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Stable functorial decompositions of F(R"*!, j)* Az, X )

JIE WU
ZIHONG YUAN

We first construct a functorial homotopy retract of Q"T!X7*1X for each natu-
ral coalgebra-split sub-Hopf algebra of the tensor algebra. Then, by computing
their homology, we find a collection of stable functorial homotopy retracts of
FR™, )T ag, X0,

55P35; 55P48, 55P65

1 Introduction

In the 1970s, Snaith [12] proved iterated loop suspensions of a space can be split
stably into simpler pieces. This is called the Snaith splitting. In detail, let X be a
path-connected CW—complex, with X () the j—fold self smash product of X . Let
F(R™1 /) be the j™ configuration space of R"*! and ¥; be the symmetric group
on j letters. Let D;(X) denote the smash product F' R T As D¢ (). There is a
homotopy equivalence

Eoan+12n+1X ~ \/}.iOEOOF(Rn—'_l, j)+/\2j X(]) — \/;’.;OZOODJ (X)

Subsequently, it was shown that similar splittings can be applied to a more general
space C X ; see Cohen, May and Taylor [4; 5] and May and Taylor [8].

A few years later, Bodigheimer [2] showed a unified form of all these splittings.
Let K be a finite complex, Ky a subcomplex and X a connected CW-complex.
Let M be a smooth, parallelizable n—manifold with a submanifold M, such that
(M, My) ~ (K, Ky). For the space Map(K, Ky; £"X) of based maps from K/ K
to X" X, there is a stable splitting

% Map(K, Ko: 2" X) =~ V72, Z%° D (M, My: X).

where Dy (M, My; X) for k = 1 are simpler pieces constructed from the labeled
configuration space C(M, My; X).

Snaith splitting is one kind of stable splitting. Recently, the techniques of stable
splittings have been applied to toric topology. For instance, Bahri, Bendersky, Cohen and
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Gitler [1] found various stable splittings of polyhedral product functors. Dobrinskaya [6]
proved that the loop space of the polyhedral product shares similar decompositions as
the Snaith splitting.

Here we study further functorial decompositions of the Snaith splitting. More precisely,
we will focus on the functorial homotopy decompositions of F(R”T!, j)TAx ¢ 0.
When n = 0, we have F(R"t1, j)+/\§;]. XU = x| Selick and the first author [11]
showed that if p =2 and H«(X;Z/p) has a nontrivial Steenrod operation then the
irreducible functorial decomposition component of X (/) and the 2-row Young diagram
with distinct row numbers are in one-to-one correspondence. In this paper, we will
study the case when n > 0.

The main idea driving this paper comes from functorial homotopy decompositions
of Q23 X : For each natural coalgebra-split sub-Hopf algebra (see Definition 2.2), there
is a functorial homotopy retract of Q23 X with the inclusion an 2-map; see Li, Lei
and Wu [7] and Selick and Wu [10]. Among all the natural coalgebra-split sub-Hopf
algebras, we mainly focus on a special one. Let L7** be the maximal 7},—projective
submodule functor of the free Lie algebra functor L,, (see Section 2.1). For a graded
(alternatively ungraded) Z/p-module V', the tensor algebra 7'(L};**(V')) generated
by L7¥ (V') is a natural coalgebra-split sub-Hopf algebra (Proposition 2.3). Following
from Section 2.3, there is geometric realization of L;**(V'), denoted by L;**(X),
such that QX LJ*(X) is a functorial homotopy retract of QXX . Furthermore, the
inclusion is an £2—map.

For a space "X, we have that QX L»**(X"X) is a functorial homotopy retract of
QY"1 X with the inclusion an —map. Applying the loop functor n times, we can
obtain a functorial homotopy retract of Q”+1%7+1 X with the functorial the homotopy
inclusion an Q"1 —map. It can be shown that this retract is a (n+41)—iterated loop
suspension (Lemma 3.1). Now a natural question is: what is the relation between the
Snaith splitting of the retract and the Snaith splitting of the original (n+1)—iterated
loop suspension? To answer this question, we have the following main result:

Theorem 1.1 Let X be a 1—connected p—local suspension of finite type. For the
natural coalgebra-split sub-Hopf algebra T (L™ (V)), there is an n" desuspension
ETMLE" X of the topological space Lyp*™* (X" X) and a sufficient large integer ¢
such that ' Dj ("L %" X) is a functorial homotopy retract of ' Dj, (X).

This article is organized as follows. In Section 2, we give a brief introduction about
natural coalgebra-split sub-Hopf algebras of the tensor algebra, functorial homotopy
retracts of QXX and the homology of Q"1 X”+1X . Section 3 constructs natural
homotopy retracts of Q"1 %”+1 X from natural coalgebra-split sub-Hopf algebras of

Algebraic & Geometric Topology, Volume 17 (2017)



Stable functorial decompositions of F(R"*!, j)+/\>;j X 897

the tensor algebra. In Section 4, we compute the homology image of X "L X" X
in the homology Q"T1X"T1X . In Section 5, a collection of the functorial stable
homotopy retract of F(R"*1, j)+/\zj X ) is constructed. Additionally, the proof of
Theorem 1.1 is given in this section. An example is given in Section 6.

