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On the stability of asymptotic property C
for products and some group extensions

GREGORY COPELAND BELL
ANDRZEJ NAGORKO

We show that Dranishnikov’s asymptotic property C is preserved by direct products
and the free product of discrete metric spaces. In particular, if G and H are groups
with asymptotic property C, then both G x H and G * H have asymptotic property C.
We also prove that a group G has asymptotic property Cif | - K -G - H — 1
is exact, asdim K < oo and H has asymptotic property C. The groups are assumed
to have left-invariant proper metrics and need not be finitely generated. These results
settle questions of Dydak and Virk (2016), of Bell and Moran (2015) and an open
problem in topology.

54F45; 20F69

1 Introduction

Asymptotic property C is a coarse invariant of metric spaces introduced by A N Dran-
ishnikov in 2000 [11]. Recently it received a lot of attention; see Dranishnikov and
Zarichnyi [13], Dydak [14], Dydak and Virk [15], Bell and Moran [7], Beckhardt [1],
Beckhardt and Goldfarb [2] and Yamauchi [30].

Asymptotic property C is a coarse analog of topological property C; see Haver [21].
Topological property C fails to be preserved by direct products in very striking ways:
There is an example of a separable metrizable space X with property C whose product
with the irrationals fails to have property C (under the continuum hypothesis); see
Pol [24]. There is also a separable complete metric space X with property C whose
square X x X fails to have property C; see Pol and Pol [25]. The question whether as-
ymptotic property C is preserved by direct products is widely known and was published
by Pearl [23]. We answer it in the affirmative in the following theorem.

Theorem 1.1 Let X and Y be metric spaces. If X and Y have asymptotic property C,
then X x Y has asymptotic property C.
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Theorem 1.1 is an analog of a theorem of D M Rohm [27, Theorem 3], which states that
topological property C is preserved by a direct product if one of the factors is compact.
Asymptotic property C has a compactness-like property built into the definition, which
requires that the sequence of constructed families is finite.

The technique used to prove Theorem 1.1 can also be used to prove a useful fibering
lemma:

Fibering lemma If f: X — Y is a uniformly expansive map of metric spaces, Y has
asymptotic property C, and coarse fibers of f have uniform asymptotic property C,
then X has asymptotic property C.

As an immediate consequence of this lemma, we can provide an affirmative answer to
a question of J Dydak and Z Virk [15] regarding preservation of asymptotic property C
via maps with finite asymptotic dimension.

The fibering lemma is effective in settling various questions concerning asymptotic
property C of countable groups or finitely generated groups. Consider the short exact
sequences

l1-G—->GxH—-H-—1

and
1->[G Hl-G+*H—->GxH—1

with groups G and H endowed with left-invariant proper metrics. We show that
the surjective maps G x H — H and G * H — G x H satisfy the assumptions of
the fibering lemma if G and H have asymptotic property C. In the latter sequence
[G, H] is the commutator subgroup of G * H, which is quasi-isometric to a tree —
see Serre [28] — hence it is of finite asymptotic dimension. Therefore the last exact
sequence is a special case of the group extension

1> K—-G— H-—1,

which (as we show) satisfies assumptions of the fibering lemma if K has finite asymp-
totic dimension and H has asymptotic property C. These observations are summarized
in Theorem 1.2.

Theorem 1.2 Let G and H be groups with proper left-invariant metrics.

(1) If G and H have asymptotic property C, then G x H has asymptotic property C.
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(2) If G and H have asymptotic property C, then G x H has asymptotic property C.

(3) If 1 - K— G — H — 1 is an exact sequence, H has asymptotic property C
and K has finite asymptotic dimension, then G has asymptotic property C.

Theorem 1.2(2) settles the question of whether asymptotic property C is preserved by
free products, which was posed by Bell and Moran [7]. We do not consider the more
general question of free products with an amalgamated subgroup.

The result about free products of groups can be extended to free products of metric
spaces.

Theorem 1.3 Let X and Y be metric spaces that are discrete in the metric sense (see
Definition 6.7). If X and Y have asymptotic property C, then X * Y has asymptotic
property C.

The proof differs from the proof given in the case of groups; it relies on the following
decomposition lemma and is of independent interest.

Decomposition lemma Let X be a metric space. Assume that there exists k such that
for each (infinite) sequence Ry, R,, ... of real numbers there exists a finite sequence
Uy, Uy, ..., Uy, of families of subsets of X such that

() ;Ui covers X,

(2) U; is R;—disjoint,

(3) U; has asymptotic dimension bounded by k uniformly.
Then X has asymptotic property C.
Acknowledgements The authors would like to thank the anonymous referee for many
helpful suggestions and improvements. The authors have also been made aware that

Theorem 1.1 was shown independently by Davila [10]. This research was supported by
the NCN (Narodowe Centrum Nauki) grant no. 2011/01/D/ST1/04144.

2 Preliminaries

Let U and V be subsets of a metric space X. Let R > 0 be a real number. The subsets
U and V are said to be R—disjoint if dist(u,u’) > R whenever u € U and u’ € U’.
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A family of subsets ¢/ of a metric space X will be said to be R—disjoint if U and U’
are R—disjoint whenever U and U’ are distinct elements of I/. We define the mesh
of a collection U of subsets of X by mesh(i) = sup{diam(U) : U € U}. A family of
subsets U of a metric space X will be said to be uniformly bounded if mesh(i) < oco.
We will occasionally describe a family as being B—bounded when mesh(i/) < B for
some B > 0.

Asymptotic dimension was defined by Gromov [18] as an asymptotic analog of covering
dimension.

Definition 2.1 A metric space X is said to have asymptotic dimension at most n,
asdim X < n, if for every R > 0 there are n 4+ 1 uniformly bounded families of
R—disjoint sets Uy, U1, . ..,Uy, such that Ui U; covers X.

