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in derived Witt theory with rational coefficients

Alexey Ananyevskiy

The algebras of stable operations and cooperations in derived Witt theory with
rational coefficients are computed and an additive description of cooperations
in derived Witt theory is given. The answer is parallel to the well-known case
of K-theory of real vector bundles in topology. In particular, we show that sta-
ble operations in derived Witt theory with rational coefficients are given by the
values on the powers of the Bott element.

1. Introduction

Derived Witt theory, introduced by Balmer [1999] (see also [Balmer 2005] for
an extensive survey), immerses Witt groups of (commutative, unital) rings and,
more generally, Witt groups of schemes, into the realm of generalized cohomology
theories, producing for a smooth variety X a sequence of groups W (X). This
sequence is 4-periodic in n with W% (X) and W?1(X) being canonically identified
with the Witt group of symmetric vector bundles and the Witt group of symplec-
tic vector bundles, respectively. The latter groups were introduced by Knebusch
[1977]. All the groups WI1(X) are presented by generators and relations: roughly
speaking, one should repeat the classic definition of the Witt group of a field in the
setting of derived categories of coherent sheaves (or perfect complexes), carefully
treating the notion of metabolic objects. The above-mentioned periodicity yields
that in a certain sense we do not have “higher” derived Witt groups, in contrast to
the case of algebraic K-theory.

Another approach to derived Witt theory is given by higher Grothendieck—Witt
groups GWi["](X ) (also known under the name of hermitian K-theory) defined for
schemes by Schlichting [2010b]; see also [Schlichting 2010a; 2017]. For an affine
scheme these groups coincide with hermitian K-groups introduced by Karoubi. It
turns out [Schlichting 2017, Proposition 6.3] that negative higher Grothendieck—
Witt groups coincide with the derived Witt groups defined by Balmer:

GW"(x) =wlhh=il(x) fori <O0.
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If the characteristic of the base field is not 2, then higher Grothendieck—Witt
groups of smooth varieties are representable in the stable motivic homotopy cat-
egory; see [Hornbostel 2005] or [Schlichting and Tripathi 2015] for a geometric
model. It is well-known that derived Witt theory can be obtained from higher
Grothendieck—Witt groups inverting the Hopf element n; see, e.g., [Ananyevskiy
2016, Theorem 6.5]. The Hopf element 7 is the element in the motivic stable homo-
topy group 711 (k) corresponding to the projection A2 — {0} — P!, (x, y) > [x : y]
(see Definition 7.1). Thus derived Witt theory is represented in the stable motivic
homotopy category by a spectrum representing higher Grothendieck—Witt groups
with n inverted. We denote the latter spectrum KW. This spectrum is not only
(1, 1)-periodic via n but also (8, 4)-periodic with the periodicity realized by cup
product with a Bott element 8 € KW ™8 ~#(pt). In this paper we compute the alge-
bras of operations and cooperations in derived Witt theory with rational coefficients,
that is, KW ;" (KWg) and (KWg)..«(KWg), and give an additive description of
the cooperations in derived Witt theory, KW, .(KW) (see Definition 2.12 for the
notation). The answer is as follows (see Theorems 9.4, 10.2 and 10.4).

Theorem 1.1. Let k be a field of characteristic not 2. Then the homomorphism of
left KWg;°(Spec k) = W (k)-modules

Ev:KWg'(KWg) > [ [ Watk)
meZ

given by
Ev(g) = (..., B¢ (B, o (B~ ). (1), B 0 (B). B0 (B, ...)

is an isomorphism of algebras. Here the product on the left is given by composition
and the product on the right is the componentwise one.

Moreover, KWg’q (KWgq) =0 when 41 p—q and the above isomorphism induces
an isomorphism of left KWS *(Speck) = Wq (k)[n™!, BE!1-modules

KW (KWo) = @B Bn' [ | Watk)

r,seZ meZ

withdeg B = (-8, —4), degn = (—1, —1).

Theorem 1.2. Let k be a field of characteristic not 2. Then the homomorphism of
Wo (k) [n™1= @ KW (Spec k)-algebras

nez
Wao B, B2 — (KWg).«(KWg)

given by

8,4 8,4
B> X578 Aukwg, Br > uxwo AN LB
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is an isomorphism of rings. Here uxwg : S — KWq is the unit map and

2348 A ukwg, tkwg A 4B
€ (KWg)s.4(KWg) = Homsy ) (S A S34, KWg A KWq).

Theorem 1.3. Suppose that k is a field of characteristic not 2 and let M be the
abelian subgroup of Q[v, v~'] generated by polynomials

v T2, (0 — i +1)2)
fj,n =

47 (2))! ’

j >0, n €Z. Then there are canonical isomorphisms of left KW (Spec k) = W (k)-

modules
Wk)®@zM, 4|p—q,

KW, ,(KW) =
ra(KW) {0, otherwise.

These theorems show that the algebras of stable operations and cooperations
in derived Witt theory with rational coefficients have structure similar to the well-
known case of (topological) K-theory of real vector bundles KO™P. This is not an
accidental coincidence; these theories have quite a lot in common. KO'"P is built
out of real vector bundles and every real vector bundle over a compact space admits
a scalar product providing an isomorphism with the dual bundle. Derived Witt
theory, roughly speaking, is built out of vector bundles with a fixed isomorphism
with the dual bundle. In the motivic setting the element 7 is invertible in derived
Witt theory. Real points of the Hopf map give a double cover of S', i.e., real points
of n correspond to 2 € Z = n’. Thus KOtlo/p2 (K-theory of real vector bundles with
inverted 2) should be a nice approximation to derived Witt groups. It is well-known
that (KO\,)" is 4-periodic in n with

(KOtlo/pz)O(pt) =7[31]. (Kot;’/g)"(pt) =0, n=1,2,3.
The same holds for derived Witt theory: W!"! is 4-periodic in n with
WOl(pt) = W(k), wllpy =0, n=1,2,3.

In fact, over the real numbers one can show that the (real) realization functor takes
the motivic spectrum KW to the spectrum KOtlo/p2 and there are deep theorems
comparing W (X) to (KO'™P)"(X (R)) for an algebraic variety X over the field
of real numbers; see [Brumfiel 1984; Karoubi et al. 2016]. Moreover, in a private
communication Oliver Rondigs outlined to me a strategy for obtaining a description
of (KW ® Z[%])*’*(KW ® Z[%]) and KW (KWg) over a base field of charac-
teristic zero applying Brumfiel’s theory [1984] to the well-known computation of
cooperations and rational operations in topology [Adams et al. 1971].
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The algebras of stable operations and cooperations in KOEp can be described as
follows. Denote by B'P € (KOEP)_4 (pt) the element inducing periodicity

(KOH"™™* = (KOgH".

Every stable operation is uniquely determined by its values on the powers of 8P,
yielding an isomorphism

(KOH* KON =PB" ] @
neZ meZ

while for the cooperations one has
(KOgN+ (KOG = Q" B,

where B, and g; are similar to the ones from Theorem 1.2.

Computations of (KOg")*(KOg") and (KOZ").(KOG") could be carried out
quite easily using Serre’s theorem about finiteness of stable homotopy groups of
spheres. In the motivic setting the analogous result on stable homotopy groups is
not completely settled; moreover, our motivation is just the opposite one. It was
pointed out to me by Marc Levine that the above computations of stable operations
and cooperations in KWg combined with the technique developed by Cisinski and
Déglise [2012] could possibly yield the motivic version of Serre’s finiteness. This
problem is addressed in a forthcoming paper [Ananyevskiy et al. 2017].

Our approach to the computation of stable operations and cooperations in KWgq
and cooperations in KW is straightforward. The spectrum KW is obtained by
localization from the spectrum KO representing higher Grothendieck—Witt groups,
hence

KW " (KWg) = KW (KO),
(KWo)«(KWq) = (KWg), «(KO),

KW, (KW) = KW, ,(KO).

The odd spaces in the spectrum KO are all the same and coincide with the infinite
quaternionic Grassmannian HGr. Derived Witt theory of HGr is known to be given
by power series in characteristic classes [Panin and Walter 2010a, Theorem 9.1].
The pullbacks along the structure maps of KO can be described explicitly using the
following computation of characteristic classes of triple tensor products of rank 2
symplectic bundles (Lemma 8.2).

Lemma 1.4. Let Ey, E; and E3 be rank 2 symplectic bundles over a smooth variety
X. Put & = bXV(E;) e KW*2(X) and denote by &(n, ny, n3) the sum of all the
monomials lying in the orbit of &]''&)°&° under the action of S3. Then
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PV(E| ® E2® E3) = BE(1, 1, 1),
byV(E1 ® E2 ® E3) = BE(2,2,0) — 26(2,0,0),
VXV(E| ® E, ® E3) = B3, 1, 1) — 86(1, 1, 1),
by (E\ ® E; ® E3) = B£(2,2,2) +£(4,0,0) — 25(2,2,0).
This computation is a derived Witt analogue of the equality
(L1 ® Ly) = ¢ (L) 4+ (Lo) — cF (L) (Lo)

in K-theory, i.e., an analogue of a formal group law. It turns out that the inverse
limit l(iﬂlKW&J’E;”JFAL’*H"+2 (HGr) can be easily computed yielding the desired an-
swer, while the l(iLn1 term vanishes. For the cooperations we employ a strategy
similar to the one used for operations, the main difference being that in place of the
result by Panin and Walter on the derived Witt theory of HGr we use Theorem 5.10,
which provides the following description of derived Witt homology of HGr (see
Definitions 5.8 and 5.9 for the details).

Theorem 1.5. Let k be a field of characteristic not 2. Then there is a canonical
isomorphism of KW**(Speck) = W(k)[n*!, B£'1-algebras

KW, .(HGry) = WK%, g x1, x2, ... 1.

The paper is organized in the following way. In Section 2 we recall the well-
known definitions and constructions in generalized (co)homology theories repre-
sentable in the stable motivic homotopy category introduced by Morel and Voevod-
sky. The next section deals with the definitions and basic properties of cup and cap
products in the motivic setting. In Section 4 we recall the theory of symplectic ori-
entation in generalized motivic cohomology developed by Panin and Walter [2010a;
2010c]. Section 5 is dual to Section 4 and deals with symplectically oriented
homology theories. In Sections 6 and 7 we recall various representability prop-
erties of higher Grothendieck—Witt groups and derived Witt theory. In Section 8
we compute characteristic classes of triple tensor products of rank 2 symplectic
bundles. In the last two sections we compute the algebras of stable operations and
cooperations in KWg and give an additive description of cooperations in KW.