2 Preliminaries

Let k = Z/ p be the ground ring; p is a prime. All topological spaces are assumed to
be p-local CW—complexes. All homology is taken with the coefficients Z/p unless
otherwise stated.

2.1 T,-projective module

Let V be a graded (ungraded) k—module. Let 7(}') be the tensor algebra generated
by V', namely

TV)=>)_ ve
n=0

A Hopf algebra structure can be given over 7' (V) by setting V to be primitive. Let
T,(V)=V®" Then T and T, can be viewed as functors from the category of graded
(ungraded) k—modules to the category of graded (ungraded) k-modules.

Let M and N be functors from the category of graded (ungraded) k—modules to
the category of graded (ungraded) k—modules. M is a submodule functor of N if
M (V)< N(V) for each graded (ungraded) k—module V', and M is a retract of N if
there are natural transformations i: M — N and r: N — M of k—modules such that
ros=1id: M — M. A retract of T} is related to a k(X,)—projective module (see [7,
Proposition 2.10]). Hence, if M is a retract of 7}, we also call it T;,—projective.

Let L(V) be the free Lie algebra generated by V. Then L is a submodule functor
of T. Let L,(V)=L(V)NT,(V). From Selick and the first author [10], there exists
a submodule functor L** of L, with the following properties:

Proposition 2.1 [10, Section 6] (1) L;™* is T, —projective.

(2) Each T, -projective submodule functor of Ly is a retract of L;**.
Up to isomorphism, L;** is the maximal T,—projective submodule functor of L.

2.2 Coalgebra-split sub-Hopf algebras

A coalgebra-split sub-Hopf algebra is a retract of T(V') with additional Hopf algebra
and coalgebra structures.
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Definition 2.2 Let B be a submodule functor of 7. We say B(V) is a natural
coalgebra-split sub-Hopf algebra of T (V') if:

(1) B(V) is a natural sub-Hopf algebra of 7' (V) with natural inclusion of Hopf
algebras jy: B(V)— T(V).

(2) There is a natural coalgebra transformation ry: T(V) — B(V) with ry o jp =
id B(V)-

If B(V) is a natural coalgebra-split sub-Hopf algebra defined as above, the natural
maps jp and rp are called an associated natural inclusion and associated natural
retraction of B(V'), respectively.

A natural coalgebra-split sub-Hopf algebra is a tensor algebra. Let Q(V') be the set
of indecomposable elements of B(V'); this is a k—submodule of B(V). We have a
natural isomorphism of Hopf algebras

B(V)=T(Q(V)).
Define the maps ky and ¥ as the canonical inclusion and projection
ky: Q(V) = T(Q(V)) = B(V),
Yy BV)=T(Q)) = (V).
These definitions imply the following commutative diagrams:

iy (1%

o) rv) o) rv)

P P

B(V) B(V)

Here jj- is a Hopf algebra homomorphism, 7y~ is a coalgebra homomorphism, ry-o jir =
idp(y), the maps k- and vy are homomorphisms of k—modules, and iy and ¢y are
defined as the compositions of the other two maps in the triangle.

If B(V) is a sub-Hopf algebra of 7'(V') only, then properties of Q(V) can imply a
coalgebra-split structure of B(V').

Proposition 2.3 [7, Theorem 5.2] Let B(V') be a natural sub-Hopf algebra of T' (V).
Then the following statements are equivalent:

(1) B(V) is a natural coalgebra-split sub-Hopf algebra of T (V).

(2) Each Q,(V)= Q(V)N T,(V) is naturally equivalent to a T,, —projective sub-
functor of L.

(3) Each Qy, is T,—projective.
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Since L;** is a T,—projective subfunctor of Ly, Proposition 2.3 implies 7'(L;**(V'))
is a natural coalgebra-split sub-Hopf algebra of 7'(V).

2.3 Functorial homotopy retracts of X X

Let A and B be functors from the (homotopy) category of path-connected p-local
CW-complexes to the (homotopy) category of spaces. Let C be a subcategory of the
(homotopy) category of path-connected p—local CW—complexes. A is a functorial
homotopy retract of B over C if, for each object X in C, there are natural maps
ix: A(X)— B(X) and ry: B(X)— A(X) such that ry oiy ~id4(x). The homotopy
need not be natural. The maps iy and ry are called an associated natural inclusion
and associated natural retraction of A, respectively.

