:. Algebraic & Geometric Topology 18 (2018) 41874274
msp

On the asymptotic expansion of the
quantum SU(2) invariant at ¢ = exp(d7+/—1/N)
for closed hyperbolic 3—manifolds obtained by
integral surgery along the figure-eight knot

TOMOTADA OHTSUKI

It is known that the quantum SU(2) invariant of a closed 3—manifold at ¢ =
exp(2n+/—1/N) is of polynomial order as N — oo. Recently, Chen and Yang
conjectured that the quantum SU(2) invariant of a closed hyperbolic 3—manifold at
g =exp(4m+~/—1/N) is of order exp(N -c(M)), where ¢ (M) is a normalized com-
plex volume of M. We can regard this conjecture as a kind of “volume conjecture”,
which is an important topic from the viewpoint that it relates quantum topology and
hyperbolic geometry.

In this paper, we give a concrete presentation of the asymptotic expansion of the
quantum SU(2) invariant at ¢ = exp(47~/—1/N) for closed hyperbolic 3—manifolds
obtained from the 3—sphere by integral surgery along the figure-eight knot. In
particular, the leading term of the expansion is exp(/N - ¢(M)), which gives a proof
of the Chen—Yang conjecture for such 3—manifolds. Further, the semiclassical part of
the expansion is a constant multiple of the square root of the Reidemeister torsion
for such 3—manifolds. We expect that the higher-order coefficients of the expansion
would be “new” invariants, which are related to “quantization” of the hyperbolic
structure of a closed hyperbolic 3—manifold.
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1 Introduction

In the late 1980s, Witten [26] proposed topological invariants of a closed 3—manifold M
for a simple compact Lie group G, what we call the quantum G invariant. This
invariant is formally presented by a path integral whose Lagrangian is the Chern—
Simons functional of G connections on M. There are two approaches to obtain
mathematically rigorous information from a path integral: the operator formalism and
the perturbative expansion. Motivated by the operator formalism of the Chern—Simons
path integral, we obtain a rigorous mathematical construction of quantum invariants
by using linear sums of quantum invariants of links. In particular, the quantum SU(2)
invariant Ty (M ;q) of a closed 3—manifold M is defined to be a linear sum of the
colored Jones polynomials J,(K;q) of a link L at g, where ¢ is a primitive N
root of unity, and L is a link such that M is obtained from S* by an integral surgery
along L ; for details, see eg a book of the author [17]. We note that, as mentioned in [17],
when N is odd, Ty (M ; ¢) can be defined at g = e‘mﬁ/N; we denote it by Ty (M).

The volume conjecture of Kashaev, Murakami and Murakami [9; 14] is an important
topic, which relates quantum topology and hyperbolic geometry. A complexification
of the volume conjecture of Murakami, Murakami, Okamoto, Takata and Yokota [15]
states that, for a hyperbolic knot K, (27+/—1/N)log Jn(K: qznﬁ/N) goes to a
(normalized) complex volume of K as N — oo. Further, it has been expected by
Murakami [13] that the quantum invariant of a closed 3—manifold has a similar property,
though it is known that T (M ;q) at g = €™ V=1 s of polynomial order as N — oo.
Recently, Chen and Yang [2] observed that Ty (M) is of exponential order as N — oo
for some hyperbolic 3—manifolds obtained by surgery along the figure-eight knot and
the 5, knot, and conjectured that
47/—1- lim w =cs(M) + x/—_lvol(M)

N—o0
N odd
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On the asymptotic expansion of the quantum SU(2) invariant at ¢ = exp(dn~/—1/N) 4189

for a closed hyperbolic 3—manifold M, where cs(M) and vol(M) denote the Chern—
Simons invariant and the hyperbolic volume of M, respectively. We define a normalized
complex volume of M by

c(M) = (cs(M) + /=1 vol(M)).

1
4/ —1
From the viewpoint of mathematical physics, we can regard this conjecture as a

perturbative expansion of the Chern—Simons path integral; see Section 2, for details.

Let p be an integer, and let M), be the 3—manifold obtained from § 3 by p surgery
along the figure-eight knot. It is known that M, is hyperbolic if and only if |p| > 4.
The aim of this paper is to show the following theorem, as a refinement of the above-
mentioned conjecture:

Theorem 1.1 Let N be an odd integer > 3, and let p be an integer with |p| > 4.
Then the quantum invariant Ty (Mp) of M), is expanded as N — oo in the form

N (M) = (_1)Pe—(ﬂﬁ/4)PN J—1 sign(p)(N=3)/2 NC(Mp)N3/2w(Mp)

(oo (57 ol )

i=1

for any integer d > 1, where w(Mp) and «;(Mp) are constants determined by M, .

We conjecture that, similarly to in the theorem, Tp (M) of any closed hyperbolic
3—manifold can be expanded in the form
Ty (M) = (some root of unity)eN';(M)N3/za)(M)

x (1 +iki(M)- (471;\{__1)' + O(N;H))

i=1

for any integer d > 1, with some constants w(M ) and «;(M) determined by M.

We can numerically observe, for example, the behavior of Tar(Mg), as follows:

N fN(Mg)\/—_l(p/Z)N_(N_”/ze_NC(Ms)N_3/2

101 0.0033167246...—+/—1-0.0219539338 ...
201 0.0050414223 ... — +~/—1-0.0215864601 ...
501 0.0060677858 ... —+/—1-0.0213013492.. ..

1001 0.0064080099 ... —+/—1-0.0211954944 . ..
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Here, ¢(Mg) and w(Mg) are numerically given by

G(Mg) =0.1259843998 ... —+/—1-0.0858243597 ...

_1.0785007120. ..+ ~/—1-1.5831666606. ..
4w /—1 ’
w(Mg) =0.0067471463 ... — ~—1-0.0210842217. ..,

and we can numerically observe that the complex numbers in the above table converge
to w(Mg) as N — oo.

The values of w(Mp) are numerically given for some p, as follows:

C’)(Mp)

0.0081594261 ... — +/—1-0.0558388944 . ..
0.0078610660 . .. — ~/—1-0.0356626288 . . .
0.0072993993 ... — /—1-0.0265443774 . ..
0.0067471463 ... —/—1-0.0210842217 ...
0.0062386239 ... — +/—1-0.0173836407 ...

O 0 a9 N WS

It is shown by the author and Takata in [21] that w (M p)2 is equal to a constant multiple
of the twisted Reidemeister torsion of Mj. We note that a similar statement holds for
the asymptotic expansion of the Kashaev invariant for the two-bridge knots, as shown
by the author and Takata [20]. We also expect that «;(M) are new invariants of a
closed hyperbolic 3—manifold M.

Remark 1.2 There has been recent progress on the Chen—Yang conjectures. Chen and
Yang [2] (whose first version was written in March 2015) gave two conjectures based
on numerical observations: one is the “volume conjecture” for the quantum SU(2)
invariant (the Reshetikhin—Turaev invariant) for closed 3—manifolds, and the other is the
“volume conjecture” for the Turaev—Viro invariant for closed or cusped 3—manifolds.
Since it is known (see eg a book of Turaev [25, Section VIL.4]) that the Turaev—Viro
invariant for closed 3—manifolds is determined from the Reshetikhin—Turaev invariant,
the Chen—Yang conjecture for the Turaev—Viro invariant for closed 3—manifolds is a
consequence of the Chen—Yang conjecture for the Reshetikhin—Turaev invariant. This
paper (whose first version was written in August 2016) gives a rigorous proof for
the Chen—Yang conjecture for the Reshetikhin—Turaev invariant for closed hyperbolic
3—manifolds obtained by integral surgery along the figure-eight knot. Further, there
has been recent progress on the Chen—Yang conjecture for the Turaev—Viro invariant
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for some cusped 3—manifolds. We note that the Turaev—Viro invariant for a cusped
3—manifold is defined for an ideal triangulation of the cusped 3—manifold, and it might
not be known so far whether there is a direct relation between this invariant and the
Reshetikhin—-Turaev invariant. Recently, Detcherry, Kalfagianni and Yang [3] have
proved the Chen—Yang conjecture for the Turaev—Viro invariant for the complements of
the figure-eight knot and the Borromean rings. Further, Belletti, Detcherry, Kalfagianni
and Yang [1] have proved the Chen—Yang conjecture for the Turaev—Viro invariant for
the complements of infinitely many hyperbolic links called “fundamental shadow links”.

The paper is organized as follows. In Section 2, we explain a physical background
of this topic. In Section 3, we explain preliminaries, which we need in the proof of
Theorem 1.1. In Section 4, we review the definition of the quantum SU(2) invariant
of closed 3—manifolds, and give a concrete presentation of the value of the quantum
SU(2) invariant of M),. In Sections 5 and 7, we give a proof of Theorem 1.1, when
|p| = 6 and when |p| = 5, respectively. In Section 6, we show some propositions,
which we need in the proof of Theorem 1.1. In the appendices, we show some lemmas,
which we use in the proof of Theorem 1.1.

The author would like to thank Qingtao Chen, Stavros Garoufalidis, Kazuo Habiro,
Rinat Kashaev, Akishi Kato, Sadayoshi Kojima, Hitoshi Murakami, Jun Murakami,
Toshie Takata, Akihiro Tsuchiya, Tian Yang, Yoshiyuki Yokota and Don Zagier for
helpful comments and discussions. The author would also like to thank the referee
for helpful comments. The author is partially supported by JSPS KAKENHI Grant
Numbers JP16H02145 and JP16K13754.

2 Physical background

A physical background of quantum invariants of 3—manifolds is the Chern—Simons
field theory of Witten [26]; for details, see eg a book of the author [17]. Further, we
can regard the volume conjecture as a perturbative expansion of the Chern—Simons
path integral. We explain these in this section.

Let M be an oriented closed 3—manifold. Let A denote the set of connections on the
trivial SU(2) bundle SU(2) x M — M. We identify A with the set Q! (M ;sl,) of
sly—valued 1-forms on M. The Chern—Simons functional CS: A — R is defined by

1
CS(U) = o /M trace(A AdA + %A AA /\A)
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for a connection A. The gauge group G is the group of automorphisms of the bundle
SUQ2) x M — M, and it is known that, when g € G takes 4 € A to g*4, CS(g*A)
differs from CS(A) by an integer. Hence, the Chern—Simons functional induces the
map CS: A/G — R/Z. The Chern—Simons path integral is formally given by

(1) Zn(M) =/ exp(2rv/—1 N CS(A4)) DA
A/G

for any positive integer N. We note that, since .A/G is infinite-dimensional, the path
integral has not been defined mathematically, but the Chern—Simons path integral
gives many interesting suggestions to mathematics. Witten [26] proposed that this
formal integral Z (M) gives a topological invariant of a closed 3—manifold M ; this
is a physical background of the quantum invariant of M. In physics, there are two
approaches available to obtain observables of a path integral: the operator formalism
or the perturbative expansion.

The operator formalism induces a formulation of the invariant in terms of the topological
quantum field theory; that is, we can compute the invariant by cutting the 3—-manifold
along surfaces. In particular, we can formulate the invariant of a closed 3—manifold M
as a linear sum of quantum invariants of a link L such that M is obtained from S* by
an integral surgery along L. In Section 4, we review a mathematical definition of the
quantum SU(2) invariant of closed 3-manifolds along this formulation.

The volume conjecture is a recent important topic, which relates quantum topology and
hyperbolic geometry. We briefly review the volume conjecture, and explain the volume
conjecture from the viewpoint of the perturbative expansion of the Chern—Simons path
integral, in this paragraph. Kashaev [7; 8] defined the Kashaev invariant ( L ),, € C of
alink L for N =2,3,... by using the quantum dilogarithm. He conjectured [9] that,
for any hyperbolic link L, 2% log( L) ~ goes to the hyperbolic volume of § 3_L as
N — 00. In 1999, H Murakami and J Murakami [14] proved that the Kashaev invariant
(L), of any link L is equal to the colored Jones polynomial Jy (L;e2™ v-1/N )of L
at ez’fﬁ/N, and conjectured that, for any knot K, 2Z log|Jn (K; ez’“m/N)| goes
to a normalized simplicial volume of S* — K, as an extension of Kashaev’s conjecture.
This is called the volume conjecture. As a complexification of the volume conjecture,
it is conjectured by Murakami, Murakami, Okamoto, Takata and Yokota [15] that, for
a hyperbolic link L,

JN(L; eZanl/N)

2/ —1- lim

— 3_ N 3_
Am ~ =cs(S°—L)+ 1vol(S° — L),
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where “cs” and “vol” denote the Chern—Simons invariant and the hyperbolic volume,
respectively. We define a normalized complex volume by

c(L) = (cs(S3 = L) + v—1vol(S? - L)).

1
2w/ —1
Further, as a refinement of the above conjecture, it is shown by the author and Yokota

[18; 22; 19] that, for hyperbolic knots K with up to seven crossings, the asymptotic
expansion of the Kashaev invariant is presented by the form

d i
(K)y =eNEIN324h(K). (1 + Y ki(K)- (hf) + 0(#))

i=1

for any integer d > 1, where w(K) and the «;(K) are some scalars determined
by K. As for the quantum invariant of closed 3—manifolds, it has been expected
by Murakami [13] that the quantum invariant of a closed 3—manifold has a similar
property, though it is known that tx (M ;q) at g = €27 V=1 s of polynomial order as
N — 00. As we mentioned in the introduction, recently, Chen and Yang [2] observed
that Ty (M) is of exponential order as N — oo for some hyperbolic 3—manifolds, and
conjectured that
47+/—1- lim M =cs(M) + \/—_lvol(M)

N—o0 N
N odd

for a closed hyperbolic 3—manifold M. We define a normalized complex volume of M

by
1

4 /—1

We can regard this conjecture as a perturbative expansion of the Chern—Simons path

c(M) = (cs(M) + /=1 vol(M)).

integral, as follows. Let Ac be the set of connections on the trivial SL(2; C) bundle on
a closed 3—manifold M. We identify Ac with the set Q1 (M ;sl,C) of s[,C—valued
1—forms on M. The gauge group G¢ is the group of automorphisms of the bundle
SL(2;C) x M — M. For a closed hyperbolic 3—manifold M, we apply the saddle-
point method formally to the integral (1), by moving the domain A/G in Ac/Gc in
such a way that the new domain contains the SL(2; C) flat connection corresponding
to the holonomy representation of the hyperbolic structure of M. By expanding the
path integral at this flat connection, we obtain the complex volume in the leading
term. Further, in the second term (the part of the semiclassical limit), we obtain the
Reidemeister torsion as the determinant of the quadratic part of the Chern—Simons
functional (see Witten [26]). Furthermore, in the higher-order terms, we obtain a power
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series in % by coupling the quadratic part and the higher-order part of the Chern—
Simons functional (see eg a book of the author [17]). Hence, we can expect that the
quantum invariant is expanded in such a form, and this is a physical background of the
expansion of Theorem 1.1. We note that this expansion is obtained from contributions
of a neighborhood of the flat SL(2, C) connection corresponding to the holonomy
representation of the hyperbolic structure of M, and we can regard them as perturbations
of the hyperbolic structure of M. So we expect that the higher-order coefficients «; (M)
in the expansion of Theorem 1.1 might be related to “quantization” of the hyperbolic
structure of M in some sense.

3 Preliminaries

3.1 Integral presentation of (gq),

In this section, we review integral presentations of (¢), and some of their properties.

We put
()n = (1 =x)(1=x?) - (1 =x")

for n > 0.

Let N be an integer > 3. It is known [5; 27] that
2mVTINy () —p(22ED)

(e n exP(‘p 2N) ‘p( 2N ) ’
—2nV=I/Ny ( ( _2n41y\ ( _L))

Here, following Faddeev [4], we define a holomorphic function ¢(¢) on the domain

{teC|0<Ret <1} by
o0 e(ZI—l)xd)C
o= [

—oo 4x sinh x sinh %7’

2

We note that this integrand has poles at nw+/—1 (n € Z), and, to avoid the pole at 0,
we choose the contour of the integral

y =(—00,—1JU{zeC||z|=1,Imz>0}U[l, 0c0).

Further, it is known (due to Kashaev — see [18]) that
1 1
) o(55) —#(1-25) =tz .

Algebraic & Geometric Topology, Volume 18 (2018)
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Furthermore, it is known [18] that

) Qﬂ(t)—f-(p(l—t):27‘[\/—_1(—%(1‘2—14_%)4_#)

for 0 < Ret < 1. Moreover,

Liz(eZJT«/?II)

1 . 1
®)) —@(t) uniformly converges to

R4 y g Pt
in the domain
(6) {teC|§<Ret=<1-6, |Imt|< M}
for any sufficiently small § > 0 and any M > 0.

Let N be an odd integer > 3. We put ¢ = e*” V=1/N 1t follows from (2), replacing N
with &', that
n=en(o()-5(25)

=1~ 255) 6(1- )

for 0 <n< %, where we define ¢(7) on {t € C |0 <Ret < 1} by

R 00 e(2t—1)xdx
P(1) = /

—o0o 4x sinh x sinh 2Wx '

@)

We note that (7) holds only for 0 < n < % since ¢(¢) is defined for 0 < Ret < 1,
though (¢), and (q), themselves are defined for 0 <n < N. Further, it follows from
(3) and (4) that

~( 1 ~ 1\ N

® P(x)-0(1-5) =toe 7.
5 51— 1) = (N (2 _ l) 1

) () +9(1—1) =2V=1 (- (¢ t+2)+ o)
for 0 < Ret < 1. Furthermore, it follows from (5) that

1 ~ . 1 . o dma/—1t
(10) —@(t) uniformly converges to Li,(e“®

134 y g P 2( )

in the domain (6). Moreover, we have the following lemma, which is a modification of
a formula of Murakami and Murakami [14]:

Lemma 3.1 (modification of a formula in [14]) We have that

1D (Dn(@N-n-—1 =N

for0 <mn < N.
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Proof We have that

On@N-n-1=1-q)(1=¢H - 1=g")x(1=g" " HA-g" ™" ). (1-7)
=(1-q)(1—¢*) - (1—¢V ) =(@)n-1.