2. Recollection on generalized motivic (co)homology

In this section we recall some basic definitions and constructions in the unstable
and stable motivic homotopy categories H, (k) and SH (k). We refer the reader
to the foundational papers [Morel and Voevodsky 1999; Voevodsky 1998] for an
introduction to the subject. We use the version of stable motivic homotopy category
based on HPl—spectra introduced in [Panin and Walter 2010b].

Throughout this paper k is a field of characteristic different from 2.
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Definition 2.1. Let Sm/k be the category of smooth varieties over k. A motivic
space over k is a simplicial presheaf on Sm/k. Each X € Sm/k defines an un-
pointed motivic space Homgy, «(—, X) constant in the simplicial direction. We
often write pt for Spec k regarded as a motivic space. Inverting all the weak motivic
equivalences in the category of the pointed motivic spaces, we obtain the pointed
motivic unstable homotopy category He (k).

Definition 2.2. Define S""! = (A! — {0}, 1), S!"0 =S! = Al/3(A!) and
SP-HI,(] — (Sl,l)/\q A (Sl,O)/\p

for the integers p,q > 0. Let T = Al/(A! —{0}) be the Morel-Voevodsky object,
which is canonically isomorphic to S*! in #H,(k) [Morel and Voevodsky 1999,
Lemma 3.2.15].

Definition 2.3. Let V = (k®*, ¢), ¢ (x, y) = x1y2 — x2y1 + X3y4 — x4)3, be the
standard symplectic vector space over k of dimension 4. The guaternionic pro-
jective line HP! is the variety of symplectic planes in V. Alternatively, it can be
described as HP! = Sp, /Sp, x Sp,. Write * = (e, e;) € HP! (k) for the standard
basis ey, e, e3, e4 of V. If not otherwise specified we consider HP! as a pointed
motivic space (HP!, %). Let P! be the pushout of

Al & pt 5 HpL.
There is an obvious isomorphism HP! = HP'in H,o (k) given by a contraction of

A and we usually identify these two objects in H, (k).

Remark 2.4. The only reason that we need %P! is Definition 6.7, since the mor-
phisms that we use there do no exist for HP!.

Lemma 2.5 [Panin and Walter 2010b, Theorem 9.8]. There exists a canonical
isomorphism HP! X TAT in Ho (k).
Corollary 2.6. There exists a canonical isomorphism HP' = $*2 in H, (k).

Proof. This follows from the lemma by applying the canonical isomorphism T = §2!
[Morel and Voevodsky 1999, Lemma 3.2.15]. O

Definition 2.7. An HP'-spectrum A is a sequence of pointed motivic spaces
(Ao, A1, Az, ..0)

equipped with structural maps o, : HP'A A,, — A, ;1. A morphism of HP!-spectra
is a sequence of morphisms of pointed motivic spaces compatible with the struc-
tural maps. Inverting the stable motivic weak equivalences as in [Jardine 2000], we
obtain the motivic stable homotopy category SH (k) = SH,p1 (k). This category
has a canonical symmetric monoidal structure. From now on, by a spectrum we
mean an HP'-spectrum.
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Lemma 2.8 [Panin and Walter 2010b, Theorem 12.1]. The stable homotopy cate-
gories of T-spectra and of HP'-spectra are equivalent.

Definition 2.9. Every pointed motivic space Y gives rise to a suspension spectrum
DY =Y, HP'AY, (HPY P AY, ).

Put S = Z;’_?Plpt 4 for the sphere spectrum.

Definition 2.10. Let A = (Ag, Ay, ...) be an HPl—spectrum and m be an integer.
Denote by A{m} = (A{m}o, A{m}, ...) the spectrum given by

Apan, m+n=>0,

A =
il {pt, m+n <0,

with the structure maps induced by the structure maps of A.

Definition 2.11. It follows from Corollary 2.6 that in SH (k) there is a canonical
isomorphism (A A S§*2){—1} = A. The suspension functors — A SPT49, p g >0,
become invertible in SH(k), so we extend the notation to arbitrary integers p, g in
an obvious way.

Definition 2.12. For A, B € SH(k) put

AM (B) =Homgy (B, AAS™), A**(B) =P A (B),
i,jeZ

Ai.j(B) =Homsyw) (SAS™, AAB),  Aw.(B)= P Ai;(B).
i,jeZ

Let f : B — B’ be a morphism in SH (k). Denote by
fA: A (B) —> A**(B), fa:Ass(B) = Ay (B
the natural morphisms given by composition with f.

Remark 2.13. Using suspension spectra we may treat every pointed motivic space
as a spectrum; in particular, we may treat a smooth variety X as a suspension
spectrum Z;’_fp, (X4, +). Thus all the definitions involving A**(B) and A, .(B)
are applicable to the case of B being a pointed motivic space or a smooth variety.

Definition 2.14. For A, B € SH (k) we have suspension isomorphisms

P9 ANH(B) = AXTPITI(B A SP),
TP Ay y(B) = Aggpaig(B ASPD),
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given by smash product — A idgp.«. The isomorphisms from [Morel and Voevodsky
1999, Lemma 3.2.15] and Corollary 2.6 induce suspension isomorphisms

Sr: AT (B) = AT BAT), ST As s (B) > Asin a1t (BAT),
St : AYH(B) = AT TL(BAHPY),  Sypt i Awn(B) = Astania(BAHPY,
Syt i AV (B) = ATHHZBAHPY), Tt Aws(B) = Arania(BAHPY.

We write X7, EI';PI and E;’wl for the n-fold composition of the respective suspen-

sion isomorphisms.

Definition 2.15. Let A = (Ag, A1, ...) be an HP'-spectrum. Denote Tr, A the
spectrum given by
Am, m<n,

Tr,A)y =
(T Al {(’HPI)A’”” ANAp, m>n,
with the structure maps induced by the structure maps of A.

Remark 2.16. The obvious map Z;’{O,PIA,I{—n} — Tr, A clearly becomes an iso-

morphism in SH (k).

Lemma 2.17. Consider A € SH(k) and let B = (By, By, ...) be an ’HPl-spectrum
with structure maps oy, : HP'A B, > By +1. Then:

(1) The canonical homomorphism
lim Ay an st20(Bn) = As «(B)
is an isomorphism, where the limit is taken with respect to the morphisms
(00)a 0 Zgypt - Asqdn 420 (Bn) = Asanrt) s12(+1) (Brg1).
(2) There is a short exact sequence
0—> lgLnl AFHIn=Latdn gy Ay @A*+4n,*+2n(8n) 0.

where the limit is taken with respect to the morphisms

n

E*l | OO'A . A*+4(n+1),*+2(n+1)(Bn+1) N A*+4n,*+2n(Bn)
HP ' !

Proof. Straightforward, using B = lim Tr, B and a mapping telescope. In the
motivic setting see, for example, [Panin et al. 2009, Lemma A.34]. O

3. Cup and cap product on generalized motivic (co)homology

In this section we recall the well-known constructions of cup and cap product
in generalized (co)homology. A classic reference for this theme in (nonmotivic)
stable homotopy theory is [Adams 1974, I11.9].
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Definition 3.1. A commutative ring spectrum A is a commutative monoid
(A,mp:ANA—> A uy:S— A)
in (SHk), A, S).

Definition 3.2. Let (A, m4, u4) be acommutative ring spectrumand f: B — CA D
a morphism in SH (k). The cup product

Us: AP4(C) x A"/ (D) — APFH4TI(B)
is given by a Uf b=(mygANo)o (idA/\‘Esp,q,A/\ idsi,j) o(anb)o f,
anb

B CAD -5 AASPIANAANSH

a Uf b = idg /\ISI”q,A/\idsi,j

manNoc

ANAANSPAASH A A SPHLat]

where tsp.a 4 : SPIA A = AASP9 and o : SP4ASH = SPH4F] gre permutation
isomorphisms. We usually omit the subscript f from the notation when the mor-
phism is clear from the context. The cup product is clearly bilinear and associative.
We are going to use this product in the following special cases:

(1) Let Uy, U, C X be open subsets of a smooth variety X and
f:X/(U1UUy) > X/ U ANX/Uy

be the morphism induced by the diagonal embedding. Then the above con-
struction gives a cup product

U: AP9(X/Up) x AN (X/Up) — APTHIT (X /(U U U)).
In particular, for U; = U, = @ we obtain a product
U: AP (X) x AW (X) — APTHaTT(X)

endowing A™*(X) with a ring structure.

(2) Consider B € SH (k) and let
fi=id:B— BAS, Hh=id:B—>SAB
be the identity maps. Then we obtain cup products
U: AP 9(B) x A" (pt) — APTH4TI(B),
U: AP 9(pt) x A™/(B) — APTH4T/(B)

endowing A*™*(B) with the structure of an A**(pt)-bimodule.
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Definition 3.3. Let 1521 21 : S2IA 821 =5 821 A 821 be the permutation isomor-
phism and let (A, m4, u4) be a commutative ring spectrum. Put

—4,-2_A 4,2
e=3"1H, i ua € A%(po).
Note that ¢2 = 1.

Lemma 3.4. Let (A, ma, uys) be a commutative ring spectrumand f : B— C A D
a morphism in SH(k). Write f* =10 f:B— DACwitht:CAD — DAC
being the permutation isomorphism. Then

aUpb=(=1)Pe¥bUsae APT4(B)
for every a € AP4(C) and b € A"J (D).
Proof. Examining the definition one notices that

aUpb= (E—p—i,—q—j Tgra si) UbUyo a,

where Tgy.q g : S”9 A SH/ = SiJ A SP+4 is the permutation isomorphism. By clas-
sical homotopy theory one has 2_2*0(151,0’31.0) = —1, so the claim follows. O

Definition 3.5. Let (A, my4, u4) be acommutative ring spectrumand f: B — CA D
be a morphism in SH (k). The cap product

ﬂf : qu(C) X A,',j(B) — Ai—p,j—q(D)
is given by a Nfx = X7P79((myg A tsra,p)o(idaAa Aidp) o (idg Af) ox),

. id
SAS AN B-" L ANCAD

aﬂfx=E—P~—q idAM )

MANTSP-4. D

ANANSPYIAD ANDASPY

where tsp.a p :SPIAD = DASP is the permutation isomorphism. The subscript
f is usually omitted from the notation when the morphism is clear from the context.
We are going to use this product in the following special cases:

(1) Let Y be a pointed motivic space and let f = A :Y — Y A'Y be the diagonal
embedding. Then we obtain the cap product

N:APIY) x Ai j(Y) = Aj_p j—q(Y).