The functorial homotopy retracts of 2X X are related to natural coalgebra-split sub-
Hopf algebras of T(V). Let X be a CW—complex. X is a p—local suspension of
finite type if X is homotopic equivalent to XY, the suspension of the p-localization
of a finite CW—complex Y. Let B(V) be a natural coalgebra-split sub-Hopf algebra
of T(V) and Q(V) be the set of indecomposable elements of B(V). A functorial
homotopy retract of QX X can be constructed from B(V) and Q(V).

Theorem 2.4 [10, Theorem 1.1; 13, Theorem 3.3] Let X be a 1—connected p—local
suspension of finite type. Let B(V) be a natural coalgebra-split sub-Hopf algebra
of T' (V) with associated natural inclusion jy: B(V)— T(V), and Q(V) the set of
indecomposable elements of B(V). Then there is a functorial space Q(X) with a
natural map iy: Q(X) — QXX such that:

(1) QXQ(X) is a natural homotopy retract of 2X X with associated natural inclu-
sion Qiy, where iy: XQ(X) — XX is the adjointof iy: Q(X) —> QXX :
ix

0(X) QX

(1) \
Qix

QEO(X)

Here the map Q(X) — QX Q(X) is the canonical suspension map.

(2) Q(X) has a wedge decomposition. In detail, there are elements A, € Z.(X,,) for
m =2 such that Q(X) = V;,—, Om(X), where Q1 (X) = hocolim, xm.
Here %,, acts on X by permuting factors.

(3) H«(O(X))= Q(H«(X)) and Hx(Q2XQ(X)) = B(H «(X)). Furthermore, the
induced diagram from diagram (1) satisfies (Qix)x = J HoX):
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O(H (X)) s T(H. (X))
B(H. (X))

In following discussions, we denote the map Q2iy by jy . It follows from the theorem
that QX Q(X) is a functorial homotopy retract of Q23X with an associated natural
inclusion jy: QX Q(X) — QXX which is a loop map.

2.4 Homology of "1 xn+lx

Let X be a connected CW-complex. All homology is taken with Z/ p—coefficients. The
homology of Q"T1%7+1X can be formulated by Hy X , Dyer—Lashof operations Q7
Browder operations A, (we will also use [—, —],), a function &, and a function ¢,.
The function ¢, is defined for p > 2 only.

To formulate the homology of Q"T1X#+1X aset T, X will be defined first. For
convenience, we list the construction of 7, X for p > 2 only in the following. The
case for p =2 is similar.

Let V = HyX. Anelement x € V is a A,—product of weight 1 (w(x) = 1); the
weight of [a, b, is defined by w([a, b],) = w(a) + w(b). We say x € V is a basic
An—product of weight 1. Assume the basic A,—product of weight j < k has been
defined and totally ordered; the basic A,—product of weight k is of the form [a, b],
such that:

(1) w(a,bln) =k.

(2a) a and b are basic A,—products, with a < b. If b =[c, d], for ¢ and d basic
thena >c <d.

(2b) If a is a basic A,—product of weight 1 and n + degree(a) is odd, then [a, a], is
also a basic A,—product of weight 2.

Let I = (¢1,51,...,8k,Sk) be a 2k—tuple of integers with 5; > ¢; and e =0 or 1.
I is admissible if ps; —ej = sj_1 for 2 < j < k. Define functions e, d, [ and b as
follows:

(i) Excess e(l)=2si—¢e;— Y i_,[2s;(p—1)—ej].

(i) Degree d(I)=Y"_[2s;(p—1)—ej].

(iii) Length [(I)=k.

@iv) b(I)=¢e,.
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If I =@, thenlet e(/) =00 and d(I) =1(I) =b(I) =0.
For I = (g1,51,...,&k,Sk), let Q1 y = Be1Q%1... &k Q% y . Define the set T, X by

T, X = {QIy } y a basic A,—product, I admissible, e(I) + b(I) > |y|,
if I =(e1,81,...,8k,Sk), then s < %(n +q)}.

Here we denote &,x by Q"9/2x and ¢,x by BOQOTD/2x for x € H X, and |y|is
the degree of y.

For a prime p, the homology H,Q"+t!X"*t1X is a functor of H,X, denoted by
W, Hx X . On the other hand, let AT, X be the free commutative algebra generated by
the set 7, X'. We have the following theorem:

Theorem 2.5 [3, Theorem 3.1, Lemma 3.8] For a connected X , there is an isomor-
phism of algebras
WoH X = AT, X.

Remark Here we use W, Hy X as another notation for H, Q"1 X7+t1 X In fact, it
can be defined independently as an A R, A,—Hopf algebra with conjugation (see [3,
Section 2]).