Hence, it is sufficient to show that (¢) y—; = N. We have that

@n-1= ]] (1 —e@mV=1/N)iy = I1 (1= eCnV=1/Nyk)

JjE€Z/NZ k€Z/NZ
J#0 k#0

= l_[ (1_e(an/jl/N)'k)(l_e—(2ﬂ~/j1/N)~k)
1<k<(N—1)/2

= l—[ |1_e(Zanl/N)-k|,|1_e—(ZHle/N)~k|
1<k<(N-1)/2

= 1 2sin’§V—” = N,
1<k<N-1

where we obtain the second equality by replacing k& with 2, and obtain the last
equality by a formula in the proof of Proposition 4.2 of [14]. Therefore, we obtain the
lemma. a

3.2 The saddle-point method

In this section, we review a proposition obtained from the saddle-point method.

Proposition 3.2 (see [18]) Let A be a nonsingular symmetric complex 2 X 2 matrix,
and let ¥ (zy, z) and r(zy, z) be holomorphic tunctions of the forms

V(z1,22) = 2T Az + 1 (21, 22),

r(ziz2) = ) bijkzizizk + Y CijkiZizizka o s
i7j?k i’.j,k’l

12)

defined in a neighborhood of 0 € C2. Suppose that the restriction of the domain
(13) {(z1.22) € C* |Re Y (z1.22) < 0}

to a neighborhood of 0 € C? is homotopy equivalent to S'. Let D be an oriented
disk embedded in C? such that D is included in the domain (13) whose inclusion is
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homotopic to a homotopy equivalence to the above S in the domain (13). Then

/ NV gz, =
D

d
7 Ai 1
N V/det(—4) (1 +; Nt O(Nd“))

for any d, where we choose the sign of /det(—A) as explained in [18], and the
A; are constants presented by using coefficients of the expansion of V¥ (z1, z2); such
presentations are obtained by formally expanding the formula

el o () o
= = XL ow;’ dw, P\ TN wo Wy

For a proof of the proposition, see [18].

w;=wr=0

Remark 3.3 As mentioned in [18, Remark 3.6], we can extend Proposition 3.2 to the
case where ¥ (z1,z) depends on N in such a way that ¥ (zy, z;) is of the form

1
V(z1,22) = Yo(z1,22) + WI(ZLZZ)% +W2(21,22)— +---

1

+ ¥m(z1, 22)— trm(z122)

where the ¥;(z1, z;) are holomorphic functions independent of N, and we assume that
Yo(z1, z2) satisfies the assumption of the proposition and |r,,(z1, z2)| is bounded by a
constant which is independent of N.

3.3 The Poisson summation formula

In this section, we review the Poisson summation formula and a proposition obtained
from it.

Recall (see eg the book of Stein and Weiss [23]) that the Poisson summation formula
states that

(14) Y famy= )" f(m)

mezn mezn

for a continuous integrable function f on R” which satisfies that

(15) fE)<CA+]z)™3, | f)|=C+[z)™°
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for some C,§ > 0, where f is the Fourier transform of f defined by

fw) = / f(zye Y =1wTz g,
R~
The following proposition is obtained from the Poisson summation formula:

Proposition 3.4 (see [18]) For (cy,c») € C? and an oriented disk D' in R?, we put
- (v 212 (1 4) o0
A {(N+CI,N+C2 eC? |1jeZ NN eD
D={(t+ci,s+c)eC?|(t,5) e D' CR?}.

Let (¢, s) be a holomorphic function defined in a neighborhood of 0 € C? including D.
We assume that 9D is included in the domain

{(t,5) € C* |Re Y (1, 5) < —go}
for some gy > 0. Further, we assume that 0D is null-homotopic in each of the domains
(16)  {(t+8v—1,5)eC?|(t,s)e D', §>0, Rey(t +8v/—1,5) <278},
(17) {(t—86v—1,5)€C?|(t,s) € D', §>0, Reyr(t —6~/—1,5) < 276},
(18)  {(t.s+8vV—1)€C?|(t.s)€ D', 8§ >0, Reyr(t,s + 8v/—1) < 278},
(19) {(t,s —8/=1)€C? | (t,s) € D', § >0, Reyr(t,s —5~/—1) < 275}.

Then

Z NV (@) _/ NVED gy ds 1 0N
(t s)EA

for some & > 0.

Remark 3.5 In the assumption of the proposition, if we use the formula
(20) {(t+8v—1,5)€C?|(t,5) e D', § >0, Reyr(t +8v—1,5) < 4né}

instead of (16), then the following formula holds instead of the resulting formula of
the proposition'

Z NV (.5) _/ oNU() g ds+[ N +27=T0 4y 46 1 0= N?)
(r s)eA D
for some ¢ > 0.

Remark 3.6 In the assumption of the proposition, if we use (20) and the formula

1) {(t—=8v—=1,5)eC?|(t.s) e D', § >0, Rey(t —5~/—1,5) < 478},
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instead of (16) and (17), then the following formula holds instead of the resulting
formula of the proposition:

Ly M o [ Nwws-2nT0gy gy [ N6 gy d
N2 D D
(t,s)EA

_,’_/ eN(w(t’s)+2nﬁt)dldS+0(€_N£)
D

for some ¢ > 0.

4 The quantum SU(2) invariant

In this section, we review the definition of the quantum SU(2) invariant, and calculate
it for the 3—manifold M) obtained from S3 by p surgery along the figure-eight
knot K4, for a positive integer p.

Let N be an odd integer > 3. We review the definition of the quantum SU(2) invariant
following the notation of Lickorish [12]. In this notation, we usually put 4 to be a
4N™ root of unity, but we note that, when N is odd, we can also put A to be a 2N
root of unity; see [17]. We put A = e™V=1/N and g=A*= eATVTUN et pbea
positive integer, and let M), be the 3—manifold obtained from S 3 by p surgery along
the figure-eight knot K4, . We recall that

n—ll n—1
— (_l)n—lAn —1 I::l )

—1 2n —2n
A — A4
<W > - An_l N (_l)n 1 A2 —A_2

in the linear skein of [12]. Then, as in [12, Chapter 13], the quantum SU(2) invariant
of M), at g = 47 V=1/N i defined by

(23) Ay = - 3 An_1< S >
,

(22)
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Here, c4 is a constant given by

N—-1 n—1 N-1 2n —2n\2
_ _ 1 2o (AT —=ATT)
+=2 A"‘1< CXEE >_ 2 A
n=1

n=1

where we obtain the second equality by (22). Further, by (22), the formula (23) is
rewritten as

N-1 2n —2n

~ 1 1 n2— A=A n—1

1;N(Mp)=Z E (D" 1 gn l)p'(—l)" 1 Vi < >
n=1

o)

Here, J,(Ky,) is the n' colored Jones polynomial of the figure-eight knot K4, , where

G{/\)

We put

Jn(K41) :<

we normalize the colored Jones polynomial in such a way that

o B A2n _ g 2n
Jn (terlal knot) = (—1)n ! m
Moreover, it is known [6; 11] that the colored Jones polynomial of the figure-eight

knot can be presented by

(=D

Jn(K41) = A

(AZ(n+j) _ A—Z(n+j))(A2(n+j—1) _ A—2(n+j—1))
2_ 42

/=0 e (420D g2y

We calculate ¢, as follows:

N-—1
_(ql/Z _q—1/2)20+ — Z (_1)nq(n2—1)/4(qn/2 _q—n/2)2
n=1
=274 =) Y ("

neZ/nZ

=247V g — (VDN

Algebraic & Geometric Topology, Volume 18 (2018)



On the asymptotic expansion of the quantum SU(2) invariant at ¢ = exp(dn~/—1/N) 4201

where we obtain the last equality by Lemma A.1. Further, we calculate J,(Kj,), as
follows:

(=1)" : . I
In(Ka) = 5~ _1/220 ¢ =" (1 =g gD

n—1
_ (=n" —n(2j+1)/2 (Cl)n+j
g2 =g = (@Dn—j—1
Hence, we calculate Ty (M), as follows:

n—1

R —1 _ 2_ _
(M) = iy Y (D g P 1y (g =g ?) (K ay)
j=0

c+(g
B —1
ea(gl2—gm12)?

x Y ()P peR D @i 2 g2 —n/z)(;‘)lifl
n—j

0<j<n<N
I GR VL i L S E S

2(1—¢q) n pn?fa—njy _ —my Dn+j
x Y (=DPrg? (1—¢q )() —,
0<j<n<N Dn—j-1

n+j<N

where we obtain the restriction “n+ j < N in the sum of the last line since (¢),4; =0
forn+j > N.

5 Proof of Theorem 1.1 when |p| > 6

In this section, we give a proof of Theorem 1.1 when |p| > 6. (When |p| =5, we
give a proof of the theorem in Section 7, where there is the technical difficulty that
Lemma 5.1 fails for | p| = 5, and we need an additional procedure there.)

Since the figure-eight know is isotopic to its mirror image, M_, is homeomorphic
to M), with opposite orientation, and Ty (M_,) = Ty (Mp). Hence, it is sufficient to
show the theorem for p > 4, since the theorem for a negative p can be obtained from
the theorem for a positive p. We assume that p is an integer > 6 in this section.
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As we calculated in the previous section, Ty (M),) is presented by

(—D)PqP vy

2(1—q) y Z (—l)piqpi2/4_ij(l _q_i) (@)i+j
0<jci<N (9)i—j—1
i+j<N

_ 0PI vy
o 2(1-g)

x Y0 (NPT
0<j<i<N
i+j<N

N
(@i—j—1@DN=-i—j—1

where we obtain the second equality by (11). Further, by (7) and (8),

e (M) = (—1)PqG- P)/4«/_(N 1)/2 ~1/2 Z (—1)Pi (1—¢™)
P l—q 0<j<i<N
i+j<N
An=1(poa_ N\ o(20==1\_~( 2(N—i—j)—1
XeXp( N (4l ”)Jr‘p( N )‘p(l N ))

Hence,

5— 4
ey (M) = qC=p)/ (e 1)pe—(ﬂ«/7/4)pN\/_(N D/2 3 r-1/2
P -

i1
x ) (=g ’)CXP(N "G-w3 %)
0<j<i<N
i+j<N

where we put

17(t,s)=%(@(2s—21—%)—@(1 2t—2s+N))+471«/_< )

i _
-~ and s =

N[ =

since, putting ¢t =

exp(N Ar/—1 (%t —ts))

_ exp(N.4m/—_1(§ (;—2—%+}t)—(%—ﬁ—ﬁ i)))
= exp( MY (D7) exp(am T (<L D L) exp(x VTN (£1))

N 4 4
:exp(4ﬂf(%z —l]))( )Pie (ﬂ«ﬁ/4)PN( 1.
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Further, we replace s of 17(1, s) with s + ﬁ in the following way:

V(, s+ﬁ) - —(@(2s—2t)—¢(1—2z—2s))+471\/—_1(%Zz (s+ﬁ))

271\/—11
N .

= N(@(zs—zt)—cﬁ(l —2t—2s)) +adrv/—1 (%zz —ts) —

Therefore, we obtain that

5— 4
a4 Ay = ,,)/( AR L VA S e
q—

i/2 _ ,~i/2 . (l_L l_L_L>
x Y WP Pexp(N v 2 N'2 N 2N )
0<j<i<N
i+j<N
where we put
Vit,s) = %(@(zs —20) = @1 =2 = 28)) + 4x V=1 (L12 —15).
By (10), V(¢,s) converges to

V(t,s) = (Lip (e4™V=16=0) _Lj, (e=47V=1+9)y) L 47 /] (%tl - ts).

1
4w/ —1
We note that the summand of (24) contributes to the formula of Theorem 1.1 only when
Re V(t,s) = gr(Mp), where g g(M)) is as we define in Section 5.1. Hence, in order
to prove the theorem, it is sufficient to consider the domain {Re I7(t, §) = Gr(Mp)},
instead of the whole domain

={(t,s) eR*|s>1t, s> —1, s <1}.

As shown in Figure 1, the domain {Re I7(t, §) > Gr(Mp)} has three connected com-
ponents. Corresponding to these three components, we decompose A into the three
parts

={(t,s)eA|t+s<i s—r< =Lt 9)eR?*|0<t+s<L 0<s—r<i}

2 2 2 2
z{(l,s)eA|s—t>§},
Ay ={(t.s)eA|t+s>1}.

In Section 6, we show that the contributions from A; and A, are sufficiently small,
and we can ignore them. So it is sufficient to calculate the contribution from Ay.

In fact, we can further restrict Ay to Aj of the following lemma:
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Figure 1: The light gray area is A and the dark gray area is
{ReV(t,s) > gr(Mp)} for p =38

Lemma 5.1 We put

Ay = {(t,s) €R?[0.005<7+s5<0.24,0.005<s5—7<0.24, |1] < 0.74}'

P
Then the domain

{(t,5) € Ao | Re V (t,5) = GR(M)) — &}

is included in Ay for sufficiently small & > 0.

We give a proof of the lemma in Appendix E. See Figure 2 for graphical representations
of the inclusion of the lemma for p =6, 12.

p=12 0.24

Figure 2: The domain {Re I7(t, s) > Gr(Mp)} is included in Aj
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Proof of Theorem 1.1 We recall that Tyy(M)) is presented by the sum (24). Hence,
by the above argument, we obtain that

(5-p)/4 N
(25) N(Mp) = qq (—1)Pe ~vT1 /)N N2 1
x 2. (q"/*—q7/?)

(1/2—i/N,1/2—j/N)eA},

< (VY (373 3%~ 2w)
+O(eN(§R(Mp) 8))'

By Proposition 3.4 (Poisson summation formula) (see also Remark 3.5), this sum is
expressed by the integrals

(5—-p)/4 N— 2
in(My) = (e YN N0 32

x( (e_znﬁ’—ez’“ﬁ’) exp(N V(1,s)) dt ds+ O(eN(SrMp)—e))
A/
4| (el —ez’“ﬁ”)exp(N(V(Z,s)+2Jrv—lt)) dt ds
Ap

+ 0(eNr (Mp)—s)))

for some ¢ > 0, noting that we verify the assumptions of Proposition 3.4 in Section 5.3.
We note that, by Lemma 5.2 below, the second integral of the above formula is equal to

(e~ 2V =1t _ 2V =1ty oy (N V(—1, 5)) dt ds
Ag

(e 2V =1 _ 2=y s (N V(1 5)) di’ ds

putting ¢ = —¢, which is equal to the first integral of the above formula of Tn (M)).
Therefore,
2 (5—P)/4 v
(26) TN (Mp) = q—( 1)Pe —V=1/9)pN SN2 30
q—
(™Y1 YT exp(N V(1. 5)) dit ds

A/

' + O(eN(CR(Mp)_s))‘

Algebraic & Geometric Topology, Volume 18 (2018)



4206 Tomotada Ohtsuki

In order to apply the saddle-point method (Proposition 3.2), we consider a critical point
of 17(1 s). The differentials of I7(t, s) are given by

8 log(l 471\/—71(5—1‘)) —log(l 4HF(I+S)) + 4]_[ /_ ( Z—S)
@n

08 = —log(1 —e*TV716-0) _log(1 — = 4mY IO _an /T,

Further, putting z = e **V =17 and w = e 47V ~15  their differentials are given by

32 6,47r«/—71(s—t) e—4n«/3(t+s)
=4drv/—1 — + 2
8 2 1 _e4n‘/j1(s_t) 1 _3_477\/?1([4—6‘) 2

a1 z/w _w AP Zw P ’
l—z/w 1—zw 2 —z l—zw 2
92V
—dnv [ 0 ),
at ds w—z l—zw
92V
—— =daN— i .
ds2 —z l-zw
Let (¢9, s¢) be the critical point of 17(10, So) given in Section 5.1. We put
927 27 27
Vie = 8_2(10’50)’ Vis = 97 05 - (t0,50), Vs = as—z(lo,so)-
Then, by applying Proposition 3.2 (see also Remark 3.3) to (26), we obtain that
2¢G—P)/4

N-1)/2

(M) = (— I)Pe—(ﬂr/4)PN‘/ ( )/ N3/2

q—

x (e—z’“ﬁ“o — 2V exp(N T (10, 50)) - 25 (Vi Vos = V2) ™2

1
<(1+0(3))
noting that we verify the assumption of Proposition 3.2 in Section 5.2.
Further, noting that ¢ — 1 = 4w +/—1/N + O(1/N?), we obtain that
N-3)/2 ~

N (M) = (—1)?e=@Y=OPN STV 2 s N D (19, 50) N3 20(M)

(i+o(})

a)(Mp) — (e_ZN‘/jltO _ezn\/jlto)(vttvss _ Vt%s‘)_l/z'

where

Hence, we obtain the required formula of the theorem. a
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We used the following lemma in the above proof of the theorem:
Lemma 5.2 We suppose that 0 < Re(t + 5) < % and 0 <Re(s—1) < %. Then
V(~t,s)=V(t,s) +2nv/—11.
Proof From the definition of V(z,s), we have that
Vi—t,s) = %(@(m +20) = §(1 =25 +20)) + 4n V=1 (L2 4 15).

Further, by (9), we have that

§(25+21) = =p(1-25-20) 427V =1 (= 5 (21+29)*~ e +25)+ 3 )+ 1),
P(1=25+21) = —p(25—20)+27/—1 (—%((25—2t)2—(2s—2t)+%)+ﬁ)_

Hence,
Vit,s) = %(am —20)— (1 — 21 —2s))
+ 4m/—_1(§z2 + 15— %(2z +25)% + %(2s —21)* + %(2: +25)
- }t(zs ~21))
— %((0\(% —20) = §(1=20=25)) +4n V=T (L2 — 15+ %t)
= V(t.5) +2nv/—11,
as required. a
5.1 A critical point of V(t, s)

In this section, we characterize a critical point (zy, sg) of I7(t, s), which we use in the
proof of Theorem 1.1.

As shown in Appendix B, there exists a single critical point (g, s¢) of 17(l, s) in the
domain

(28) {(t.s)€C*|0<Re(t+5) <1, 0<Re(s—1) < i Rer>0}.