Occasionally we will need more control over the disjointness and mesh of covers of
a collection of sets. We say that a family { Xy} of subsets of a metric space X has
asymptotic dimension no more than n uniformly if for every R there is a B such that
each X, can be covered by at most n + 1 R—disjoint families of B—bounded sets.

Dranishnikov defined asymptotic property C [11] as an asymptotic analog of Haver’s
topological property C [21].

Definition 2.2 A metric space X has asymptotic property C if for each (infinite)
sequence Ry, R,,... of real numbers there exists a finite sequence Uy, Uy, ..., U, of
families of subsets of X such that

(1) ;Ui covers X,
(2) U; is R;—disjoint,
(3) U; is uniformly bounded.

There is no loss of generality in assuming that the numbers R; comprise a nondecreasing
sequence. It is clear that spaces with finite asymptotic dimension have asymptotic
property C; it is also true that metric spaces with asymptotic property C have Yu’s
property A [11, Theorem 7.11].

It is easy to see that the union of a finite collection of sets with asymptotic property C
has asymptotic property C. In fact, this is true for certain types of infinite unions, too
(see [7, Theorem 4.2]).
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Proposition 2.3 Let X and Y have asymptotic property C. Then X UY has asymp-
totic property C.

Finally, we mention that the concepts of asymptotic dimension and asymptotic prop-
erty C (among others) belong to the realm of so-called coarse geometry. It is possible
to define these concepts in the context of the coarse category without reference to a
metric (see [8; 17; 26]); however, we do not pursue this course further in this work.

Definition 2.4 Let f: X — Y be a map of metric spaces. We say that f is

(i) effectively proper if there is some proper (see Definition 2.5), nondecreasing

p1: [0, 00) = [0, 00) such that pq (disty (x, x")) <disty (f(x), f(x"));

(ii) uniformly expansive if there is a nondecreasing p;: [0, 0c0) — [0, c0) such that
disty (f(x), f(x")) = p2(disty (x, x"));

(iii) coarsely uniform embedding if it is both effectively proper and uniformly expan-
sive;

(iv) coarsely surjective if there is some R such that for each y € Y, there is some
x € X for which disty (y, f(x)) < R;

(v) a coarse equivalence if it is a coarsely uniform embedding that is coarsely
surjective.

It is straightforward to verify that asymptotic dimension and asymptotic property C are
invariants of coarse equivalence.

Definition 2.5 A metric space (X, dist) is said to be proper if closed balls are compact.
We also say that the metric itself is proper in this case. A map f: X — Y between
topological spaces is called proper if inverse images of compact sets are compact.

A metric d on a group I' will be called left-invariant if dist(gh, gh’) = dist(h, h') for
all g, hand ' in T.

Let I' be a finitely generated group. Fix a finite generating set .S that is symmetric
in the sense that s € S implies s~! € S. The pair (I, S) carries a natural proper
left-invariant metric called the word metric. This metric is given by first defining a
norm on I as follows: ||g|ls = 0 if and only if g is the identity element; otherwise
llglls is the length of the shortest word in the alphabet .S that presents the element g.
The (left-invariant) word metric is given by distg(g,h) = ||g~ /|| s . It is easy to see
that any two word metrics corresponding to different (finite) generating sets give rise to
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coarsely equivalent spaces. In the case of a general countable group I', which may not
be finitely generated, Dranishnikov and Smith showed that up to coarse equivalence
there is a unique left-invariant proper metric on I' [12, Proposition 1.1]. Moreover,
each such metric arises from a weight function as follows.

Definition 2.6 Let I" be a countable group with (possibly infinite) generating set .S.
Give S the discrete topology. A weight function on S is a map w: S — [0, co0) that is
positive, proper and has the property that w(s) = w(s~!).

Theorem 2.7 [12, Proposition 1.3] Every weight function w on a countable group
defines a proper norm (which induces a proper left-invariant metric). The norm is given

by

n
Iyl =it Y wisn) [y =sive50. 5 5
i=1
and the corresponding metric is disty, (g, 1) = ||g 7 |-

Definition 2.8 An action of a group I' on a topological space X is a homomorphism
¢: I' > Homeo(X). We denote ¢(y)(x) by y.x. The orbit of xy € X is the equiv-
alence class of all {x € X : x = g.xo for some g € I'}. The action is transitive if
there is only one orbit. For x € X, the stabilizer of x is denoted by I’y and is the
subgroup of I' defined by Iy = {y € I' : y.x = x}. Let " be a group acting on a
metric space X. The action of I" on X is said to be an action by isometries (or an
isometric action) if ¢(I') C Isom(X). For R > 0 define the R—stabilizer of xg € X
by Wg(xo) = {y € T : disty (y.x¢9,x0)} < R.

3 Direct products preserve asymptotic property C

Several authors have studied the so-called permanence properties — that is, the extent
to which properties are preserved by unions, products, etc— of coarse invariants
such as finite asymptotic dimension [4], finite decomposition complexity [19; 15], or
property A [3]. The permanence properties of asymptotic property C have proved to
be slightly more elusive than others, with incremental special cases being proved for
unions [7] and certain types of group extensions and products [1; 2]. Indeed, although it
had been conjectured for some time, only recently was a group with infinite asymptotic
dimension and asymptotic property C shown to exist [30].

Let (X, disty) and (Y, disty) be metric spaces. We can define a metric on the product
X xY by distyxy (x x y, x" x ') = /(disty (x, x))2 + (disty (v, y"))2.
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R>1 Rz7 R3s Rsr Rsi Re Ry Ry R36 Ras Rs6 Re
Ris Ryo Rz R3z Ra1 Rso Ris5 Ry5 R35s Rys Rss Res
Rio Ria Ri9 Rzs R3z Ry Ri4 R4 R3q Rya Rsa Rea
Rs Ry Riz Rig Ras Ri Ri3 Ra3 R33 Ra3 Rs3 Res
R; Rs Rg Riz Ry7 Ry Ri2 Ry R3p Rap Rsp Rep
Ry Ry R4 R7; Ry Ris Ri,1 R0 R3;i Rayn Rsi Ren

Figure 1: We arrange the given sequence as indicated and assign new labels
corresponding to the row and column in which the number now appears.