One can easily check that (¢ Ua’) Nx =a N (a’ Nx). This product endows
A, «(Y) with a left A**(Y)-module structure.
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(2) Let U be an open subset of a smooth variety X and f: X/U — (X/U)A X+
the morphism induced by the diagonal embedding. Then we obtain the cap
product

N:APUX/U) x A j(X/U) = Ai—p, j—qg(X).

(3) Consider B € SH(k) and let f =id: B — B A'S be the identity morphism.
Then we obtain the Kronecker pairing

(=, =) AP9U(B) X A; j(B) = Ai_p j—q(pt) = AP~H97J (pt).

(4) Consider B € SH(k) and let f =id: B — S A B be the identity morphism.
Then we obtain a cap product

N: AP 9(pt) x A j(B)—> Ai_p j—q(B)
endowing A, .(B) with a left A**(pt)-module structure.

Lemma 3.6. Let A be a commutative ring spectrum. Then for a commutative
square
rAS , ,
CAD——=C'AD

1

B— " _p

in SH(k) and a € A**(C"), x € A, «(B) we have
sA(rA(a) Nx)=aNts(x).
Proof. Straightforward. ([l

Definition 3.7. Let A be a commutative ring spectrum and let p : X — Y be a
morphism of pointed motivic spaces. Then the pairing

pao(=N=): AM(X) x Ay (X)) = Ay (Y)
is A**(Y)-bilinear. Denote by

Dy Ay «(X) = Homgex(v) (A**(X), Ay 5(Y))
the adjoint homomorphism of left A**(X)-modules.

Definition 3.8. Let (A, m4,ua) and (B, mp, ug) be commutative ring spectra.

The product
—x—1Ap 4(B) X A; j(B) = Aitp,j+q(B)



528 ALEXEY ANANYEVSKIY
isgiven by x xy = (mg Amp) o (idg Atp 4a Aldg)o(y Ax)o0,

SASITPItE 7 SASIASASP Y s ANBAAAB

Xy = ity ’
ma/Amp

ANAANBAB ANB

where o : SiTPi+a =5 §ii A SP4 and T3 A:BAA = A A B are the permutation
isomorphisms. This product endows A, .(B) with a ring structure. Moreover, one
immediately checks that it agrees with the cap product introduced in the end of
Definition 3.5 under the homomorphism

(uB)a

APty = A, ,(pt) —— A, 4(B).

4. Symplectically oriented cohomology theories

In this section we provide a list of results from the theory of symplectic orientation
in generalized motivic cohomology developed in [Panin and Walter 2010c].

Definition 4.1. We adopt the following notation dealing with Grassmannians and
flags of symplectic spaces (see [Panin and Walter 2010c]).

e H_= (k$2, (7? (1))) is the standard symplectic plane.

e HGr(2r, 2n) = Sp,,, / Spy, X Spy,,_», 18 the quaternionic Grassmannian. Alter-
natively, it can be described as the open subscheme of Gr(2r, H®") parametriz-
ing subspaces on which the standard symplectic form is nondegenerate.

* Uy, ,, is the tautological rank 2r symplectic vector bundle over HGr(2r, 2n).
o HP" = HGr(2, 2n + 2) is the quaternionic projective space.
» H(1) =U, ,,, is the tautological rank 2 symplectic vector bundle over HP".

« HFlag(2", 2n) = Sp,, / (Spy X - - - X Spy X Sp,,,_»,) is the quaternionic flag
variety. Alternatively, it can be described as the variety of flags V, < V4 <
.-+ < V,, < H®" such that dim V»; = 2i and the restriction of the symplectic
form is nondegenerate on V,; for every i.

« HGr(2r, E), HP(E), HFlag(2", E) are the relative versions of the above vari-
eties defined for a rank 2n symplectic bundle E over a smooth variety X.

Definition 4.2 [Panin and Walter 2010c, Definition 14.2; 2010a, Definition 12.1].
A symplectic orientation of a commutative ring spectrum A is a rule which assigns
to each rank 2n symplectic bundle E over a smooth variety X an element

th(E) = th*(E) € A*">"(E/(E — X))

with the following properties:
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(1) For an isomorphism u : E = E’, one has th(E) = u® th(E").

(2) For a morphism of varieties f : X — Y, symplectic bundle E over Y and
pullback morphism fr : f*E — E, one has fg‘ th(E) = th(f*E).

(3) The homomorphisms — U th(E) : A%*(X) — AT 20(E /(E — X)) are
isomorphisms.

(4) We have th(E® E') = qlA th(E) U qf th(E’), where g1, g, are the projections
from E @ E’ to its factors.

We refer to the classes th(E) as Thom classes. A commutative ring spectrum A
with a chosen symplectic orientation is called a symplectically oriented spectrum.

Lemma 4.3. Let A be a symplectically oriented spectrum, X be a smooth variety
and let p : X — pt be the projection. Identify H®" J(H®" — {0}) = T"*". Then

th(p*H®) =aZ¥ 1%
for some invertible element a € AO’O(pt).

Proof. We have the following isomorphisms:
—USZ 1 ~Uth(H®")
A0,0(pt) #) A4r,2r(TA2r) ~ A4}’,2r(H€EI’/(H€_BV _ {0})) L A0,0(pt)’

and thus th(H®") = aE%r 1, for some invertible a € A%0(pt). The claim follows
from the functoriality of Thom classes. U

Remark 4.4. There is a canonical bijection between the sets of symplectic orien-
tations satisfying the additional condition of normalization (th(H_) = E%l) and
homomorphisms of monoids MSp — A. See [Panin and Walter 2010a, Theorems
12.2 and 13.2] for the details.

Remark 4.5. The main example of a symplectically oriented cohomology theory
that we are interested in is that of higher Grothendieck—Witt groups (hermitian
K-theory). See Definition 6.7 and Theorems 6.8 and 6.10 for the details.

Definition 4.6 [Panin and Walter 2010c, Definition 14.1]. A theory of Borel classes
on a commutative ring spectrum A is a rule assigning to every symplectic bundle E
over a smooth variety X a sequence of elements b; (E) = biA(E ) e A¥2(X),i>1,
satisfying:

(1) For E = E’ we have b; (E) = b; (E’) for all i.

(2) For a morphism of varieties f : X — Y and symplectic bundle E over ¥ we
have f4b;(E) = b;(f*E) for all i.

(3) For every variety X the homomorphism

ASH(X) @ A 2(X) > A*(HP! x X)



530 ALEXEY ANANYEVSKIY

given by a + a’ — pA(a) + pA(a’) U by (#(1)) is an isomorphism. Here
p :HP! x X — X is the canonical projection.

@) bi(H-) =0¢€ A*(py).
(5) For E of rank 2r we have b;(E) =0 fori > r.

(6) For symplectic bundles E, E’ over X we have b,(E)b,(E’) = b;(E & E'),
where

b(E)=14b1(E)t +by(E)t> +--- € A¥*(X)[1].
We refer to b; (E) as Borel classes of E and b,(E) is the total Borel class.

Remark 4.7. In [Panin and Walter 2010c] the above classes were called Pontryagin
classes, but as I learned from 1. Panin, it was noted by V. Buchstaber that these
classes act much more like symplectic Borel classes than Pontryagin classes in
topology, so we prefer to adopt this new notation. See also [Ananyevskiy 2015,
Definition 7].

Theorem 4.8 [Panin and Walter 2010c, Theorem 14.4]. Let A be a commutative
ring spectrum. Then there is a canonical bijection between the set of symplectic
orientations of A and the set of Borel class theories on A.

Proof. We give a sketch of the definition of a Borel class theory on a symplectically
oriented spectrum. First one defines b (E) = z4 th(E) for a rank 2 symplectic
bundle E over a smooth variety X and morphism z : X — E/(E — X) induced by
the zero section. Then the higher Borel classes are introduced using Theorem 4.9
below. In particular, we have b, (E) = z4 th(E) for a rank 2r symplectic bundle E.
See [Panin and Walter 2010c] for the details, but note that we omit the minus sign
in front of by (E). O

Theorem 4.9 [Panin and Walter 2010c, Theorem 8.2]. Let A be a symplectically
oriented spectrum and E a rank 2r symplectic bundle over a smooth variety X.
Denote by HP(E) the relative quaternionic projective space associated to E and

put £ =b1(H(1)) € A*2(HP(E)). Then the homomorphism of left A**(X)-modules

r—1
@A*—M,*—Zi(x) — A®*(HP(E))
i=0

given by Y170 a; > Y2y a; UE' is an isomorphism.

Corollary 4.10. Let A be a symplectically oriented spectrum and let E be a rank
2r symplectic bundle over a smooth variety X. Denote by Uy, Uy, . . ., Uy the tauto-
logical rank 2 symplectic bundles over HFlag(2*, E) and put & = by (U;). Then the
homomorphism of left A**(X)-modules
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P artmEo a2t (X)  A**(HFlag(2', E))

0<n; <(r—i)
i=1s

given by
nis«ny N
E Ay inymy > Z Anynyomy VE] &y - &

0=n;<(r—i) O=n;<(r—i)
i=1--s i=1-s

is an isomorphism.

Proof. This follows from the theorem, since one can present HFlag(2%, E) as an
iterated quaternionic projective bundle

HFlag(2®, E) — HFlag(2*~!, E) — - .- — HFlag(2, E) = HP(E). ([

Theorem 4.11 [Panin and Walter 2010c, Theorem 10.2]. Let A be a symplectically
oriented spectrum and E a rank 2r symplectic bundle over a smooth variety X.
Then there exists a canonical morphism of smooth varieties f : Y — X such that

(1) fA4:A%*(X) — A®*(Y) is injective,

Q) fFEEEI D E,®---® E, for some canonically defined rank 2 symplectic
bundles E;. In particular,

bi(E) = 0i(b1(E1), bi(E2), ..., bi(E}))

for the elementary symmetric polynomials o;.
Definition 4.12. Let E be a rank 2r symplectic bundle over a smooth variety X.
In the notation of Theorem 4.11 we refer to {b;(E}), b1(E>), ..., bi(E,)} as Borel
roots of E and denote & = &;(E) = b1(E;). Write s,(E) for the power sums of
Borel roots of E,
sn(E) =& +& +- - +§ € A" (X),
and let
si(E) = s1(E)t +s2(E)t> +- - - € A*(X)[[t].

