = [a ]+ [an],

C(ﬁ» T{],g’z) = C(ﬁ’ 1) +C(,5, St) = [anr] + [anr] + [aN]a
and
C(Ias T) = 0 lf T ¢ U{»gl,CZ{TZ’S’ T{,HSa T{'],{'z}-
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But by Proposition 5.8 parts 2 and 3 we have:

C(p, Tr.s) = Z*(R(P, 1.6)) = [au],
C(P, Tens) = ZHR(P. T¢.5)) + ZHR(B. T1.n5)) = [ ]+ [an],
C(p, T.0) = Z*(R (P, 7¢,.1,)) = 2[a ]+ [an],
and
C(p,7)=0 if T & U ¢, 0T Tons: Tooe)s
as required. U

Remark 4.3. Although the definition of C(p, ) may seem ad-hoc, it in fact
has the following natural interpretation: it is the reduction modulo A of the cy-
cle in Z*(R"(p)) obtained by taking the Zariski closure of the closed points
x € Spec RY(p)[1/1] such that rec”!(py)|x contains o (7).

Remark 4.4. We conjecture that Theorem 4.2 remains true when [ = 2.

5. Calculations

Let p : GF — GLy(F) be a continuous representation. The aims of this section
are to give explicit presentations for the rings RY(p, 7) and to compute the cycles
Z(RP(p, 1)) € Z*(Spec R(p)). We continue to assume that E is sufficiently large,
as defined at the start of the previous section.

5A. Simple cases. When p| B is not scalar, then Lemma 2.3 allows us to determine
the universal framed deformation rings. Recall that if 7 : [r — GL,([F) is a repre-
sentation that extends to G then we have defined the set L(7) of types that lift 7.

Proposition 5.1. If p| 5 is irreducible, then
RY(p) = OlIX, Y, Z1, Za, Zs1/(1+ X)" = 1).

The 1° irreducible components of Spec R™(p) are precisely the Spec R"(p, t) for

€ L(plp,).
If plp, is a sum of distinct characters which extend to G, then

RP(p) = O[X1, X2, Y1, Ya, Z1, Zoll/ (A 4+ X)) — 1, (1 + X2)" = 1).

The 1% irreducible components of Spec R%(p) are precisely the Spec R™(p, 1)
for T € L(pl1,).

If plp, is a sum of distinct characters which are conjugate by the nontrivial
element of G \ GF, then

RY(p) = O[X.Y, Z1, Z5, Zs]/ (1 + X)"" = 1).
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The 1° irreducible components of Spec R%(p) are precisely the Spec R°(p, 1)
fort € L(pl1,).

Proof. This follows straightforwardly from Lemma 2.3. Suppose first tllat Plp,
is irreducible. Then there is a unique irreducible representation 6 of Pr such
that pg (in the notation of Lemma 2.3) is nonzero. For that 8, py is an unramified
one-dimensional representation of Gr. So by Lemmas 2.3 and 2.5

RY(p) = R°(po)[Z1, Zo, Z3N = OIX, Y, Z1, Z5, Z31 /(1 + X)" = D).

We have p” = 6 ® x" where x" is the universal character Gy — R7(gg)*.

Suppose now that p| By = 61 @ 0, for distinct characters 6; and 6,. Supgose ﬁr§t
that the 6; are not Gr-conjugate. As in Lemma 2.3, we pick O-characters 0, and 6,
of Gr lifting and extending 6 and 6. Then (in the notation of Lemma 2.3) py, and
Do, are both unramified characters. By Lemmas 2.3 and 2.5

R°(p) = (R"(p6)OR" (56, Z1, Z1]
= O[X1, Xo, Y1, Y1, Z1, Zol/((A+ XD =1, A+ X)) = 1).

We have
PP Z0Rx DO ® Xy,

where each x” is the universal character over R™(5g,).

Suppose finally that ; and 6, are Gg-conjugate. We take 6 = 6;; then Gy = G
where L is a quadratic extension of F'. In fact, since f’F C G and !/ is odd, we must
have that G is the unramified quadratic extension of F'. As in Lemma 2.3, pick an
O-character 6 of G lifting and extending 6. Then (in the notation of Lemma 2.3)
0o 1s an unramified character of G;. By Lemmas 2.3 and 2.5

RY(p) = R™(po)[Z1, Z2, Z5]]
= OlX, Y, Z1, Z», Z31/ (1 + X)" = 1),
since v;(g> — 1) =1°. We have
p"=Tndgt @@ "),

where x " is the universal character over R (py).

We show that f : Spec(R™(p, T)) > T is a bijection from the set of irreducible
components of Spec(R"(p)) to L(p|;,.). It is easy to see that f is an injection
(from our explicit expressions for p7). The type of the E-points of Spec(R"(p, 7))
is constant on irreducible components, so to show that a particular t is in the image
of f it suffices to produce a lift of 5 to E of type t. Each t € L(p|;,) is, by
definition, the type of a lift of some p" with p’|;, = p|;,. But it is clear from the
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calculations above that the image of f only depends on p|;,, and so f is surjective
as required. U

Corollary 5.2. If p|, is not scalar, then RP(p) has a unique minimal prime a,
which has dimension 4. For t an inertial type we have that

ZHR"(p, 7)) =1a]
ift € L(plp,) and Z*(R"(p, 1)) = 0 otherwise.

We may now assume that p| Py is scalar; after a twist (invoking [Clozel et al.
2008, Lemma 2.4.11] to extend the character occurring in p| B, tO the whole Galois
group), we may assume that p| B is trivial, so that any lift of p| B is also trivial.
In this case, then, p|;, is inflated from a representation of the (procyclic) pro-/
group Ip /Pr over a field of characteristic /. Any irreducible representation in
characteristic / of an /-group is trivial, and so p|;, must be an extension of the
trivial representation by the trivial representation. Now, because ¢po¢p ' = o9,
0(¢) maps the subspace of fixed vectors of p(o) to itself; therefore, o must be an
extension of unramified characters. That is, there is a short exact sequence

O—=x1—>p—>x2—>0

for unramified characters x; and x». Such an extension corresponds to an element
of H'(Gr, x1 X2 1); by a simple calculation with the local Euler characteristic
formula and local Tate duality, this cohomology group is nonzero if and only if
X1 = X2 or x1 = x2€. So we can easily deal with the case where neither of these
two possibilities can occur.