The main goal of this section is to answer the following question from the Lviv
Topological Seminar [23, Question 1.3, page 656]: Let X and Y be two metric spaces
with asymptotic property C. Does X x Y have asymptotic property C?

Theorem 3.1 Let X and Y be metric spaces with asymptotic property C. Then X xY
has asymptotic property C.

The idea for the proof was inspired by the proof that a product of a compact space with
(topological) property C and a space with property C has property C [27, Theorem 3].

Proof Let Ry < R, <--- be a given nondecreasing sequence of positive numbers.
Rearrange the sequence into subsequences R;; < R;, <--- using the rearrangement
shown in Figure 1.

Fix i = 1, so that we are considering the column R; ; with j = 1,2,.... Let
Ur,1.Ur,2, ..., U1, be uniformly bounded families of subsets of X such that 2/ ;
is Ry j—disjoint and the union Uj Uy,j covers X. Similarly, for each i =2,3,...,
we construct finite collections of R; j—disjoint families Uf; ; for j =1,2,...,n; of
uniformly bounded subsets of X whose union covers X. This construction yields a
sequence of positive numbers R; ,, with the property that R; ,;, > R; ; forall j <n;.
Using this sequence we obtain covers V; fori =1, 2, ..., m of Y; see Figure 2.

Let Wi j ={UxV:U €l j, V €V;}.

Given (x, y) € X xY thereis some i such that V;, contains an element V' containing y,
since the union of the V; covers Y. Then there is some jo such that ¥/, j, contains a
set U containing x, since each [ f U;,;j is a cover of X for each i. Thus, U x V' is
some W € Wj, j, that contains (x, y). Thus, the collection | J;, j Wi,j covers X x Y.
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Figure 2: We find covers {U; ,} *, of X for each column R;, R;p,...,
and then construct a cover {V;}7_, of ¥ corresponding to R;y; .

The family W; ; is uniformly bounded; indeed, if W € W ; then diam(W)2 <
mesh(U;, j)* + mesh(V;)2.

Next, we check that each family W; ; is R; j—disjoint; we suppose that distinct ele-
ments W and W' are in some fixed W, j. Writte W =U xV and W/ =U’xV'. Take
arbitrary elements (u, v) € W and (u/,v") € W'. If U = U’ then dist((u, v), (u’,v")) >
disty (v, V) > R; 5, . If V =V, then dist((u, v), (u’,v)) > disty (u, u’) > R; ;. Other-
wise, dist((u, v), (', v")) = min{disty (u, u’), disty (v, v")} > min{R; »,, R; j} = R, j,
since R; j < R;; foreach i and each j <n;. Thus, W; ; is R; j—disjoint.

Finally, we rearrange the W; j back into a single sequence as in Figure 1 to obtain
Wi, s Wiys - .- Wi, (Where some indices may have been omitted). Notice that this
produces a finite sequence {k1,k,, ..., kpn} with the property that k; > i for each i.
Thus, Ry, = R; for each i. Thus, the collection Wy, is Ry, —disjoint and therefore it is
R;—disjoint. Therefore, we have a finite collection Wy, Wk, ..., Wk, of uniformly
bounded R;-disjoint families of subsets of X x Y with the property that (W,
covers X x Y. |

4 The fibering lemma

In this section we prove a Hurewicz-type theorem for asymptotic property C that is
motivated by the technique of the proof of Theorem 3.1. The classical Hurewicz
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theorem on mappings that lower dimension goes back to 1927 and can be stated as
follows:

Hurewicz theorem [16, Theorem 1.12.4] If f: X — Y is a closed mapping of
separable metric spaces and there is an integer k > 0 such that dim f~!(y) <k for
every y € Y, then dim X <dimY + k.

This theorem was first translated to asymptotic dimension for finitely generated groups
in [5]. It was proved for countable groups in [12] and translated to Assouad—Nagata
dimension in [9]. A version of the theorem for metric spaces appears in [15]. In a
more general context, this theorem belongs to the class of fibering theorems (see for
example [19]) in which a property is preserved by a mapping when the range and fibers
have this property.

4.1 Fibers with uniform asymptotic property C

Definition 4.1 Let f: X — Y be a map of metric spaces. Let M be a real number.
We say that A C X is a coarse fiber at scale M if diam f(A4) < M.

Definition 4.2 Let f: X — Y be a map of metric spaces. We say that coarse fibers
of f have uniform asymptotic property C if for each infinite sequence Ry, R,, R3, ...
of real numbers there exists an integer k£ such that, for each real number M, there
exists a real number B such that, for every 4 C X with diam f(A4) < M, there exists
a sequence Uy, Uy, ..., Uy of families of subsets of A that satisfies the following
conditions:

(D Uf-;l U; covers A.
(2) U; is R;—disjoint for each i .
(3) meshif; < B foreach i.
Comment 4.3 Note the order of quantifiers in Definition 4.2: the number & of families

depends only on the sequence R, Rj,...; the bound B on meshes of the families
depends on the sequence Ry, R;,..., the number k and the scale M of fibers.

If f: X xY — Y is the projection map from the product of metric spaces X x Y,
then it is straightforward to show that coarse fibers of f have uniform asymptotic
property C if X has asymptotic property C.

Algebraic & Geometric Topology, Volume 18 (2018)



230 Gregory Copeland Bell and Andrzej Nagorko

Fibering lemma If f/: X — Y is a uniformly expansive map of metric spaces, Y has
asymptotic property C and coarse fibers of f have uniform asymptotic property C, then
X has asymptotic property C.