It follows from the standard relations between power sums and elementary sym-
metric polynomials that

d
s1(E) = 1 5 Inb_(E).

Theorem 4.13 [Panin and Walter 2010c, Theorem 11.2]. Let A be a symplectically
oriented spectrum. Then the homomorphism of A**(pt)-algebras

A OB, ba, . .. by 1) (hueyits - - - hy) — A®*(HGr(2r, 2n))

induced by b; — b; (ugr,Zn) is an isomorphism. Here hj = h (b1, by, ..., b,) is the
polynomial representing the j-th complete symmetric polynomial in r variables via
elementary symmetric polynomials.
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Definition 4.14. We have the following ind-objects considered as pointed motivic
spaces:

« HGr(2r) = lim(HGr(2r, 2n), %),
n

o HGr = lim(HGr(2r, 2n), *),

rn

where ¥ = HGr(2, 2) € HGr(2r, 2n).

Definition 4.15. We have the following classes over the infinite Grassmannians:
o bj(Us,) € A% (HGr(2r)) satisfying b; Us,) luGr2r,2n) = bi U, 5,
o bi(t*) € A% (HGr) satisfying b; (t*)[uGrr.2n) = bi U3, 5,)-

The next theorem yields that these elements are uniquely defined by the given
restrictions.

Definition 4.16. Let R be a graded ring and let b; be variables of degree d; € N.
We denote by R[[by, by, .. .1, the ring of homogeneous power series.

Theorem 4.17 [Panin and Walter 2010a, Theorem 9.1]. Let A be a symplectically
oriented spectrum. Then the following homomorphisms of A**(pt)-algebras are
isomorphisms:

(1) A*(pO[lb1. by, . ... bl — A**(HGr(2r).), induced by b; — b;(Us,),
(2) A**(pv)[by, by, ... — A**(HGr,), induced by b; — b;(t*).

5. Symplectically oriented homology theories

The results of this section are dual to the results of the previous one: we compute
symplectically oriented homology of quaternionic Grassmannians and flag vari-
eties. Throughout this section A denotes a symplectically oriented commutative
ring spectrum in the sense of Definition 4.2.

Lemma 5.1. Let E be a rank 2r symplectic bundle over a smooth variety X. Then
th(E) N — : Ay (E/(E — X)) = Ayaruar(X)
is an isomorphism.

Proof. Using a standard Mayer—Vietoris argument we may assume that E is a
trivial bundle, i.e., E = p*H®" for the projection p : X — pt. By Lemma 4.3
th(E) = aE%r 1x, and thus th(E) N — coincides up to an invertible scalar with the
suspension isomorphism X = (]
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Definition 5.2. Leti : Y — X be a codimension 2r closed embedding of smooth
varieties. Suppose that the normal bundle N; is equipped with a symplectic form.
The transfer map in homology i** is given by composition

i!A:A*,*(X)ﬂ)A*,*(X/(X—Y)) d_A)A*,*(Ni/(N,'—Y)) th(N;)N -

A*74r,*72r (Y)
Here
e xbB x /(X —Y) is the canonical quotient morphism,

e d: X/(X-Y) = N;/(N; —Y) is the deformation to the normal bundle iso-
morphism [Morel and Voevodsky 1999, Theorem 3.2.23].

With this notation the localization sequence in homology could be rewritten as

3 Ja it 3
> Ak (X =Y) = A (X)) — A grsor (V) > -0

Lemma 5.3. Leti : Y — X be a codimension 2r closed embedding of smooth
varieties. Suppose that the normal bundle N; is equipped with a symplectic form.
Then the transfer map i** is a homomorphism of A**(X)-modules, i.e.,

i"*(anx)=i%a)Ni(x)
forevery x € A, «(X) and a € A**(X).

Proof. The morphisms p4 and d4 are homomorphisms of A**(X)-modules by
Lemma 3.6, while cap product with the Thom class induces a homomorphism of
A**(X)-modules by Lemma 3.4. ([l

Lemma 5.4 (cf. [Panin and Walter 2010c, Proposition 7.6]). Let E be a rank 2r
symplectic bundle over a smooth variety X and let s : X — E be a section meeting
the zero section 7 : X — E transversallyin Y. Leti : Y — X be the closed em-
bedding. Equip the normal bundle N; with a symplectic form using the canonical
isomorphism i* E = Nj. Then for every x € A «(X) we have

iai"t(x) =b,(E)Nx.

Proof. Consider the following diagram:
Ay« (Ni/(N; = Y))

th(N;)N—

pPA

A*,*(X) A*,*(X/(X - Y)) . A*—4r,*—2r(Y)

JA

SA ZA TA SA A

qaA th(E)N-—
A (E) — Ay (E/(E — 2(X)))

A*—4r,>|<—2r (X)
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Here

 the morphisms p4 and g4 are induced by the quotient maps,

e d4 is induced by the deformation to the normal bundle isomorphism,

e 14 is induced by the canonical projection 7 : £ — X,

e ja is induced by the isomorphism i*E = N;.
In the left side of the diagram, s4 and z4 are homomorphisms inverse to an isomor-
phism 74, so s4 = z4 and the left square commutes. The middle triangle commutes

by the functoriality of the deformation to the normal bundle isomorphism. The
right side commutes by the functoriality of Thom classes. Hence

iai'(x) = ia(th(N;) Ndapa(x)) =th(E) N (qaza(x)).
By Lemma 3.6 we have
th(E) N (qaza(x)) = z*¢* (th(E)) Nx = b, (E) Nx. O

Theorem 5.5. Let E be a symplectic bundle of rank 2r +2 over a smooth variety X.
Denote by p : HP(E) — X the canonical projection and set &€ = b1 (H(1)). Then
the homomorphism of left A**(X)-modules

Awx(HP(E)) > @D Asanv2a(X)
n=0

given by x > pa(x) + paENx)+---+ pa(§" Nx) is an isomorphism.

Proof. A usual Mayer—Vietoris argument yields that it is sufficient to treat the case
of a trivial symplectic bundle E, i.e., HP(E) = HP" x X. The proof does not depend
on the base X, so we omit it from the notation.

By [Panin and Walter 2010c, Theorems 3.1, 3.2 and 3.4] there is a closed sub-
variety ¥ C HP" satisfying
e Y is a transversal intersection of a section s : HP" — (1) and the zero section
z :HP" — H(1),
« HP” — Y is A'-homotopy equivalent to a point,

« there is a morphism 7 : ¥ — HP"~! which is an A%-bundle such that 7*# (1) =
i*H(1), where i : Y — HP” is the closed embedding.

Equip the normal bundle N; with the symplectic form induced by the isomorphism
i*H(1) = N;. Identifying A, ,(HP" —Y) = A, ,(pt) and A, ,(Y) = A, .(HP" 1),
we obtain a long exact sequence in homology

il Jja N r—1y 9
oo Aei(pt) > Ay (HP") — Ay 4 o(HP' ™) > oo



STABLE OPERATIONS AND COOPERATIONS IN DERIVED WITT THEORY 535

Here j is the composition pt = HP” — Y — HP". The projection HP" — pt splits
the first morphism, thus i*4 is surjective. Denote by g : HP"~! — pt the canonical
projection and consider the following diagram:

i!A

j —
Ay (pt) — > Ay J(HP") —— > A4 o(HP' )

l= L iopA@"m—) lf 4a€"N-)
r "= r—1 n=0
A*,*(Pt) L> @A*74n,*72n (Pt) —U> @A*74n,*72n(pt)
n:O n=1

Here u is the injection on the zeroth summand and v is the projection forgetting
about the zeroth summand. The left square commutes by Lemma 3.6:

. —0

nm . — A n m — ]A(-x)a n ’
§7Njax) =ja(G7(E") Nx) {jA(Oﬂa)zO, 150
The right square commutes by Lemmas 3.6 and 5.4:

qaGE" M) = paiaE" Ni'x) = paE" Niai™x) = paE" Nx).
The claim follows by induction. ([

Corollary 5.6. Let E be a symplectic bundle of rank 2r over a smooth variety X
and Uy, Us, . .., Us the tautological rank 2 symplectic bundles over HFlag(2°, E).
Set & = b (U;) and let p : HFlag(2®, E) — X be the canonical projection. Then
the homomorphism of A**(X)-modules

Av+(HFlag(2’ E)) > @B  Av—antnyttng s tnstming (X)

0<n;<(r—i)
i=1--s

given by
x> Y palEER £ Nx)

0<n; <(r—i)
i=l--s

is an isomorphism.

Proof. This follows from Theorem 5.5, since one can present HFlag(2*, E) as an
iterated quaternionic projective bundle

HFlag(2®, E) — HFlag(2*~!, E) — ... — HFlag(2, E) = HP(E). O

Theorem 5.7. Let E be a symplectic bundle of rank 2r over a smooth variety X.
Denote by p : HFlag(2*®, E) — X and q : HGr(2s, E) — X the canonical pro-
Jjections. Then the following duality homomorphisms, given by Definition 3.7, are
isomorphisms:

D, : A, «(HFlag(2’, E)) — Homgxx(x)(A™*(HFlag(2*, E)), A, (X)),

D, : A, ,(HGr(2s, E)) — Hom e (x)(A**(HGr(2s, E)), A, .(X)).
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Proof. The first morphism is an isomorphism by Corollaries 4.10 and 5.6.

Denote by p’ : HFlag(2*, E) — HGr(2s, E) the canonical projection and abbre-
viate HF = HFlag(2*, E), HG = HGr(2s, E). Recall that HF is a quaternionic flag
bundle over HG. Thus,

Dy : Ay «(HF) — Homgs» ) (A™*(HF), A, «(HG))

is an isomorphism by the above. Since A**(HF) is a free A**(HG)-module by
Corollary 4.10, it is sufficient to check that the composition

D I%

A, «(HF) Hom g+ gy (A** (HF), A, «(HG))

~

(Dq)*ODp’ l(Dq)*
Hom gy (A** (HF), Hom =+ (x)(A**(HG), A+ (X))

is an isomorphism. The claim follows from the commutativity of the following
diagram, which is straightforward.