There is a weight filtration defined on W, H, X . For an element Q' y in T, X, let its
weight w(Q' y) be defined by

o(01y) = p'Daw(y),

where /(1) is the length of the tuple I and w(y) is the weight of the basic A, —product y.
Since HyQ"T12"t1X is the commutative algebra generated by 7}, X, we can define
the weight of the product 07y - Q1 /y’ as

@(Q'y- 0"y =w(Q"y) +w(Q")").
This makes H,Q"T!1X"*t1X a filtered algebra by defining the filtration as
FiWpHy X = {x € H,Q"T1S" 1 X | w(x) < k).

Let ExWyH X = FiWyHy X/ Fi—y Wy Hx X . There is a geometric realization of
ExW,H. X .

Proposition 2.6 [3, Section 4] H.(F(R"*' k)Trg, X®) ~ E, W, Hy X.
2.5 Homology suspensions and transgressions

The homology suspension is defined as the homomorphism

ox=pod”': Hi(2B) <2 Hiy1(PB,Q2B) L5 Hy iy (B),
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where p: PB — B is the map p(u) = u(1). The transgression is the differential map
in the Serre spectral sequences. Fix a fibration ¥ — E — B with connected B and F;
in the associated Serre spectral sequence, the transgression 7 is the differential

. n n
dn: Eyog— Eg g
Some general properties of oy and t are listed as follows:

Proposition 2.7 [9, Propositions 6.10and 6.11] (1) Let f: X — QY be a pointed
map and f: X — Y be its adjoint; then the homology suspension o, and the
suspension Xy: Hy X — Hy 12X form a commutative diagram:

Hy(X) L5 Hy @)
J/E* f~ J/U*
Hg(ZX) —"— Hy(Y)

(2) If B is simply connected, then in the Serre spectral sequence of @ B — PB — B
there is a commutative diagram:

q a1 q
Eq,O >~ EOq—l

[
Hy(B) «—— H,_(F)
In particular, the image of 04 is transgressive.
Consider the relation between t and the Browder operation [—, —], ; we have:

Proposition 2.8 If X is connected, then in the Serre spectral sequence of

Qn-i-lzn-HX_)PQnEn—HX_)QnEn-HX

we have
t([sx1, .. [SXk—1. Xk In—1ln—1) = X1, -« o [Xk—1. Xklnln

t0lsx = (=)D 0lx,
where sx is the image of x € Hy X under the isomorphism X4: He X — Hy 12X
This proposition is implicit in the proof of [3, Theorem 3.2].
3 Functorial homotopy retracts of "+ X+l x
Let B(V') be a natural coalgebra-split sub-Hopf algebra of 7(V) and Q(V') the set of

indecomposable elements of B(V). Let X be a 1—connected p—local suspension of
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finite type. It follows from Theorem 2.4 that QX Q (X" X) is a functorial homotopy
retract of QX (X"”X). By applying the loop functor n times, we can obtain that
Q"t1¥ Q(2"X) is a homotopy retract of Q"1 X7+1 X and the natural inclusion

Q" jsny: QUTIZO(E"X) — Q"tixrtly
is an Q"T!_map. If X is a co-H—space, the space Q(X"X) can be desuspended n

times:

Lemma 3.1 If X is a co-H—space, then there is a space Q(X) such that Q(X"X) is
naturally homotopic to " Q(X).

Proof Since Q(X) = V;,—, Om(X), it is sufficient to prove Q,,(X"X) can be
desuspended n times. Let X ) be the m—fold self smash product of X . The definition
of 0, (X" X) implies a homotopy commutative diagram:

¢
(= x)m s (znx)m
(2) shuffling isomorphism T T shuffling isomorphism

mn g

¢
ZmnX(m) ZmnX(m)

Here
p=hm= Y koo (Z"X)" — (2"X)"
(3) o€,
$= koo(—1y"Sieno, xm _, ym
OEX

and the vertical maps are the natural shuffling homeomorphisms.

Let Om(X) = hocolimg X ™) Tt is obvious that

=" Qm(X) ~ hocolimg,, 5 smnx M ~ hocolimy (X" X)™ = 0, (2" X).

Thus,
O(E"X) = Vo, Om(5"X) = iy 5™ Om(X) = "V, "D 0, (X).
It is clear that all homotopy equivalences are natural. a

Remark This lemma shows that \/So_,£"("=D 0, (X) is the n™ desuspension
of Q(X"X). For convenience, in later discussion, X" Q(X"X) is used to de-
note the space \/po—, yrm=1D0o (X). Similarly, we use 7 0,, "X to denote
=D G (X).
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For the space X" Q(X" X)), there is a natural inclusion
STOT X — QM S (TS X) Qjsnx on+lgntl y
Up to homotopy, this map is the adjoint map of
OY"XY - QT(0"X) =% Q5 (3 X).