Proposition 5.3. Suppose that p|p, is trivial and that p(¢p) has eigenvalues @, BeF
witha/B & {1,q,q"}. Then

O/ =\ ~ OI]:A939P9Q7X9Y]]
R (10) = ]a la
(I+P)" -1, Ad+0)" -1
and p" (o) is diagonalizable with eigenvalues 1+ P and 1 + Q.
For ¢ an [°th root of unity (possibly equal to 1), we have that
R°(p,7;5) =O[A, B, P, Q. X, Y]/(1+P—¢, 1+ Q0 —¢)
=0[A, B, X, Y]

’

is formally smooth of relative dimension 4 over O and that R™(p, t; ns) = 0. If
qg =1 mod ! and ¢y, {, are distinct [%-th roots of unity, then

Rg(ﬁ . )= O[A,B,P,Q0,X,Y]
e T Y PO -0 -0, PO— (1 — D& — 1))

=0[A,B,P, X, Y]l/A+P—-C1)(1+ P —¢2).
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For all other t, R®(p, t) =0.
The ideal a,,, defining R°(p, T1.5) is the unique minimal prime of RP(p). We have

B [anr] fr= Tes
Z*R(p, 1) = {2000 ] ifT =100
0 ift= T¢,ns-

Proof. First note that, by the above cohomology calculation, p (o) must be trivial.

Let o and B be lifts of @ and B to ©. Suppose that A is an object of C» and
that M is a free A-module of rank 2 with a continuous action of Gy given by
p : Gp — Auty(M), reducing to p modulo m_4. Suppose that the characteristic
polynomial of p(¢) is (X —a — A)(X — 8 — B), where A, B € m 4 — note that by
Hensel’s lemma the characteristic polynomial does have roots in A reducing to &
and B. Then there is a decomposition

M= (p(p) —a—AM & (p(p) — B — B)M.

Here it is crucial that « + A, 8+ B and, « — 8 + A — B are all invertible in .A.
If vy, Vg is a basis of eigenvectors of p(¢p) in M ® [ and v, vg is a basis of M
lifting vy, vg then there are unique X, Y € m 4 such that v, + Xvg, vg + Yv, are
eigenvectors of p(¢). Moreover, replacing (vy, vg) by (vy, pvg) for p € 1+my
does not change X and Y.

Therefore we may assume that 5(¢) = (| 3) and that

@0
0p

-1
1 X\ 'fa+A 0 \(1 X
p(¢):(y 1) ( 0 /3+B><Y 1)’
(U X\ (1+P R \(1 X
P =\y 1) s 1+0)\y 1>’

where p determines X, Y, P, R, S, Q € m4 uniquely. The equation ¢0¢_1 =01
implies that

atA 0 \(1+P R \fa+A 0 \ ' _(1+P R\
0 B+B S 1+0 0 B+B) ~\ S 1+0/)°
Looking at the top right and bottom left entries gives that R = § = 0. Then
looking at the diagonal entries gives that (1 + P)?~! = (1 + Q)9~! =1, which is
equivalent to (1 + P)! = (1+ Q)" = 1. Thus
OlA,B, P, Q0,X,Y]
(I+P) =1L, A+ Q)" ~1)
The possible inertial types are 7, and ¢, ¢, (¢, cannot occur since all lifts
are diagonalisable). Clearly R“(p, 7, ) is defined by the equations 1 + P =

RY(p) =
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1+ Q =¢. Thering R7(p, T7,,2,)° 18 cut out by the equations 2+ P + Q = {1 + (o,
(1+ P)(1+ Q) = ¢1& and the redundant equations (1 + P) =1+ Q)" =1. But

RY(p, 7,.5,)° = OlA, B, P, X, Y1/(1+ P —¢)(1+ P = &)

is reduced and A-torsion free and so is equal to R™(p, 17,,¢,)-
For the reduction modulo X, simply note that

RY(p) =F[A, B, P, Q, X, Y]/(P", 0"),
R"(p, t.5) =FIA, B, P, Q, X, Y1/(P, Q),

and

R(p, tr,.c,) =FIA, B, P, Q, X, YT/(P?, Q*, P+ Q).

So a,, = (P, Q) is the unique minimal prime of R Y(p) and the multiplicities are
as claimed. Ul

We extract the first half of the proof of this proposition for future use:

Lemma 5.4. If p(¢) has distinct eigenvalues, we may assume that it is diagonal. In
that case, there exists a unique matrix ()], )1() € GL,(R"(p)), reducing to the identity
modulo the maximal ideal, such that p°(¢) = ()1/ }f)flcb(; )1() for a diagonal
matrix . ([

5B. g # £1 mod l. Suppose that ¢ %= £1 mod /. By Proposition 5.3, we have
already dealt with the cases in which the eigenvalues of p(¢) are not in the ratio 1
or gT!. All other cases are dealt with by the following (after twisting and conjugat-
ing p). Note that, by Lemma 3.7, the only possible types when p| 3, is trivial are
71, and Tq .

Proposition 5.5. Suppose that g # =1 mod [, and that p|, is trivial.

(1) Suppose p(c) is trivial, and p(¢) = () for y € F. Then R%(5, t1.5) = R7(p)
is formally smooth of relative dimension 4 over O, while R%(p, 11 n5) = 0.
(2) Suppose that p(o) = () and p(¢) = (4 9).
If X #0, then R(p, t1.5) = R°(p) is formally smooth of relative dimension
4 over O, while R°(p, t1.5) = 0.
If x =0 then

R(p) = O[Xy, ..., Xs1/(X1X2).

The quotients by the two minimal primes are R(p, 115) and R7(p, t1 us),
so that both are formally smooth of relative dimension 4 over O. The mini-
mal primes a,, and ay of Em(ﬁ) which respectively define ED(,E, T1.5) and
R°(p, T1.n5) are distinct.
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Proof. For the first part, write

o, _(1+A B o, (1+P y+R
p(a)—<c 1+D>, p(¢)—( S 1+Q>,

where y is a lift of y (taken to be zero if y=0)and A, B,C, D, P, O, R, S e m.

Let I = (A, B, C, D). Considering the equation p"(¢)p"(c) = p"(c) p"(¢)
modulo the ideal /m gives equations Cy = (¢ — 1)A, B+ Dy = qAy + ¢B,
C=qC,and (g —1)D 4+ qCy =0, all modulo Im. As g # 1 mod!/ we find
that / = Im. Therefore, by Nakayama’s lemma, I = 0 and p" is unramified. So
RZ(p) = R"(p, 115) = O[P, O, R, S] as claimed. Note that this proof is still
valid if ¢ = —1 mod /.