We calculate this critical point concretely. By (27), a critical point of 17(t, s) is a
solution of the equations

log(1 — e4”ﬁ(s_t)) —log(1 — e_4”*ﬁ1(t+s)) +4nv -1 (%l — s) =0,

(29)
“log(1 — e*TVTI6=D) _og(1 — e 4TVEIIR)Y _4n /Tt =0,
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where we choose the branch of the log in the way that —7 < Imlog(-) < &, noting
that Im(1 —e*7V=16=0) > 0 and Im(1 —e~#7Y=10+9)) < 0. Putting z = ¢ =47V~ 11
and w = e~47V—1s , the above equations are rewritten as

(30) PRl —zw)y=w—z, (1-zw)(w—z)=zw.
Further, as shown in [13], they are rewritten as

» (Z+21’/2 ZPl2z 4

- 414+ z+1=0, w=
zP/27 41 Z+ZP/2)

Furthermore, since

z+zP/2 ZP/27 41 1
_(zl’/22+1+1 Z+Zp/2)
_ ZPl27(zPl2 4 z7P/2 ;2 ;724 24 271 )
T (zP/22 4 1)(z 4 zP/2)

4

’

the above equations are rewritten as

2
(31) P24 P22y 72 Tl w=—Z+Zp/ .
P2z 41
By Lemma B.1, there exists a single solution of these equation which satisfies (28)
and (29); we denote it by (¢, o). For a concretely given p, we can obtain a numerical
solution by calculating solutions of the above equations; we show some of concrete
values of such numerical solutions below:

(to, S0)

(0.0743075...— +/—1-0.0382219...,0.1128050 ... — /—1-0.0314723 . ..
(0.0640105 ... — +/—1-0.0283809...,0.1065380...— /—1-0.0212048 . ..
(0.0566257 ... — /—1-0.0221934...,0.1022661 ... — /—1-0.0152090. . .
(0.0509104 ... — +/—1-0.0179265...,0.0991274 ... — /—1-0.0113510. ..
10 (0.0462978 ... — /—1-0.0148180...,0.0967225 ... — /—1-0.0087183 . ..

NoRNC-CIEN Iie NI B Y
R N . =

Further, we put

c(My) = V(to,50), Sr(Mp)=ReV (19,50).

We note that (M) is a normalized complex volume of M, ; see [13; 16] for concrete
formulas of the complex volume of M,,. In fact, as shown in Appendix B, we can
give the hyperbolic structure of M), by using the solution (Zo, o) of Lemma B.1, and
a normalized hyperbolic volume of M), is given by Re V (ty,s9). We show some
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numerical values of the complex volume of M, as follows:

c(M,) 4/ —1¢(M,) = cs(M,) + v/—1vol(M,)

P
6 0.102216092...—+/—1-0.106706823 ... 1.340917487 ...+ ~/—1-1.284485300...
7 0.116483644...—/—1-0.095216750... 1.196528981 ...+ ~/—1-1.463776644. ..
8 0.125984399...— /—1-0.085824359... 1.078500712...4 ~/—1-1.583166660. ..
9
10

0.132719661...—+/—1-0.078024388 ... 0.980483376...4+ +/—1-1.667804452. ..
0.137695916...—+/—1-:0.071457335... 0.897959363...4+ +/—1-1.730337923 ...

5.2 Verifying the assumption of the saddle-point method for V

In this section, in Lemma 5.6, we verify the assumption of the saddle-point method
(Proposition 3.2 and Remark 3.3) when we apply Proposition 3.2 and Remark 3.3 to (26).

We note that, by (10), V(¢,s) uniformly converges to 17(t,s) on Ay as N — oo.
So we verify the assumption of the saddle-point method for I7(t, s). To simplify the

calculation of the behavior of 17(1, s), we change the variables (¢,s) to (u,v) by

. _ _ . 1 1
putting # = s+ and v = s —¢. They are in the ranges that 0 <u < ;7 and 0 <v < .

Then I7(Z, s) is rewritten as

V(wv) = — = (Lin(e* ™YY ~Lig(e™*7VT)

4w/ —1 ( )2 s
(P (u—v vi—u )
+ 4~/ 1(—4 ) + 1 .

In order to show Lemmas 5.3 and 5.5 below, we calculate the behavior of the function

Suw(81.82) =Re V(u + 81 v/—1,v + 8,v/—1).

The differentials of this function are given by

32) %fu,v(&,(ﬁz)=Re<\/—_lail7(u+81\/—_l,v+82«/—_l))
1 u

_ 1 _p u—v Z)
_Im(log(l x))—|-471< L2 8

_ 1 _p u—v z)
_Arg(l x)+4”( 4 2 T3)

(33) %f,,,v(al,az)=Re(¢flail>(u+81ﬂ,v+52ﬂ))
2 v

= Im(log(1 — y)) +4n(£.u - 2)
= Arg(1 —y)+47r(£-u—_v—_),

where x = e47V—1@+81v=1) 4nq y = P4V —1(v+82+/~1)
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Lemma 5.3 Fixing (u,v) € A and 8; € R, we regard f,,,(X,8>) as a function of
X eR.

(1) Ifv=> (1 — %)u, then fy,.(X,d,) is monotonically increasing for X € R.

Q) If (1 + %)u —% <v< (1 — %)u, then f, (X, ;) has a unique minimal point
at X = g1(u,v), where

1
= —1
g1(u,v) 1, 108

ie fu,v(X,d7) is monotonically decreasing for X < gi(u,v), and is monotoni-
cally increasing for X > g1 (u,v).

(3) Ifv<= (1 + %)u — %, then fy, (X, 8,) is monotonically decreasing for X € R.

025

0.25

Figure 3: The domain {Re I7(u, v) > cgr(Msg)} and the lines 3v = u and
3v=>5u—1

Remark 5.4 When p = 6 (for example), the domain {Re I7(u, v) > cr(Msg)} and the
lines 3v = u and 3v = 5Su—1 (which appear in the statement of the lemma) are located
as shown in Figure 3. We note that the crossing point (¢, v) = (% %) of these two
lines does not belong to A/, since it does not satisfy that u = ¢ + s < 0.24; this is an
important point, because the gradient flow of —Re V does not behave well only at this
point. We also note that some cases in the statement of the lemma might not be realized

if we were to choose Aj sufficiently close to the domain {Re V(u, V) > Gr(Mp)}.
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Proof of Lemma 5.3 We put x = e*7™V=1@+XV=1 Then | /x = 47X p=47v~1u_

We put 6 = Arg(l — %) in this proof. Since 0 < u < %, 0 is in the range

0<6 <471(}1—u).

When v > (1— %)u, we show the lemma, as follows. By (32),

d . P u—v  u
qu,v(x,az)_eﬂn( P +2)>o.

Therefore, f, (X, §,) is monotonically increasing, and (1) holds.
When (1 + %)u—% <v< (1 — %)u , we show the lemma, as follows. In this case, by (32),

5 >0 if 0>4n (4 452 -5%),
qu,v(X,Sz) =0 if 6 =4n(L 1501,
<0 if @ <dn(Z.2 1),

Further, 8 and X are related as shown in the following picture:

0 ! 1
4mu 0
e47rX
1/x
Hence, X is monotonically increasing as a function of 8, and they satisfy that
e47‘rX 1

sinf sin(m —4mu—0)’

This is rewritten as )
1 sin 6

—1 .
a7 0% sin(r —4mu — 0)

X =

Therefore,
>0 if X >g1(u,v),

J .
a_Xfu,v(Xv‘sZ) =0 if X=g1(u’v)’
<0 if X <gi(u,v),
where we put

1
gi1(u,v) = Hlog

Hence, (2) holds.
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When v < (1+ %)u - %, we show the lemma, as follows. By (32),

ot ) <an(a) (54 <o

Therefore, fy (X, d2) is monotonically decreasing, and (3) holds. a

Lemma 5.5 Fixing (u,v) € A6 and §; € R, weregard f,,(81,Y) as a function of
Y eR.

() Ifu<(1+ %)v, then f, (81,Y) is monotonically decreasing for Y € R.

2) If (1 + %)v <u< (1 — %)v + %, then fy, 4(81,Y) has a unique minimal point
at Y = go(u,v), where

erteny = L og T84 3)
VT i (p 5 g)

ie fuv(81,Y) is monotonically decreasing for Y < g, (u,v), and is monotoni-
cally increasing for Y > g,(u, v).

(3) Ifu> (1 — —)v + 3 2 then Juw(81,Y) is monotonically increasing for Y € R.
Proof We put y = e*” VoIHY V=) we put 6 = —Arg(1 — y) in this proof. Since
O<v<— 0 is in the range

0<4 <4n(%—v).
When u < (1+ %)v, we show the lemma, as follows. By (33),
%fu,v(&, ¥)=—6+4n(L. 120 Y) <o,
Therefore, fy(61,Y) is monotonically decreasing, and (1) holds.

When (1 +%)v <u< (1 —%)v+% , we show the lemma, as follows. In this case, by (33),

>0 1f9<471(£ u_y),

2 2
aquv(él,Y) =0 if 0 =4n(2.452 1),
<0 if 0>4n(£-452-3).

Further, Y is monotonically decreasing as a function of 6, and they satisfy that

e—47tY 1

sin@  sin(w —4wv—6)’
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This is rewritten as
i sin(m —4mwv—0)
0 .

1
y = L
4 g sin 6

Therefore,
>0 if Y > gy(u,v),

d .
qu,v((sl’y) =0 if ¥ =go(u,v),
<0 if Y <go(u,v),
where we put

1
gZ(u’v) - Elog

Hence, (2) holds.

When u > (1 — %)v + 3, we show the lemma, as follows. By (33),

j;ﬂ&,Y)——9+4n(i-£%E—g)>—4n(%—v)+4n(£-112—2)>0.

Therefore, f,4(81,Y) is monotonically increasing, and (3) holds. O
The argument of the proof of the following lemma is due to Yokota [28].

Lemma 5.6 When we apply Proposition 3.2 (saddle-point method) to (26), the as-
sumption of Proposition 3.2 holds.

Proof We show that there exists a homotopy A(s) (0<§ =<1)between A
and A such that

© =20

(34) (fe, 5c) € Alyys
(35) Al ~Alte.5e)} C {(1.5) € C* [Re V(1.5) < Gr).
(36) aAw)c;uas)ecz|Revxus)<gR}

For a sufficiently large R > 0, we put

—R if v=(1-%)u,

g1(t,s) = {max{—R, g (¢,s)} if (l + = )u—% V< (1—;)
—R ﬂv<u+ Bu—-2,
—R if u<(1+ ;) ,

g2(t,s) = {max{—R, g>(t,5)} if (1+ %)v <u<(1- %)v + %,
—R if uz(1-4)v+2
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We note that, since g (¢, s) = —00 as v—>(1+ )u—— (1—2)u, the function g (z, s)

is continuous, and similarly, since g,(¢,s) —> —o0 as u — (1 + ) v, (1 - ;)v + ;,

A"G

the function g, (¢, s) is continuous. We put
Ay =1 +8-21(t.5)V=1, s +8-2,(t.5)vV~=1) € C* | (1.5) € A}
We show (36), as follows. From the definition of A7,
dA, C {(t,5) € C* |Re V(t,5) < GRr).
Further, by Lemmas 5.3 and 5.5,
Re V(i +8-81(t,5)vV—1,5+8-82(t,s)v—1) <Re V(1,5)
for any 6 € [0, 1] and any (z,s) € Aj,. Hence, (36) holds.
We show (34) and (35), as follows. Consider the functions
F(t,5,X.Y)=ReV(t+ X~—1,5s+Y~/—1),
h(t.s) = F(t,s,81(t.5), 82(t.5)).

When v > (1—%)u or v < (1—|—%)u—% oru < (l—l—%)v or u > (1—%)1}4—%,
—h(t,s) is sufficiently large (because we let R be sufficiently large), and (35) holds in
this case. When (l—l— )u—% <v< (l—z)u and (1+ )v<u<(1— )v+—

it follows from the definitions of g;(z,s) and g,(¢, s) that =0at X =g(t,9)
and aF =0 at Y = g,(t,s). Hence,
I v I v _0
m—=Im— =
at as
at (t +g1(t,s)vV—1,5 4+ g»(t,s)~/—1). Further, ?)}tl = Re %It/ and % = Rea— at

(t + g1(t,s)vV—1,5 + g2(t,5)v/—1). Therefore, when (¢,s) is a crltlcal point of
hit,s), (t +g1(t,8)v—1,5 4+ g2(¢,5)~/—1) is a critical point of V. It follows that
h(t,s) has a unique maximal point at (¢, s) = (Re ., Res.). Therefore, (34) and (35)
hold. O

5.3 Verifying the assumption of the Poisson summation formula for V

In this section, in Lemma 5.7, we verify the assumption of the Poisson summation
formula (Proposition 3.4 and Remark 3.5), when we apply them to (25). As in the
previous section, we consider V (¢, s) instead of V' (¢, s). We assume that 0 <t +s5 < %

and 0 <s—t< % in this section.
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We calculate an upper bound of 17(1, §) —GRr(M)p) for (¢,s) € A}, as follows. From
the definition of 17(1, s), we have that

Re f}(t, s) = Re(4 L_(Liz(e4nﬁ(s—t)) _ Li2(6—4an1(t+s))))

T/ —1

1 1 1
= — — — < —

SAQs =20+ 3AQ1 +25) < A(6).
Hence, by Lemma D.1,
(37)  ReVP(t.5)—cr(Mp) < A(%) —GR(Mp) < =5 <=5 =00833....

p
Further, the following inequalities hold for § € R, x = ¢47V=1(t+s+5v=1) 4pq
y =er V=1(s—t=3 ﬁ), which we use in the proofs of lemmas in this section:
1 1

0< Arg(l — ;) < 4JT(Z —t —s),
—471(% —s —i—t) <Arg(l—y)<0O.
Lemma 5.7 When we apply Proposition 3.4 and Remark 3.5 to (25), their assumptions
hold.

(38)

Proof We verify (20), (17), (18) and (19) in Lemmas 5.8, 5.9, 5.10 and 5.11, respec-
tively. The other assumptions of Proposition 3.4 can be verified easily. a

Lemma 5.8 The assumption (20) holds for 17(1?, §) —GR(Mp).
Proof As for the assumption (20), we show that 8A6 is null-homotopic in

{(1 +8—=1,5) € C?| (1.5) € Ay, § >0, Re V(t +5v/—1,5) < gr(M,) + 476}
To show it, we show that the following disk bounds dA( in the above domain:
{(t+80v—1,5) € C? | (t,5) € AQIUL(t +8v—1,5) € C? | (t,5) € dA}, § €[0, o]}

We put
Fis(8) =Re V(1 +8v—1,5)—cr(Mp) —4ns

in this proof. Then it is sufficient to show that

39) Fi5(80) <0 forany (z,5) € Ay
and
(40) Fi5(8) <0 forany (z,5) € dAy and § €0, 5]

for some §g > 0.
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To show these, we estimate the differential of F; ;(5), as follows. The differential of
F; 5(8) is given by

;SF,S(S) e(\/—_IQV(Z-I—S\/—_l,s))—
:Im( log(l—y)+log<1——)+4n«/_( t+s—1))
=—Arg(1—y)+Arg(l—%)+4zr( §t+s—1)

where we put x = ATV H5+8V=1) gpq g = oAV —1G—1=8V=1) By (38), we can

estimate it as follows:

%F,,s((ﬁ) <4n(%—s+t)+4n(%—t—s)+4n( gl—i-s—l)

=4n( gt—s—%) <4n( é’z—%) <—47-0.13,

where we obtain the last inequality since |¢| < 0.74/p by Lemma 5.1.
We show (39), as follows. We have that

Sod

Ft,S(80)=Ft,S(O)+ 0 ds

A F, (8)d5 < Fyrs(0)—4m- 2L .5,

Further, by (37),

1
12
Hence, (39) is satisfied for a sufficiently large § .

F;5(0)=ReV(t,5) —cgr < — = 0.0833....

We show (40), as follows. From the definition of A’, we have that F; (0) < 0 for any
(¢,s) € dA’. Since %F +.s(8) <0 as shown above, it is shown similarly as above that
F; 5(8) <0 for any § > 0. Hence, (40) is satisfied. |

Lemma 5.9 The assumption (17) holds for 17(1?, §) —GR(Mp).

Proof We put
Fi5(8) =Re V(1 —8v—1,5)—cr(Mp) — 278

in this proof. Similarly as the proof of Lemma 5.8, it is sufficient to show that there
exists € > 0 such that

4 E (8) <—s

41) PE

for any (z,5) € Aj.
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To show this, we estimate the differential of F; 4(8), as follows. The differential of
F; 5(8) is given by

iF,,s(s) = Re(—x/—_I%f}(t —8v/—1, s)) —2n

ds
= 1m(log(1 - y) —log (1 - %) 1S s %))

_ - _1 L, _l)
= Arg(l1 —y) Arg(l x)+47r(2t s=5):
where we put x = ATV Hs=8V=1) gpq ) = ATV 16—1+8V=D) By (38), we can

estimate it as follows:

d py_g L Dy 1) e

A Frs(®) <0+0+4n(2t s 2) <471(2t 3) <—4r-0.13,

where we obtain the last inequality since |¢| < 0.74/p by Lemma 5.1. Hence, (41)
holds, as required. a

Lemma 5.10 The assumption (18) holds for 17(1, §) —GRr(Mp).
Proof We put
Frs(8) =Re V(t,s +8v—1) —cr(Mp) — 278

in this proof. Similarly as the proof of Lemma 5.8, it is sufficient to show that there
exists € > 0 such that

42) I Fis(5) <~

for any (z,5) € Aj.
To show these, we estimate the differential of F; 4(§), as follows. The differential of

F; 5(8) is given by

d B ) o
S Fis(8) = Re(«/—l V(s + 3\/—1)) o

= Im(log(l -+ log(l — %) + 47/ —1 t) —2x
= Arg(l —y) —|—Arg(1 — %) —{—471([ — %)

where we put x = 4TV =1(ts+8v=1) gpg y= ATV 15—t 481 By (38), we can

estimate it as follows:

d 1 1\ 1
%Ft,s(S)<0+4Jt(z—l—s)+4n(l—§)—471( s 4)< .
Hence, (42) holds, as required. O
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Lemma 5.11 The assumption (19) holds for 17(l, §) —GRr(Mp).