This composition is exactly the functorial map iy: Q(Y) - QXY , where ¥ = X" X .
In summary, we have the following theorem:

Theorem 3.2 Let X be a 1 —connected p—local suspension of finite type. If B(V)
is a natural coalgebra-split sub-Hopf algebra of T (V) and Q(V') is the set of in-
decomposable elements of B(V'), then there exists a functorial homotopy retract
Qntlyn+l($=" Q%" X) with a natural inclusion

i Qn-i-l En+1(2_”QEnX) — Qn-i-l En+1X
which is an Q™! —map. Furthermore,

H«(ZT"02"X) = Q(H+(Z"X)).

4 Y "L™*¥ "X and its homology image in "1 X7+l X

Let L;;** be the maximal 7}, —projective submodule functor of L,,. The tensor algebra
T (L (V)) is a natural coalgebra-split sub-Hopf algebra with the set of indecompos-
able elements L**(1'). Then we have two spaces L™ (X) and ™" Lp#* X" X . Fur-
thermore, Q"1 271 (=1L Max 1Y) jg a functorial homotopy retract of Q"1 +1x
The inclusion map is

Q" jsn
(4) in,X: E_nL%axEnX N Qn+12n+l(z—nL$axan)ﬂ)gzn+lzn+1X’
which is the adjoint of the map

inx: L"™3"X - QS (L™ 5" X) 2 Q3 (3" X).

To analyze the homology image of T ™"LM& 7 X jn Q15+l Y we need to
compute

(fn.x)w: HiZT"LEXSY — HQ"FIxntl x

Algebraic & Geometric Topology, Volume 17 (2017)



Stable functorial decompositions of F(R"*!, j)+/\>;j X 905

From the properties of the homology suspension o4« (see Proposition 2.7), we obtain a
commutative diagram

_ _ (Qnin,X)* +1 +1
H XTI X ———— H QUEN(ZTLY Y X)) ——— H QP XX

lzf{” lai") lai”)
Hiasn LIX(SX) —————— H, L0 (snx) — X g os(snx)

where Efk") and Gi") mean n—fold compositions.

For x € Hy X, denote the image of x under the isomorphism X: Hyx X — Hyep 12X
by sx. Consequently, s”x is used to denote Eg")(x). Let [x1,X2,...,Xm]s be an
arbitrary A,—product of weight m formed by elements x1, ..., X, . For an element
[$"x1,8"x2,....8"Xm]o in Hyqn LR (X" X), with x; € Hyx X, denote its inverse
image under the isomorphism

5" H,S LM S X — Hyyy L™ (" X)
by s7"[s"x1, 5" x2,..., 8" xm]o.

For the map 1, x , we have the following lemma:

Lemma 4.1 Under the homomorphism
(I, x)x: He(ET'LP™E"X) — Ho Q"1 2" X)),
s s"x1,8"x2, ..., 8" Xm]o is mapped to [X1, X2, ..., Xm]n, with x; € Hy X .

Proof We prove this lemma by induction on n. For n = 1, there is a commutative
diagram:

i1,x)x

(
H MLy Y — o QY (LM s Y) — =5 H Q232X

J/E* J]U* la*
(1. x)*
Hy1 LM (S X) =———— H, LV (SX) — 2 H, 1 Q32X
The bottom row is the natural inclusion

(i1,x)%: L (sHy X) — T(sH: X).

The upper row is exactly (i1, x)«. Since the first map of the upper row is a natural
inclusion, we only need to prove

(Qil’X)*(s_l[sxl,sxz, cesSXmlo) = [x1, X2, .0 X1
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To prove this, we consider a natural commutative diagram of Serre path fibrations
QLYM(XEX) —— PLY*(XX) —— LP*(ZX)
Q222X ——— PQY’X —— Q¥?%X

which implies a natural morphism of Serre spectral sequences. Therefore, for the
transgression t, there is an equality by naturality,

to(i,x)« = (i, x)x0T.
In the Serre spectral sequence of the path fibration
Q°22X — PQXAX - QXX

we have the equality (see Proposition 2.8)

T[sxX1, ..y SXmlo = [X1, -+ - Xm]1-
Hence,

(i1, x)% (s [sx1,85X2, ..., 5Xmlo) = (i1 x)x 0 T([5X1,5X2, ..., 5Xm]o))
=70 (i1, x)«([5X1,5X2,...,5Xm]o)
=1([sx1,5X2,...,5Xm]o)
=[X1,. . Xml1-

Now assume this lemma is true for n < k. For n = k, there is a commutative diagram:

©@Fir, x)x

H X pmaxsky o q.Qksk(zkpmaxgk x) H QFH1zk+lx
- - -
1—k J max sk ket max ok gy (& o1z kyk+1
Hep DUk Lmay(skxy — 5 H, Q-1 Lmax sk x) Hyy QF k1Y
lzik—l) loik—l) J{o,ik—l)
axyok axyk (ge.x ) k+1
Hy gy LSk Y ————— H, L™ kY Hy y QEkH1x
The composition of the second row is (ix—1,x x ). By induction,
~ 1—ky k k k
(Tk—1,3x) (5" [s5x1, 8% X2, ..., 8" Xmlo) = [$X1,5X2, ..., SXmk—1-