Hom g+ ) (A**(HF), Hom g+.+(x) (A**(HG), A4 (X))
(Dy)oD, T;
A, «(HF) Hom g+ (x) (A**(HF) ® g++ gy A" (HG), Ay +(X))
X TE
Hom g+« (x) (A**(HF), Ay +(X)) g

Definition 5.8. The operation of orthogonal sum of symplectic bundles yields a
morphism HGry AHGr; — HGr; endowing A, . (HGry) with a ring structure

Ay (HGry) X A, (HGrL) — A, (HGr).

Definition 5.9. For n > 0 denote by x, € A4n.2n (HPio) the unique collection of
elements satisfying ]
{ , m=n,

(", xn) = 0. m#n.

for & = b (H(1)). The existence and uniqueness of these elements is guaranteed by
Theorem 5.7 (consider s = 1). Also, by the same theorem we know that A*,*(HP?:’)
is a free A™*(pt)-module with a basis given by {1, xi, x2, ... }. Abusing the nota-
tion, we denote by the same letters the elements x, =is(xn) € A4n 2, (HGr,) for
the canonical embedding i : HPS® — HGr.

Theorem 5.10. Identify

A**(HGry) = A* (pv)[[b1, by, .. T = A**(pO[l&1, &2, .. I3
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by Theorems 4.11 and 4.17 via b; (t°) < b; < 0;(&1, &, ...). Given a partition
= (A1 > Ay > - > Ay > 0) denote by £(A) € A**(pO[IE1, &, .. 10> the sum of
all the elements in the orbit of 5?1 2“ e S,?k. Then

I, lj=#X =j} forall j >1,

0, otherwise,

(D) EQ) 30 x5 3 = {
(2) the homomorphism of A**(pt)-algebras
A" (pY[x1, x2, ... ] = As «(HGry)
induced by x; — x; is an isomorphism.
Proof. Put |I| =11 + 1, + - - - 4+, and consider the canonical embedding
i : (HP® x HP*™ x --- x HP*); — HGr,

|11

given by orthogonal sum. Identify
AT ((HP® x HPY x -+ x HP%),) = (D A" (p)£" @£ @ - ® £,
ijZO
A (HP® x HP® 5 -+ x HP®) 1) = @D A** (0 xi, ® %1 ® -+ ® Xir-
ijZO

Put

X =l xlr K= 0®.. R ®N® RN ® RN BB X,
—_—
I 15 Ly

and denote by £g (1) the sum of all the elements in the orbit of £* @EN ® - - - @ EM
under the action of §;. Here A; =0 for j > k.
We have iA(Xf@) = x! and
{ k> ],
Eo(A), k=l
By Lemma 3.6 we have (§(A), x hy={( A(é(k)) x®)

If k > |l| then i*(£(X)) =0 and (£(1), x') =0 by the above.
If k < |/| then we have

ED), x') = (Ea (M), xb)
= Y M ) () E, xa) - (61, o) - (64, o).

Y

=g (l)s--sro@))
for some o € §;

i*(EO)) =

This expression equals 1 if /; = #{A; = j} for every j > 1 and equals zero otherwise,
so the first claim follows.
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Lemma 2.17 together with Theorem 5.7 yield
Ay «(HGry) =lim A, (HGr(2r, 2n))
= lim Hom 4.+ g (A**(HGr(2r, 2n)), A, . (pt)).

We have an explicit computation of A**(HGr(2r, 2n)) given by Theorem 4.13, so
the second claim follows from the first one. U

6. Preliminaries on KO

In this section we gather the representability results for higher Grothendieck—Witt
groups (also known as hermitian K-theory) and fix a symplectic orientation on it.
Recall that the characteristic of the base field is assumed to be different from 2.

Definition 6.1. Let X be a smooth variety and U C X an open subset. Forn,i € Z
denote by GWi["](X , U) higher Grothendieck—Witt groups defined by Schlicht-
ing [2010b, Definition 8]; see also [Schlichting 2010a; 2017]. Recall that by
[Schlichting 2017, Proposition 6.3] (cf. [Walter 2003, Theorem 2.4]) for i < 0
there is a canonical identification GWI.["](X , U) = W—il(X, U), where the latter
groups are derived Witt groups defined by Balmer [1999]. Moreover, GW([)O](X )
and GW([)Z](X ) coincide with the Grothendieck—Witt group of X introduced by
Knebusch [1977] and its symplectic version respectively.

For an orthogonal (resp. symplectic) bundle E over a smooth variety X we
denote by

e (E) € GW([)O](X ) (resp. (E) € GWE)Z](X )) the corresponding element in the
Grothendieck—Witt group,
e [E]1e WI(X) (resp. [E] € WPI(X)) the corresponding element in the Witt
group.
Definition 6.2. We need the following notation complementary to the one intro-
duced in Definition 4.1 (see [Panin and Walter 2010b]).
« H = (k@z, ((1) (1))) is the standard hyperbolic plane.

e RGr(2r,2n) = Oy, /(03 x Oy,_2,) is the real Grassmannian. Here the
orthogonal groups are taken with respect to the hyperbolic quadratic form
X1X2+X3X4+- - -+ X2,—1X2,. Similarly to the quaternionic case, the real Grass-
mannian could be described as the open subscheme of Gr(2r, Hf") parametriz-
ing subspaces on which the standard hyperbolic quadratic form is nondegen-
erate.

* Uy, ,, is the tautological rank 2r orthogonal vector bundle over RGr(2r, 2n).

e RGr= li_r)nryn(RGr(2r, 2n), *) is the infinite real Grassmannian considered as
a pointed motivic space. Here x = RGr(2, 2) € RGr(2r, 2n).
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Theorem 6.3 ([Schlichting and Tripathi 2015, Theorem 1.1]; see also [Panin and
Walter 2010b, Theorem 8.2]). Let X be a smooth variety and U an open subset
of X. Denote by Z the sheaf associated to the presheaf Z. Then there are natural
isomorphisms

Homy, 4, (X/U, Z x RGr) = GW (X, U),

Homy,, 1) (X/ U, Z x HGr) = GW2\(X, U).
Under these isomorphisms the tautological morphisms
RGr(2r, 2n) — {m} x RGr,

HGr(2r, 2n) — {m} x HGr
correspond to
(U3, 5,) + (m —r)(Hy) € GWY (RGr(2r, 2n)),
(U5, ) + (m —r)(H_) € GW ' (HGr(2r, 2n)),
respectively.

Remark 6.4. Let A be a symplectically oriented spectrum. Then this theorem via
the Yoneda lemma allows us to interpret characteristic classes, i.e., elements of
A**(HGr), as natural transformations GW([)Z](X ) — A**(X).

Definition 6.5. Let Y be a pointed motivic space. Put
GW(Y) = Homy, (Y, Z x RGr),
GW{(Y) = Homy, (Y, Z x HGr).

For a family of pointed smooth varieties (X1, x1), (X2, x2), ..., (X, xn) andn=0
or 2, we identify GW([)"]((Xl, XA (X2, 0) A+ A( Xy, X)) with the subgroup
of GW([)"](X 1 X X2 X - -+ x X,,) consisting of all the elements « satisfying

O5|X1><~-~><Xj,1><{xj}ij+1><-~~><Xm =0
for all j.

Definition 6.6. Let 7° € GW([)Z] (HGr) and 1° € GW([)O] (RGr) be the tautologi-
cal elements over the infinite Grassmannians represented by identity morphisms
HGr — {0} x HGr and RGr — {0} x RGr and satisfying

T [HGr@r.2n) = (Usy0,) — 1 (H-), T?IRGr2r.2n) = (Usy 0,) — 1 (H4).
Definition 6.7. The periodic P'-spectrum KO is given by the spaces
KO = (RGr, HGr, RGr, HGr, .. .)

and structure maps

080 HP'ARGr — HGr, o3y : HP' AHGr — RGr
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satisfying
(U]go)GW(TX)|7-[731/\RGr(zr,2n) = ((H())—-H_) KX TOlRGr(Zr,Qn)a

020) Y () lyp AtiGrar.om = (H(D) — (H-) B 7° [HGr(2r,20) -

Here X is induced by the external tensor product of vector bundles,
E\XE,=piEQ® p;E>

for vector bundles E; over X| and E; over X, with projections p; : X1 x X, — X;.
Note that an (external) tensor product of two symplectic vector bundles has a canon-
ical orthogonal structure, while an (external) tensor product of a symplectic and an
orthogonal bundle is symplectic.

The above morphisms oy, and oy, exist as morphisms of pointed sheaves by
[Panin and Walter 2010b, Proposition 12.4, Lemmas 12.5 and 12.6]. This defined
spectrum is canonically isomorphic in SH (k) to the spectra BO*°™ and BO con-
structed in [Panin and Walter 2010b].

Theorem 6.8 [Panin and Walter 2010b, Theorems 1.3 and 1.5]. The spectrum KO
can be endowed with the structure of a commutative ring spectrum (KO, mgo, uko)-
Moreover, this commutative ring spectrum represents higher Grothendieck—Witt
groups, i.e., for every smooth variety X and an open subset U C X there exist
canonical functorial isomorphisms
® : KO (X/U) = GWY! (X, U)
satisfying
(1) © commutes with the connecting homomorphisms 9 in localization sequences,

(2) the U-product on KO**(-) induced by the monoid structure of KO agrees
with the Gille-Nenashev right pairing (see [Gille and Nenashev 2003, Theo-
rem 2.9]) lifted to GW{(~) (as in [Panin and Walter 2010b, §41),

(3) ©) =1,0() =(-1).
Remark 6.9. In view of the above theorem we identify KOO*O(X ) = GW([)O](X )
and KO*2(X) = GW{7 (X).

Theorem 6.10. The rule which assigns to a rank 2 symplectic bundle E over a
smooth variety X class bFO(E )=(E)—(H_)e KO4’2(X ) can be uniquely extended
to a Borel class theory and by Theorem 4.8 induces a symplectic orientation of KO.

Proof. Existence of the Borel class theory follows from [Panin and Walter 2010b,
Theorem 5.1], while uniqueness follows from [Panin and Walter 2010c, Theo-
rem 14.4b] O

The next two lemmas follow immediately from the construction of ®.