The proof of the second part is similar. By Lemma 5.4, we may write

50 = 1 X\ '(1+A4 x+B\[1 X
pPROI=1y c 1+p)\y 1)

—1
(1 x\ '(qa+P) 0 \(1 X
p%’)_(y 1) ( 0 1+Q><Y 1)’

with x a lift of X (taken to be zeroif x =0)and A, B,C, D, X, Y, P, Q em.

Let I = (A, C, D). Considering the relation ¢po¢~! = ¢¢ modulo /m and
applying Nakayama’s lemma as before now yields A = C = D = 0 (using that
g” # 1 mod [). The relation (not modulo any ideal) gives that (x + B)(P — Q) =0,
and it is easy to see if this equality holds then the given formulae for p° do indeed
define a representation so that
_ O[B.P,0.X.Y]

(x+B)(P—-0Q))’

If X # 0 then this implies that P = Q. Then R"(p) = O[ B, P, X, Y]. It is clear
that R"(p) = R"(p, 1.45), and the proposition follows.

If X = 0 then, writing U = P — Q, we have R°(p) = O[B, P, U, X, Y]/(BU).
In these coordinates, it is clear from the description of p" that

RY(p,715) = R7(p)/(B) and R"(p, t1u5) = R7(p)/(U).

The proposition follows. ([

R%(p)

5C. ¢ = —1 mod l. Suppose that ¢ = —1 mod /. By Proposition 5.3 we have
already dealt with the cases in which the eigenvalues of p(¢) are not in the ratio
1 or —1. All other cases are dealt with by the following result (after twisting and
conjugating p). By Lemma 3.7, the only possible types when p| s, is trivial are
Ti.s, T1.ns» and Tz for & a nontrivial /°-th root of unity.

Proposition 5.6. Suppose that ¢ = —1 mod [ and that p|, is trivial.
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(1) Suppose that p(c) = ((1)(1)) and p(¢) = (é{)for y € F. Then
RY(p, t15) = RY(p)
is formally smooth of relative dimension 4 over O, while
RE(p, T1.ns) = R7(p, 7) = 0.
If a,, is the unique minimal prime of R%(p), then we have

_ [anr] iff = Ti,s,
Z* R, ) =10 if T =Ti s,
0 ift =r1e.

(2) Suppose that p(o) = () and p(¢) = (1) for X € F.
(@) If X #0, then R"(p, t1.55) and R°(p, t¢) are formally smooth of relative
dimension 4 over O, while R™(p, t15) = 0. If ay is the prime ideal of
RY(p) cutting out RO(p, T1.n5) then we have

~ 0 ift =114,
Z*R(p, V) = lay] if T =Tins, )
[ClN] if‘L’ = Tg.

(b) If x = 0, then R"(p, 11.5) is formally smooth of relative dimension 4
over O and
OlXy, ..., Xell
(X1, X3) N (X2, X3 — (g +1)))

is a non-Cohen—Macaulay ring of relative dimension 4 over O. Its spec-
trum is the scheme theoretic union of two formally smooth components
that do not intersect in the generic fibre. Lastly,

olXy,..., Xs]
(X1X2—(E—£71)2)
is a complete intersection domain of relative dimension 4 over O with
formally smooth generic fibre. If a,, is the prime of R%(p) corresponding
to R(p, T1,5) and ay, a}, are the prime ideals of R"(p) corresponding
to the two minimal primes of R°(p, T1.ns), then we have

RD(/S, Tl,ns) =

RE(p, ) =

3 [anr] iff =Tl,s-
Z*R(p, V) = { [an]+[an'] if T = Ty uy, 5)
lan]+[an] ifT=r1¢.

Proof. The proof of the first part is identical to that of Proposition 5.5, part 1.
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For the second part, by Lemma 5.4 we may write

sy = (1 X)(1+A T B (1 X
PRO=\y 1)\ ¢ 140)\y 1)

(1 X\[(=(+P) 0 \(1 X
pD(¢)_(Y 1)( 0 1+Q)(Y 1)’

with x a lift of X (taken to be zeroif x =0)and A, B,C, D, X, Y, P, Q em.
Firstly, it is clear that R"(p, 715) = 01f x # 0 and, if x =0, that

R"(p, 115) = O[P, Q, X, Y].
Next we deal with 77 ,5. On R"(p, 71 ,5) We have the equations
tr(p"(0)) =2,
det(p”(0)) =1,
qtr(p($))” = (g + 1)* det(p($)),

and

PP @)p () (@) = p (o).
The first two of these may be rewritten as
A=-D and A*+(x+B)(C)=0
and the third can be written as
(q+1+P+4q0)(q+1+Q0+qP)=0.

By the Cayley—Hamilton theorem, (p”(c) —1)> =0 on R(p, 71 ns)°; it follows
that p=(0)4 —1=¢q(p"(o) — 1) on RZ(5, 71.,5)° and so the relation po¢p~! =o'
together with D = —A yields the equation

A —(X—I-B)%) B (qA q(x—i—B))
1 .

+0 _

Equating coefficients and using that 2 and ¢ — 1 are invertible we obtain that
A =D =0 and that

x+B)g+1+90+P)=0, (6)
Clg+1+0+qP)=0, @)

(x+B)C =0, )
(g+1+0+qP)g+1+9q0+P)=0 )

is a complete set of equations cutting out R7(5, 71 ,5)° (the last two equations
being, respectively, the conditions on det(p"(0)) and on p"(¢)).