The horizontal rows of left commutative squares are natural inclusions. So, the above
identity implies

(Qk_lik_l,gx)*(sl_k[skxl , skxz, e skxm]o) =[sX1,8X2, ..., SXmlr—1-
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Note that we need to prove
k; —ki k k k
(%, x)x (s [s" X1, 8% X2, ..,  Xmo) = [X1. X2, ..., Xmlk-

It follows from the commutative diagram

QkernnaX(EkX) PQk—lL%ElX(EkX) Qk_lL%ax(EkX)

lﬂkik,x l lgk_lik—],):X

Qk+12k+1X - Pkak+1X - QkEk'HX

and the induced Serre spectral sequences that

(QFip x)sot =10 (5 it_| 5x)s.

Thus,
(Qkik’X)*(s_k[skxl,skxz, ... ,skxm]o)
= (Qkik’X)* or(sl_k[skxl,skxz, e ,skxm]o)
= ro(Qk_lik_l,gx)*(sl_k[skxl,skxz, ... ,skxm]o)
=t([sx1,5%2, ..., SXmlr—1)
=[x1,. ... Xmlk-
This completes the proof. a

S Further decompositions of the Snaith splitting

Fix an integer 7 > 0. The space Q"1 X" *1 X has the Snaith splitting
peQmtiEntly ~ V2 SR FR™!, j)tag, XU = V2 (2% D;(X).

Here F(R"T!, j) is the j™ configuration space of R”*! and Dj(X) is the smash
product F(R"*1, j)TAg ¢ (). From the above splitting, Dj(X) is a natural stable
retract of Q"T1E"+1 X The homology of D;(X) (see Proposition 2.6) is

H.(Dj(X)) = FjWyHy X | Fj Wy Hy X = E; Wy Hy X,

In other words, HD;(X) consists of the homology classes in HyQ"T! X" 1 X with
weight ;.

It follows from Theorem 3.2 that Q"1 X7+ (S maxsin x) js a functorial homotopy
retract of Q7T 27+l X Hence we can apply the Snaith splitting to both spaces and
compare D;(Z7"Ln**¥"X') with Dg(X) for nonnegative integers j, m and ¢q.
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Proof of Theorem 1.1 In Lemma 3.1, we have proved that the n" desuspension
YR X of L (X" X) exists. The left part of the main theorem will be proved
in two steps. First, the stable case will be proved. We claim that there are stable maps

®
XD (ZTMLE"X) /= E°DjmX
¥
such that
W*O¢*=i¢
that is:

D«
Hy(S®°D; LM 5 Y) — 5 HyS®D X

\\ﬁ\\\ lw

H,S®°D; S "[mxsnx

Recall that Q"1 27+ (R max 51 x) j5 a natural homotopy retract of Q1 x7+1 x|
ie there exist maps

g
Qn+lzn+1(2—nL$quA3 — QY
h
such that

hog~id.

Furthermore, g is an Q”*!—map. In fact, g can be chosen to be Q" jsny (see (4)).
Applying the Snaith splitting, we have a diagram as follows:
ZOO
Eoogn+lzn+1(2—mlpmxznxj ——:i Eoogn+12n+lxr
m <

L

®) V21 5% D, (STLIX S X) Vg215%° Dy X
¢H4 MHM
TR D, ST X S®D,X

where p; and p, are the canonical projections to the g™ components, and s; and s4
are the canonical inclusions from the ¢ component to the whole spaces.

Next, consider their induced maps on homology. Recall that

o0 o0
H, Q"M s Y > H Q""" X = P Hi Dy X = (P HeZ®° Dy X
qg=1 qg=1
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and
HyDgX = EqWy Hi X.

Hence (pg)+ is isomorphic to the canonical projection from the direct sum to the g™
summand, and (s4)« is isomorphic to the canonical inclusion from the g™ summand
to the whole direct sum. That is,

0 (Pg) =
P EWaHo X — E;W,H.X.
q=1 (Sq)*
Thus, we obtain a diagram of homology:

(Z°g)«

W, Hy (ST L0 5 X ) W, Hy X

(Z°°h)«
lm lm

@ EjWnHo (S L5 X) P EgWoHi X
j=1 g=1
(S;)* TJ/ (P;)* (Sq)* Tl (Pq)*
E;Wy H SIS 5 X E,WuH X

Now the claim below is obvious:
0 if h+#q,
T Y

Let us consider the composition
E;W,H "Ly 8" X % Wy Hye (E7"Ly 2" X) &%) WyHyX.
An element of E; W, H,X7"L**¥" X can be written as
QM yiGreeezm) QP ya(er e zm) - QT (a2,

where p;i(z1,...,zm) (1 <i < k) are basic A,—products formed by zy, ..., z, for
zi € HyX7"L* 3" X, and the product olry, .- 0%k y; is a homology class of
H,Q"T1xn+1 X of weight j. That g is an Q”F!—map implies that g. Q! = Q' g,
and g«[x, y]n = [gxx, g+ ]n. Thus,

(0 yi(z1, .. zm)) = QT yi(gsz1, ... gxZm).