It is known that topological property C is preserved by preimages if the map is closed,
fibers have topological property C and the codomain is paracompact; see [20].

Proof Let p: [0,00) — [0, 00) be strictly increasing and such that

disty (f(x), f(x)) < p(disty (x, x")).

Let Ry, R;, R3,... be an infinite sequence of real numbers. Without any loss of
generality we may assume that Ry, R,, R3, ... is increasing.

Rearrange the sequence R; < R, < R3 < --- into subsequences R; < R;; =<

R;3 < --- using the rearrangement shown in Figure 1. For each i, let n; be the

number of families obtained by applying Definition 4.2 to the map f and the sequence
Ri1 < R;5 < R;3 =---. Consider the sequence

P(Ripn)s P(R2ny), P(R3,n3), - -
Using the assumption that Y has asymptotic property C, we obtain a sequence Vq,
Vs, ...,V of families of subsets of Y such that:
(1) UjZ, Vi covers Y.
(2) Vi is p(Rip;)—disjoint for each i.
(3) V; is uniformly bounded for each i .

Let M; = meshV;. Apply Definition 4.2 to the map /', the sequence R; | < R;» <
< R, »; and the scale M; to obtain a bound B;.

Let V €V;. The set f~1(V) is a coarse fiber of f at scale M;. By Definition 4.2
applied to the sequence R;; < R; > <--- =< R;,,; and the coarse fiber f7HV) at
scale M;, there exists a sequence U/, UIV ey LI,Z of families of subsets of f~1(V)
such that:

(1) U;"ZIZ/IJ.V covers fL(V).
(2) U/ is Ry j—disjoint for each ;.
3) meshZ/le < B; for each ;.
Observe thatif V,W €V; withve V, we W and V # W, then

disty (f 7' (v), £~ (w)) > Rip,.
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Since R;n; = R, j for j <n;, the family

Uij = U Z/{J-V
Vey;
is R; j—disjoint and meshlf; ; < B;. Hence we obtain a collection of uniformly
bounded families {/;; : i < m, j < n;} that are R; j—disjoint and whose union
covers X. Rearranging these families back into the sequence Rj, R;,... (possibly
leaving some places empty) shows that X has asymptotic property C. a

By the comments following Comment 4.3 we see that the product theorem (Theorem 3.1)
can be deduced from the fibering lemma.

4.2 Fibers with uniformly bounded asymptotic dimension

We turn our attention to the preservation of coarse properties discussed in [15], from
which we recall the following definition.

Definition 4.4 Given a function f: X — Y of metric spaces, its asymptotic dimension
asdim( /') is the supremum of asdim(A) for A C X such that asdim( f(A4)) = 0.

Lemma 4.5 Let f: X — Y be a uniformly expansive map of metric spaces. The
following are equivalent:

(1) Forevery M > 0 and every R > 0, there is a B > 0 such that if U C X and
diam( f(U)) < M, then U can be covered by n + 1 R-disjoint families of
B —bounded subsets of X.

(2) asdim f <n.

Proof (1) = (2) Since f is uniformly expansive, there is an increasing control
function p: [0, 00) — [0,00) such that disty (f(x), f(x")) < p(disty (x,x’)). Let
R > 0 be given and take an arbitrary 4 C X with the property that asdim f(A4) = 0.
We may cover f(A) with uniformly bounded sets U; that are p~!(R)—disjoint. Let
M be an upper bound for diam U; and take B > 0 as above. Then each f~1(U;)
can be covered by the union of n + 1 families ¢ j of R-disjoint, uniformly B—
bounded subsets of f~!(U;). By the choice of the U;, we see that if U; # U; then
dist(f~'(u), f~1(v))> R whenever u € U; and v € U; . Thus, by taking the collection
Vj =U;; for j =0,1,...,n we obtain a collection of n + 1 R-disjoint families of
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uniformly bounded sets whose union covers A. Thus, asdim A <n and, since 4 was
arbitrary, we conclude that asdim f < n.

(2) = (1) Suppose that asdim f <n. Fix R >0 and M > 0. Foreach U C X
with diam( f(U)) < M, let B(U) denote the smallest integer B for which U can be
expressed as a union of B-bounded, R-disjoint families Uy, ...,U,.

If sup{ B(U) : diam( f(U)) < M } < oo then there is nothing to prove. Thus, we assume
that we can find a sequence of subsets U, U,, ... of X with diam( f(U;)) < M for
which B(Uy), B(U,), ... is unbounded. We may take the sequence of such B(U;)
to be monotonically increasing. If the set {f(U;y), f(U,),...} is bounded, then
asdim(U,- f(U,-)) = 0 and therefore the sequence of the B(U;) is bounded from above.
Otherwise, the sequence f(U;) is unbounded. Thus, we take i; = 1. Because the
f(U;) are bounded, yet the sequence { f(U;)} is unbounded, for each k > 1 we can find
an increasing sequence of indices iy such that dist( 5‘;% SWip), f (Uk)) > 2k (Here
the distance between subsets is defined by dist(A, B) = inf{dist(a,b) :a€ A, b € B}.)
Thus, Uze; /(Ui ;) has asymptotic dimension 0, which contradicts the fact that the
B(U;) increase monotonically to infinity since asdim f < n. a

Dydak and Virk have the following theorem regarding such maps and property C:

Theorem 4.6 [15, Theorem 6.3] Suppose that f: X — Y is coarsely surjective and
asdim( /) = 0. Then, if Y has asymptotic property C, X has asymptotic property C.

This naturally leads them to the following question, which we are able to settle in the
affirmative [15, Question 6.4]: Suppose f: X — Y is uniformly expansive, coarsely
surjective and of finite asymptotic dimension asdim( /). If ¥ has asymptotic property C,
does X have asymptotic property C?