Proof We put
Fis(8) =ReV(t,s —6v/—1) —gr(Mp) — 276

in this proof. Similarly as the proof of Lemma 5.8, it is sufficient to show that there
exists € > 0 such that

4,8 <—

(43) dé

for any (z,5) € Ay.
To show this, we estimate the differential of F; 4(8), as follows. The differential of

F; 5(8) is given by
4,6 = Re(—v/~1 a%ﬁ(t,s—w—n) =

ds
= Im(—log(l —-y) —log(l — %) — 4n«/—_ll) —

1 1
=—Arg(l —y) —Arg(l — ;) + 4 (—t — 5),
where we put x = eV =1t+s=8v/=1) anq y= V= 1s—t=8v/=1) By (38), we can

estimate it as follows:

LF®) <dn(g—s+1) +0+dn(—1— 1) =dn(-s—7) <=

Hence, (43) holds, as required. O

6 Contributions from A; and A,

In this section, in the following two propositions, we show that, when we restrict the
range of the sum (24) to A1 and A,, the values of the restricted sums are of sufficiently
small order; this fact is used in the proof of Theorem 1.1 in Section 5.

The aim of this section is to show the following two propositions; the second proposition
is immediately obtained from the first proposition, as we show below.

Proposition 6.1 For any integer p with |p| > 6,

S (—yPigria () gy D @i+j  _ = O(eNer(M))=e))
0<j<i<N ( )l—] 1
i+j<N/2

for some ¢ > 0.
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Proposition 6.2 For any integer p with |p| > 6,

Z (_l)piqpi2/4—ij(1 _ q—i) (@)i+j — O(SN(‘;R(Mp)—E))
0<j<i—N/2 (@)i—j-1
i+j<N

for some ¢ > 0.
Proof By putting i’ = N —i and p’ = —p, the left-hand side of the formula of the

proposition is calculated as follows:

3 (= 1)P =) =0 [HN=D=(N=i)] (] _ i (DN—i'+j

0<j<i’'<N (@N—i—j-1
i +j<N/2
= (NGNS - Di+i
0<j<i’'<N (@ir—j1
i"+j<N/2
1:r (o 2 | e o (q_) i+ j
— Z (—l)plq (p’'/4)i —HJ(l_qz)(_).l .J )
0<j<i’<N Dir—j—1
i’"+j<N/2

Since this is equal to the complex conjugate of the left-hand side of the formula of
Proposition 6.1, we obtain the required formula of the proposition. a

The rest of this section is devoted to the proof of Proposition 6.1.

Proof of Proposition 6.1 In a similar way as in Section 5, putting ¢ = % — ﬁ and

s = % — 4., the sum of Proposition 6.1 can be rewritten as
gl 1 L)) — O(eNV R (Mp)—0)
@ > ew(NO(5- g g)) = oc )
0<j<i<N
i+j<N/2

where we put

Ut,s)= %(@(2s—2t—%)—@(1—2t—2s+%))+4n«/—_1 (%tz—tsikat—l—ls),

4
and we put
—%+ if p=1 mod4,
_]0 if p=2 mod4,
YTV if p=3 mod4,
1 if p=0 mod4,
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To be precise, there should be a factor (1 —¢~?) in the sum of (44), but such a factor
does not contribute the resulting statement of Proposition 6.1, and so we omit such a
factor in the following argument. Further, modifying U (z,5) to

Ult,s) = %(@(m 21— G(1 =21 —25)) + 4n«/—1(§t2 —istat+ is),

it is sufficient to show that

1 i l_L))_ N(cr(Mp)—e)

(45) Z exp(NU(4 v3- L)) =06 ).
0<j<i<N
i+j<N/2

We apply the Poisson summation formula (Proposition 3.4 and Remarks 3.5 and 3.6)
to (45), noting that we verify the assumptions of Proposition 3.4 in Section 6.1. Then
it follows that the resulting formula is a linear sum of the following formulas. Hence,
it is sufficient to show that

/ exp(NU(t, s)) dt ds = O(eNSrR(Mp)=2)y,

0

/ eXp(N(U([“S‘) + 27'[ \% _1 t)) dl ds = O(SN(CR(Mp)—S))’
A

0

/ exp(N(U(t,5) — 2~/ —11)) dt ds = O (N SR Mp)=2))
A/

0

for some ¢ > 0, noting that we need the third formula only when o = %. Therefore,
from the definition of U(¢, s), putting

U'(t,s) = %(@(m —20) = (1 =21 —25)) + 4n/—1 (%2 —ts4at+ %s),

it is sufficient to show the following formula for o’ = —%, —%, 0,..., % g
(46) f exp(NU'(t,5)) dt ds = O(eV (SR Mp)=2))

0

for some ¢ > 0. Further, we note that, in the same way as Lemma 5.2, we can obtain
that

Nt oy L s 2y 51—y —(P,2_ L PVAVIN |
U'(~1,5) = 3 (@25 =20~ (1 =2 =25)) + 4m 1(4z ts+(2 a)l+4s).

By using this formula, we can show that it is sufficient to show (46) only for o’ =
—%, —%, 0, %, %. This is shown in Lemma 6.10, in a similar way as the procedure of
the saddle-point method. Hence, we obtain the proposition. a
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6.1 Verifying the assumptions of the Poisson summation formula for U

In this section, in Lemma 6.3, we verify the assumption of the Poisson summation
formula (Proposition 3.4 and Remarks 3.5 and 3.6), when we apply them to (45).

We note that U(z, s) uniformly converges on Ay as N — 00 to

1

poa (Li2(64ﬂﬁ(s_t)) —Liz(e_“”ﬁ(t‘”)))

+4n«/—1(§t2—ts+at+is).

U, s) =

As in Section 5.3, we consider U (¢, ) instead of U(z,s).

The differentials of U (z,s) are given by

3a_t = log(1 — e‘mﬁ(s_t)) —log(1— e_4nﬁ(t+s)) +4nv—1 (%t -5+ a),
aa_s = —log(1 — e4”ﬁ(s_t)) —log(1 — e_4”ﬁ(t+s)) +4nv -1 (—l + i)

We note that similar estimates as (38) hold also in this section.

Lemma 6.3 When we apply Proposition 3.4 and Remarks 3.5 and 3.6 to (45), their
assumptions hold.

Proof We verify (20), (17), (21), (18) and (19) in Lemmas 6.4, 6.5(1), 6.5(2), 6.6
and 6.7, respectively. The other assumptions of Proposition 3.4 can be verified easily. 00

Lemma 6.4 The assumption (20) holds for U (t,8) —Gr(Mp).

Proof We put
Fis(8) =ReU(t +8v—1,5)—cr(M,)—4x$

in this proof. Similarly as the proof of Lemma 5.8, it is sufficient to show that there
exists € > 0 such that

d
@7) S Fig(8) <~

for any (z,5) € Aj.
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To show this, we estimate the differential of F; 4(8), as follows. The differential of
F; 5(8) is given by

jg Fis(8) =Re(V/1 30(z+5¢—1,s)) -
. 1
= Im( log(1—y) +log(1 — —) +4n - ( 5
__ _ _1 Pyys—o-
= —Arg(l y)—i—Arg(l x)+47r( Stts—ao 1)
where we put x = e4TV=1+s+8V=1) apq § = 47V=16—1=8v¥=1) By (38), we can

Pyys— ))—471

estimate it as follows:

d F[s(é)<4n(%—s+t>+4n(%—l—s>+4n( 2t+s—a—1)

ds
_ P, __._1 r, _1) ( )4 _2)
—471( 2t S—o 2)<4n( 2 —o 5 <4r 2t g
0.74 3
< 471(7 - g) — —0.027.
Hence, (47) holds, as required. m|

Lemma 6.5 (1) When o = %, the assumption (21) holds for l?(t, §) —GRr(Mp).
(2) When a =0, j:% , the assumption (17) holds for ﬁ(z, §) —GR(Mp).

Proof We put
Fi5(8) =ReU(t —8v—1,5) —cr(M,)—2kns

in this proof, where we put k =1 if & = %, and k =2 if @« =0, :I:%. Similarly as the
proof of Lemma 5.8, it is sufficient to show that there exists ¢ > 0 such that

4 F, 8 <—

(48) ds

for any (z,5) € Ay.

To show this, we estimate the differential of F; 4(8), as follows. The differential of
F; s((S) is given by

I Fiy(8) =Re(—V=T L0 ~5vT,5)) - 2k
= Im(log(l -) —10g(1 — )1_c> +4n\/—_1<§t -5 +a)) —2km

_ - _1 Dy _lz)
= Arg(l —y) Arg(l x)+4n'(2t s+a )

ds
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where we put x = 4TV =1t+s=8v=1) 4pq y= AV 1Gs—t4+8v=1) By (38), we can

estimate it as follows:

d Py _k )4 _li) < (£ _é)
d5Ft’S(5)<O+O+4n(Zt s+a 2)<4n(2t+a > <4r 2t g
0.74 3
<4n(7—§) — —0.027.
Hence, (48) holds, as required. O

Lemma 6.6 The assumption (18) holds for 0([, §) —GRr(Mp).

Proof We put
Fis(8) =ReU(t,s +5v—1)—cr(Mp) — 278

in this proof. Similarly as the proof of Lemma 5.8, it is sufficient to show that there
exists € > 0 such that

d
(49) A Fiy(8) < ¢

for any (z,5) € Aj.

To show these, we estimate the differential of F; 4(§), as follows. The differential of
F; 5(8) is given by

4 6= Re(v=1 %ﬁ(z,s +8v=D) ~2x

ds
= Im(log(l -y + 10g<1 — %) +471\/—_1(t — %)) -2

1 3
=Arg(l1—y)+ Arg(l — ;) + 4n(l — 4_1)’
where we put x = ATV 1(ts+8v=1) gpg y= ATV 1=t 48Y=1) By (38), we can

estimate it as follows:

d 1 3 1
%Ft,s(g) < O+47T(Z—I—S) +47‘[(l—z) = 47'((—5'— E) < 2.
Hence, (49) holds, as required. O

Lemma 6.7 The assumption (19) holds for 0([, §) —GRr(Mp).

Proof We put
Fi5(8) =ReU(t,s —6v/—1) —cr(Mp) — 278
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in this proof. Similarly as the proof of Lemma 5.8, it is sufficient to show that there
exists € > 0 such that

d
(50) %Ft,s(S) < —¢&

for any (z,5) € Ay.

To show this, we estimate the differential of F; 4(§), as follows. The differential of
F; 5(8) is given by

4 p )= Re(~v/~T %ﬁ(z, s —8v=T)) ~ 2

dé
= Im(—log(l -y) —log(l — %) + 471\/—_1(—1 + %)) -2

_ 1 1
=—Arg(1—y) Arg(l x)+4]'[(l 4),

where we put x = ATV=I+s=8V=1) apd ) = AT V=16—1=8Y=1) By (38), we can
estimate it as follows:

(@) <dn(g—s+1) +04dr(—1 = ) = 45 < ~47 0005,

since s > 0.005 by Lemma 5.1. Hence, (50) holds, as required. |

6.2 The integral (46) is sufficiently small

In this section, in Lemma 6.10, we show that the integral (46) is of sufficiently small
order. We use a similar procedure as the saddle-point method of Section 5.2, but we
have no critical point in the domain of the integral in this case. So, as a consequence,
we can show that the value of the integral is of sufficiently small order.

We note that U’(¢, s) uniformly converges on Aj as N — oo to
1
4/ —1

(Lip (e47V=16-0) _ 1, (e~47V=10+9))

+4nV—1(§t2—ts+a’t+%s).

To simplify the calculation of the behavior of U (¢, 5), we change the variables (¢, s)

U'(t,s) =

to (u,v) by u =5+t and v =5 —t. They are in the ranges that 0 < u < % and
O<v< %. Then U (¢, s) is rewritten as

1
4w /—1

(Liz(e4n’«/:U) . Li2(6—4ﬂﬁu))

—(p w—v)*  v-u®  u—v u+v)
+am/—1 (£ M T g B,

U(u,v)z
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Its differentials are given by

U _ o —an/Tu Joi(h e o 1
5y = log(l —e ) +4nm 14 3 2+2+8)’
U _ oo anyTv —(p v—u _v_d 1)
7o = —log(1—e ) + 4/ 1(4 55 +3):

In order to show Lemmas 6.8 and 6.9 below, we calculate the behavior of the function
Fuw(81.82) =Re U (u + §;v/—1, v+ §:7/—1).

The differentials of this function are given by

51) %f,,,v(al,sz)=Re(d—_1%0(u+5w—_1,v+ézd—_1))

_ N (2w _u o l)
_Arg<1 x) 4”(4 7 2t3tg)

(52 o8 fun(61,82) = Re(V=T - U+ 85/=1, v+ 8,3/=1))
2 v

_ oy _a (P U v o l)
— Arg(1— y) 471(4 S-S+ g):

where x = e47V—1@+81vV=1) gpq y = oAV —1(w+82+/~1)

Lemma 6.8 Fixing (u,v) € Ay and 8§, € R, we regard fy,y(X,8;) as a function of
XeR.If §1+a' > %, then fy, (X, d,) is monotonically decreasing for X € R, and
Juw(X,87) > —00 as X — oo.

Proof Since 0 <u < %, we have that

1 1
O<Arg(1—)—c)<4n(z—u).
Hence,
d 1 p u—v u o 1)
T fua(X.82) < 4w (g —u) —4n (£ +L 4

=—an(G+g-g+3) = (G e —g+0)

< 2mu < —-2m-0.005,

since u > 0.005 by Lemma 5.1. Therefore, f, (X, d2) is monotonically decreasing,
as required. a
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Lemma 6.9 Fixing (u v) € A} and §; € R, we regard fy 4(81,Y) as a function of

YeR.If 21 +o' <1,

Juw(61,Y) > —00 as ¥ — oco.

then fu v(81,Y) is monotonically decreasing for Y € R, and

Proof Since 0 < v < -, we have that

4 )

—47[(% — v) < Arg(l—y) <0.

Hence,
4 (P v=u v o 1)
de””((Sl’Y)< 4”(4 7 T2 72713
pt_v_1_oN_, (pt /_l_>
=dr (4 778t )_2”(2+°‘ 3"

< 2mnv < —-2m-0.005,

since v > 0.005 by Lemma 5.1. Therefore, f,,,(81,Y) is monotonically decreasing,
as required. a

Lemma 6.10 Foro’ =0,+%, +7,

/ exp(NU'(t,5)) dt ds = 0(8N(§R(M1?)_8))

0

for some ¢ > 0.

Proof We show that there exists a homotopy A’ ®) (0 <6 <8p) between A’ 0 = Aj

and A(éo) such that
(53) Ay CHt,5) € C? [ReU'(1,5) < Gr(M)) — &},
(54) 0A(5) C{(1,5) € C* |ReU'(1,5) < Gr(M)p) —&}.

We note that U’ (¢, s) uniformly converges to U'(7,s) on A}, and the error term is of
order O(1/N?). So we show the existence of such a homotopy for U’ (z,5), instead
of U'(t,s). We recall that we defined U (u, v) to be U’(¢, s) changing variables by
putting u = s + ¢ and v = s —¢. We construct such a homotopy by using lj(u v).

For each fixed (u, v), we move (X, Y) from (0, 0) along the gradient flow of the func-
tion —Re U (u+ X ~/—1, v+Y ~/—1). Then the value of Re U(LH—X\/—_I, v+Y /1)
monotonically decreases, and in particular, by Lemmas 6.8 and 6.9, it goes to —oo. As
for (54), since dAj, is originally included in this domain and the value of Re U monoton-
ically decreases, (54) holds. As for (53), since the value of Re U uniformly goes to —oo,
(53) is satisfied for sufficiently large 6. Hence, such a homotopy exists, as required. O
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7 Proof of Theorem 1.1 when |p| =5

We gave a proof of Theorem 1.1 when |p| > 6 in Section 5. Unlike that case, we
need additional procedure when |p| = 5 in the proof of Theorem 1.1. In this case, the
domain {Re I7(l, §) > cr(Ms)} slightly intersects the lines s = ¢ and s = —t (see
Figure 4), and we must remove neighborhoods of these lines from this domain before
we apply the Poisson summation formula and the saddle-point method. We show this
procedure and give a proof of Theorem 1.1 when |p| = 5 in this section. Since M_s
is homeomorphic to M5 with opposite orientation as mentioned at the beginning of
Section 5, it is sufficient to show the proof only for p = 5.

Figure 4: The domain {Re 17(1 s) > cr(Ms)}

We verify that the domain {Re 17(1,‘, §) > cr(Ms)} intersects the lines s =¢ and s = —1,
as follows. As shown in Appendix E, Re I7(t, s) is presented by

Re V(t,5) = LAQ2s —20) + LA Q25 + 21) = cr(M5),

where A(-) is as defined in Appendix E. As mentioned in Appendix E, the maximal
value of A(-) is given by A(L), and $A(£) = 0.0807665..., while Gg(Ms) is
given by

GR(Ms) =0.07809485.. .,
which is smaller than %A(%) . Hence, since the behavior of A(-) is as shown in Appen-
dix E, the values of s —¢ and s + ¢ can be zero in the domain {Re V (¢,5) > cr(Ms5)}.

(On the other hand, we note that ¢ g(Mp) > %A (%) for p > 6.) Therefore, the domain
{Re 17(t, §) > cr(Ms)} intersects the lines s = ¢ and s = —t, unlike the case of p > 6.
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We recall that T (Ms) is presented by the following sum, by (24) putting p = 5:
N-1)/2
(55) Tn(Ms)= —liqe_(s”ﬁ/“)N\/—_l( 212

% Z (qi/Z _q—i/Z)
(1/2—i/N,1/2—j/N)€Ay
(i b Ly
xexp(V V(3= 55~ % ~2w)
+ O(eN(gR(Mp)_S))’
where we recall that Aq is given by

Aog={(t,s)eR*|0<t+s<1 0=<s—1=<1}.
We restrict Ay to
A ={(t,s) € Ay |0.001 <745, 0.001 <s5—1}
={(t,s) €eR*|0.001 <t +s<13,000l <s—¢ =<1}

In fact, in the sum (55), the summand itself is too large for our purpose, but the values
of the restricted sums along the lines s = ¢ 4+ p and s = —t 4 p are of sufficiently
small order for any fixed p with 0 < p <0.001; we show this in Lemma F.1. Hence,
we obtain that

N_
(56) Tn(Ms) = —1iqe‘(5”ﬁ/4>N\/—_1( D2 N-1/2
x > (¢ —¢7"?