Local deformation rings for GLo 1461

If x # O then these equations are equivalenttog +1+¢gQ+ P =0and C =0
and so we see that

RD(lév Tl,ns) g O[[Bv Ps X, Y]]'

If x = 0 then the left hand sides of the four equations given generate the ideal
I=B,q+14+0+gP)N(C,g+1+qQ0+ P)

in O[B, C, P, Q, X, Y]. Since O[B, C, P, Q, X, Y]/I is reduced and A-torsion
free and a Zariski dense set of its E -points have type 7 s, it is equal to RZ(p, 71 ns)-
After the change of variables
_q(q+1+0+¢qP)
(q—1(1+P)
we get the presentation given in the proposition.
Let

. (X1, X2, X4, X5, X6)=(B,C,P,X,Y)

S— Ol X1, X», X3
(X1, X3)N (X2, X3—(q+ 1))

Then S has dimension two. We show that S is not Cohen—Macaulay; the same is
then true for R™(p, 71 ,5). Now A is a nonzerodivisor in S, and

FIXi, X2, X
S/n= [Xi, X2, X3 -
(X1X2, X1X3, X2 X3, X3)
The maximal ideal of S/A is annihilated by X3, and X3 #0in S/A. So §/A, and
hence S, is not Cohen-Macaulay. The remaining statements about R(p, 71 ,5)

are clear.
Now suppose that 7 = tz. On R”(p, 1) we have

tr(p (o) =£+&7,
det(p”(0)) =1,

and
PP @)p (0)p (@) = p(0)?.
The first two of these may be rewritten as
A+D=t+¢6"1'-2 and AD—(x+B)C=2—-&—¢"".
By the Cayley—Hamilton theorem, (p”(c) — £)(p"(0) —£~') = 0. As
T9=§+§""—T mod (T —§)(T —§)
in Z[T, the relation o' = ¥ yields

(1+A —(x+3)%)_<5+5—1—1—A —(x+B) )

-cE2 14D B —C E+&71-1-D



1462 Jack Shotton

Equating coefficients and combining with the equation det(p" (o)) = 1 we get

-1

A:D=$+2E —1, (10)

(x+ B)(P— Q) =0, (11)
C(P—-0Q)=0, (12)

4(x + B)C = (E—£ 2% (13)

If ¥ # 0 then these equations are equivalent to P = Q and C = (¢ —&~1)?/(4(x+B)),
so that
R°(p, ) = OlX, Y, B, Pl.

If x =0, then the equations imply that
&1\

> ) (P—0)

and hence that P = Q, as R"(p, Tg) is A-torsion free by definition. Thus
OlX,Y,B,C, P]

(4BC —(§—&71)2)

The remaining statements about R"(p, tz) are clear.

Now we calculate the various Z*(R%(p, 7)). For part 1, this is trivial. For part 2,
we have computed each RD(/S, 7) as a quotient of the ring F[A, B,C,D, P, Q, X, Y]
by an ideal which we call I (7). We see that if x # 0 then I (7 ,4) = I (1¢), and
Em(ﬁ, 71,s) = 0, from which (4) follows. If x =0 then

O=BC(P—Q):<

RY(p. ) =

I(t15)=(A, B,C, D),
I(t105) = (A, D, BC, B(Q — P), C(Q — P), (Q — P)?),
and

I(ts) =(A,D,BC,Q—P).

The minimal primes above these /(7) in F[[A, ..., Y] are a,, = (A, B, C, D),
ay=(A,C,D, Q— P)and ay = (A, B, D, Q — P); the multiplicities in (5) are
then easily verified. (]
Remark 5.7. When p is unramified and p(¢) = (g (1)), the ring R7(p, T ,5) is
not Cohen-Macaulay. However the ring RY(p, unip), which is defined to be
the maximal reduced quotient of R”(5) on which p”(o) is unipotent (so that
Spec RY(p, unip) is the scheme-theoretic union in Spec R™(p) of Spec R7(p, T )
with Spec R™(p, 71.ns5)), is Cohen—Macaulay. Indeed it is easy to see from the proof

that
: OlX,, ..., X¢l
(X1X2, X1(X3— (g + 1), X2X3)’

~

R"(p, unip)
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which is Cohen—Macaulay ((A, X| 4+ X2 + X3, X4, X5, X¢) is a regular sequence).

5D. ¢ =1 mod [. Suppose that ¢ =1 mod /. By Proposition 5.3 we have already
dealt with the cases in which the eigenvalues of p(¢) are distinct. All other cases
are dealt with by the following (after twisting and conjugating o). Note that by
Lemma 3.7, the only possible types when p|, is trivial are t; s, T¢ ns and 7, g,
for ¢ any [“-th root of unity and ¢, ¢, any distinct [%th roots of unity.

Proposition 5.8. Suppose that g = 1 mod [ and that p|p, is trivial. Suppose that
p(0)=(y7) and p(¢) = () for X, 5 €.
(1) Ifx #0then R°(p, t;s) =0, while R™(p, t; ns) and R°(p, Tz, ¢,) are formally
smooth over O of relative dimension 4.
If ay is the four-dimensional prime of R®(p) corresponding to RV (p, T1.ns)
then we have
0 ift =15,
ZHRZ(p. ) = {lan] i T = Tes, (14)
lav] fT=1¢0,-
(2) Ifx =0and y # 0, then R°(p, 1;5) and R™(p, t¢ »s) are formally smooth
over O of relative dimension 4 while

RY(p, Ty.0,) S OlX1, ..., Xs1/(X3 X2 — (&1 — &2)?)

is a complete intersection domain of relative dimension 4 over O.
If a,, and ay are the prime ideals of R%(p) corresponding to R™(p, 71 5)
and RY(p, Ty 5) respectively, then

[anr] iff =Tz,s,
ZHR"(p, ) = { [an] if T = Tes, (15)
2[ap 1+ [an] T =10
(3) Ifx =y =0, then R"(p, ;) is formally smooth over O of relative dimension 4
while R"(p, t; ns) and R(p, t¢,.¢,) are non-Gorenstein Cohen—-Macaulay
domains of relative dimension 4 over O.
Both R°(p, t¢,s) and R°(p, t; ns) are domains; let the corresponding
primes of R%(p) be a,, and ay respectively. Then

[an] ft=r1s,
ZYRY(p, 1) = { [an] if T = Tens, (16)
2lap ]+ lan] ift =140
Proof. Write

_ (1+A x+B _ (1+P y+R
pD(")_< C 1+D)’ pm(¢)_( s 1+Q)
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with A, B, C, D, P, Q, R, and S € m and x, y lifts of x, y (taken to be zero
if x or y =0).
First, we have that R”(p, 7, ;) =0 if x # 0 and

RD(Iav T{',S) = O[[Pa Q» R’ S]]

otherwise.