Corollary 4.7 Suppose that f: X — Y is a uniformly expansive, coarsely surjective
map of finite asymptotic dimension asdim( f) and that Y has asymptotic property C.
Then X has asymptotic property C.

Proof Suppose that asdim( /) = n. Then, given a sequence Ry < R, <---, we take
k =n+1 and apply Lemma 4.5 to R, 41 to find that for any M > 0 there is a B such
that whenever diam f(A4) < M, we can cover A by n+ 1 R, 41—disjoint families
Uy, ..., Uy41 that are each B-bounded. Since the sequence R; is nondecreasing, we
see that this shows that the coarse fibers of f have uniform asymptotic property C.
Thus, by the fibering lemma, we conclude that X has asymptotic property C. a
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S Fibers of group homomorphisms

In the assumptions of the fibering lemma we impose the asymptotic property C condition
uniformly on coarse fibers. The following example shows that this is indeed necessary.
In the present section we show that, for group homomorphisms, in some cases the
uniformity of the fiber condition is implicit.

Example 5.1 Let {0, 1} be the set of vertices of an n—dimensional cube endowed
with the £;-metric. The disjoint union | |72 {0, 1}" can be metrized in such a way
that it is a locally finite metric space that fails to have property A [22] and hence
fails to have asymptotic property C as well [11, Theorem 7.11]. Consider the map
LIS ,{0, 1} — Z that collapses {0, 1}" into a single integer n?. It is a uniformly
expanding map onto a zero-dimensional space. Its coarse fibers are all bounded (hence
they are zero-dimensional and have asymptotic property C).

5.1 Fibers vs coarse fibers

Throughout this section, G and H denote countable groups endowed with proper
left-invariant metrics.

Lemma 5.2 Let G be a countable group with a proper left-invariant metric acting by
isometries on a metric space X. Let xo € X and define ¢: G — X by ¢(g) = g.X¢.
Fix n and suppose that, for every R > 0, the R—stabilizer (see Definition 2.8) satisfies
asdim Wg(xg) < n. Then coarse fibers of ¢ have uniform asymptotic property C.

We remark that the R—stabilizer is a coarse fiber in the sense of Definition 4.1.

Proof We may assume that the action is transitive. Suppose that a sequence R; <
R, <--- is given and take k = n + 1. Now, if M > 0 is given, we may use the fact
that asdim Wjs(x¢) < k —1 to find families of Ry —disjoint sets Uy, Uy, ..., U such
that | J; U; covers Wys(xo) and mesh(l4;) < B for some B.

Let A C G have the property that diam(¢(A4)) < M. Then take any g4 € G and
observe that g4(xg) € ¢(A). Thus, ¢(A4) C Bar(g4.X0) and so gZIA C War(xo).
Since the metric on G is left-invariant, the families V; given by {g{;1 U :U €U;} have
the property that they are Ry —disjoint and B-bounded. Moreover, their union covers
A, as required. a

We actually proved a stronger statement: for each R the coarse fibers at scale R have
asymptotic dimension at most # uniformly.
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Lemma 5.3 Let ¢: G — X describe the transitive action by isometries of a countable
discrete group G on a proper discrete metric space X. If the stabilizer G, has finite
asymptotic dimension for some x € X, then coarse fibers of the map ¢: G — X
describing the action have uniform asymptotic property C.

Proof Let R > 0 be given and consider Br(x) C X. Since this set is finite, it follows
that Wg(x) is a finite union of sets that are isometric to G . Hence, this union has the
same asymptotic dimension as G and the result follows from Lemma 5.2. a

Lemma 5.4 If the kernel of a group homomorphism f: G — H has finite asymptotic
dimension, then coarse fibers of f have uniform asymptotic property C.

We do not know whether the weaker assumption that the kernel of f* has asymptotic
property C is sufficient; see Question 7.2.

Proof Define an action of G on H by g.h — f(g)h. Notice that this action is
isometric; ie dist(g.h, g.h’) = dist(h, h’) for all g € G. Also, the stabilizer of this
action at e is ker /. Since H is assumed to be a countable group with a proper metric,
as a metric space it has bounded geometry, and the result follows from Lemma 5.3. O

Lemma 5.5 If the kernel of a projection p: G x H — G has asymptotic property C,
then coarse fibers of p have uniform asymptotic property C.

Proof We observe that the kernel of p is {e} x H, which is isometric to H. Let
R; < Ry <--- be a given sequence. Take families Uy,U,, ..., U; of subsets of H
such that ¢; is R;—disjoint, mesh/; is finite for each i, and | J; U; covers H. Given
M > 0, we take B = M + max;{meshif;}. If A C G x H has the property that
diam(p(A4)) < M, then there is some g € G such that p(4) C B9 (g, M), where the
superscript indicates that the M —ball is taken in the group G . Consider the collection
V; of subsets of G x H givenby {B% (g, M)xU : U €U;}. Observe that this collection
covers A, meshV; <meshlf; + M < B, and each V; is R;—disjoint. O

We would like to remark that we did not require the bounded geometry condition on G
or H in the previous proof. Indeed, the same technique can be used to show that if
point fibers of a projection p: X x Y — X have asymptotic property C, then coarse
fibers of p have uniform asymptotic property C.

In [1] it is shown that a finitely generated group acting on a space with asymptotic
property C will have asymptotic property C provided the R-—stabilizers have finite

Algebraic & Geometric Topology, Volume 18 (2018)



On the stability of asymptotic property C for products and some group extensions 235

asymptotic dimension. We can use our fibering theorem to recover this result, which
we state for arbitrary countable groups with proper left-invariant metrics.

Theorem 5.6 Let G be a countable group with a proper left-invariant metric acting by
isometries on a metric space X. Let xo € X and define ¢: G — X by ¢(g) = g.x¢.
If, for every R > 0, asdim Wg(x¢) <n and, X has asymptotic property C, then G has
asymptotic property C.