STABLE OPERATIONS AND COOPERATIONS IN DERIVED WITT THEORY 541

Lemma 6.11. Let X be a smooth variety. Then the following diagram commutes:

o0

Homgy,, 1) (X +, HGr)

Homgq.[(k)(Eoo X+,EOO HGI’)

HP! HP!
i =|¢
Homy, 1) (X4, Z x HGr) Homgy (255, X4, TriKO A HP')
j
fl= Homgyay (259, X+, KOAHPY)
GWi (x) © KO*2(X)

1R

Here
e i is induced by the identity morphism HGr — {0} x HGr,
o ¢ is induced by the canonical isomorphisms
£ HGr < T2 HGr{—1} AHP' = TriKO AHP',
e j is induced by the canonical morphism Tri KO — KO,
o f and © are given by Theorems 6.3 and 6.8, respectively.

Lemma 6.12. The following diagram commutes:

00 1 ¢
T HPH-1} ?

UKo

KO
Here

o uxo is the unit morphism,
o ¢ is an isomorphism which is identity starting from the first space,
o U = (fo. fi, for .. ) with f, 0 (HPY" — KO, satisfying

ol (7% = (H(D)) — (H_) R - K (H(D) — (Ho)),

2m—1
(T = (H(1)) = (H_)) R - - - B ((H(1)) — (H))

2m

forn > 1.
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Corollary 6.13. Let H(1) be the tautological rank 2 symplectic bundle over HP',
Then

(1) Sypt 1 =bXO(1)) € KO*?(HPY),

(2) Zypt 1 = x1 € KOy o (HPY).

Proof. With our definition b{(O (H(1)) = (H(Q)) — (H_), the first claim is straight-
forward from the above two lemmas. The second claim follows from the first one

since (X}, 1, X! 1) = 1 for the Kronecker product. O

Definition 6.14. The cohomology theory KO**(-) is (8, 4)-periodic with the pe-
riodicity isomorphism induced by

KO A S%* = KO A (HP')"? = KO{2} = KO.

Here the first isomorphism is given by Corollary 2.6, the second isomorphism is
the canonical one identifying double #P'-suspension with shift by 2 and the third
isomorphism is given by the identity map.

One may identify these periodicity isomorphisms with

‘B

_ 8,
KO ASH* 222 ko,

where 8 € KO~ ~#(pt) is the element corresponding to 1 € KO*(pt) under the
categorical periodicity isomorphism

KO (pt) = GWY (pt) = GWL* (pt) = KO=*~*(py),
i.e., B is the unique element satisfying
Spp B = (H()) — (H_) R ((H(1)) — (H-)) € KO*°(HP' AHP").
We refer to 8 as the Bott element.

Remark 6.15. PEor a spectrum K representing algebraic K-theory there exists a
morphism KO — K that induces forgetful maps

F:GW(X) = KO™(X) — K*0(X) = Ko(X).

Recall that K is (2, 1)-periodic with the periodicity realized by cup product with
the element fx € K=2~!(pt) satisfying

Zpifk = [0(=D] =1 € K*(P', 00).
One can show that F(8) = ,Bfé.
Remark 6.16. Let E|, E; be symplectic bundles over a smooth variety X. Then

PU(E) U(E2) = (E| ® E).
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Here, on the left side we consider E, E; as elements of KO4’2(X ) and on the right
side we consider them as symplectic bundles, so E; ® E is an orthogonal bundle
which we treat as an element of KOO’O(X ).

7. Hopf element and KW

In this section we recall the definition of the Hopf element and identify KO[5~!]
as a spectrum representing derived Witt groups.

Definition 7.1. The Hopf map is the projection
H:A?—{0} > P!
given by H (x, y) =[x, y]. Pointing A% — {0} by (1, 1) and P! by [1 : 1] and taking
the suspension spectra we obtain a morphism
SoooH € Homsyp (25551 (A% — {0, (1, 1)), 95, (P, [1:1])).

The Hopf element n = £~ 72 E;fle e S~L=1(pt) is the element corresponding

to E%OPI H under the suspension isomorphism and canonical isomorphisms
L =s>, (A2 ={0), (1, 1) =532

given by [Morel and Voevodsky 1999, Lemma 3.2.15, Corollary 3.2.18 and Exam-
ple 3.2.20].

Definition 7.2. Define
SIy~'] = hocolim(S —> SAS™ 1 2 sag722 L),
KW =KO AS[n'].

This spectrum inherits the structure of an (8, 4)-periodic symplectically oriented
commutative ring spectrum from KO.

Remark 7.3. We clearly have
KW**(KW) = KW**(KO), KW, .(KW) = KW, .(KO).

It is well-known that the spectrum KW represents derived Witt groups defined
by Balmer [1999] (see, for example, [Ananyevskiy 2016, Theorem 6.5]).

Theorem 7.4. For every smooth variety X there exists an isomorphism functorial
in X, Ow : KW (X) = WU—I(X), such that the square

KO (X) —— GW}(X)

€]
KW (X) ——= Wnl(X)
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commutes for all n. Here the left vertical morphism is the canonical one arising
Jrom localization and the right vertical morphism is given by killing metabolic
elements.

Remark 7.5. With the above theorem in mind we identify KW9(X) with W (X)
and KW4’2(X) with WE2I(X). In particular, we have b{(W(E) =[E] e KW4’2(X)
for a rank 2 symplectic bundle E over X.

8. Borel classes of triple tensor products in KW

In this section, in Lemma 8.2 we compute characteristic classes of a triple tensor
product of rank 2 symplectic bundles. This computation is a derived Witt analogue
of the equality

(L1 ® Ly) = ef (L1) + ¢} (L) — cf (L1)ef (L)
in K-theory, where L; are line bundles and c{((Li) =1- [LI.V] is the first Chern

class in K-theory. As an intermediate step we show how to express Borel classes
in derived Witt groups using external powers.

Lemma 8.1. Let E be a symplectic bundle of rank 8 over a smooth variety X. Then
bV (E) =[E], Bby " (E) = [A°E]-3[E],
BOXV(E) =[A’E1—4,  B*b{V(E)=[A*E]—2[AE]+2.
Proof. Using Theorem 4.11 we may assume that £ = E| @ E» @ E3 @ E4 for rank

2 symplectic bundles E;. Then g"/2pXW(E) = 6,,(E|, Ea, E3, Ey).
Expanding

NEGESE®E)= @O ANEQAEQAE®AE
i1 +ix+iz+ig=j
and using the given trivializations A’E; = 1x, we obtain

A'E =0\(Ey, Ez, E3, Ey),

N’E = 05(Ey, E», E3, Eq) +4,

NE = 03(Ey, Ez, E3, E4) +301(E1, Ez, E3, Ey),
A*E = 04(E), Ez, E3, E4) +205(E1, Ea, E3, E4) +6.

The claim follows. |

Lemma 8.2. Let Ey, E; and E3 be rank 2 symplectic bundles over a smooth variety
X. Put & = bXV(E;) e KW*2(X) and denote by &(n, ny, n3) the sum of all the
monomials lying in the orbit of &' &)°&.° under the action of S3. Then
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PV(E| ® E2® E3) = BE(1, 1, 1),

byV(E1 ® E2 ® E3) = BE(2,2,0) — 26(2,0,0),

VXV(E| ® E, ® E3) = B3, 1, 1) — 86(1, 1, 1),

bV (E1 ® E2 ® E3) = BE(2,2,2) +£(4,0,0) —2£(2,2,0).

Proof. Consider the representation ring

Rep(Sp, X Sp, x Spy) = Z[xi!, x5, xif' /<422
=ZIxi+x L xetx s+ xg

with the action of the i-th copy of Z/2 given by x; < Xi_l- The exterior powers of
representations give rise to the operations

A" ZUxa+x " ot xs s et 1= Zho+x s etag Lot meN,,
which are compatible with the operations
Z[X17X2,X3 ]_>Z[X1,X2,X3] m € N,

characterized by the following properties:

(1) A™(0) =0,

1, m=20,
Q) A" ) = 4 aiaE B, m=1,
0, otherwise,

(3) A" (f +8) =By g (A" [H(A"2g).

Sete; = x; + Xl._l. A straightforward computation in Z[ Xlil, X;d, X3i1] shows that
Al(e1e203) = ejezes,
A (ejeres) = etes +ele3 +eze3 2(e? + 5+ 63) +4,
N (e1eze3) = eleze3 + 616283 + 616263 Seqezes,

At(ereres) = el +e5 + ey +eleses —4(el +e3 +e3) +6.

Thus

ANEI® Ex® E3) = E1 ® E2 ® Es,

A(EI®EQE)=Ei®E;+Ei®E;+E;®E; —2(Ef + E5 + E3) +4,

A(EIQE;RE;)=E;®E2QE;+EQE; QE;
+EI®E®E; —5E,® E2® Es,

AEI®E,® E3;)=E}+ E3+ E3+ E} @ E3 ® E3 —4(E} 4+ E5 + E3) +6.

The claim of the lemma follows by Lemma 8.1. (]
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9. Stable operations in KWg

In this section, we compute the algebra of stable operations in KWg, that is,
KWS*(KW@). The computation is straightforward and based on Lemma 2.17
combined with Theorem 4.17.

Lemma 9.1. Let B € Homy,, () (HP' A HP! A HGr, HGr) be the morphism charac-
terized by the property
BV (%) = ((H(1)) — (H_)) K ((H(1)) — (H_)) R 7*.
Then
BV sV (%) = [H) RHMIU (@isiV (2%) + cisiH (79))
for
wjr=Qj+17 e =—p718j2j+1),  ay=c2=0.

KwW

Proof. As noted in Remark 6.4, we may interpret s;~" as a natural transformation

GW([)2] — KW*2" whence
BV (5/V (2°) = 5fN (B ().
Thus we need to compute s (((H(1)) — (H-)) K ((H(1)) — (H-)) W t*). The
classes sl.KW are additive and sl.KW((H_)) =0, so it is sufficient to show that
sEV(((H)) = (HO)) R ((H(D) — (H_)) K ((H(D) — (H-)))
=[HORHDIU (arsfY (HD) + cisiS (HD)))
for
(H(1)) — (H_)) B ((H(1)) — (H_)) B ((H(1)) — (H-))
€ GW (HP' A HP' A HP™).
Define
x=bpVHOHRIKD, y=pVARHDKL), &= VARIKH()),
bi(x, y, &) = bV (H) RH) KH(D)),
516, v, &) = sKV (- BHO) RH)).