Next, we look at R™(p, 7¢,.¢,) for ¢; and ¢, distinct /%th roots of unity. The
condition that p” (o) has characteristic polynomial (¢ — ¢1)(¢ — £») is equivalent to
the equations

A+D=0+6—-2 and AD—(x+B)C=(1—D(&—1).
Since (t — ¢1)(t — &) | 1971 — 1, by the Cayley—Hamilton theorem we have
p (@) = p (o)
on RP(p, ¢,.5,)°. So the relation ¢pod~! = o yields
(H—A x+B> <1+P y+R) _ (1+P y+R) (1+A x+B>
Cc 1+D S 140 S 140 C 1+D)’
Equating coefficients, eliminating D and writing U = P —-Q and F=A—-D =

2A — (&1 + & —2) we see that RE(p, T7,,¢,) 18 the reduced, [-torsion-free quotient
of O[B,C, F, P, R, S, U] by the relations

(x+B)S=(y+R)C, (17)
F(y+R)=U(x+ B), (18)

FS=UC, (19)
(C1 —0)? = F?+4(x + B)C. (20)

If X # 0 then these equations are equivalent to U = F(y + R)(x + B)™!,
C=1((&1—0)?—F)H(x+B)!and S=C(y+ R)(x + B)~! so that

RY(p, t,.0,) = OlB, F, P, R].

Ifx=0and y #0, then F=BU(y+R)"! and C = BS(y + R)~! will be a
solution to equations (17)—(20) provided that

G —0)’= (i)zwz +4(+R)S).
y+R
Writing (X1, ..., X5) = (B(y+R)~", U>+4(y+ R)S, P, R, U) we get
OlX1, ..., Xs]
XiXo— (51— 0)?

RD(/B’ rCh{z) =
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as claimed. The other statements about R (p, T¢,,¢,) follow easily.
Ifx=y=0,thenlet A=O[B,C, F, P,R,S,U] and I <1 A be the ideal

I=(—&)*—F?>—4BC,BS—CR,FR— BU, FS—CU).
Note that the ideal
J=(BS—CR,FR—BU,FS—CU)

is generated by the 2 x 2 minors of (5 /). So, by Proposition 2.7, A/J is a
Cohen—Macaulay, non-Gorenstein domain. Since F? — 4BC is not zero in the
domain A/J ® F, (A, F> —4BC) is a regular sequence in .A/J. Hence (F? —
4BC — (¢ — ;2)2, M) is a regular sequence in A/J, and therefore A/ is O-flat,
Cohen—Macaulay and non-Gorenstein. It is reduced because it is Cohen—Macaulay
and, as we shall show in the next paragraph, generically reduced.

To show that A/ is irreducible, it suffices to show that X = Spec(A/I ® E) is
irreducible. This follows if we can show that X" is formally smooth and connected.
As F2 —4BC #0 on X, it is covered by the affine open subsets U/ = {B # 0} and
UFr = {F # 0}. By the argument used in the x # 0 case, Up is formally smooth. A
similar argument works for U, the projection map

OlF,B,C,U, P] )

p:X— SPCC((F2+4BC— (C1—8)%)

is an isomorphism from U onto an open subscheme, but the right hand side is
easily seen to be formally smooth. Hence A" is formally smooth. Note that the
composition of the map p with the projection away from U is a continuous map
with connected fibres and connected image, which admits a continuous section
(obtained by taking R = § = U = 0); it follows that X’ is connected, as required.
Since X is formally smooth it is certainly reduced; therefore .4/ is generically
reduced (as it is O-flat), just as we claimed above.

Now we turn to R°(p, T ns). By Lemma 2.4 we may assume that { = 1. The
condition that the characteristic polynomial of p" (o) be (r — 1)? is equivalent to
the equations

A+D=0 and AD-—(x+B)C =0.
Writing T = P+ Q and U = P — Q the condition that
g tr(p(¢))* = (g + 1)* det(p"(¢))

becomes
(g—DXT+2)*=(@q+D*U*+4(y+R)S).
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Since 19 — 1 = ¢g(t — 1) mod (t — 1)?, the Cayley—Hamilton theorem shows that
p (@) =1=g(p (@) —1)
on R"(p, 11 5). From d)ad)_l = 09 we therefore get the equation
(@—De—-1D—(—-D@—-1=(@—-D(—-De

on R"(p, t1.,5). Equating coefficients and substituting D = — A we get the equations

A+ (x+B)C =0, 21

(@ —1D*(T +2)° = (qg+ D*(U*+4(y + R)S), (22)
COY+R) —Sx+B)=(g— DA+ P)+(x+B)S), (23)
Ux+B)—2A(+R)=@—-1D)AO+R +x+B)(1+0), (24
2A§ —-CU=(@—-1H(CA+P)—AS), (25)
Sx+B)—C(y+R)=(g—D(C(y+R)—A(1+ Q)). (26)

After replacing P with (T +U)/2 and Q with (T — U)/2, this is a complete set of
equations for R7(p, 71,,5) in O[A, B,C, R, S, T, U].
We replace equations (23) and (26) by their sum and difference
(g—1DAU+x+B)S+C(y+R)) =0, 27)
g+ D(C(y+R)—(x+B)S)=(¢q—DACL+T). (28)

As RY(p, T1.n5) is A-torsion free, (27) implies that
AU+ (x+B)S+C(H+R)=0. (29)

We could also write this equation as tr((o — 1)¢) = 0.
Putting «(T) = ((¢g — 1)(2+T))/(q + 1), we find that (21), (22), (24), (25) and
(28)+(29) may respectively be rewritten as
A4+ (x+B)C =0,
40+ RS+ U —a(T))(U +a(T)) =0,
2A(+R)—(x+B)(U —a(T)) =0,
2AS - C(U +a(T)) =0,
2Cy+R)+AWU —a(T)) =0,
2x+B)S+AWU +a(T)) =0.
Let I be the ideal of O[A, B, C, R, S, T, U] generated by these equations and

let R =O[A,B,C,R,S, T,U]/I, so that R®(p, T1.ns) 15 the maximal reduced
[-torsion free quotient of R’.
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If x #0 then C, U, and § are uniquely determined by A, B, R, and T so that
RY(p, T1ns) ZO[A, B, R, T].
If y #0, then S, C, and A are uniquely determined by B, R, T, and U so that
R°(p, T1.ns) ZOIB, R, T, U].