Proof This will follow from the fibering lemma and Lemma 5.2 provided we can
show that ¢ is uniformly expansive.

To this end, by [12] we know that the metric on G is a weighted word metric. Therefore,
we assume that S = {s;} is a generating set for G with corresponding weights w(s;).
By their definition and the fact that the metric is proper, the weights have the following
property. For each fixed N € N, there are only finitely many (finite) sequences of
weights whose sums are bounded from above by N ; that is, the collection of all
sequences (w(si;), w(si,),...) for which } w(s;;) < N is a finite collection. Thus,
it makes sense to define a function p: N — N by p(N) = max{}_ dist(s;; .xo, xo)},
where the maximum is taken over all sequences of s; for which } w(s;;) < N.

Then, by applying the triangle inequality and the fact that the metric is left-invariant,

we find disty (g’.x0, g.X0) = disty (g7 ' g’ .x¢, x¢) < Z;;l disty (s;; .x0. Xo), where

g g’ = si; iy i, . But now

k
> disty (si; .x0. x0) < p(llg " &’I}) = p(dista(g’. g))
j=1
and so we conclude that disty (¢(g’), ¢(g)) < p(distg(g’, g)). O

Theorem 5.7 Let ¢: G — H be a surjective homomorphism of finitely generated
groups; suppose that H has property C. If asdimker ¢ < oo then G has asymptotic
property C.

Proof Let S be a generating set for H with corresponding weights W. For each
s€ S, let 5€¢!(s) be some element of G. Extend the set {5:s5 € S} to a generating
set T for G with the property that the weight of each § is the same as the weight of
the corresponding s. This yields a left-invariant proper metric on G which is coarsely
equivalent to any other choice of left-invariant proper metric on G, so it suffices to
show that G' has asymptotic property C in this metric. In this metric, ¢ is coarsely
expansive and so the result follows from the fibering lemma and Lemma 5.4. a
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Corollary 5.8 If G and H have asymptotic property C, then G * H has asymptotic
property C.

Proof We consider the exact sequence
l1->[G,Hl—-G*xH—>GxH—1.

The commutator group [G, H] is free [28] and so as a subspace of G * H it is quasi-
isometric to a tree (albeit one in which edges can have arbitrarily long length). Thus,
its asymptotic dimension is 1. By Theorem 3.1, G x H has asymptotic property C.
We apply Theorem 5.7 to complete the proof. O

6 Free products preserve asymptotic property C

In the present section we use the decomposition lemma to prove that the free product
of metric spaces preserves asymptotic property C; however, the decomposition lemma
has generalizations that make it interesting in its own right.

6.1 The decomposition lemma

Lemma 6.1 Let X be a metric space. Assume that there exists k such that for
each (infinite) sequence Ry, R;, ... of real numbers there exists a finite sequence
Uy, Uy, ..., Uy, of families of subsets of X such that

(1) ;Ui covers X,
(2) U; is R;—disjoint,
(3) U; has asymptotic dimension bounded by k — 1 uniformly.

Then X has asymptotic property C.

Proof Let R; < R, <--- be a given sequence of real numbers. For i € {1,2,...,n},
take U; to be an R;;—disjoint collection of subsets of X that has asymptotic dimension
less than & uniformly such that | J; ; covers X.

Fix some i and suppose that U € Uf;. Using the uniformity of the asymptotic dimension
of the U;, take some B and take families V]U for j =1,...,k that comprise an R;;—
disjoint collection of subsets of U whose diameter is bounded by B such that the union
covers U. Let V(;_1)x 4 denote the collection {V € VJU : U € U;}. Since the family
Ui is itself R;x—disjoint, it is clear that the collection V(;_j)x4; for j =1,....k
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will be an R;j —disjoint, B—bounded cover of UUeu,- U. Since we assume the given
sequence to be nondecreasing, we have found a uniformly bounded cover of X by nk
families Vy, ..., V,i of subsets of X with the property that V; is R;—bounded for
each t =1,...,nk. Thus, X has property C, as required. a

Corollary 6.2 [29, Theorem II1.8] If X has asymptotic property C and Y has finite
asymptotic dimension, then X x Y has asymptotic property C.

6.2 Free product of metric spaces

Definition 6.3 Let (X, x(¢) be a metric space with a fixed basepoint xo. The free
product =X is the metric space whose elements are words in the alphabet X \ {xo}
along with the trivial word €.

We denote X \ {xo} by X*. We identify elements of X* with the set of single-letter
(nontrivial) words in *.X.

There is a natural notion of concatenation of words, which we usually denote by
juxtaposition. When we want to emphasize the concatenation of two elements u and
v in *X, we write u-v. If u € xX and A C X, we write u - A for the set of all
elements of X that are obtained by concatenating an element of A on the left of the
element u € xX. The notation X is used to denote those elements of «.X that are
obtained by concatenating exactly m elements of X *. We define X° = {¢} and use
the notation X =" for | J_, X’. Finally, if A and B are subsets of * X, then we define
their concatenation A - B to be all elements of the form a-b witha € A and b € B.

We define the norm of the trivial word to be 0 and the norm of a letter x € X* to
be ||x|| = dist(xg,x). The norm of a composite word is the sum of norms of its
letters: [|xixo -+ Xg|| = Zf;l [|xi]l. The distance between two elements of *X is
determined by eliminating their common prefix: if w =u-x-v and w’ = u-x"-v’ (with
u,v,v' €*X and x, x’ € X* with x # x’), then dist(w, w’) = dist(x, x") +||v|| + ||v/]|.
The distance from w to the trivial word € is equal to the norm |jw|| of w.

Comment 6.4 For simplicity of proofs we defined the unary free product of a single
metric space X. For applications, we use the fact that if X and Y are metric spaces,
then X * Y embeds isometrically into (X Vv Y), where X v Y denotes the wedge of
X and Y and X * Y denotes the free product of X and Y, defined as in [4].