(1/2—i/N,1/2—j/N)eA] Lo . |
ol V(54 - )

+ 0(€N(§R (Mp)—é‘))'

Further, in order to apply the Poisson summation formula and the saddle-point method
later, we consider to restrict Ajj to Aj of the following lemma; we will use the defining
inequalities of A6 later when we verify the assumption of the Poisson summation
formula and the saddle-point method in Sections 7.2 and 7.3.

Lemma 7.1 We put
Ay ={(t.s) € R20.001 <745 <0.26, 0.001 <s—1<0.26, |t]| <0.099, s <0.2}.

Then the domain
{(t,5) € Ag|Re V(t,5) = Gr(Ms)—¢}

is included in Ay for sufficiently small & > 0.
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Figure 5: The domain {Re 17(1 5) > Gr(Ms)} (the gray area) and the domain Aj

We give a proof of the lemma in Appendix G. See Figure 5 for a graphical representation
of the inclusion of the lemma.

Proof of Theorem 1.1 when p =5 We recall that Ty (Ms) is presented by (56).
Hence, by Lemma 7.1, we obtain that

N_
57) ?N(M5)=_liq€_(5ﬂ“/jl/4)N\/—_l( D12 y-172
% Z (qi/Z _q—i/Z)
(1/2—i/N,1/2—j/N)eA),
111
XCXP(N V(z N'2 N ZN))
+ O(eN(gR(Mp)_E)).

By the Poisson summation formula (Proposition 7.2), this sum is expressed by the
integrals

B (Ms) = 1qe—(Sﬂﬁ/“W\/—_l(N‘”“NS/2

x ( (e ™2Vl 2V exp(N V(1 5)) di ds+ O(eN R (Mp)=2))
Ay

n (e_Zan]t_eZHlet) exp(N(V(t’S)+2f[\/—ll)) dt ds

Ay
n O(eN(cR(Mp)—s)))

for some ¢ > 0. Further, similarly as in Section 5, by Lemma 5.2, the second integral
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is equal to the first integral, and we can rewrite the above formula as
oy (Ms) =—1iqe‘(5”ﬁ/4>N«/—1(N_”/2N3/2
X (e_zn*ﬁ” — ezn*ﬁ”) exp(N V(t,s)) dt ds + O(eNERMp)=8)y
Ag

Let (29, s¢) be the critical point of I7(t, s) given in Section 7.1. Then, by applying the
saddle-point method (Proposition 7.8), we obtain that

N-1)/2
iN(Ms) = —liqe_(s’“m/“)N\/—_l( )/ N3/2

x (720 2V exp(N P (19, 50)) - 22 (Vi Vs — V)2

(1+o(3)

in a similar way as in Section 5. Hence, we obtain the required formula of the theorem.
O

7.1 A critical point of f/\(t, s)

In this section, we characterize a critical point (¢, sg) of 17(1, s), which we use in the
proof of Theorem 1.1.

In the same way as in Section 5.1, we show that there is a single critical point in the
domain

(58) {(t,5) €C* |0 <Re(t +5) < 5, 0 <Re(s—1) < 4, Ret > 0}.

As in Section 5.1, putting z = e ~#*V~17 and w = ¢~ **V =15 such a critical point is
obtained from a solution of

.2 (2—1—25/2 v +25/22+1 i 1=0 we z4+25/2
z3/27 41 z 4 25/2 S sS40

We can verify that there is a single solution which satisfies (58); we denote it by (#g, S¢).
It is numerically given by

(t0,50) =1(0.0916106...—+/—1-0.0574205...,0.1238288 ...—+/—1-0.0530897 .. .).

Further, we put

c(Ms) = V(ty.50), cr(Ms)=ReV(tg,s0) =0.07809485....
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7.2 The Poisson summation formula for V

The aim of this section is to show the following proposition, which is obtained from
the Poisson summation formula (Proposition 3.4 and Remark 3.5).

Proposition 7.2 We have

> @ ea(N V(3= )
(1/2—i/N,1/2—j/N)eA,,

— | (eI _p2nV Iy (N V2, 5)) di dis
Ag

n (e_znﬁt_eZn«/jlt) eXp(N(V(Z’S)+27TV_lt)) dt ds
Ay

+ O(eNr(Ms)=2))

Proof We put a smooth function g: R — R by

1 if £>0.001
£ = =00 0<g(t)<1 if 0.0005 <7< 0.001
g) {0 if 7 <0.0005, sg@=11i

for t € R. Further, by extending A/, we put
Ay ={(t.s) € R%10.0005 <t +s <0.26, 0.0005 < s—¢ <0.26, || <0.1, s <0.2}.

Then, by applying the Poisson summation formula (Proposition 3.4 and Remark 3.5)
to g(s+1)g(s— t)(e_z”*ﬁ” - ez”‘/j”)V(t, s), we obtain that

S SN e
(1/2—i/N,1/2—j/N)eAy’

= / gls+t)g(s— t)(e_z’“ﬂt — ezﬂﬁt) exp(NV(t,s))dt ds
Ay

+/ g(s+t)g(s—t)(e_2”ﬁt—82”ﬁt) exp(N(V(t,s)+2n~/—11)) dt ds
A///

° + O(eNr(Ms)=e))
noting that we verify the assumption of the Poisson summation formula in Lemma 7.3
below. As we show in Appendix F, we can ignore the error term, which is derived from

the function g. Hence, from the above formula, we obtain the required formula of the
proposition. a
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Lemma 7.3 When we apply Proposition 3.4 and Remark 3.5 in the proof of Proposition
7.2, their assumptions hold.

Proof It is sufficient to show the assumptions for 17(t, s). We verify (20), (17), (18)
and (19) in Lemmas 7.4, 7.5, 7.6 and 7.7, respectively. The other assumptions of
Proposition 3.4 can be verified easily. O

Before we show Lemmas 7.4, 7.5, 7.6 and 7.7, we note some inequalities, which we

use in the proofs of the lemmas. Let (¢, s) € Aé). The following inequalities hold for
SeR and x = e4TV—1+s+8v/=1).

Arg(l—l) <dm(y-t-s)<m ?f?<t+s<%,
x) <o if 1<t45<0.26,
1\ [0 if 0<r4+s<1,
—Arg(l——) 1 o1
x/) \<4m(t4+5s—7)<47x-0.01 if 3 <r+s5=0.26.
Hence,
(59) Arg(l — l) <, —Arg(l — l) <47-0.01.
X X
Further, the following inequalities hold for § € R and y = e** V=1(s—t=8v/-1),
<0 if0<s—t<1
Arg(l—y) 1 ol
<4m(s—1—7) <4m-0.01 if 7 <s—1=<0.26,
<dn(—s+t)<nm ifO<s—t<1,
—Arg(l—y) (4 ) o1 4
<0 if 7 <s—1<0.26.
Hence,
(60) Arg(1—y) <4m-0.01, —Arg(l—y)<m.

Lemma 7.4 The assumption (20) holds for 17(1?, s) —cr(Ms).

Proof We put
Fis(8) =Re V(1 +8v—1,5) —cr(Ms) —4xs

in this proof. Similarly as the proof of Lemma 5.8, it is sufficient to show that there
exists € > 0 such that

d

for any (z,5) € Aj.

Algebraic & Geometric Topology, Volume 18 (2018)



On the asymptotic expansion of the quantum SU(2) invariant at ¢ = exp(dn~/—1/N) 4233

To show this, we estimate the differential of F; (J), as follows. As shown in the proof
of Lemma 5.8, the differential of F; ¢(§) is given by

%F,,S(S) = —Arg(l —y)+ Arg(l — %) +47T(—§t +5— 1),

where we put x = 4T V=1(+5+8V=1) anq ), = p47V=16—1=8v=1) By (59 and (60),

we can estimate it as follows:

d 5
%Ft,s((g) < n+n+4n(—§t+s— 1)
5 ] 5 1
—47r(—§t+s—§) <47r(§-0.1 +0.2—§) — —47-0.05,

where we obtain the second inequality since |f| < 0.1 and s < 0.2 by Lemma 7.1.
Hence, (61) holds, as required. a

Lemma 7.5 The assumption (17) holds for 17(1, s) —Gr(Ms).

Proof We put
Fi5(8) =Re V(1 —8v—1,5) —cr(Mp) — 278

in this proof. Similarly as the proof of Lemma 5.8, it is sufficient to show that there
exists € > 0 such that

d
(62) L5 Fes(8) < —s

for any (z,5) € Aj.
To show this, we estimate the differential of F; ¢(J), as follows. As shown in the proof
of Lemma 5.9, the differential of F; ¢(§) is given by

d _ ) — _1 S, g1
%F,,S(S)_Arg(l ¥) Arg(l x)—|—471(2t s 2),
where we put x = e47V=1(t+s=3v/=1 354 }, = 47V =1(6—1+5v=1) By (59) and (60),

we can estimate it as follows:

d 5 1 5 1

—_ . . —s—= )< —. — ) =— .

5 Frs(8) <4m0.01+47 O.Ol—|—47r(2t s 2) _471(0.02—1—2 0.1 2) 47-0.23,
where we obtain the second inequality since |¢| < 0.1 and s > 0 by Lemma 7.1. Hence,
(62) holds, as required. a

Lemma 7.6 The assumption (18) holds for 17(1?, s) —cr(Ms).
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Proof We put
Frs(8) =Re V(1,5 +8v—=1) —cr(Ms) — 278

in this proof. Similarly as the proof of Lemma 5.8, it is sufficient to show that there
exists € > 0 such that

d

for any (z,5) € Aj.

To show these, we estimate the differential of F; (), as follows. As shown in the
proof of Lemma 5.10, the differential of F; ¢(§) is given by

%F,,s(s) = Arg(1 - y) + Arg(1 - %) + 4 (1 - %)

where we put x = 4TV 1t+s+8v/=1) gpg y= ATV =114V =1) By (59) and (60),
we can estimate it as follows:

d 1 1 1
—_ . — =) = — — )< - .
dSFt’S(8)<4n 0.01+7r+471(t 2) 4n(0.01+4+t 2) 4 -0.14,

where we obtain the last inequality since |¢| < 0.1 by Lemma 7.1. Hence, (63) holds,
as required. |

Lemma 7.7 The assumption (19) holds for 17(1?, s) —cr(Ms).

Proof We put
Fr5(8) =Re V(1,5 —85/—1) — cp(Ms) — 276

in this proof. Similarly as the proof of Lemma 5.8, it is sufficient to show that there
exists € > 0 such that

(64) %Ft,s (6) < —¢

for any (z,5) € Ay.
To show this, we estimate the differential of F; (J), as follows. As shown in the proof
of Lemma 5.11, the differential of F;4(§) is given by

%Ft,s(S) =—Arg(l1—y) —Arg(l - %) +4n (—t - %)
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where we put x = ATV =1(t+s=8v/=1) 4pnd y= ATV =1(s=1=8v/=1) By (59) and (60),
we can estimate it as follows:

d
ds

where we obtain the last inequality since |¢| < 0.1 by Lemma 7.1. Hence, (64) holds,

4 4 J— —4 — N S — <_4 . 4
Fts(5)<7'[+ T - 001+ 7'[( —t 2) JT( +001 t 2) 7-0.1 .

as required. |

7.3 Verifying the assumption of the saddle-point method for V

The aim of this section is to show the following proposition, which is obtained from
the saddle-point method (Proposition 3.2 and Remark 3.3).

Proposition 7.8 We have

(e 2V _ o2V ey s (N V(1 5)) dt ds
Ag

am” - N 2 - I
= (e7 271027 VE10) exp(N T (1, 50))- 2 (Ve Vs = VA ™2 (14 0(57))-

Proof When we apply the saddle-point method, unlike the case of Section 5, it is a
problem that the boundary of Aj is not included in the domain {Re I7(Z, §) <Ggr(Ms)}.
To make an appropriate boundary, we consider to extend A}, by adding some additional
parts. We note that Aj intersects {Re I7(t, s) > ¢cr(Ms)} along the lines s = ¢ + p
and s = — + p, where we put p = 0.001. We put d; A} to be the edge of A} on
{s =t + p}, and put 9, A to be the edge of Ay on {s = —¢ + p}. As in the proof of
Lemma 7.12, we move d4 A/ and 0, A6 along the gradient flow of —Re V, and denote
the resulting segments by 8(5)A/ and B(S)A’ for § > 0. As shown in the proof of

Lemma 7.12, 8(8°)A’ and 8(‘30)A’ are included in
(65) {(t.s) e C?|Re V(t,5) < Gr(Ms) — ¢}

for a sufficiently large 8¢ and a sufficiently small ¢ > 0. We define a new domain 86
by

N ) ]

Ay=205U | 0Pagualdap).

0=8<6o

Then the boundary of 86 is included in (65) for a sufficiently small & > 0. When we
extend Aj to 86, we have the error term of the value of the integral of the proposition.
We note that, as in Appendix F, we can show that this error term is of sufficiently small
order.
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Hence, in a similar way as in Section 5.2, we can apply the saddle-point method
(Proposition 3.2 and Remark 3.3) for A/ , noting that we verify the assumption of the
saddle-point method in Lemma 7.12. Therefore, we obtain the required formula of the
proposition. a

As in Section 5.2, putting ¥ =¢ + s and v = s —f, we put I>(u, v) to be 17(t, s5), in
order to simplify the calculation.

Lemma 7.9 Fixing (u,v) € A}, and §; € R, we regard fy (X, ;) as a function of
X eR.

(1) If Sv>wu and Sv > 9u —2, then f, (X, ;) is monotonically increasing for
X eR.

(2) If9u—2<5v<uoru<5v<9u—2,then f,(X,38,) has a unique minimal
point at X = gq(u,v), where
sin 5 (u — 5v)
—log — ,
4 sin 5(2 —9u + 5v)

gi(u,v) =
ie fuv(X,83) is monotonically decreasing for X < g (u, v), and is monotoni-
cally increasing for X > g1(u,v).

(3) If Sv <u and 5v < 9u —2, then f, (X, d,) is monotonically decreasing for
X eR.

Figure 6: The domain {Re V(u, v) > Ggr(Ms)} and the lines 5v = u and
Sv=9u—-2
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Remark 7.10 The point (%, %) is the intersection of the two lines 5v = u and
5v = 9u — 2, which appear in the statement of the lemma. This point is in the exterior

of the domain {Re Iv/(u, v) > cr(Ms)}, since

V(3 26) —Sr(Ms) = SA(%) + 3A({5) — cr(Ms)
=0+4+0.0735101...—0.0780948 ... = —0.0045847 ... < 0.

In fact, the domain {Re I7(u, v) > ¢r(Ms5)}, and the two lines are located as shown in
Figure 6. Hence, some cases in the statement of the lemma might not be realized if we
were to choose Aj sufficiently close to the domain {Re Iv/(u, v) > cr(Ms)}.

Proof of Lemma 7.9 We can show the lemma in a similar way as the proof of
Lemma 5.3. A different point is that “which cases are actually realized”; we note that
there are 4 cases depending on the signs of 5v —u and 5v —9u + 2. It is also an
important point that the point (u, v) = (%, %) (ie (t,s) = (11—0, %)) does not belong
to Ay, because the gradient flow of —Re V' does not behave well only at this point.
Hence, we can show the lemma in a similar way as the proof of Lemma 5.3. a

Lemma 7.11 Fixing (u,v) € Ay and §; € R, we regard fy,4(81,Y) as a function of
Y eR.

(1) If 5u <9v, then f,4(81,Y) is monotonically decreasing for Y € R.

(2) If 5u>9v, then fy, 4(81,Y) has a unique minimal point at Y = g,(u, v), where

. 0) 1 | sin 2 (v — S5u +2)
E2WL V)= 4 08 sin Z-(5u —9v)

ie fuv(81,Y) is monotonically decreasing for Y < g,(u,v), and is monotoni-
cally increasing for Y > g, (u, v).

Proof We can show the lemma in a similar way as the proof of Lemma 5.5. The main
difference is that (3) of Lemma 5.5 does not happen in this lemma. a

Lemma 7.12 When we apply Proposition 3.2 (saddle-point method) in the proof of
Proposition 7.8, the assumption of Proposition 3.2 holds.

Proof We can show the lemma in a similar way as the proof of Lemma 5.6. A
difference is that we use &6 instead of Ag in this proof. When we make a homotopy
of Ag, we move A6 along the gradient flow of —Re V. Then the resulting domain
after moving by the homotopy is the same as that of Aj,. Hence, we can show the
lemma in a similar way as the proof of Lemma 5.6. a
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Appendix A Gauss sum

The aim of this section is to show Lemma A.1 below. For a textbook of number theory,
see eg [10].
Lemma A.1 Let N be a positive odd integer, and let A be e™ V=1/N  Then

> ) = (V)N

neZ/NZ

We note that

_f = oV 1+aV=1/N _ ,@av/=1/N)-(N+1)/2 _ ,2nv/~1/N)2

where we denote by 2 the inverse of 2 in Z/NZ. Hence, the sum of the lemma is a
Gauss sum.

It is known (see eg [10]) that we can calculate the value of a Gauss sum concretely.
We review this procedure in the remainder of this section to show Lemma A.1.

Let b be a positive odd integer, and let @ to an integer coprime to b. We put

Gla.b)y= Y oGrv-i/bran’,
nez/bZ

and call it a Gauss sum. It is known (see [10]) that
Gla.b) = (%)G(l,b),

where (%) is a natural generalization of the Legendre symbol. Our aim is to calculate
G(2, N) for any positive odd integer N.

The simplest case of Lemma A.1 is the case where N is an odd prime. We show this
case in the following lemma:

Lemma A.2 For an odd prime £,

G2.8) = (—/—-1)ED/2/¢.