By Lemma 4.1, for an element s~ "[s"xy,...,5"xplo in HyX7"LP¥*E"X, with
x; € Hy X, we have

(7" x1, . 8" xmlo) = [X1s - - Xmlne
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It follows that g4z; is of weight m for each element z; € H, X7"L7**¥" X . Thus, the
weight of QT y;(g«z1,...,g+zm) is equal to the weight of Qi y; multiplied by m.
Finally,

((Z*g)«0 (s})*)(Ej WyHy X "L)"Y"X) C Ejiy W Hi X
Now let ¢j 4 = pg 0 X®g os]’. and yj 4 = p} o X*hos,. We can obtain that

(Vj.q)x 0 (Pj.g)x = (PJ,)* 0 (E%h)x 0 ((5g)% 0 (Pg)x) 0 (E%°g)x 0 (S;)*

Since
we have:
(1) If g # jm, then
(5¢)% © (Pg)«|E; i, x = 0.

Thus (Vj,4)« 0 (¢jq)« =0.
(2) If ¢ = jm, then
(5q)% © (Pg)« |Eij*X =id.
Thus (¥j,q)« © (j,g)x = (P})x 0 ()« 0 (£°g)« 0 (s])x = id.
Let ¢ = ¢j jm and ¥ = ¥ jm. The discussion above implies that
VUxopsx =1id.
This completes the proof of step one.

In step two, it will be proved that the stable maps ¢ and ¥ can be induced from
unstable maps. Recall diagram (5).

There are an integer #; and a map

Pg: ShQHIRtl Y s whip,x
such that

2®p,: TRQM et Y ¥ D, X

is homotopic to the map pg [4, Theorem 7.1]. Similarly, we have a map

54 22Dy X — xhQrtigntly
for some integer 7. This map induces the stable map s,. Similarly, we can obtain
maps p; and 57 inducing maps p; and s; for integers 73 and /4, respectively:

p—]/ 213 Qn—i—l En—i-l (E—anlaxan) N 2[3 Dj (E—nLgaXEnX)’

5/ 4D (ST E"X) — SR T (E TS X)),

J
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Let t = max{ty,t,,3,14}. There are four maps p;, s;, ﬁ; and Ej/ up to X. For
simplicity, we still denote them by p;, 5;, p j/ and Ej’ Then there is a diagram:

Zt
Eth+12n+l(E_”L$aXE"X) —g> Zth+lzn+1X

Sth
5% Tl P} Sq Dq
YD TR Y X' DgX
Define two maps q_S and 1} as follows:
¢ = pjmoX'gos;: T D (S"Lp*E"X) > ' Djm X,
v = pj oS hoSim: ' DjmX — ' Dj ("L T X).
The map ¥ o ¢ induces an identity on the homology:
(1/_’)* ° (¢_’)* = (E“tﬁ)* ° (2005)* = Vs o¢x =1id.
By the Whitehead theorem, we have 1/_/ o 5 is a homotopy equivalence. It follows that
(Vo) loyog~id.
The maps _
¢: T'Dj(ZT'LIE"X) — T Djm X,
(Wop) loy: Z'DjmX — ' D;j(Z"LINE"X),
imply that X' D;(S7"LE*E"X) is a homotopy retract of ¥’ Dj,, X . Note that we

assume all spaces are CW—complexes, thus all constructions are natural up to homotopy.
This completes the proof of step two. |

From the proof, we can obtain a corollary for the stable case.

Corollary 5.1 Let X be a 1—connected p—local suspension of finite type. For the natu-
ral coalgebra-split sub-Hopf algebra T (L3**(V')), the spectrum Z°D; (X™"L** X" X)
is a functorial stable homotopy retract of X°° D, (X). In other words, there are maps

¢
XD (TTMIXTY) —— ®°Dj, X  suchthat ¥ o¢p ~id.
v

6 Example

Let X be a p-local 2—cell complex. Denote the Steenrod algebra by A. Let V =
H«(X:7Z/p). Assume that there are two generators u and v in V such that Plv=u,
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where P is the dual operation of Steenrod operation P!. Furthermore, assume that
the degrees of u and v are both odd; denote them by |u| and |v|, respectively.