Definition 6.5 A subset 4 C xX is said to be flat if there exists some x € *X such
that 4 C x- (X™).
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Definition 6.6 Let R > 0. The R—cone of aset A C %X is defined to be
cong A = A-(xB(xg, R)) C %X,

where B(xg, R) denotes the closed ball with center x( and radius R.

Definition 6.7 We will say that the metric space X is discrete in the metric sense if
inf{dist(x, y) :x,y € X, x # y} > 0.

Lemma 6.8 Let X be a metric space that is discrete in the metric sense. If {Aq}
is a family of flat uniformly bounded subsets of *X, then, for each M, the family
{conps Ay} has asymptotic dimension bounded by 1 uniformly.

Proof Let E = inf{dist(x, y): x,y € X, x # y}. By the assumption, £ > 0. Let
D = sup,{diam(Ay)}. By the assumption, D < oco.

For each o we define a simplicial tree T,. The set of vertices of T, consists of
elements of conps A, and of an additional element r,, which we call the root vertex.
The root vertex r, is connected by edges to all vertices from the base A, of the cone
conps Ay . Two vertices p and ¢ of the cone conps A, are connected by an edge if and
only if there exists x € B(xq, M) with x # xo suchthat p=¢-x or t = p-x. The
metric disty, on Ty is the geodesic metric with edge lengths equal to 1.

Consider the map fy: conps Ay — Ty that maps elements of conps 4 to their corre-
sponding vertices of T, . We will show that f, satisfies the inequalities

W) D < distr, (o) o) = B0 45

E
for each x, y € conps Ay .

As a first case we consider x, y € conps A, such that x = ax;x,---x; and y =
by1ys -+ y;, where a,b € Ay with a # b and x;, y; € B(xg, R)* with k,1 > 0. We
have

k [
aisr ) = ( X Il +aistan) + (3 1

i=1 i=1
and

distr, (fa(x), fa(¥)) =2+k +1.
‘We have
E <dist(a,b) <D, E=|xi| <M, EZ=|yl =M.
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Therefore,
(k+I1+1)E <dist(x,y) <(k+1)M + D.

As asecond case consider x, y €conpy Ay suchthat x =c-x1xp - Xg, y=cC-Y1V2: VI,
ceconprAg, Xi,yi € B(xo, R)* and x; # y;. We have

k l
distr, ) = (3 1) +discr. o)+ (ol
i=2 i=2

and
distr, (fa (%), fa(¥)) =k + 1.
‘We have
E <dist(x;,y1) =D, E=|xi| =M, E=]|yl=M.
Therefore,

(k+1—1)E <dist(x,y) < (k+1)M.
Combining the inequalities from both cases we have

distz, (fu(x). fa(?) <k +1+2< w 43

and
dist(x,y) D .
T Sk ] = distr, (fa(0), fa(2).
Hence, the inequalities that we sought:
dist(x, D . dist(x,
W) D < disr, (o). fulr = B2

Therefore, each f, is a quasi-isometry with constants that do not depend on «.

In the example following Theorem 19 of [6], it is shown that for a given r > 0 one
can take a cover of any simplicial tree by 3r—bounded, r —disjoint families of subsets.
It follows that any family of simplicial trees has asymptotic dimension bounded by 1
uniformly. Since the family {conps Ay} is uniformly quasi-isometric to a family of
simplicial trees, it has asymptotic dimension bounded by 1 uniformly. a

Definition 6.9 We say that a set 4 is R—connected if for every x, y € A there exists
a finite sequence xo = x, X1, X2, ..., X = y such that dist(x;, x;+1) < R for each
i=1,2,...,k—1. An R—connected component of A (or simply an R—component) is
a maximal R-connected subset of A. We recall that in Section 2 we described the sets
A and B as being R—disjoint if, for each x € A and y € B, we have dist(x, y) > R.
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Definition 6.10 The order of an element x of X is the nonnegative integer m such
that x € X™. We write ord(x) = m in this case.

Lemma 6.11 Let X be a discrete metric space and let R > 0. Let A C *X be
such that A C %X - (A \ B(xo, R)). Assume that R—connected components of A are
uniformly bounded. Then, for each M, R—connected components of conys A have
asymptotic dimension bounded by 1 uniformly.

Proof As a first step we will show that

C is an R—connected component of conps A4

< CNX="isan R—connected component of conps A N X=" for each n.

The implication < is trivial.
We will say that two words wy, wy in *X are adjacent if

(1) w; =w,-x for some x € X, or

(2) wy; = w;-x forsome x € X, or

3) w;=w-x; and wy = w-x, for some w € *X and xq,x; € X.
In other words, w; and w, are adjacent if they differ by their last letter or if one is
equal to the other with a single letter appended at the end.
Let x =p-x1Xx3-X and y = p- y1y, -y with x, y € conpr A and dist(x, y) < R,
where p is the common prefix of x and y. We have

k /
aise, ) = (0 bl ) + distcen ) + (X ol ) = &
i=2 i=2

Therefore x;, y; € B(xg, R) for i >2,s0 x;, y; €A for i >2. Hence, p-X{X5---X; €
conpsA and p - y1y,---y;i € conpyp A for each i. Therefore, x = p - x1x - Xk,
PrX1X2 Xf—1s ooy X1, PV, PrY1IY2, ---, PrY1YV2eoc Y1 = Y 18 asequence
of R—close adjacent elements of conys A.

Therefore, if C is an R—connected component of conps A4, then for each x,y € C
there exists a sequence x = xg, X1, ..., X = y of adjacent R—close points of C.

Observe that if xy, x5, ..., X} is a sequence of adjacent points with ord(x;) = ord(xy)
and ord(x;) > ord(x;) for all i with 2 <i <k — 1, then x; = xj . This implies that
if x, y € conps A are in the same R—connected component and x, y € X =", then x
and y are in the same R—connected component of C N X =" The implication = is
proven.