If x =y =0, so that x = y =0, observe that

B
Jo+ i’

] ~

where
B:O[[XI,...,X4,Y1,...,Y4, T]]7

the ideal Jy is generated by the 2 x 2 minors of
X Xy X3 X4
(Y 1 Y Y3 Y4)
and J; = (X1 + Y2, X3 — Y4 +2(q — 1)/(g + 1)). (The change of variables is
X1=A,X=B,Y1=C,Y,=—A,X35=—-2R/2+T),Y4=25Q2+T), V3=
(U—a(T))/(24+T),and X4=(U+a(T))/(2+T).) Then, by Proposition 2.7, B/ Jy
is a Cohen—Macaulay non-Gorenstein domain. Moreover, (A, X| + Y2, X3 — Y4)
may be checked to be a regular sequence on B/Jy. Therefore (X1 + Y2, X3+ Y4+
2(g—1)/(g+1), A) is also regular, and so B/(Jo + J1) is Cohen—Macaulay, O-flat,
and not Gorenstein. The same is then true for R’.

We show that R’ ® F is a domain, which implies that R’ is a domain. Let I be
the image of I in F[[A, B, C, R, S, T, UJ. Then I is homogeneous so gr(R’' ® F) =
F[A,B,C,R,S, T, U]/ [ and it suffices to check that this is a domain (by [Eisenbud
1995, Corollary 5.5]). It is therefore sufficient to check that Proj(gr(R’' ® F)) is
reduced and irreducible. But it is easy to check this on the usual seven affine pieces.

This argument is from [Taylor 2009].
Next we show that R7(4, 11 ,5) is reduced. In fact, we show that

Y = Spec(R™(p, T1.45) ® E)

is formally smooth, which implies that R(p, 71 ) is reduced because it is Cohen—
Macaulay and O-flat. Forx=B,C, R, S, U —a(T),or U+«a(T) letU,={x#0} CY
be the corresponding affine open subscheme. Then the U, are an affine open cover
of Y. For x= B, C, R or S we see that U, is formally smooth by the same argument
as for the cases x # 0 and y # 0 above. For Uy+q (), the projection morphism

OIC,R,S, T] )
QF
4RS — (U +a(T))(U —a(T))

P Uy—o) — Spec(
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is an isomorphism onto an open subscheme. But the right hand scheme is easily
seen to be formally smooth as required.

Finally we calculate the Z*(R(p, 7)). We do this when x = y = 0, as the other
cases are similar but easier. We have written each R™(p, 7) as the quotient of
F[A, B, C, R, S, T, U] by an ideal which we call I (7). Recall the presentations

I(t;5) = (A, B, 0),
I(t¢.ns) = (A>4+BC,4RS+U? 2CR+AU, 2BS+AU,2AR—BU, 2AS—CU),
1(t,.0,) = (A>+ BC, BS —CR,2AR — BU,2AS — CU)

(using that A+ D =0 in RP(p, 1) for each 7, we have eliminated D and written
F = A— D =2A). We have already shown that I (t; ;) and I (7 »s) are prime —
they are the ideals denoted a,,, and ay in the statement of the theorem. It is clear that

ZHRE(p, 1) =lan ), ZHRO(P, Tr.0s)) = [an].

Suppose that p is a prime ideal of F[[A, B, C, R, S, T, U] containing I (t¢, ;,). We
show that p contains a,, or ay. If B, C € p then A € p as A>+ BC ¢ I(t¢,.¢,) and
we have a,, C p. Otherwise, suppose that B & p. As A2+ BC & p, either both
A and C are in p or neither is. If A, C € p then from 2AR — BU € p we deduce
that U € p, while from BS — CR € p we deduce that S € p. It is then easy to see
that ay Cp. If A, B, C & p then because B2QCR+ AU) and C(2BS+ AU) are in
I (¢, c,) we see that 2CR+AU, 2BS+ AU € p. This implies that AMA4RS+U?) € P,
and so 4RS + U? € p and hence ay C p as required.
To finish, it is easy to check that

e(km(ﬁv T§'|,§2)7 anr):2 and e(ED(ﬁv T{'1,{2)7 aN): 17

and so we get Equation (16). U

S5E. Cohen—Macaulayness. If 1 is a semisimple representation of Iy over E, let
R(p, 19)’ be the maximal reduced and [-torsion-free quotient of R(p) all of whose
E-points give rise to representations p of Gy with ply,. = to. Then I claim that
R(p, 19) is always Cohen—Macaulay. Indeed, if 7 is nonscalar then this is proved
above. If 1q is scalar, then we may twist and assume that it is trivial. If g =41 mod /,
this follows from Proposition 5.5. If ¢ = 1 mod ! then we can deduce the claim
from Proposition 5.8 together with [Eisenbud 1995, Exercise 18.13], which says
that if R/I and R/J are d-dimensional Cohen—Macaulay quotients of a noetherian
local ring R, and dim R/({ + J) =d — 1, then R/({ N J) is Cohen—Macaulay
if and only if R/(I + J) is. We take R = RP(p), and I and J to be the ideals
cutting out RD(ﬁ, 7,) and RD(,5, Tys) respectively. Then R/I and R/J are Cohen—
Macaulay, and R/(I + J) is a quotient of the formally smooth ring R/I by the
single equation g tr(p(¢))? = (g +1)? det(p"(¢)), and so is Cohen—Macaulay.
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Therefore R/(I N J) is Cohen—Macaulay as required. When ¢ = —1 mod [ the
claim follows from Proposition 5.6 unless p is the direct sum of the trivial and
cyclotomic characters, in which case we use Remark 5.7.

For n-dimensional representations the unrestricted framed deformation ring
RY(p) is always Cohen—Macaulay (in fact, a complete intersection; this is due to
David Helm, building on work of Choi [2009]). It is natural to wonder whether
the rings obtained by fixing the semisimplified restriction to inertia are always
Cohen—Macaulay. Note that they are not always Gorenstein.

For a discussion of how the Cohen—Macaulay property of local deformation rings
can be used to show that certain global Galois deformation rings are flat over O,
see [Snowden 2011, Section 5].

6. Reduction of types — proofs.

The aim of this section is to analyse the reduction modulo / of the K -types o (1)
defined in Section 3, and in particular to prove Lemma 3.9.