Proof We have that
G2.0)=G(2.0) = (%)G(l,ﬁ).
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Further, it is known (see [10]) that

(2) _ (_1)(52—1)/3’ G(1.0) = NG %f £ =1 mod4,
¢ V=IVI if £=3 mod4.
Hence, we can verify the lemma for each £ =0,1,...,7 mod 8. |

The second simplest case of Lemma A.1 is the case where N is an odd prime power.
We show this case in the following lemma:

Lemma A.3 For an odd prime { and a positive integer r ,

G ) = (V-

Proof It is known (see [10]) that
G(a,0") =LG(a, " 72).

By Lemma A.2, it is sufficient to show the lemma recursively, assuming the lemma for
r —2. We have that

GQ.U") =GR = (~/-DE D2,
Hence, it is sufficient to show that
(66) (—/—E"~D/2 = (_\/__1)(6’—2—1)/2'

We have that
=1 -1 _ -2 _ 72— +1)
2 2 2 2 '
This is divisible by 4, since (£ — 1)(£ 4 1) is divisible by 8. Hence, (66) holds, as
required. o

Let b; and b, be coprime odd positive integers, and let @ be an integer coprime
to b1b,. Then it is known (see [10]) that

G(a,b1by) = G(aby, by)G(aby, by).

Further, it is known (see [10]) that, for coprime odd positive integers by and b,

b\ (2 2 (L1y@r-v/@a-n/2)
by ) \ by '

as a natural generalization of the reciprocity law.

Algebraic & Geometric Topology, Volume 18 (2018)



4240 Tomotada Ohtsuki

Proof of Lemma A.1 We show the lemma by induction on N. It is sufficient to
show that, for coprime odd positive integers N; and N,, the lemma holds for Ny N,
assuming the lemma for N; and for N,. Hence, it is sufficient to show that

G(2. N\ N,) = (—/=1)MN2=D/2 /N N,
assuming that
G2,Ny) = (—V/—1)M=D/2 /N and G2, N,) = (—/—1)PN27D/2 /N,
We have that
G(2, N{Ny) = G(2N,, N\)G(2Ny, Ny)
v o m(Joc
=|—)G2,N)|— G2, N
(%)o@ w5t )oc.n
— (—1)((N1_1)/2)((N2_1)/2)G(§, NI)G(Z Ny)
— (_1)((N1—1)/2)((N2—1)/2)(_,/_1)(N1—1)/2(_, /_1)(N2—1)/2 /Ny N,.

Hence, it is sufficient to show that

(_1)((N1—1)/2)((N2—1)/2)(_,/_1)(N1—1)/2(_,/_1)(N2—1)/2 /NN,
= (- /_1)(N1N2—1)/2.

This formula holds, since

Ni—1 N,—1 N;y—1 N;—1 N;{N,—1

2 2 + 2 + 2 2
:%((Nl—l)(Nz—l)-l-Nl—1+N2—1—N1N2+1)=0

2

Therefore, the lemma holds. O

Appendix B Critical points of v (t,s)

The aim of this section is to show the following lemma, which implies that there exists
a single critical point of I7(Z, s) in the domain (28).

Lemma B.1 The system of equations (29) has a single solution in the domain (28).

Before showing Lemma B.1, we show the following lemma:
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Lemma B.2 Let p be an integer > 4. Then the equation
P2y P2 =24 72 o 1o
has exactly two solutions in the domain

D:{e“"“ﬁ”ec }0<Rez<%}.

Proof Since the equation of the lemma is a polynomial equation of degree < 2p, we
can verify the lemma by calculating all solutions concretely for a concrete p. So we
assume that p > 100 in the remainder of this proof.

We put z = e=4mV=11 Then the equation of the lemma is rewritten as

(67) ep-2nﬁt+e—p-2n«/—lt:eSn«/—lt+e—8n«/—1t_e4nx/j1t_ —471«/—71t_2‘

e

We note that, when fq is a solution of this equation, 7 is also a solution. Hence, it is
sufficient to show that there is a single solution of (67) in the domain

D’={te(C|0<Ret<%,0§Imt}.

We put ¢ = x 4+ y+/—1. Then z = e~ATV=IX ATy g £P/2 = P 2TV =1X P27y
In the remainder of this proof, we show that there is a single solution of (67) in D’
by decomposing D’ into seven subdomains in the following seven cases, respectively;
there is no solution in Cases 1-6 and a single solution in Case 7.

Case 1 We show that, in {x +ys—1eD'|y> 073}, there is no solution of (67), as
follows.

Putting u = zP/2 since
™ P = G E) = 7 2l e -2,

we have that

128124 z7P/2| > \[|2P/22 |27 PI22 > \[eP 4Ty | o PNy ) _ oP 2Ty omp 2y
Further,

1224272 —z—z7 L2 <224z 2 |z) 4 |z T 2 = ¥ e BT et e 0
Hence, putting

f(y) — ep-2ny _e—p-2ny _ (eSny +e—87ry +e4ny +e—4ny _|_2)’
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it is sufficient to show that f(y) > 0 for y > 073. Since

() = p-2meP?™ —8ued™ —4me*™Y 4 p2mwe P 4 8we ST 4 4ype Y
> (p—6)-2me? 2V 4 8y (eP 2V — ¥V — 4z (eP 27 —4Y) >,
f(y) is monotonically increasing. Therefore, it is sufficient to show that f (%) > 0.
In fact,
f(@) = Q203 gm0 (,8103/p 4 =803/ p | Am03/p | ,~470.3/p | )
V4
S 203 _ g2 0.3 | (,87:0.003 | ,—870.003 4 ,47:0.003 | ,—470.003 4 oy

=0.427117...> 0,

since p > 100. Hence, there is no solution in the domain of this case, as required.

Case 2 We show that, in {x 4+ y~/—1€ D'| % <x< 0'—;‘9, 0<y< %}, there is
no solution of (67), as follows.

Since z = ¢ 74TV 1XoP27Y e have that

Im(zP/% 4 27P/2) = _(eP2Y _ e=P27V)gin(p -2 x),
Im(z2 422 —z—z7122) = — (¥ —e73) sin 8 x + (e*™ — e *™) sindmx.
Hence,

IIm(z?/? 4+ z7P/2)| = (eP 2 — P2 )sin(p - 27 x),

Im(z% +z72—z—z71 =2)| < (¥ —e™¥) sin 87 x.

Therefore,
8wy e—Sﬂy
sin(p-2mx) < -sin 87 x.

eP 2wy _ p—p-2my
Further, since
8wy e—87ry 88n~0.003 _ e—8n~0.003
lémy = 167t -0.003
eP2mY _oTP2MY >0 5. 05y,

¢ = 1.00094775... < 1.01,

we have that

4-1.01 47 - 4.1.01-4x

lémy-1.01 | 1

— .sin8x— < <
2p-2my 2p P P 1002

=0.005076...<0.01.

sin(p-2mwx) <
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On the other hand, since 0.01 < px < 5 —0.01, we have that
sin(p - 2mx) > sin(27 - 0.01) = 0.0627905 ... > 0.05.
Hence, we have no solution in the domain of this case, as required.

Case 3 We can show that, 1n{x+y\/ ED/|051<x<099 O<y< , there
is no solution of (67), in a similar way as in Case 2

Case4 We show that, in {x + yv/— GD/|O<x< Lo<y<?® } there is no
solution of (67), as follows.

Since z = e*™ (cos 4w x — ~/—1 sin47x), we have that
122—z| = (€% cos 8mx—e*™ cos 4 x)2+ (3™ sin 8w x—e*™ sindrx)?)!/?
< ((eB70-003_=4m:0.003 (64(47.0.0001))2+ (¢37 0993 sin(87-0.0001))2) />
=0.1153434... <0.12.
Similarly, we can obtain that
272 —z71 <0.12.
Further, we have that
|zP/2 1| = ((ep'zny cos(p-2mx) —1)% 4 (e?2™ sin(p - 271)6))2)1/2
< ((€72™93 cos(2m -0.01) — 1)? + (203 sin(27 -0.01))2) /2
=0.9438792... < 1.

Similarly, we can obtain that
|z7P/2 1| < 1.

Hence,
4=|P2 )+ (P2 )= (22— )= (72— <24+ 2.0.12 = 2.24,

and this is a contradiction. Therefore, there is no solution in the domain of this case, as
required.

Case 5 We can show that, in {x-l—y«/ e D' | == 099 <x<5 ,0<y<? } there
is no solution of (67), in a similar way as in Case 4

Case 6 We show that, in {x eD| 0'1?1 <x< 0}%} there is no solution of (67), as

follows.
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The equation of the lemma is rewritten as
cos(p-2mx)+ 1 =cos8mwx —cosdmx.

Since cos(p -2wx)+ 1> 0 and cos 87x —cos4mx < 0, there is no solution in the

domain of this case, as required.

[0.4 0.010

0.005 -

0.010 0.012 0.014 J0.016

—0.005 ¢

L—0.4

-

Figure 7: The image of the domain of Case 7 under the map v (left) and a
local enlargement around the origin (right) for p = 100

Case 7 We show that, in {x +ya/—1eD| % <x< 0'—;1, 0<y< %}, there is
a single solution of (67), as follows.
A solution of (67) is a zero of the holomorphic function

w(t)=ep~2an1t+e—p~2anlt_eSHlet_e—Sanlt+e4anlt+e—4ﬂ«/jlt+2_

This function maps the four edges of the domain of this case in the following way:

{xeD/|0;9§x5%}_>{ueC|Reu>0},
{0-51+y\/__1€D/‘0<y§%}—>{u€(C|Im”>0}’
{x+0;34/_1€D’|ngf£}—>{u€(€|Reu<0},
p p P
{0.49+y\/__1€D/‘0<y§0Pﬁ3}_>{ueC|Imu<0}.

See Figure 7 for a graphical representation of this image. Hence, the boundary of the
domain is taken to a closed path, which goes around the origin once. Therefore, since
Y is holomorphic, ¥ has a single zero in the domain. Hence, there is a single solution
of (67) in the domain of this case, as required. O
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Proof of Lemma B.1 As mentioned at the beginning of the proof of Lemma B.2, we
can verify the lemma for a concrete p, and so we assume that p > 100 in the remainder
of this proof.

We consider a solution of (29) in the domain (28). Since 0 < Re(f + 5) < % and
0<Re(s—1t) < %, we have that

—47[(%1 —sp+ IR) < Arg(1— e4”ﬁ(s_’)) <0,
0 < Arg(1 —e_‘mﬁ(’ﬂ)) < 47r(£11 — IR —SR),

where we put g = Re? and sg = Res. Further, as the imaginary part of the first
equation of (29),

Arg(1— e4”ﬁ(s_t)) —Arg(1 — 4”F(t+s)) + 47T(2 IR — SR) 0.

Hence,
0 <4n( tR—sR) <4n(l—sR+tR) +4n(l—tR—sR) =4n(l—25R).
2 4 4 2
Therefore,

Pyl
SR < 2IR<2 SR-

Hence, since sg = Re s > 0 by the condition of (28), we obtain that
0 <Rert < l.
P
Further, putting z = e 4T V=it , a solution (29) satisfies (31). Hence, by Lemma B.2,

the first equation of (31) has exactly two solutions. As shown in the proof of Lemma B.2,
putting = x + y+/—1, these two solutions belong to the following domains, respec-

tively:
(68) {x+y\/ G(C|O49 x<%1,0<y<073},
(69) {x+y«/ e(C|049 0% —073 y<0}.

We let 7y be the solution in (69). Then the other solution 7o belongs to (68).

We show that the solution 7y does not induce a solution of (29) in the domain (28), as
follows. By (31), putting z = e““’ﬁto, we have that
P24z (P4 n)EPPT41)  |z|PT4zP/24EP/2
CzPl2z41 |zP/2z 4 1]2 B |zP/2z 412
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Further, putting x = ﬁ + % for —0.01 < ¢ < 0.01, the numerator of the last term is

calculated as
6471«/—1 xep~471y _ eva—l eep-2ny _ e—2nv—1 sep-2ny + e—4nv—1 xe471y
= (ePHTDATY 4 047V cos dmrx—2eP 27 cos 2me++/— (e P T DAY _o47Y) gin 4 x.

We note that 0 < x < (13(} Since e(l’+1)4”y —e*™ > 0 for y > 0, we have that
Imw > 0. However, since 0 <Res < ! by the condition of (28), the imaginary part
of w = e~ **¥~1S must be negative, and this is a contradiction. Therefore, 7o does

not induce a solution of (29) in the domain (28).

Hence, in order to show the lemma, it is sufficient to show that #y, induces a single
solution of (29) in the domain (28). We show that a solution of (29) induced by 1z,
belongs to the domain (28), as follows. We put zy = e 4% V=110 and

p/2 T2
wWo = —F—"""
Z(I; / zzo + g
Then, in a similar way as above, we can show that Imwg < 0, since y < 0 in this
case. We put s¢ to be the value satisfying that wy = e™47 V=150 and 0 < Re S < l.
It is sufficient to show that this (¢, s¢) satisfies (28) and (29). We recall that 0.49 49

Rery < Ifl in partlcular Re 7p > 0. Further, in order to show that 0 < Re(¢y —I-S()) < Z

and 0 < Re(sg —f9) < 7, we estimate the value of Resg. By the second equatlon
of (30), we have that (1 — Zou)o)(— — L) = 1. Hence,

wo
1 1
— = ——1
w0+w0 Zo+ZO
We put 7p = x + y+/—1, noting that % <x < 0; and — p 3 <y < 0. Further, we

put

C=Zo+%—1.

Then we have that

1/2 _ _—1/2)2 /2 _—1/2y,=1/2 ——1/2
e=1l=1zy? =R = -5 e =5
2 212
= |zol + |20 7' = 25 - 5 = ¥V o4y _ 4y mlx _ phm/~1x
~1/2 1/2
Z0 ZO

_ e4ny + e—4ny —2cosdmx < e47r'0.003 + e—4rr~0.003 —ZCOS(47T . 0'0051)

=0.00552732... < 0.006.
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Since wg + wLO = ¢, we have that

wo = %(c—\/—_lv4—c2),

where we choose the sign of v/4 —¢? in the way that Re v/4 — ¢2 > 0, noting that ¢
is close to 1, as shown above. This term is calculated as

Vi—-c2=V3+(1-c) =3 =V3V1+36,

where we put § = 1=¢

18] 50
IV1+68—1]= = 0.00200802 . .. < 0.003,
IVT+8+1] = =0 +1

. .
where, noting that § = 1 o

by
1 1
81 = 3le—1]+]c + 1] < 3-0.006-2.006 = bo.
Since [vV4—c2 — /3| = /3-|v/1+6 — 1|, we have that

‘wo_l—— Vz—lﬁ‘f 1|+_|\/ _ —\/_|<—0006+§ -0.003,

which means that wq is close to ¢V —1/3  Hence,

‘Arg(u)o) + = ‘ < arcsm( -0.006 + ﬁ 0. 003)

Therefore, noting that wo = e =47V =15 we obtain that

)Re S0 — é < 4L arcsm(— -0.006 + ﬁ 0. 003) =0.000445483 ... < 0.001.

Hence,

1 1
— - 1 <R .001.
(70) B 0.001 <Resy < —= B -+ 0.00

Further, since 0 < Re g < 0"# < 0.0051, we obtain that

(71) 0<Re(lo +So)<%, 0<R6(S0—lo)<%,
and (¢9, o) satisfies (28), as required. In order to complete the proof of the lemma, it
is sufficient to show that (zg, 5¢) satisfies (29). Since (zg, wg) satisfies (30), we have
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that
log(1 —e4”ﬁ(so_t°))—log(l —e_4ﬂﬁ(t0+s‘))) +4rv/—1 (% to—so) €2nv—-127Z,
“log(1—e*mV=160=10)) oo (] —e=4mV =100y 47 /1 1y €20 v/—1 Z.

Hence, it is sufficient to show that their imaginary part is in the range —27 < - < 27.
That is, it is sufficient to show that

—2m <Arg(1— ATV =1 (s0=10)) _ Arg(1— e“mﬁ(t"“")) +4n Re(%lo — so) <2m,
—27 < Arg(1 —e4”ﬁ(s°_t°)) + Arg(l —6_4”ﬁ(t0+s°)) +4m Retg<2m.

Hence, putting g = Refty, sg =Re s and

_L _4n/—1(s0—10) _L __—4m/—1(to+s0) <£ _
1= Arg(l—e ) yp Arg(l—e )+ 2l‘R SR),

cy = 1 Arg(l — e4ﬂx/j1(50—to)) + ﬁ Arg(l — e—4ﬂ~/j1(to+30)) + 1R,

4

it is sufficient to show that

1 1 1
(72) —§<c1<§, ——<c2<§.

Since (71) holds, we have that
_47{(411 —Sp+ ZR) < Arg(l — e4”ﬁ(s°_t°)) <0,
0 < Arg(1— e““’ﬁ(”’ﬂ‘))) <4m (% —tgp— SR).

049 g < 231 and 5 —0.001 < sg < £5 4 0.001. Hence,

Further, we recall that = >

we obtain that

c1> —(%—SR +ZR>—(%_IR_SR) +Lig—sp= —l+£fR +SR

2 22
> —2+ 224 L 0,001 = ~0.172667... > ~02,
¢1 < Bir—sg < 0'—251—% +0.001 = 0.172667 ... < 0.2,
¢r> —(J=SR+1R) +1R =7 +58 >~ +75-0.001 = ~0.167667 .. > ~0.2,
cy < (%—ZR—SR> +ig = %—SR < %—é—0.00l =0.165667... <0.2.
Therefore, (72) holds, as required. This completes the proof of the lemma. a

Algebraic & Geometric Topology, Volume 18 (2018)



On the asymptotic expansion of the quantum SU(2) invariant at ¢ = exp(dn~/—1/N) 4249
Appendix C The hyperbolic structure of M,

In this section, we review the hyperbolic structure of M), and, in Lemma C.1, we
explain how it is related to the critical point (fg, s¢) of 17(1, s) given in Appendix B.
For a textbook of hyperbolic geometry, see [24].