In this notation the claim is equivalent to

Sl(-xa y’ S) _Sl(ov )’» S) —St(X,O, g) —S[(X, y’ 0)
+51(0,0,8) +5,0,,0) +5:(x,0,0) = 5,(0,0,0) = Bxy Y (@& + ;& )i’

i>1

The main summand on the left side is s;(x, y, §) and the other summands just
cancel from s;(x, y, &) all the terms that do not contain xy&. Since x> = y> =0,



STABLE OPERATIONS AND COOPERATIONS IN DERIVED WITT THEORY 547

Lemma 8.2 yields

bi(x,y, ) = 1+ Bxy€r — 2671 + (Bxyg® — 8xy€)r® + &4,

Thus d
S[()C, Y, g): _tﬁlnb—t(xv y’S)
_ L((1— &%) — xy&E(Bt + (BE* — 8)17))
B (1 —&22)2 — xy&(Br + (BE2 = 8)13)
Put

A, D) =1-E"2  BE, 1) =EBt+ (BE —8)1).
Recall that x> = y? = 0, whence (xy)?> =0 and
L(AE, 1) —xyB(E, 1)
A(E, 1) —xyB(, 1)

(£ (A, 1) —xyB(E, 0))(AE, 1) +xyB(&, 1)
A, 1)? '

St(xay?é:): —1

= —1

Expanding the numerator, applying x>y? = 0 and omitting all the terms that do
not contain xy§ we obtain

(LAE D)xyBE, 1) — AE, DL (xyBE, 1)

S;()C, y’é): —1

AE.1)?
. ti(B(s’t))—ﬂx ti($t+(€3—8ﬂ‘lé)t3)
= \ae ) TP ar (1—£212)2
= By S ((ét +(E - 8,3—15);%(;(]- + 1)5%2!'))
JZ

= ﬂxyt%(Z((zj + 1)52j+1 _ Sﬁ_ljSZj_l)t2j+1>

j=0

=Bxy Y _(2j+ DY =87 j2j+ D&)Xt O
j=0

Lemma 9.2. The following diagram commutes:

Kwa* (KO) l(gn Kwa+8n+4,>k+4n+2 (HGI‘)

| |

Kwa+8,*+4 (KO) l(gl Kwa+8(n+l)+4,*+4(n+l)+2 (HGr)

Here the horizontal homomorphisms are the canonical ones given by Lemma 2.17,
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T is induced by the shift

[ [KWo S+ 2 (HGr) — [ [ KWq 8+ D440t D 2 (HGr),

n>0 n>0
(t1, 13, 85, .. ) > (B3, Is, .. )
and R is given by R(y) = (28'4)/) o(—UB™.

Proof. Straightforward from the commutativity of the diagram

Try,4 1 KO (Tr2(441)+1KO) {2}
-Up~! 8,4 -
KO KO A S® KO{2} |

Lemma 9.3. Let y € KW%’O(KO) be a stable operation such that
y > (1, s, - ) € im KW 2 (HGr)

under the canonical morphism given by Lemma 2.17. Let X be a pointed motivic
space and let

f=fo. fi, far o) Z 0 X{—1} > KO

be a morphism of spectra. Then

y() =%, n (),

where fi € Homy, ) (X, HGr) is treated as an element of GW([)Z](X ) and y is
treated as an operation GW([)Z] — KWED’Z.

Proof. This follows from Lemma 6.11. ([l
Theorem 9.4. The homomorphism of left KW&O(pt) = Wg(k)-modules

Ev:KWg (KWg) > [ [ Wa(k)
meZ

given by
Ev($) = (.... B2 (B, B (B, (1), B0 (B), B0 (B, ...)

is an isomorphism of algebras. Here the product on the left is given by composition
and the product on the right is the componentwise one.

Moreover, KW&’ 1(KWq) =0when 41 p—q and the above isomorphism induces
an isomorphism of left KW " (pt) = Wa k) [nE!, pE1-modules

KW5*(KWo) = € 80" [ | Wak)

r,seZ meZ

with deg f = (—8, —4), degn = (=1, —1).
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Proof. Having in mind the canonical identifications
KWG"(KWg) = KW (KOg) = KW (KO),

we focus on the computation of KW " (KO).
Lemma 2.17 yields the short exact sequence

0— 1(iLn1 Kwa+8n+3,*+4n+2 (HGr) — KWS*(KO)
N l(iLnKWaJFS"M’*H"H(HGr) 50
with the limit taken with respect to the morphisms
E;ﬂil o BKV . Kwa+8n+12,*+4n+6(HGr) N KWa%"H’*H"H(HGr),

where B = oy, o (idyp1 Aog) is the same morphism as in Lemma 9.1 up to the
canonical identification HP' = HP'.
Consider the following diagram:

l BKW
|
HP!
KWED+8n+4,*+4n+2 (HGI‘) b4 IQB+8n+4,*+4n+2 (HGI')
Here
« 1Qg"(HGr) =lim,  IQ(KWG*(HGr(2m, 2n), %)) is the indecomposable quo-

tient (i.e., the ring modulo the reducible elements) of KW (HGr). The New-
ton identities yield

(=D™ipfY (z5) = 5KV (29)
in the indecomposable quotient, and thus Theorem 4.17 allows us to identify

1Q%* (HGr) = (]_[ KW 4 (pt)b,KW(rs)) = (1_[ Kwg (Pt)§i>
h

i>1 i>1 h
for s; = siKW(rs).
7 is the canonical projection.
o Sg is given by S¢,(5;) = Ba;s; + cisi—> with
arj =c2; =0, azjr1 = (2j+ 17, c2j+1=—8j(2j +1).

e So=moSg.
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The ring KWEJ *(HP'AHP'AHGr) has trivial multiplication by Theorem 4.13
(since b?w (#(1))> =0 on HP'). Thus BXW factors through the indecomposable
quotient and Lemma 9.1 yields commutativity of the diagram. It follows that the
canonical homomorphisms

P @KWSS"H’*H”H(HGQ i) @IQZD+8n+4'*+4n+2(HGr),

are isomorphisms.
The morphism

h

i>1 i>1 h

is given by the matrix

Ba; 0 ¢z 0 O O\
0O 00 0 O0O---
0 0Baz 0 ¢s O

0 00 0 0O ,
0 0 0 0BasO

0 00 0 0O

where a;;1 and ¢ are invertible. Clearly we have

j=0 h

so the 1(131l term vanishes. For 44 p — g we have
ng+8(n_.i)sq+4(”_j)(pt) o~ Wg—q+4(ﬂ—j)] (k) — 0’

whence the limit is trivial and ng’q(KW@) =0. In view of the periodicities
given by n and B, from now on we deal with KW&’O(KW@). Moreover, it is suffi-
cient to show that the homomorphism Ev from the statement of the theorem is an
isomorphism, since it clearly agrees with the products.

In order to compute the above limit for Sg we may drop all the terms involving
52 and consider

8(n—j),4(n—j — 8(n—j),4(n—j —
S@ . l_[ KW@(n J).4n J)(pt)SZj—‘,-l N 1_[ KW®(7’ J).4(n J)(pt)SZj-i-l-
j=0 j=>0
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For every j > 0, choose

_ - —8j.—4j
Pajr1 =Y @y amSus € [ [KWq (P52 +1
Izj j=0

such that

() Sa(p1) =0,
(2) Sa(p2j+1) = Bp2j-1,
(3) o111 = 1.

The kernel of Sg is a free module of rank 1. Thus (1) and (3) uniquely determine p.
Item (2) together with the condition that the sum for py;,1 does not contain 5
uniquely determines p;41. One can easily see that ay;11 ;41 is invertible for
every j, whence

8(n—j),4(n—j — 8n,%+4 —
l_[ KW@(n J),4n ])(pt)SZj-i-l — 1_[ KWE; 7,k n(pt)p2j+1-
Jj=0 j=0

In the new basis consisting of the p;; 1, the morphism Sq is just a shift multiplied
by B. Thus we can easily compute the inverse limit, obtaining

1(i1_nKW%"+4’4"+2(HGr) _ @IQ?;E:M,MH(HGD _ 1—[ KW&’O(pt)pf,f,
meZ
where deg p3! = (0, 0) and the structure morphisms

1_[ KW%O(pt)p’snt N ngn+4,4n+2(HGr)
meZ
are given by
P B~ P2miny+1, m+n=0,
" 0, m+n <0,

4,2
for Pamtn)+1 = D _ismin @2mt+ny+1.20+1521+1 € KW (HGr).
In order to obtain the claim of the theorem it is sufficient to check that

1, n=m,

B~ "o, (B") = {0, ntm

It follows from Lemma 9.2 that p3/ (8") = " psl_, (1), so it is sufficient to check

that
1, m=0,
oy (1) =
0, m=#0.

Lemma 9.3 yields

oy (D) =T 2 oot ((H(D) — (H-)).
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By the definition of py,,+; we have

> iom Comt1 241550 (H(1) — (HZ)), m >0,
0, m < 0.

All the higher characteristic classes of (#(1)) — (H_) vanish while

sV ((H(D) — (H2)) = [H(D)].

P (1)) — (H_)) = {

Thus

H()] =%, i1 =0,
,02m+1(<7'l(1))—(H_)):{£) =23, Z#O

and the claim follows. O

Remark 9.5. One can restate Theorem 9.4 as follows. Let
B= (ESmAmlgm)meZ . @ S A SSm,4m N KW@
meZ

be the morphism induced by X847 gm : S A §8m4m _ KWq. Then the pullback
homomorphism

BEVa  KW5 " (KWq) — KW§™ (@ SA ss'"""")
meZ
is an isomorphism.

10. Stable cooperations in KWg and KW

In this section we compute the algebra of cooperations in KW and give an additive
description of the cooperations in KW. The approach is dual to the one used in the
proof of Theorem 9.4 and based on Lemma 2.17 and Theorem 5.10.

Lemma 10.1. The following diagram commutes:

~

lim(KW@)t+8n+4,+-+4n+2 (HGr) (KW@) «(KO)
w e
Hm(KWa) s48(14+1)+4, 44+ 1)+2(HGr) —— (KW@) 48 44(KO)

Here the horizontal isomorphisms are the canonical ones given by Lemma 2.17, T
is induced by the shift

@ (KW@)+8n+4,x+4n+2(HGr) — @ (KW @) s48(n+1)+4,5+4(n+1)+2 (HGT),

n>0 n>0

(t1, 13,15, ...) > (I3, 15, .. .),

Br = uxwg A 28’4,3 € (KWq)3.4(KO) and — x B, is given by Definition 3.8.