6A. The essentially tame case. Suppose that T = (r;, N;) where r; is a tamely
ramified, semisimple representation of /r. Then o (7) is inflated from a represen-
tation of GL,(kr). We will always use the same notation for a representation of
GL,(kp) and its inflation to GL,(OF). For this subsection let G = GL;(kr), let B
be the subgroup of upper-triangular matrices, let U be the subgroup of unipotent
elements of B, let Z be the centre of G, and fix an embedding « : kLX — G. Fix
a nontrivial additive character ¥ of U. Then we have (see, e.g., [Bushnell and
Henniart 2006, Chapter 6]):

o If rp = (rec()) ®rec(x))|s, and N # 0, where x |o; is inflated from a character
x of ki, then o(t) = (x odet) ® St, where St is the Steinberg representation
of G.

o If r; = (rec()) @rec(x))|r, and N, =0, where x |o; is inflated from a character
x of k3, then o (1) = x odet.

o If rp = (rec(x1) ®rec(x2))|1,, where x; |O; and x»| oy are inflated from distinct
characters x; and x, of k;, then

o (t) = u(x1, x2) := Ind§ (x1 ® x2).

o If r; = (Indgi rec(é))| 1 Where él@f is inflated from a character 6 of kz‘ which
is not equal to its Gal(k; / kr) conjugate 6¢, then

(this virtual representation is a genuine irreducible representation that is indepen-
dent of the choice of V).
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The only isomorphisms between these representations are of the form p(x1, x2) =
wu(x2, x1) and 7y = mye.

We want to understand the reductions of these representations modulo /, for
this see [Helm 2010]. We will use analogous notation for representations of G in
characteristic zero and in characteristic /; hopefully this will not cause confusion.

If ¢ # £1 mod/, then reduction modulo / is a bijection between irreducible
F;-representations of G and irreducible E-representations of G, as G has order
q(g + 1)(g — 1)?> which is coprime to [.

If g =1 mod /, then the distinct irreducible representations of GL,(kr) over F
are x odet and St ®(x odet) for x :k; — F*, w(x1, x2) for x1, X2 kp— F* a pair
of distinct characters, and 7ty for 0 : kZ — F* a character which is not isomorphic
to its conjugate. The notation is all entirely analogous to the characteristic zero
case. Once again, the only isomorphisms are u(x1, x2) = u(x2, x1) and wy = mye.
The reductions of the characteristic zero representations are:

e x odet = x odet.

e St®yx odet = St®( odet).

o w(xis x2) = (X1, X2) if X1 # X2

o u(x1, x2) = (X odet) ® St®(X odet) if X1 = X2 = X.

e Ty=TT g+
For the last of these, we must observe that /6¢ is a character of k;*/kj:, a group
which has order ¢ + 1 and so coprime to I (as [ > 2). Therefore if  # 6 then 6 # 6°.

If ¢ = —1 mod/, then the distinct irreducible representations are y o det for
x i kp— B, u(x1, x2) for x1, x2 : k — F* unordered pair of distinct characters,
my for 6 : k; — F* a character which is not isomorphic to its conjugate, and
(x odet) ® y for x : k; —> [ a character. This last needs some explanation, 7y is
the reduction modulo / of 7g for any character 6 : k; /k — E* which is not equal
to ¢ but whose reduction modulo [ is trivial. Once again, the only isomorphisms

are w(xi, x2) = u(xz2, x1) and wy = mye. The reductions of the characteristic 0
representations are:

e x odet = ¥ odet.

o 1(x1. x2) = 1(X1. X2)-

. Tg =y if 0 £ 0°.

e Tp=m ® (9‘|k; odet) if 6 = 6¢.

e St®yx odet has ; ® (¥ odet) as a submodule with quotient x o det.

In particular, comparing this analysis with Lemma 3.8 shows:
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Lemma 6.1. If T = (r,0) and v’ = (', 0) are scalar on P but not on Pg, then
o (7) and o (t') are irreducible and are isomorphic if and only if r = r’ mod [.

6B.

The wild case. 1f T = (r, 0) and all twists of r are wildly ramified (we say that

is “essentially wildly ramified”), then the following lemma will allow us to show that
o () is irreducible. If p is a Zl—representation of a group H, we write p for p ® F,.

Lemma 6.2. Suppose that H <t J C K are profinite groups such that H is open
in K, H has pro-order coprime to l, and J/ H is an abelian [-group. Suppose that A
is a Z;-representation of J, and write n) for the restriction of A to H. Suppose that n
(and hence X) is irreducible. Suppose that if g € K intertwines n, then g € J. Then

)]

(@)

3)

The representations of J extending n are precisely . = A Qv; as v; run through
the characters of J/H. There is an isomorphism Ind{q N E = D; ri. The
unique Fj-representation extending 7 is A, and all of the Jordan—Hélder factors
of Ind{, ij are isomorphic to .

A Fi-representation p of J contains & as a subrepresentation if and only if it
contains A as a quotient.

The representations Indf A and Ind§ X are irreducible.

Proof.

ey

(@)

3)

In characteristic O we argue as follows. First note that the representations A; are
distinct, otherwise A|y would have a nonscalar endomorphism, contradicting
Schur’s lemma. By Frobenius reciprocity, the A; are distinct irreducible con-
stituents of Ind{i n. Since the sum of their dimensions is dim Indil n, they are
the only irreducible constituents. By Frobenius reciprocity, any representation
extending n must occur in Ind{, n and so must be one of the A;, as required.
In characteristic [, first note that A is irreducible since the pro-order of H is
coprime to /. It follows from this and the fact that v; is trivial for all i that the
Jordan—Holder factors of IndL ij are isomorphic to A. Frobenius reciprocity
then implies that A is the unique irreducible representation of J extending H.

It follows from part 1 that Hom (A, p) #£0if and only if Hom; (Ind{q n, p)#0.
By Frobenius reciprocity, this is equivalent to Homg (77, o) # 0. But by the
assumption on the pro-order of H, [;-representations of H are semisimple,
and so this is equivalent to Homg (p, 17) # 0, which by the same argument is
equivalent to Hom; (p, Indfq n) # 0.

First, note that dim Homg (Ind§ X, Ind§ 1) = 1, by Mackey’s decomposition
formula and the assumption that elements of K \ J do not intertwine 7. Now
suppose that p is an irreducible subrepresentation of Indf . By Frobenius
reciprocity and part 2 we may deduce that p is also an irreducible quotient of
Indf A. The composition Indf A —»p > Ind§< X is then a nonzero element
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of Homg (Ind5< X, Indf 1), and is therefore scalar. But this is only possible if
p= Ind§ X, as required. The statement about Indf A; follows. U

Proposition 6.3. Let T = (r, 0) be an essentially wildly ramified inertial type. Then
there exists a subgroup J C K, an irreducible representation X of J, and a subgroup
J < J, such that (f, J, K, }) satisfy the hypotheses on (H, J, K, A) in Lemma 6.2
and such that o (t) = Ind§< A

In particular, GTT) is irreducible.