We review the hyperbolic structure of M), given in [24], where we recall that M), is
the 3—manifold obtained from S* by p surgery along the figure-eight knot. As shown
in [24], the complement of the figure-eight knot can be expressed as the union of the
following two ideal tetrahedra:

4NN

L a
|

Here, the four faces “A”, “B”, “C” and “D” are glued, respectively. Then the resulting
space has two edges: the edge of a single arrow and the edge of double arrows. The
shapes of the tetrahedra are given by parameters written at the vertices. Further, the
boundary torus of a tubular neighborhood of the figure-eight knot is expressed as the
union of eight triangles “a”, “b”, ..., “h”, which appear in neighborhoods of the
vertices of the above ideal tetrahedra:

As shown in [24], the holonomy m of the meridian and the holonomy £ of the longitude
are given by

Algebraic & Geometric Topology, Volume 18 (2018)



4250 Tomotada Ohtsuki

-1 __U=00-p) (1= a-x2

e X y2(1-1)? (1=

We have some requirements to obtain the hyperbolic structure from these tetrahedra.
We require that

(73) Imx>0, Imy>0,

which implies that the two tetrahedra have positive orientations. Further, we require

o) () =
1=~ 1—-y/)

(74) Arg(x) + Arg(y) +2 Arg( ) + 2Arg(ﬁ) = om,

the gluing equation,

which we obtain as the product of moduli around the vertex of the dot. The first equation
is rewritten as

(75) (1=x)*(1—y)* = xy.

We note that, for the gluing equations around the other vertices, we obtain equivalent
conditions. Furthermore, we require that

(76) mPl =1,
(77) (p +2) Arg(m) + Arg(m™2¢) = 2,

which is necessary in order that M), be obtained as the closure of the union of the two
tetrahedra; see Figure 8 for a graphical representation of this condition.

Figure 8: A fundamental domain of the boundary torus (the dark gray area)
and its image by the action of m~2{ (the black area) and its images by the
actions of m* for k =1,2,..., p+ 1 (the light gray area) for p =8
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The following lemma implies that the critical point of 17(1, s) given in Appendix B is
related to the hyperbolic structure of M.

Lemma C.1 Let (f, so) be the critical point of I7(t, s) given in Lemma B.1. We put
xo = e4TV=1(0=10) and o = 4TV=1(0+50) | Then (xo, yo) gives the hyperbolic
structure of M), in the above-mentioned way.

Proof It is sufficient to show that (xg, yo) satisfies (73), (74), (75), (76) and (77).
We put zog = e~4mV=110 gpd wo = e~4mV=150 a5 in the proof of Lemma B.1. Then

Xo = zo/wo and yg = 1/(zowy).

We obtain (73) from the definitions of xo and yg, since 0 < Re(sg —#g) < % and
0 <Re(fo +50) < § by (28).

We show (75), as follows. We have that

(1—x0)*(1 = yo)? _a —z0/wo)*(1 — 1/(zowo))?
X0Yo (zo/wo) - 1/(zowo)
1
=2 z(wo—Zo) 2(1—zowo)? =1,
Zowg

where we obtain the last equality by (30). Hence, (xg, yo) satisfies (75), as required.

We show (74), as follows. By (75), we have that

Arg(xo)—i—Arg(yo)—i—ZArg(1 ! )+2Arg(1 1y0) €2nZ.

Hence, putting

1 1 1
€1=5- (Arg(xO) + Arg(yo) +2 Arg( ) +2 Arg( 0 ))

= 5 (Arg(vo) + Arg(y0) — 2 Arg(1 — x0) — 2 Arg(1 — o)),

it is sufficient to show that

0<Cl<2.

Since x¢ = e*TV=160=10) apd y, = 47V —1lt0+s0)

Arg(xg) =4m(sg —IR), —47r(% — SR+ tR) < Arg(1 —x9) <0,
Arg(yo) =4m(tg +sg). —4n(§—1r—sg) < Arg(l—yp) <0,
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where we put g = Rety and sg = Resg. It follows that

C1 >2(SR—ZR)+2(ZR +SR) =4sp,

€1 <2(sg—1R) +2(tr +5R) +2(5 — SR+ 1R) + 2(3 — 1R —SR) =2 —8sk.
Since % —0.001 <sg < 11—2 4+ 0.001 by (70), we obtain that 0 < ¢; < 2, as required.
We show (76), as follow. We have that

__(I=x0)d=yo) _ (1—z0/wo)(1—1/(z0w0))
Xo Zo/wo

where we obtain the last equality by (30). Further,

2
m_zgz(l—xo)zz (1—zo/wo)? :Zé(wo—zo)2 _r.2

(1-y0)2  (1—1/(zowp))? 1 —zowo 0“0

where we obtain the last equality by (30). Hence,

P .2
20 "Zg

)
20 "%o

mPl = =1.

Therefore, (xg, yo) satisfies (76), as required.
We show (77), as follows. By (76), we have that

(p +2) Arg(m) + Arg(m™20) € 27 Z.
Hence, putting

&2 = 5 ((p +2) Arg(m) + Arg(m20))

1 (1—x0)*
= E(—(p +2) Arg(zo) + Arg(—(1 — yz)z))

1
=(p+2)-2tg + 5(2 Arg(1 —x¢) —2 Arg(1 — yo)),

it is sufficient to show that

0<cp <2,
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Since 2:42 <IR 0;1 and ——0 001 <sp < %—I—0.00], as shown in the proof of

Lemma B.1 (for p > 100), it follows that
2> (p+2)-2tg—4(5—sp+1tg) =2ptr—1+4sg >0.98—1+4(% —0.001) >0,
2 <(p+2)-2tp+4(3—tgr—sg) =2ptr+1—4sg < 1.02+1—4(% +0.001) <2.

Hence (since we can verify the inequalities for p < 100 by calculating (¢, s9) con-
cretely), we obtain that 0 < ¢; < 2, as required. |

It is known (see [13; 16]) that the critical value 17(10, Sp) is equal to a normalized
complex volume. We verify the real part of this fact, as follows. It is known that the
hyperbolic volume of an ideal tetrahedron of modulus z is presented by the Bloch—
Wigner function,

D(z) =ImLiy(z) + log|z| - Arg(1 —z).

Hence,

vol(Mj) = D(xo) + D(yo) = D(Z—") + D( : ) - D( 20 ) D(zowo)
wo ZoWo wo

= Im(L12 ( ol ) le(zowo)) + log Arg(l — —)
Wo Wo

—log|zowo| - Arg(1 — Zowp)

—Im(le(Z ) L12(Zowo))—I—log|zo|(Arg(l—w—)—Arg(l—zowo))
0 0

20
+ log|wo| (—Arg(l — —) — Arg(1— zowo)).
Wo

Further, by using the imaginary part of (29), the last line is calculated as
Re(—4zr\/—_lto)( 4 Re(g 0— so)) + Re(—47r\/—_1s0)(471 Rety)
= (471)2 (— Imz¢, Re(%to — so) +Imsg Re lo)
= —(47)? Re(% tg — toso).

Therefore,

4L vol(M,) = L Im(le( all ) Liz(zowo)) —4r Re(gzg—toso) =Re V (f9, 5o)-
Wo

Hence, Re 17(t0, So) is equal to a normalized hyperbolic volume of M),.
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Appendix D Estimate of the hyperbolic volume of M,

In this section, in Lemma D.1, we give a lower bound of ¢ g(M ), which is 4 times
the hyperbolic volume of M). We use this lemma to show Lemma 5.1 in Appendix E.
The aim of this section is to show Lemma D.1.

Lemma D.1 For an integer p > 6,

SRy = A(3) ==

We give a proof of this lemma later in this section.

We recall the definition of ¢ g(M ), as follows. We recall that the potential function is
given by

Vit,s)=

A /=1(s—t) —4x/=1(t+s) E _
47“/_(L1 NE ) — Lis (e ))+477\/_(4 s),

and its differentials are given by
88 log(l 4nﬁ(s—t))_log(1 4ﬂr(t+s)) + 47 [/ ( t—S) 0,

v
s

As mentioned in Section 5.1, we have a single solution of these equations in the

— —log(1 — e*™VTI6=D) og(1] — 4TV g0 /11 = 0.

domain (28). Putting y = %, we regard it as a function of y, and denote it by
(t(y),s(y)). We recall that gg(M ) is defined by

SR(Mp) =Re V(t(y).5()).
By expanding the above equations, we can obtain the expansions of #(y) and s(y) as
1) = 5y = V3IV=Ty2 =61 + 0(r,
_ L, 2 —1.,3 4
s(y) = 12 + ﬁy AN —=1y" +O>").

Hence, we can obtain that

V), s(»)

= e L@ ) L) - V=, BT oG,
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Therefore,

H)- f” Y2+ 0.

SR(Mp) =Re V(t(r).5(1) = A(g
Since @ = 2.72069904 ..., we can verify that Lemma D.1 holds for sufficiently
large p. (In fact, it probably holds that ¢g(M ) > A(%) — @yz )
Proof of Lemma D.1 We put
Sv)= m(y) (). )
(Lig(e*™V=16=0) _ i, (=47 V=10+9)y) 4 47“/—(_/ _,S)

47t«/_

regarding V as a function of 7, s and y. Then

70 =450 700+ B 150105 0) = 47T i)
14
= —nV/-1i(y)*,

where we put

i(y) = (y =——~/_«/_V 6y% + 0(y?).
Hence,

I (y) = =2nV=1i)T ().

By the Taylor expansion, we have that

2
Re f(y) = f(0) +Re f/(0)y +Re f"() 2= = A(¢) +7*n n@G(O)F'(©)
for some ¢ with 0 < ¢ < y. Therefore, it is sufficient to show that

78) m G () = 2.

Since Im(7(y)?'(y)) = Re(y)-Im7’'(y) + Im7(y) -Re?’(y), it is sufficient to show
that

(79) OSRetA(y)E%, —/3<Im?'(y) <0, Rei’(y)<0, Imi(y)=<0.

We can verify that, for sufficiently large p, the inequalities (79) hold, since

Rei(y) = ——6)/ + 0", Im?(y)=—x/§y+i(n2+9)y3+0(y5).

V3

Further, we can numerically verify (79) for p < 100; see Remark D.2 below.
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We explain how we can give a rigorous proof of (79), as follows. As shown in
Section 5.1, putting z = e—4m V-1t , z satisfies that

2Py P2 2 2 40 =0,
Hence,
eznﬁpt +e—2n«/:;n‘ _esnﬁt _e—8nx/j1t n e4nﬁt +e—4n«/:t 12=0.
Further, putting 7 = tp = %, we have that

eva—lt+e—27[«/—1t_eSN\/—lyt_e—Sn\/—lyt +e4n«/—lyt +e—4n«/—1yt +2=0.

We put
i(y) =tr(y) +V=1yt;(y),
where
(R(Y) = 5 =672+ 00", 1) = I+ =+ 97+ 00/

We note that 7(—y) = 7(y), since M_ p is homeomorphic to M, with the opposite
orientation, and we choose Z~! instead of z when we change the sign of p. Hence,
tr(y) and t7(y) are real-valued even functions. From the above equation, we have
that

(80) e2Nx/j1tR—27TVt1 T e—Zﬂ«/jltR-HﬂytI _ eSHleVtR—Sﬂleyztl
_ e—Sanlth+8an1y2t1 + e4ﬂJj1th—4ﬂy2t1
+ e—4ndj1th+4ny2t1 +2=0.
By changing the sign of , we have that
(81) eZanltR+2nyt1 + e—ZanltR—Znytl . e—SHleth—Sanlyztl
_ eSanlth+8an1y2t1 + e—4an1th—4ny2t1
+ e4n\/j1th+4ny2t1 +2=0.
By adding the above two equations, we obtain that
(€2anltR + e—ZanltR)(eZnyII +e—271y11)
_ (egnﬁth + e_SﬂﬁVtR)(egﬂﬁyztl + e—Sﬂx/jlyztI)
+ (e4ﬂ\/jlth + e_4ﬂﬁVtR)(e4ﬂV2tl + e—4ﬂ72t1) +4=0.
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Hence,
cos2mtg cosh2mwyty —cos8mytg costhyztl + cosdmytg cosh4ny2l1 +1=0.

Similarly, by subtracting (80) from (81), we can obtain that
sin 27t g sinh 27wy 17 — sin 87y tg sinh 2wy 2ty + sindnytg sinh 4w y?t; = 0.

The above two equations are real-valued equations for real-valued functions zg(y)

and #7(y), and we can estimate the functions sin, cos, sinh and cosh as precisely as

we need by the Taylor expansion. Hence, we can estimate #g(y) and ¢7(y) as precisely
O

as we need, and we can (in principle) show (79).

0.5 —0.5

/

s
.

r—1.5

$
S
o
.
.
.
.
3
. .
*on,
*%000e,
. M

0.05¢

—0.25F
Figure 9: 7€ C for p=6,7,...,100 (left)and 7’ € C for p=7,8,...,100

(right). The gray areas are the areas of (79).

Remark D.2 We can numerically verify that 7 satisfies (79) for p =6,7,...,100 and
¢’ satisfies (79) for p = 17,8, ...,100; see Figure 9 for their graphical representations.

When p =6, Re 7’ > 0 and it does not satisfy (79), but we can directly verify that (78)

holds in this case.
Appendix E Proof of Lemma 5.1
The aim of this section is to give a proof of Lemma 5.1.
We recall that

Proof of Lemma 5.1
Aog={(t.s)eR*|0<t+s<1 0<s—r=<1}
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In order to prove Lemma 5.1, it is sufficient to show that the domain
(82) {(t,5) € Ao |Re V(t,5) > cr(Mp)}

is included in the interior of Ag, since the domain (82) is a compact domain. Supposing
that Re 17(1, §) > Gr(Mp) for (t,s5) € Ay, it is sufficient to show that

0.005 <745 <024, 0.005<s—t<024 || <24

We show the first and second formulas in Lemma E.1 below, and show the third formula
in Lemma E.3 below. Hence, we obtain the lemma. O

Before showing Lemmas E.1 and E.3, we review some behavior of the dilogarithm

Liz(eZJ'rx/jlt)).

function. We put

1
A(t) =Re
© (271\/—1
Since
A (t) = —log2sinzt, A"(t)=—mcotnt,

the behavior of A(¢) is as follows:

t 0 : 3 2 1
Ay 0 7 A(F) > 0~ —A(f) -~ 0O
A (1) + 0 - - - 0 +
A"(t) — - - 0 + + +

Here, A(%) =0.161533.... For the graph of A(¢), see Figure 10.

0.15

—0.15
Figure 10: The graph of A(¢) for 0 <t <1

We note that, from the definition of 17,

ReV(t,s) = 1A@2s—20) + JAQ2s +21)
for (z,5) € Ag.
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Lemma E.1 Let p be an integer > 6. We suppose that Re I7(t, s) = Gr(Mp) for
(t,5) € Ag. Then

0.005<t+4+s5<0.24, 0.005<s—1<0.24.

Proof We put u =7+ s and v =5 —¢. Then
ReV = %A(u) + %A(v).
It is sufficient to show that

0.005 <u <0.24, 0.005<v<0.24.
‘We have that

TAQu) + 1AQu) =Re V = cr(M)) = cr(Mg).

Hence,

AQQu) = 2Gr(Meg) — AQ2v) = 2Gr(Mg) — A(%)
=2-0.102216...—0.161533 ... =0.042899 ... > 0.

Therefore, from the above-mentioned behavior of A(z), we have that

0<2u <0.5.

More precisely, since
A(0.01) — (2Gr(Mg) — A(£)) = —0.00522573 ... <0,
A(0.48) — (2Gr(Mg) — A (%)) = —0.0290494 ... <0,

we obtain that
0.01 <2u < 0.48.

Hence, 0.005 < u < 0.24, as required. We can obtain that 0.005 < v < 0.24 in the
same way. m|

Before we show Lemma E.3, we show the following lemma:
LemmaE.2 For0<{+¢<0.5,

A(F+1) S A(E)—1.47%
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Proof We put
fO)=AL)—142 = AL +1).

Then its differentials are given by
Sty =—-28t+log2sinm (3 +1), f"(t)=-2.8+mcotm (s +1).

For —% <t < %, the solution of f”(z) = 0 is given by

f=1 = —é —i—%arctan(zﬂ—g) —0.101613. ...

Further, for —= <t < % the solutions of f’(¢) = 0 are given by

1
6
t =0,t,, where t, =0.227398....

Hence, the behavior of f(¢) is given as follows:

t _% 0 e I8 . th e %
@ f=5) x> 0 o f) o S > f(3)
f(@) - 0 4+ + + 0 —
f"(t) + + + 0 — — —
Here,
F(3) =A%) -5 =0.00597742... > 0.
Therefore, f(¢) > 0, and we obtain the lemma. i

Lemma E.3 Let p be an integer > 6. We suppose that Re 17(t, s) = Gr(Mp) for
(t,s) € Ag. Then

Proof By Lemma D.1, we have that

~ 1 3
Re(1.) = 6r(Mp) = A(5) =

. 1 ~
Further, putting s = 15 + 75,

ReV(1,5) = 3 AQ2s=20)+ 5 AQs+20) = 3 A(£+25-20) + 5 A(§+25+21)

IN_ 14 . 52 14 - 2 I\ =2, 2
SA(6) 25202 = 22 (28 +20) 5A(6) 5.6(2 +12),
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where we obtain the second last inequality by Lemma E.2. Hence,

A(l) —5.6(2 1) > A(l) - %.

6 6
Therefore,
3 ~2 2 2
>S4t =t
5.6p2
It follows that \/»
3
7] < 56 _ 0.74,
p p
since 4/ 5::;—6 =0.731925.... Hence, we obtain the lemma. O

Appendix F Restriction of Ay to Aj

In Section 7, we restrict Ag to A7, and it is necessary to show that the following error
term is sufficiently small:

i/2_ —i/2 v(l_io 1 _j_ 1
> U )eXp(N V(z N'2 N 2N))
(1/2—i/N,1/2—j/N)eAo—A]

— O(eN(CR(Ms)—s))‘

We can reduce this formula to the following lemma; the aim of this section is to show
this lemma.

Lemma F.1 For any fixed k with 0 < % < 0.001, we have that

i —i 1 i1 i 1
> @ en(V V(5o ay)
(1/2—i/N,1/2—j/N)eAy
Jj—i=k — O(eN(CR(Ms)—S))’
; i 1 i1 1
> @ eV (- ya -8 o)
2 N2 N 2N
(1/2—i/N,1/2—j/N)eAg
i+j=N—k

— O(eN(cR(Ms)—S))

for sufficiently small € > 0.