STABLE OPERATIONS AND COOPERATIONS IN DERIVED WITT THEORY 553

Proof. This follows from the commutativity of the diagram

Tr2n+1KO — (TrZ(n+1)+1KO){_2}
7Uﬂ 8 —4 ~
KO KOAS™ KO{-2} [l

Theorem 10.2. Let uxw, : S — KWq be the unit map. Then the homomorphism
of Wa () [nF'1 = @, KW (pv)-algebras
Wa I, 8711 — (KWa).«(KWq)
given by
B> =58 Aukwe, Br > ugwo AT

is an isomorphism. Here the product on the right is given by Definition 3.8.

Proof. Abusing the notation, put

Br=E8B Aukwy, Br = ugwo A Z3B.
We need to show that
(KWg). «(KWo) = €D KW (p0s/ + .
n,p,qez

Identifying (KWg). «(KWg) = (KWg). «(KO) and applying the reasoning dual
to the one used in the proof of Theorem 9.4 we obtain that

(KW@)« «(KWgq) = li_r)n(PE@)*+8n+4,*+4n+2 (HGr),

where
(PEq).«(HGr) = ED(KWa)s—4i «2i (PS5

i>1
is the subspace of (KWg). (HGr) dual to IQg;" (HGr) (see Theorem 5.10). Here

5. € PE4; 2; (HGr) satisfies (5;,5) =1 and (5, 5;") =0 for / % i. The limit is taken
with respect to the morphisms

S8 - D EWa)s8n—ai+4.54n-2i+2 (PO
[ >1 —
= — DKWt 8n-ai+12.5 14120 16(POS)
i>1

given by S¢/(5;) = Ba;5; + ¢i125, ., for

i+2

ayj =c2j =0, arjp1 = (25 +1)% cj+1=—8j2j+1)
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just as in the proof of Theorem 9.4. The matrix of Sg is

ar 0.0 0 0 0.\
0 0 0 0 0 O0...
c3 0Baz 0 0 O ..
0 0 00 0 O..
0 O Cs5 O,Ba50..
00 0 0 0 O..

\

We can drop all the terms involving 5 j» obtaining

(KWq)+ +(KWg) = lim @(KWQ)*+8(n—j),*+4(n—j)(Pt)gzvj-l-l'

" j=0

For 41 p — g the group (KWgq), ,(KWq) vanishes, and in view of the periodicity

realized by cap product with n and cap product with 8 (that coincides with multi-

plication by f;; see Definition 3.8) from now on we deal with (KWg)o.0(KWq).
Let 7y =5 and 1pj 41 = ﬂ_lSé(rzj_l). One can easily check that

B EW)sin—jyam-jPVFS ;41 = EDEW)gnan (PO T2 41
Jj=0 Jj=0

In this basis Sg) is a shift composed with multiplication by 8, so the limit is easily
computed:

1im @D (KWa)sn 42 (P 7211 = EDKWa)o.0 ()T,
>0 mez
with the structure morphisms
P EW)sn.40(POT2j 41 > EDEWa)o.0(pt)Ts
j=0 meZ

given by 1241 > ,B_"rjs.t_n. Lemma 10.1 yields that

TSt — ,Bl_l *T,:::Lt_l */Sr,

whence 7/ = ;" x 73" x B and
(KWa)o.0(KWa) = DHEWa)oo(pt) B " * 15" * B
meZ

In order to check that 73" = ukw, A ukw, (Whence B, x 7j' » B = B, "  BI")
recall that 5" = x; and consider the following diagram:
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o 1 idKW@ AL o
KWa A (22, HP{—1}) KW A (358, HGr{—1})
MKW@/\E;LI,P]XI l; L;
uKW@ /\id§
S KWoAS KW A Tr KO
\ lidKW@ /M
174 idkwg AJ
KWg A KO
Here

« i is induced by the canonical embedding HP! — HGr,
« j is the canonical morphism Tr; KO — KO.
The right half of the diagram commutes by Lemma 6.12, the upper triangle com-

mutes by Corollary 6.13 and the outer contour commutes by the definition of ;'
Thus the lower triangle commutes as well and the claim follows. ([

Remark 10.3. One can restate Theorem 10.2 as follows. Let

B= (ESmAm,Bm)meZ . @ S A SSm,4m N KW@

meZ

be the morphism given by L3747 gm . § A §8m4m . KW, Then the induced
homomorphism in homology

BKW@ :(KWg)y « <@ SA SSm,4m> — (KWq). «(KWq)

meZ

is an isomorphism.
Now we turn to the description of integral cooperations.

Theorem 10.4. Let M be the abelian subgroup of Q[v, v™'] generated by polyno-

mials 1

o v TS, (v —(2i + 1))
e 42 ’

j=0,ne”.

Then there are canonical isomorphisms of left KWq o(pt) = W (k)-modules

Wk)®zM, 4]p—gq,

KW, ,(KW) =
rog(KW) {O, otherwise.

Rationally Wq (k) @z M = (KWq), r—4: (KW) is given by
BN nr—Stﬁlt—m *ﬂ;n

in the notation of Theorem 10.2.
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Proof. Applying the reasoning dual to the one used in the beginning of the proof
of Theorem 9.4, we obtain that

KW o (KW) = lim ) KWt sn—si 4, can2i-12(PDB; -

i>1

Here l;l.v belongs to the submodule of KW, ,(HGr) dual to the indecomposable
quotient IQ**(HGr) and satisfies (b;, b)) = 1, (b, bY) =0 for [ # i. The limit
is computed along the morphisms S dual to the corresponding morphisms S be-
tween indecomposable quotients. Recall that S is induced by a desuspension of an
appropriate morphism HP! A HP' A HGr — HGr.

It follows from Lemma 8.2 that S(b;) is a Z[B, B ~1]-linear combination of prod-
ucts of Borel classes b; (cf. Lemma 9.1), thus there exists a linear map

Sz:[ 218, 8716 — [ 218, 8710

i>1 i>1
inducing
S - l_[ KW*+8n74l‘+12,*+4n72i+6(pt)5i — l_[ Kw*+8n74l’+4,*+4n72i+2(pt)Ei‘
i>1 i>1

Moreover, Sz gives rise to the dual map

Sy @ zip. 716y — P zip. 710y
i>1 i>1

and

SV @ KWt 8n—di+4.5+4n—2i+2(pt)bY — @ KWt 8n—4i+12.5-+4n—2i+6 (YD,

i>1 i>1

is given by SV =idkw, , v ®z1.6-1157 -
The proof of Lemma 9.1 yields

S7(52;) =0, S7(52j11) = BQ2j 4+ 1)%52;41 — 85 (2j + 1)52,_1.

From the Newton identities we have (5;, b)) = (—1)"*!i and (5, b)) = 0 for [ #1i.
Combining this with the above, we obtain

(52, Sy (b)) = (Sz(52)), b}y = 0,

B12j+ 1), i=2j+1,
(52j41, S7 (b)) = (S2(52j11), b)) =1 =8 2j — DQ2j+ 1), i=2j—1,
0, otherwise.

Hence Sy (by;) = 0 and Sy (b3, ) = (2j + 1)*Bby;, | —8(j + D(2j + )by, 5.
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We may therefore drop all of the EVJ., obtaining
KW, . (KW) = lim @) KW .80 ) «tam— ) (PVDY 1.
Jj=0

Specifying to the degree (p, ¢), 4{ p — ¢, we obtain KW, ,(KW) = 0 since
KW, 180 j).g-+4(n—j) (pt) = WI=P=40=DI () = 0.

In view of the periodicities given by cap-product with 1 and g, from now on we
deal with KW o(KW).
We have

KWo,0(KW) = lim D) KWy (o) 40— ) (P34 = lim @D W) " 7b3,
"jz0 "j=z0
where the colimit is computed with respect to the morphism
SV P Wk by > PWERB T b,
Jj=0 Jj=0
given by

SY(B"Iby; ) = Qj+ 1B by — 8+ D(Q2j+ DB DY, 5.

Colimit commutes with tensor product, so

KW o(KW) =W (k) ®z (h_r)n @ Zﬂn—jl;gj_i_])
n >0
with the morphisms

S; P zp by, — Pzpt by,

Jj=0 j=0

in the bases {,B"*fl;zvjﬂ}jZO and {ﬁ"“*jl;;”l}jzo given by

a 0 0 0 ---
cyaz 0 0 ---
0 c;as 0 ---
0 0 ¢ ay---

where a1 = (2j +1)* and ¢}, | = —8/(2j — ).
The terms in the last colimit are torsion-free, so the canonical morphism

lim (D Zp" /b3,y — lim P @B" /b3

"j=0 "j=0
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is injective. One computes the right-hand side colimit as in the proof Theorem 10.2.
Let . .
) =B"'N-)oS; @Pzp /by, > EPzp b3,
Jj=0 j=0

and choose a basis of B @ﬂ”‘jl;zij to be

[B"BY, T (B"DY), (Tg)*(B"bY), ...}
In these bases Sé is a shift, so
lim (P Q" /53, =D Q- 167"+ £
n j=0 meZ
with the canonical morphisms
D Qs by — DB B
Jj=0 meZ

given by (Ty )m(ﬂ"l;}/) — B, " * B (the notation is consistent with the one used
in the proof of Theorem 10.2). The limit lim (P, Zﬂ"‘jEZVjH is the union of the
images for the canonical morphisms "
bn @Z,B"_U;ZHI — @ QB " * B
j=>0 meZ
We claim that these morphisms are given by
_m i—1,
on(BTBY ])_(ﬂ, * B [T 20 (B % Br — anig1)
n ]+ - 7 )

J /
i=1€2i41

where the multiplication on the right-hand side is componentwise, i.e.,

B " * BB " B =B B

Indeed, for j = 0 we have ¢, (ﬁ”l;\l/) = B;' » B, ". The general case follows from
the equalities

¢n+1(a2j—1/3"+1_j[_’¥j—1 +C/2j+1/3n_jl;gj+1)
= i1 (7 (B"TH1B3,_ ) = ¢a (B H1B3, ).
The claim of the theorem follows. U

Remark 10.5. It follows from the above theorem applied to k = R (or any other
field satisfying W(k) = Z) that M is an algebra for the usual multiplication of
polynomials, i.e., that products f;, ., fj,.n, can be expressed as linear combinations
of the f;,. For example we have

flo=9f11+198f 1 +720f5 .
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