Algebraic & Geometric Topology, Volume 18 (2018)



On the stability of asymptotic property C for products and some group extensions 241

Let D be a bound on the diameters of the R—connected components of A. Let C be
an R—connected component of conys 4. Let Cx = C N X =K We have proven that
each Cy is R—connected. Let ko be the smallest integer such that Cy, # @. The
diameter of Cy, is bounded by 2M +2R +2D. We will show by induction on k that

Cr CconpryR+D Cy-
Consider x € (Cx41 \ Cx). Since C C conps A, we have x € 4 or x € conpsCy.

Let x € A. Then x has to be in an R—connected component of A that is R—close to
conys Cy . Therefore x € conps4 g+ p Ck-

Let x € conps Cy. Then conyys Cp C conpsy g+ p C . Hence, x € conpsy gy p Ci C
conps+ R+ p conpys+ g+ Cry = conps+ g+ Cry, -

We proved by induction that if C is an R—connected component of conps A, then
C Cconpr4 g+ D Cg, - Observe that Cy,, is flat and has uniformly bounded diameter

(by 2M + 2R + 2D). Therefore, by Lemma 6.8, the collection of R—connected
components of conps A has asymptotic dimension bounded by 1 uniformly. a

Theorem 6.12 Let X be a discrete metric space with a fixed basepoint xo. If X has
asymptotic property C, then X has asymptotic property C.

Proof Let R; < R, < --- be a nondecreasing sequence of real numbers. Let
Ui, Uy, ..., Uy be a finite sequence of R;—disjoint uniformly bounded families of
subsets of X such that  JU; covers X. Fori =1,2,...,n, let

Vi ={x-(U\ B(x0. Ryy1)) : U €U, x € %X}
and
Vi1 = {{xo}}-

We will prove that

(1) Ui (cong,,, UVi) = *X.

(2) V; is R;—disjoint, uniformly bounded and its elements are flat for each 7.
To prove (1), consider an element x = x;x; ---x € *X. If ||x;|| < Ry41 foreach i,
then x € cong, . {Xo}. Otherwise, let m be the largest integer such that ||xp, || > R+ 1.

Since (JU; covers X, there exists an / and a U € U; such that x,, € U. We have
X €X1X2 Xm—1 - (U\ B(x0, Rus1)) - *B (X0, Rys1); hence, x € cong,., UV;.
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To prove (2), assume that i is given, with 1 <i < n. Observe that elements of V;
are flat and uniformly bounded directly from the definition. So, it remains only to
show that V; is R;—disjoint. Suppose that V; and V, are distinct elements of V;, say
Vi =x1-U; and V5, = x5 - U,. We consider two cases: (a) If x; = x,, then the result
follows from the fact that the family &; is R;—disjoint. (b) If V; U V; is not flat, then
we take arbitrary elements v; = xju; € V1 = x1-U; and vy = xup € Vo = x5 - Us.
Then dist(vy, vy) > min{|juq ||, |u2]} > Ry+1 = Ri, by the definition of V; and the
definition of the metric in *.X.

By Lemma 6.11, the R;—connected components of cong,, ,+1 (JV; have asymptotic
dimension bounded by 1 uniformly and are R;-disjoint. By the decomposition lemma,
X has asymptotic property C. a

Corollary 6.13 Let X and Y be metric spaces with fixed basepoints. If X and Y
have asymptotic property C, then X * Y has asymptotic property C.

Proof By the union theorem (Proposition 2.3), X v Y has asymptotic property C. By
Theorem 6.12, (X VY) x (X Vv Y) has asymptotic property C. Since X * Y embeds
isometrically into (X VvV Y) % (X Vv Y) and asymptotic property C is inherited by
subspaces, we are done. a

7 Open questions

Although we were able to resolve several questions related to asymptotic property C,
we would like to mention the following problems, which remain open.

We were able to show that the free product of two metric spaces (or groups) with
asymptotic property C has asymptotic property C, but this invites the obvious question
for amalgamated products [7, Questions 4.3]: Is asymptotic property C preserved
by amalgamated free products? Generalizing this a bit more, one could consider the
following question:

Let " be a finite graph. To each vertex v of I we assign a group G,. We let 8T
denote the graph product of these groups; ie the group generated by the G, along with
the additional relation that two elements of the groups G, and G, commute precisely
when an edge of I" connects v and w. If all the G, have asymptotic property C, does
BT have asymptotic property C?
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These questions and the question of whether a semidirect product preserves asymptotic
property C could be addressed via a true fibering theorem. We state this in two forms,
both as a statement for metric spaces and a statement in terms of exact sequences of
groups.

Question 7.1 Let f: X — Y be a uniformly expansive map between metric spaces.
Assume that ¥ has asymptotic property C and that f~1(A4) has asymptotic property C
for every bounded subset A C Y. Does X have to have asymptotic property C?

Question 7.2 Let f: G — H be a group homomorphism such that H and ker f
have asymptotic property C. Does G have to have asymptotic property C?

One could also ask several questions related to the construction of Yamauchi [30]. In
particular, one could ask [30, Question 3.2]: Does every countable direct union of
groups with finite asymptotic dimension have asymptotic property C? More generally,
is asymptotic property C preserved by countable direct unions?

Dydak and Virk showed that the notions of countable asymptotic dimension and straight
finite decomposition complexity are equivalent [15]. It is easy to see that asymptotic
property C implies either of these two notions, but the exact nature of the relationship
between these notions is unknown for groups. We believe that the asymptotic property C
can be generalized to a property we propose to call w—APC. This generalization enables
us to see that our fibering lemma and decomposition lemma are both special cases
of a more general framework of which straight finite decomposition complexity and
asymptotic property C are the first nontrivial special cases.
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