Proof. Suppose first that r is the restriction to /r of a reducible representation of G.
Then o (t) = Ind,[go( N ED® (x odet) for a character € of Oj. of exponent N > 2 and
a character y of (’);. Let J = Ko(N), and let

J= { (Z Z) € J : a has order coprime to / modulo p F}.
Then J, J, and € satisfy all the required hypotheses — the only one to check is
that €| 7 is not intertwined by any element of K \ J. We deduce this (in somewhat
circular fashion) from the irreducibility of Indf (€), since this is shorter than a direct
proof. If g € K intertwines €| 7, then Homj 7, 1(€, €%) #0. By Mackey’s formula

dlm(HomJ(e Ind e) Z dlmHomngg 1 (€, €9).
geN\K/J

The left hand side is in turn equal to dim Hom K(IndK €, IndK €). But IndK € =
b, IndK €; where ¢; are the characters of J extendlng €lj, and by the appendlx to
[Breuil and Mézard 2002], these IndK ¢; are irreducible and distinct. Therefore the
left hand side is equal to (J : J). The right hand side has a contribution of 1 from
eachge J/ J, and therefore from no other g, as required.

Now suppose that r is the restriction to I of an irreducible representation of Gr.
Theno(t)= Indf A for an irreducible representation A of J extending an irreducible
representation 7 of a pro-p normal subgroup J! of J (see [Bushnell and Henniart
2006, Sections 15.5, 15.6 and 15.7] —note that our J is the maximal compact
subgroup of their J,, but our J! agrees with their J.!). We have J/J! =k, where
k is the residue field of a quadratic extension of F, and so J has a normal subgroup
J of pro-order coprime to / such that J/ J is an l-group. Then (J,J,K, %) satisfy
all the required hypotheses — the intertwining statement follows from [Bushnell
and Henniart 2006, 15.6 Proposition 2]. ]

Proposition 6.4. Let T = (r,0) and ©’ = (r/, 0) be inertial types that are not scalar
on Pp. If r =r' mod |, then o (1) and o (t') are isomorphic.

Proof. If either of r and r’ is (after a twist) tamely ramified, then so is the other and
this is contained in Lemma 6.1. Otherwise, by Lemma 3.8, we are in one of the
following cases:
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(1) r = (x1 ® x2)|1 for characters x; and yx» of G that are distinct on Pr, and
r" = (x; ® x3) |1, for characters x| and x; of Gr with x; = x/ fori =1, 2.

Q) r= (Indgi &), and r' = (Indgi &)1, for wildly ramified characters & and &’
of G such that £ = &', and such that & Br does not extend to Gr.

3) r| Py is irreducible and r’ = r ® x for a character x of I that extends to Gg
and such that x = 1 mod /.

In the first case, we may write x; = rec(¢;) and x; = rec(e/) with ¢; and €]
characters of F'* such that ¢; = elf mod / and such that € =€ /¢, has exponent N > 1.
Since €’ = €] /€ also has exponent N, we have

o(t) =€ ®Ind§0(N) €
= ¢, ®Ind, v, € mod

=o(7)).

In the second case, by twisting we may reduce to the case where (L/F, rec 1 (§))
is an unramified minimal admissible pair [Bushnell and Henniart 2006, § 19.6].
Then, following through the explicit construction of [Bushnell and Henniart 2006,
SS 19.3 and 19.4] we see that there are

(1) asimple stratum (2, n, o) with associated compact open subgroups J; CJ C K,
with Jy pro-p and J/J; = k[

(2) arepresentation 5 of J! and extensions A and A’ of 5 to J such that Indf )=
o(t) and IndK \)=0o(r).

Indeed, up to conjugacy, (A, n, @), Ji, and 1 are determined by rec™!(&)| vl =
clE )|U1 The representations A and A’ are defined in terms of rec”!(§) and
c (&) by the formulae of [Bushnell and Henniart 2006, 19.3.1 and Corol-
lary 19.4] (together with the correction factor of paragraph 34.4, an unramified
twist Ag, that makes no difference to the argument). It is clear from these that if
& =&’ then A = ) as required.
In the final case, r’ = r ® x for a character x of Iy that extends to Gp. By
compatibility of t — o (t) with twisting,

o(t") =0 (1) @rec ' (x) odet
=o(r) mod!
as required. ([

Proposition 6.5. Ler T = (r, 0) and ©’ = (r’, 0) be inertial types that are not scalar
on Pp. Ichr) and o (t') are isomorphic, then r = r’ mod [.

Proof. If one of r and r’ has a twist which is trivial on P, then so does the other
and in this case the proposition follows from Lemma 6.1.
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Otherwise we may, by twisting, assume that o () and o (") satisfy [ (o) <I(c Q)
for all characters x of (’); (the definition of /(o) is as in [Bushnell and Henniart
2006, § 12.6]). In this case o (t) and o (t’) contain the same, nonempty, sets of
fundamental strata (because this only depends on the restriction to pro-p subgroups).

If one of o (t) and o (z’) contains a split fundamental stratum [Bushnell and
Henniart 2006, 13.2] then so does the other. In this case, [Bushnell and Henniart
2006, Corollary 13.3] implies that they cannot be cuspidal types and so we have

o(t) = IndI,gO(N)(e) and o (7)) = IndfO(N,)(e/)

for some € and €’ of exponents N and N’. It is easy to see that in fact we must
have N = N’. From Lemma 6.2 we deduce that e = ¢’ mod !, and so T = v/ mod /
as required.

Otherwise, o (1) = Indf rando (7)) = Ind§< A’ for a simple stratum (2, n, o) with
associated groups J! C J and representations A and A’ extending the representation
n of J. From Lemma 6.2 we deduce that A’ = A ®  for a character n of J/J! with
n=1mod].

If A is unramified, then by the reverse of the argument in the second case of the
previous proposition we see that T = (Indgi &)1, and T = (Indgi &)1, for & and &’
characters of G with £|;, = &'|;,, whence the result.

If 2 is ramified, then 7 can be regarded as a character of J/J' =k W = kg with
n =1 mod ! for some ramified quadratic extension M /F. I claim that there is a
character y of (9;5 with n = y odet and x =1 mod /. Indeed, as [ > 2 we can take
the inflation to O of the character x of k satisfying x = 1 mod/ and x* = 1.
Then o (t) =0 (') ® ()} odet) and so

=1 ®rec(y)
=1’ mod!,

as required. U
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