We let p = % in the remainder of this section. Then p is a fixed real number with

0<,<0.001. We note that we can ignore a factor such as (q"/2 —q_i/z) in the formulas

of the lemma, because the aim of this section is to estimate the exponential order of the
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formulas of the lemma and such a factor does not contribute to the exponential order,
as we see in the calculation in Section 5, while the behavior of V' does contribute to
the exponential order. Hence, in order to show the lemma, it is sufficient to show that

(83) > ep(Nwi(3- ) = 0N R0,
1/2—i/N€Ap 1

(84) > (N Wz(% - ]’V—)) — O(eNGr(Ms)=e))
1/2—i/N€Ap.2

where we put
Wi(0) = +@(2p) — @1 — 41— 2p)) + 4x V=1 (512 = pt),

Wz(z)——«a( 4t +2p) — ¢(1—2p>>+4n¢_( 2= pr),

and

We note that, by Lemma 5.2, we can obtain that
(85) Wy (—t) = Wi(t) + 2n~/—1t.

The functions W; converge to the following functions as N — oco:

Wi(1) = ; ;_(Liz(e“”ﬁ P) = Liy(e 47 V=101H+0))) 4 4 /7] (1z2 —pt),
T

Wz(z):4 J_(le(e_4”*ﬁ(2’ ) _ Liy(e~#™V=1P)) 4 47 /—1 (Z—,ol)
JT

We note again that, by (85), we obtain that
(86) Wa(—1) = Wi (1) + 2 v/—1 1.

Similarly as the calculation of Section 5, we can restrict Ag ; to Ay, of the following
lemma:

Lemma F.2 We recall that p is a fixed real number with 0 < p < 0.001. We put
A6,1 ={teR|0.02=<7=0.07}.

Then the domain
{t € Ao,1 | Re Wi (1) = gr(Ms) — &}

is included in Ay for sufficiently small & > 0.
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Proof Since the domain {Re Wl (t) > cr(Ms)} is compact, assuming that Re Wl ()=
GRr(Ms5), it is sufficient to show that

0.02 <t <0.07.
From the definition of W; (t), we have that

Re Wi (1) = LA41 +2p) + LAQ2p) = cr(M5).
Hence,

A(41 +2p) =2 26r(Ms) — A(2p) = 2Gr(Ms) = 0.1561897.... .,

and A(0.09) = 0.141707... and A(0.26) = 0.142161 ..., which do not satisfy the
above condition. Therefore, since the behavior of A(-) is as shown in Appendix E,
we obtain that

0.09 <41 +2p <0.26.

Further, since 0 < p <0.001, we obtain that

0.02<t<0.07,

as required. a

Proof of Lemma F.1 We recall that it is sufficient to show (83) and (84). For simplicity,
we show a proof of (83). (We can show (84) similarly.) By Lemma F.2, we can restrict
the range of the sum of (83) to A ;. Hence, it is sufficient to show that

Z eXp(N W (% _ lﬁ)) — O(eN(CR(Ms)—S)).
1/2—i/NeAy ,

Further, by Proposition F.4 (Poisson summation formula), it is sufficient to show that

(87) / exp(N - Wi (1)) dt = O(eNErMD=9)),

0.1

We show this formula in Proposition F.7 by a similar procedure to the saddle-point
method. Therefore, we obtain the lemma. O

F.1 Critical points of W,

In this section, we calculate critical points of VTG and Wz, which we use in Section F.3
later.
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From the definitions of I/ffl and Wz , their differentials are given by

dW.
(88) L= Dlog(l— e 4mV=1C1+0) L 47 /] (lt—p),
dt 2
dW, —47/=1(2t—p) 9
(89) 2 =2log(1-e P)+4m/—1(§z—p).

We consider a critical point of Wl in the domain
(90) {t€C]0.02 <Ret <0.08}.

We note that this range is more extended than the range of Lemma F.2, because there
is a critical point in the extended part and we use it in Section F.3. The equation
dWy/dt = 0 is rewritten as

log(1 — e_4”“m(2t+p)) =27+ -1 (% — ,0).
Further, it is rewritten as
l_e—4nﬁ(2t+p) _ ez:rﬁ(t/z—p)

and
| — xBe—4mV=1p _ le—Zn«/jl,D’
X
where we put x = e~™V=11 We can verify that there is a single solution of this
equation such that the corresponding ¢ is in (90); we put this solution #y. We show
some numerical values of ¢, as follows:

P lo
0 0.0787594 ... —/—1-0.0467182. ..
0.0002  0.0788007...—+/—1-0.0468217...
0.0004  0.0788424...— +/—1-0.0469251 ...
0.0006  0.0788846...—+/—1-0.0470283...
0.0008  0.0789272...—+/—1-0.0471313...
0.001 0.0789703...— ~/—1-0.0472342 . ..

We consider a critical point of Wz in the domain
{teC|—0.08 <Ret < —0.02}.

Then, noting (86), we can show that —f is a single critical point of Wz in the above
domain.
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F.2 The Poisson summation formula for W;

The aim of this section is to show Proposition F.4, which we use in the proof of
Lemma F.2.

In order to show Proposition F.4, we review the following proposition, which corre-

sponds to the 1—dimensional case of Proposition 3.4:

Proposition F.3 (see [18]) For ¢ € C and a closed interval D’ in R, we put

i . i
A:{N—i-cle(c‘zeZ,WGD’},

D={t+c; €C|te D CR}.

Let v (t) be a holomorphic function defined in a neighborhood of 0 € C including D.
We assume that 0D is included in the domain

{t €C |Rey(t) < —go}

for some &y > 0. Further, we assume that the two points of 0D can be connected by a
path in each of the domains

1) {t+8v/—1€C|teD, §>0 Rey(t +8v—1) <278},
92) {t—8v—1€C|teD' §>0,Rey(t—8v—1) <2nb}.
Then

% Z NV = / eNVO g+ 0(e™N9)
telA D
for some ¢ > 0.

The aim of this section is to show the following proposition, by using the above
proposition:

Proposition F.4 We have

1 w (L)) = . N(cr(Ms)—¢)
I Z exp(N W1(2 N))_[A/ exp(N-Wi(2)) dt+O(e ).
1/2—i/NeAy 0.1

Proof By applying Proposition E.3 to W, (1) — cr(M5), we obtain the proposition.

We verify the assumptions (91) and (92) in Lemmas F.5 and F.6 below. The other
assumptions of Proposition F.3 can be verified easily. a
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We note that the following inequalities hold for x = e*™ V=1Q@t+p+28v=1) 4pd § e R:

1 1 _
(93) 0<Arg(1—;) <4N(Z—2l—p),

we use these in the proofs of the following two lemmas:
Lemma E.5 The assumption (91) holds in the proot of Proposition F4.

Proof We let
Fi(8) =Re Wi (t + 8v/—1) — cr(Ms) — 278

in this proof. Similarly as the proof of Lemma 5.8, it is sufficient to show that there
exists ¢ > 0 such that

94) %F, ) < —e,

forany 7 € A ;.
To show this, we estimate the differential of F;(§), as follows. By (88), the differential

of F;(8) is given by

% =Re(x/—_l%l/f/1(t +5\/—_1)) -2 = 2Arg(1 —i) —4n(%t—p) —2m,

where we put x = AT V=1Q1+p+28V=T) By (93), we can estimate it as follows:

afr 2-471(1 )y —2,0) —4n(1z —p) o = —4n(2t +p) < —47-0.09
dé 4 2 2 - ’
where we obtain the last inequality since ¢ > 0.02 by Lemma F.2. Hence, (94) holds,

as required. a
Lemma F.6 The assumption (92) holds in the proot of Proposition F.4.

Proof We let
Fi(8) =Re Wy (t — 8/—1) — cg(Ms) — 278

in this proof. Similarly as the proof of Lemma 5.8, it is sufficient to show that there
exists € > 0 such that

95) %F, ) < —e

/
for any ¢ € AO,I‘
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To show this, we estimate the differential of Fy(§), as follows. By (88), the differential
of F;(3) is given by

% = Re(—«/—_l%v’f/l(t +5\/—_1)) -2 = —2Arg<l —%) +47r(%t—,0) —2m,

where we put x = ATV =1t +p=28v=1) By (93), we can estimate it as follows:

R 4 —f — — — 4 — J— <_4 - —
<0+ ﬂ(zl p) 2w 7'[(21 1Y 2) T 3 y

where we obtain the last inequality since # < 0.07 by Lemma F.2. Hence, (95) holds,
as required. a

F.3 The integral (87) is sufficiently small

In this section, we show that the integral (87) is of sufficiently small order in the
following proposition. The aim of this section is to show this proposition.

Proposition F.7 We have

/ exp(N - Wi (1)) dt = O(eNErRMs)=e)),

0.1
We give a proof of the proposition later in this section.

We use a similar procedure as the saddle-point method, but we have no critical point
whose real part belongs to Ag | in this case. Hence, the conclusion is that the integral
of the proposition is of sufficiently small order. We put

fi(X) =Re W, (1 + X V/—1).

Then, in the same way as in the previous section, we have that

(96) %:Mrg(l—)l—c)—w(%t—p),

where we put x = AV =12t +p+2XV-1)

Lemma F.8 We fix a real number ¢t with 0.02 <¢ < 0.08. We recall that p is a fixed
real number with 0 < p <0.001. Then f;(X) has a unique minimal point at X = g(t),

h
where sin Zn(%t — ,0)

1
t)=s—1lo ,
8¢) 87 gsin27r(%—%t—p)
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ie f;(X) is monotonically decreasing for X < g(t) and is monotonically increasing
for X > g(¢).

Proof We put x = 47V =1Q1+0+2XV=1) Thep L — 87X o—=47vV/=1Q21+0) We put
X
0= Arg(l — %) in this proof. Since 0.02 <¢ < 0.08, 0 is in the range

0<6<dn(3—2t—p).

By (96),
y oo >0 if 0> 27 (3t —p),

0 . 1
<0 1f9<271(§t—,0).
Further, in the same way as in the proof of Lemma 5.3, we can show that X is
monotonically increasing as a function of 6, and they satisfy that

eSnX 1

sind — sin(4x (5 —20—p)—6)°

This is rewritten as
1 sin 6

X =—1 .
g o sin(4n(% —2t —p) — 9)

Therefore, )
>0 if X >g(),

0 .
oy /1) =0 if X =g(@),
<0 if X <g(v),
where we put
1 sin2n(%l—p)

git)y=—1Io .
( 87 gsin2n(%—%t—p)

Hence, we obtain the lemma. O

Proof of Proposition F.7 We put
61 =1{r€R[0.02<r<0.08}.

We show that there exists a homotopy A/(/g) (0 <6 <1)between Al(/o) = Ay, and A/(’l )
such that

(97) ty Clt € C [Re Wi () < Gr(Ms) — ¢},
(98) 0AJ5 C {1 € C |Re W, (1) < Gr(Ms) —é}.

We note that W (¢) uniformly converges to W, (t) on Ay | and the error term is of order
O(1/N?). So we show the existence of such a homotopy for W, (t), instead of W (z).
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For each fixed ¢, we move X from 0 along the gradient flow of —Re Wl T+ X~-1).
Then the value of Re Wl (t + X+ —1) monotonically decreases. By Lemma F.8,
X arrives at g(¢). We put A’(/S) to be

/(’5) ={t+8-g(t)vY—1€C|0.02<¢=<0.08).
It is sufficient to show that this homotopy satisfies (98) and (97).

We show (98), as follows. Since BAg , 1s originally included in this domain and the
value of Re Wl monotonically decreases, BA/(/(S) is also included in this domain. Hence,
(98) holds.

We show (97), as follows. We consider the functions
F(t,X)=Re Wi (t + X~/=1), h(t) = F(t, g(t)) = Re W, (t + g(t)v/—1).

It follows from the definition of g(¢) that g—; =0at X =g(¢). Hence, Imd Wi /dt=0
at (1 + g(t)~/—1). Further, dh/dt = RedWl/dl at (¢t + g(t)~/—1). Therefore, when
t is a critical point of 4(z), (t + g(¢)~/—1) is a critical point of W . Further, as shown
in Section F.1, Wl has a single critical point at ¢y in (90). Hence, putting g = Rey,
h(t) has a unique maximal point at zg and no other critical points. Originally, ¢z
belongs to the domain of (97). Further, since Re Wl monotonically decreases by the
above-mentioned gradient flow, ¢y belongs to the domain of (97). Furthermore, since
h(t) has a unique maximal point at 7g, (t + g(t)~/—1) also belongs to the domain
of (97). Therefore, (97) holds, as required. a

Appendix G Proof of Lemma 7.1
The aim of this section is to give a proof of Lemma 7.1.

Proof ofALemma 7.1 Since the domain {Re I7(l, §) > cr(Ms)} is compact, assuming
that Re V (¢, 5) > cr(Ms5), it is sufficient to show that
t+5<0.26, s—1<0.26, |t]<0.099, s5<0.2.
We show these inequalities in this proof. We recall that
Re V(t,s) = 1At +25) + 1A (25 —20),

as shown in Appendix E. Weput u =745 and v =15 —¢.
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We show that 1 + 5 < 0.26 and s —¢ < 0.26, as follows. Assuming that
1A Qu) + LA Q2v) > gr(Ms),
it is sufficient to show that # < 0.26 and v < 0.26. We have that
AQu) = 2Gr(Ms) — A(2v) = 2Gr(Ms) — A(%)
=2-0.078094...—0.161533... = —0.005343 ...,

and A(2-0.26) = —0.0138498, which does not satisfy the above condition. Hence,
since the behavior of A(-) is as shown in Appendix E, we obtain that u < 0.26. We
also obtain that v < 0.26 in the same way.

We show that s < 0.2, as follows. By Lemma G.1 below, {Re 17(1, §) > gr(Ms)} is
a convex domain. Further, this domain is symmetric with respect to the change of the
sign of 7. Hence, s has a maximal value when ¢ = 0. Putting # = 0, we have that

Re V(0,5) = A(25) > cr(Ms) = 0.078094 . . .,

and A(2-0.2) =0.0676532..., which does not satisfy the above condition. Hence,
since the behavior of A(-) is as shown in Appendix E, we obtain that s < 0.2.

We show that || < 0.099, as follows. Noting that the domain {Re I7(t, s) > cr(Ms)}
is symmetric with respect to the change of the sign of ¢, it is sufficient to show that
t < 0.099. We calculate the maximal value of 7.« in this domain. It satisfies the
equations 1
{EA(Zt +25) + 3A(2s —21) = Gr(Ms),

L (IAQt+25)+ IAQ2s—21)) =0.

They are rewritten as
AQt 4+ 2s) + A(2s —2t) = 2¢cgr(Ms5),

{A’(2t +2s5)+ A'(2s —2t) = 0.
We note that this system of equations has exactly two solutions, corresponding to
the maximal and minimal values of ¢, since the domain {Re I7(t,s) > cr(Ms)}
is a convex domain whose boundary curve is smooth by Lemma G.1 below. By
calculating a solution of them by Newton’s method from (z, s) = (0.1, 0.2), we obtain
fmax = 0.097454002299. ... Hence, ¢ < 0.099, as required. O

Lemma G.1 The domain
{(t,5) eR?* |Re V(t,5) = Gr(Ms), 0<t+s <1, 0=<s—1<1}

is a convex domain.
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See Figure 6 for a graphical representation of this lemma.

Proof Putting u =¢+ s and v = s —1¢, it is sufficient to show that the domain
99 {(u.v) €eR* | AQu)+ A(2v) = 26g(Ms), 0<u <31, 0<v<1}

is a convex domain. Hence, it is sufficient to show that the curvature of the boundary
curve of this domain with respect to the outward normal vector is negative everywhere
except for the lines {u = 0} and {v = 0}.

When 0 <u < % and 0 <v < %, AQu) and A(2v) are concave functions, and it
follows that the domain of the lemma is convex, and the curvature of the boundary
curve with respect to the outward normal vector is negative in this area.

When 0 <u < % and % <V < %, we show the lemma, as follows. As we can observe

in Figure 6, this area is relatively small. We can obtain that
0.062 <u < 0.107,
since A(2u) > 2¢g(Ms5). Further, we can obtain that

7 <v<0.254,

since A(2v) > 2cr(Ms) — AQQu) = 2¢r(Ms) — A(%). Hence, noting the behavior
of A(-) shown in Appendix E, we can obtain that
—0.22 < A'(2u) < —0.28,

since A’(2-0.062) =0.275018 ... and A’(2-0.107) = —0.219598. .., and can obtain
that
0.7 < A'(2v) < —0.69,

since A’(2-%) = —0.693147... and A’(2-0.254) = —0.692831 ..., and can obtain
that
-8 < A'(QQu) < -2,

since A”(2-0.062) = —7.65238 ... and A”(2-0.107) = —3.94669 . .., and can obtain
that
0<A”(2v) <0.1,

since A’(2-4) =0 and A’(2-0.254) = 0.0789735.... We consider the boundary
curve of the domain (99). It is given by F(u, v) = 0, where we put

F(u,v) = AQu) + AQ2v) —26r(Ms5).
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When 0.062 < u < 0.107 and % < v < 0.254, this curve can be presented by v = f(u)
with some function f satisfying that F(u, (1)) = 0. Its differentials are given by

P, f@) =2(N @+ N Q@) £ w) =0,
2

d
2 Pl fw) = 220" Qu) + 20" f @) f' () + N 2 f () /" () = 0.

Since A'2u)

') = TA(2v)

we obtain that | f'(u)| < 1 from the above inequalities. Further, since

I =— (2A"(Q2u) +2A"2v) f'(w)?),

A (2v)

we obtain that /(1) < 0 from the above inequalities. Therefore, the curvature of the
boundary curve with respect to the outward normal vector is negative in the area that
0.062 <u < 0.107 and % <v<0.254.

When 0 <v < % and % <u< % we can show that the above-mentioned curvature is
negative in the area that 0.062 < v < 0.107 and % < u < 0.254, in the same way as

above, exchanging u# and v.

Therefore, the curvature of the boundary curve of the domain (99) with respect to the
outward normal vector is negative everywhere except for the lines {# = 0} and {v = 0},
as required. a
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