Recall X! L7™X X is a stable functorial homotopy retract of Dy X'. Thus, we have
a stable functorial homotopy decomposition

DpX X (7L X) v My X,

In the following, the homology of this decomposition and the A-module structure of
each piece for p = 5 will be computed.

6.1 Additive basis

In H,Q2%2X, denote the 1-bracket (of Browder operation) [x1, ..., [Xm—1.Xmli 1
by [X1,...,Xm]1. The basic 1-bracket (ie basic A;—product) with weight no greater
than 5 are

u<v<lu,v) <[u,u,vly <[v,u,v]; <[u,u,u,v); <[v,u,u,v]; <[v,v,u,v);
<[u,u,u,u,v]; <[v,u,u,u,v]; <[v,v,u,u,v]; <[v,v,v,u,v);
<[lw,v]1, [u, u,v]i]y < [[u, v]i, [v,u, v]1]h.

Since |u| and |v| are odd, [u, u]; and [v, v]; are trivial. All the basic 1—products above
are of odd degrees.

Recalling Proposition 2.6, we have the following additive basis of H « DyX:
©) wu-lu,u,u, vy, w-fv,u,u, vy, u-v,v,u, vy, v-fu,u,u, vl v-[v,uu, V),
v[v,v,u,vly, [u,v]i-[u,u,v], [u,v]i-[v,u,v];, vvlu,u,vly, vvfv,u, v,

[, u,u,u, vy, [v,u,u,u, ), [v,0,u,u,0], [v,0,0,u,0],

([, v]1, [w, u, v, ([w, vl [v,u, vlide, S, S, §1u, v,

In H,Q2%2X, the first two rows of this basis are decomposable. The others are
indecomposable.

6.2 Module structures over the Steenrod algebra

Let P{: HyX — Hy_5,(p—1)X be the dual operation of the Steenrod operation P”.
We have a right A—module structure on H « D5 X . For convenience, we still write the
Steenrod operation P] on the left.

There is a new additive basis of H x D 5 X which is invariant under Steenrod operations
(see [13, Proposition 5.2]):
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@D u-lu,u,u,v)y, u-lv,u,u,vly, u-fv,v,u,vly, 2v-[u,u,u,v];—u-lv,u,u,vl,
20-[v,u,u, vy +u-[v,v,u,v]y, v-[v,v,u,v]y, [u,v];-[u, u, v,
[u,v]y -[v,u,v],u-v-[u,u,v]y, u-v-[v,u,vly, —fu,u,u,u,vl,
—[v,u, u,u, v]y +{[u, vl [, w, v, 2[v, v,u,u, 0] —[[u, V) v, u, )
—[v,v,v,u, 0]y, (lu, vl [u,w, vhe, (lus vl [vou, V)i

Siu, S, &u, &yv.
For x € H D, X, let A(x) be the right A—module generated by x. Define A—modules
M; for 1 <i <5 as follows:

(1) My = A([[u, v]1, [v, u, v]1]1), with
o vy oo 1Ty 25 [, ol [, 0] s
2) M, =A{u-v-[v,u,v];), with
u-v-[v,u,v]lL’gu-v-[u,u,v]l.
(3) Mz = A[u, v] - [v,u, v];), with
[, 0]y - [0, 1, ]y T [ue, v]y - [it, u, V]

4) M4 = A& v). The diagram shows the additive basis of My:

C1v

—[v, v, v,u,v];

Lo

2[v, v, u, u, v]y —[[u, vy [v. u, vl P}

L

—[v, u,u,u, v]y +[[u, v]1, [u, u,v]1])1 P

I

_[u’ u,u,u, v]l

élu X} /
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5) Ms=A{v-[v,v,u,v];,u-[v,v,u,v];), with:

v-[v, v, u,v);

P;
2v-[v,u,u,v]y +u-[v,v,u, v u-[v,v,u, vy
P! lP’l
2v-[u,u,u, vy —u-[v,u,u, v u-lv,u,u, vl
P} lPi
u-lu,u,u, vy =—————— u-lu,u,u, v

It is obvious that there is an isomorphism of right 4A-modules

[TI*D5X§M1@M2€BM3@M4€BM5.

6.3 TILI™EX and M, X

L3*(V) has abasis [[u, v], [u, u, v]], [[u, v], [v, u, v]] [10, Proposition 11.6]. It follows
from Lemma 4.1 that this basis is mapped by the map

i*: ITI*E_ILEMXZX_) H*szzX to [[U,U]l,[u,u,v]l]l, [[u’vh?[v’uav]l]l‘

Thus we can obtain the homology of %! L3™¥ X and MsX . The following equations
are isomorphisms of right 4-modules:

Hyo(XT'LY™SX) = My, HiMsX = My, ® M3 & My & Ms.

Remark As a right A-module, H M, X is splittable, so it is natural to ask whether
M, X is splittable as a topological space, particularly whether the functorial homotopy
decomposition exists or not.
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